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Abstract Let F' be an algebraically closed field of prime characteristic p > 3, and W (n)
the Witt superalgebra over F', which is the Lie superalgebra of superderivations of the
Grassmann algebra in n indeterminates. The dimensions of simple atypical modules in
the restricted supermodule category for W (n) are precisely calculated in this paper, and
thereby the dimensions of all simple modules can be precisely given. Moreover, the re-
stricted supermodule category for W (n) is proved to have one block.
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1 Introduction and Preliminaries

This paper is a sequel to [3], where the authors determined all restricted simple modules
and their character formulas along with the Cartan invariants for the Witt superalgebra W (n).
In this paper, we present precise dimension formulas of those simple modules, and give a new
and interesting observation that the category of restricted supermodules of W (n) has only one
block.

Recall that Kac classified finite-dimensional simple Lie superalgebras over the field of com-
plex numbers (cf. [1]). Although until now, the classification of finite-dimensional simple Lie
superalgebras over a field of prime characteristic is unknown, one naturally expects that there
would be some modular version of the classification of iso-classes of finite-dimensional com-
plex simple Lie superalgebras. The Lie superalgebras of Cartan type in prime characteristic
would be the main series of simple Lie superalgebras, apart from the classical series. Those Lie
superalgebras were mainly studied in [5].

In this paper, we always assume that the ground field F' is algebraically closed with charac-
teristic p > 3, and that all modules (vector spaces) are over F.
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1.1 Restricted Lie superalgebras and their restricted representations

Recall that a Lie superalgebra g = gg @ g7 is called a restricted one if gg is a restricted Lie
algebra and gy is a restricted gg-module under the adjoint action (cf. [2]).

Let (g, [p]) be a restricted Lie superalgebra. As in the case of restricted Lie algebras, one
can define the so-called restricted enveloping superalgebra u(g) to be the quotient of U(g)
by the ideal generated by {2? — z[?! | 2 € g5}, where U(g) denotes the universal enveloping
superalgebra of g. A representation (V, p) of g is said to be restricted if p satisfies that p(z)? =
p(x[p] ), Vo € gg. All restricted g-modules constitute a full subcategory of the g-module category,
which coincides with the u(g)-module category denoted by u(g)-mod.

1.2 The Witt superalgebras

Let A(n) be the free commutative superalgebra with n odd generators &7, - -+ ,&,. Then A(n)
is isomorphic to the Grassmann algebra. Let W (n) be the Lie superalgebra of superderivations
of A(n). Then W(n) = { E fiDi | fi € A(n)}, where D;’s are the superderivations of A(n)

defined via D;(&;) = 513 The superalgebra W (n) is called the Witt superalgebra of rank n.
The Z-grading of A(n) given by deg&; =1 for all 1 < i < n induces the Z-grading of the Witt

n—1
superalgebra W(n) = @ W (n)[;), where
i=—1

Win)u = spanp{ &, - &y Ds | 1 <t1 <tz < <tiy1 <n, 1 <s<nj.
Associated with this grading, there is a natural filtration:
W(n)=Wn)-1 2W(n)p 2,

where W (n); = @ W(n)(;. It is easy to see that W (n) is a restricted Lie superalgebra.
j>i

From now on, we always assume g = W (n), unless otherwise indicated. Note that g, =
gl(n) under the following map:

g0] — 8l(n),
Z aij&Dj — Z aijEij.

Furthermore, we have the standard triangular decomposition: gy = n~ @© h @ n, where n™ =

S F&D;, b = ZFh for hi = &D;,1 < i <m,and n = Y F&D;. Set b* := b+ n* and
i>j 1<jg
bT is usually sunply denoted by b. Set N~ :=n~ @ g1, Nt :=nd® g, B-:=hdN",

Bt :=hoNTt, gt = gjo] D 91 = go and g~ = gj0] © 9—1)- It is easy to check that bi, Ni,
B* and g* are restricted subalgebras of g.
The Cartan subalgebra b of g|g) is also a Cartan subalgebra of g. We then have a root space

decomposition: g =h® >  ga, where
acA

A={ey +Feip, —g|1<ii < <ip <n, 1 <j<ntU{—e|1<i<n}
and {e1,---,&,} is the standard basis in h* with &;(h;) = d;;.

By the well-known PBW theorem, we have the superspace isomorphism u(g) = A(gj-1]) ®F
u(g™).
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2 Dimensions of Restricted Atypical Simple Modules for W (n)

Recall that the iso-classes of irreducible restricted gjp-modules are parameterized by the
set of restricted weights A :== {A = (A,---, ) | i € Fp,i = 1,--- ,n}. More precisely,
for a given A € A, there is a one-dimensional restricted b-module F\ on which h acts as a
scalar determined by A, while n acts trivially. Then one has the so-called baby Verma module
Z(X) == u(gjo)) @u(p) Fx which has a simple head denoted by L°()), where u(gp;) and u(b) are
restricted enveloping algebras of g and b respectively. Then {LO(\) | X € A} is the set of
representatives of restricted simple gjo;-modules. Since g is a restricted nilpotent ideal of go,
each simple restricted go-module is also a simple gjgj-module with trivial action of g;. Moreover,
each simple restricted module of gjg; can be extended to the one of go with trivial action of g.

For each A € A, the Kac module K () is by definition the induced g-module u(g) ®,g+)
L°(\), where LY()\) is considered canonically as a g™-module with trivial gi-action. Each Kac
module K (A) has a unique maximal submodule J(A) which is the sum of all proper submodules
of K(XA). Therefore, K(\) has a unique simple quotient denoted by L(A). If L(A\) = K()),
then L(\) is called a typical simple g-module and X is called a typical weight. If L(\) # K()),
then L(\) is called an atypical simple g-module, in which case A is called an atypical weight.
According to [3, Proposition 2.2], the family {L(\) | A € A} is the set of iso-classes of irreducible
restricted g-modules. Moreover, by [3, Proposition 2.6], A € A is atypical if and only if A is of
the form A\ = ag; + i ¢j for some a € {0,1,--- ,p—1}andie {1,--- ,n}.

j=it+1

Combining [3, Pjrop+osition 2.11] with [3, Corollary 2.16], we have the following result.

Lemma 2.1 The following statements hold:

(1) There exists the following exact sequence:

0— L((p—1)en) — K(0) — L(0) — 0.
(2) For Tt =te; +eip1 + -+ +en witht # 0,1, there exists the following exact sequence:
0— L(r —¢;) = K(1) — L(1) — 0.
(3) For T = zn: g; with i > 1, there exist the following two exact sequences:
j=i

0— J(r) = K(1) = L(1) — 0,

0— L((p—1)ei—1 +7) — J(r) — L(0) — 0.
By Lemma 2.1, we get the following main theorem on the dimensions of restricted atypical

simple g-modules.

Theorem 2.1 The dimensions of restricted atypical simple g-modules are given as follows:
(1) dim L(0) = 1.
(2) dim L(te; + €41 + -+ +&p)

p—1—t

= 2"( Z (=17 dim LO((t + j)e; + €ip1 + -+ +€n)

+ 30 S ) M LO (ke + agr 4 - 4 €0) + (_1)t) S (=D (- i+ 1)
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Proof (1) K(0) = u(g) @, 1, where 1 is the trivial go-module. It is obvious that
J0) = @ A'g®1 is the unique maximal g-submodule of K(0). Then L(0) = K(0)/.J(0)

i>1
which is one-dimensional.

(2) We use induction on 4 and ¢ to verify the assertion.

By Lemma 2.1(1), dim L((p— 1)&,,) = dim K(0) —dim L(0) = 2" — 1. Forany 1 <l <p—1,
if the assertion holds for i = n and ¢t > [, we then show that it also holds for ¢ = n and ¢t = [.
According to the following exact sequence by Lemma 2.1(2):

0— L(len) — K((I +1)g,) — L((I + 1)en) — 0,
we have

dim L(le,)
= dim K((l + 1)e,) — dim L((I + 1)e,)

p—2—1

_ 2nd1mL0((l + Dey) — 2"( Z ]JrldimLO((l +1+4j)en) + (_1)l+1) + (_1)1
p—1-—1

= 2"( D (=1 dim (1 + j)en) + (—1)1) + (=1,
=1

which implies that the assertion also holds for i = n and ¢ = [. Therefore, we have proved that
the assertion holds for i =nand 1 <t <p—1.

Furthermore, for any 1 <1’ < n, if the assertion holds for ¢ > [’ and 1 < ¢ < p — 1, next we
will show that it also holds for ¢ =’ and 1 <t < p — 1. For that, we have the following two
exact sequences by Lemma 2.1(3):

0— J(evs1+eria+ - +en) = Kerir tevga+ - +éen)
— L(eys1 +evya+---+en) =0,
0—=Llp—VDey+epy1+ - +en) = J(evyr +ersa+ - +en) — L(0) — 0.

So
dim K (epj1+epgo+---+e,) =dimJ(epir +epio+-+e,) +dim Liepir+epyo+--+e,)

and
dimJ(El/+1 +epgo +€n)

=dim L((p — 1)ey + epq1 + - - - +&,) + dim L(0)
=dimL((p—1)ey +evq1+ - +¢en) +1,

from which

dim L((p — Dev +evq1 + - +en)
= dimK(511+1 -+ €42 —+ .. —|—€n) — dimL(El/+1 +El’+2 + . +En) —-1
= 2"dim L0(5l1+1 + ) + .. 4+ En) — dim L(€Z’+1 =+ Elr+2 + o4 5n) _
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By the induction hypotheses,

dimL(ep41 +epqa+ -+ +en)
p—2

= Qn(Z(_1)1+1dim LG+ Depyr+ergo+--+en)
j=1

p
+ 30 S (1) dim L0 (ke + egpr + -+ ) — 1) tn-".
s=l'"+2 k=1

Then
dlmL((p - 1)51/ + Elr41 + .+ en)
=2"dim LO(epq1 +evqa 4+ 4 ep) —dimL(ep1 +epqo+ - +en) —
n_p
_ 2”( Z Z(—l)k+1dim LO(kes 4 esp1+ -4 en) + (_1)[)—1) (1P =1 +1)
s=l'"+1k=1

which implies that the assertion holds for ¢ =1’ and t = p — 1.
For any 1 <[ < p — 1, if the assertion holds for ¢« = I’ and ¢ > [, we then show that it also
holds for 7 =" and ¢t = [. For that, we have the following exact sequence by Lemma 2.1(2):

0— L(ley +epp1+--+en) =K+ 1)ey +epi1+--+en)
— L((l+ ey +epq1+ - +en) = 0.

So
dim L(ley +epq1+ - +en)
=dimK((I+ ey +epyr+--+en) —dimL((L+ ey +epyr+- - +en)
= 2"dim LO((1 + 1)ey + epqpr + - -+ €n)

p—2—I

_ 2n( Z (=) Aim LO((I + 1+ j)ep +epq1 + - +en)
j=1
n p—1
+ Z Z(_l)l+kdimL0(k65 +esy1+ - ten)+ (_1)l+1) - (—l)l(n 1)
s=l'+1k=1
p—1—1
_Qn( Z ]+1dimLO((l+j)5l’+5l'+1+---—|—5n)
j=1
n p—1
+ Z Z l+k+1dimL0(k€s+€s+1—|--..+5n)+(_1)l) +(—1)l+1(n—l’+1),
s=l'"4+1 k=1

which implies that the assertion also holds for ¢ =1’ and ¢t = I.
Summing up, by the induction principle, we complete the proof.

3 Blocks of u(g)

For each A € A, we denote by Q(X) the projective cover of L(\) in the u(g)-module category,
Q°(\) the projective cover of L°()) in the u(gjo))-module category and V°()) the baby Verma
module in the u(gjo))-module category. We conclude this paper with the following result.
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Theorem 3.1 Let g = W(n) with n > 2. Then u(g) is of one block.

Proof For any 7,m € A, by [3, Proposition 3.8],

[Q(r) s L] =p*"2" Y [K(v1 =€) : LMIQ(v1) : VO(o(v) — &)

v, v EA

x ) Vo) LYK (wn) : L(n)], (3.1)

w,w; EA

where € = ) ¢j, s,t are defined as in [3, Lemma 3.5], and o is a bijection on A which maps
=1

any 7 € A tjo T+ E+2(p—1)p € A, where p is the half-sum of all positive roots of gjg.

Note that there appears a nonzero summand corresponding to v1 =7+&, v =7+& —2(p—
1)p, and w = w1 = 7 in the right-hand side of (3.1). Therefore, [Q(7) : L(n)] # 0, V7,n € A. It
follows that all L(n) (n € A) belong to the same block. We complete the proof.

Remark 3.1 The result above on the number of blocks in the category of restricted repre-
sentations is significantly different from the one in the case of the field of complex numbers. In
the later case, one can know from [4] that there are infinitely many blocks.
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