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Reflection of Shock Fronts in a van der Waals Fluid*

Shuyi ZHANG!  Yaguang WANG?

Abstract In this paper, the reflection phenomenon of a vapor shock front (both sides
of the front are in the vapor phase) in a van der Waals fluid is considered. Both the
1-dimensional case and the multidimensional case are investigated. The authors find that
under certain conditions, the reflected wave can be a single shock, or a single subsonic
phase boundary, or one weak shock together with one subsonic phase boundary, which
depends on the strength of the incident shock. This is different from the known result for
the reflection of shock fronts in a gas dynamical system due to Chen in 1989.
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1 Introduction

The phase transition is an important phenomenon in physics, mechanics and fluid dynamics.
For a fluid or a material, if the density-pressure relation or the stress-strain function is non-
monotonic, multiple phases coexist in general, such as in a van der Waals fluid and elastic-plastic
materials. There has been rich literature devoted to the study of the existence and the stability
of phase transitions in one space variable (cf. [8, 12, 16-17] and the references therein). In [8],
Slemrod and Fan generally reviewed the works on the van der Waals fluid and phase transitions.
For multidimensional phase transitions, by mode analysis, Benzoni-Gavage studied the linear
stability of subsonic phase transitions in a van der Waals fluid under the capillarity admissibility
criterion in [2] and obtained a sufficient condition on the uniform stability of subsonic phase
transitions under the viscosity-capillarity criterion in [3]. Recently, Wang and Xin [18] studied
the uniform stability and obtained the local existence of single multidimensional subsonic phase
transitions in a van der Waals fluid under the viscosity-capillarity criterion. Considering the
general conservation laws, Freistithler [9] studied the stability of the under-compressive shock
fronts in multidimensional spaces under Majda’s frame work (cf. [13-14]). The author in [19]
proved the local existence of solutions consisting of one subsonic phase transition and one shock
wave issuing from an initial discontinuity in several space variables.

The purpose of this paper is to investigate the reflection of shock fronts in a van der Waals
fluid. So far as we know, even in the 1-dimensional space, to establish a theory for the general
Riemann problem in a van der Waals fluid, as the one for strictly convex conservation laws (cf.

Manuscript received April 20, 2011. Revised August 1, 2012.

1 Business Information Management School, Shanghai University of International Business and Economics,
1900 Wenxiang Rd., Shanghai 201620, China. E-mail: zh_shuyi@yahoo.com.cn

2Department of Mathematics, Shanghai Jiao Tong University, 800 Dongchuan Rd., Shanghai 200240, China.
E-mail: ygwang@sjtu.edu.cn

*Project supported by the National Natural Science Foundation of China (No. 10901107) and the Innovation
Program of Shanghai Municipal Education Commission (No. 213Z7136).



928 S. Y. Zhang and Y. G. Wang

[11]), is almost impossible due to the non-uniqueness of the solution to the Riemann problem
arising in the meta-stable region (cf. [8, 16]). Hence it is hard to consider the reflection of shock
fronts in a van der Waals fluid in general. That is why a new model (cf. [6]) is introduced for
the retrograde fluid and it works well in the study of the shock reflection problem (cf. [7]) when
the state behind the reflected shock enters the meta-stable region. But the analytic theory of
this kind of model is not quite complete. Here we expect to get some insights into the shock
reflection problem when the states are away from the meta-stable region via the model of the
van der Waals fluid.

In this paper, we are concerned with the reflection of a shock front, both sides of which are
in the stable vapor phase, against a rigid wall. We study both of the cases when the rigid wall is
a plane and a non-flat surface. For the first case, both sides of the incident shock are constants,
which is the 1-dimensional problem essentially, and we obtain that under certain conditions,
which exclude the situation that the states behind the reflection enter the meta-stable region,
the reflection phenomena are different when the strength of the incident shock varies. More
precisely, the reflection can be a single shock, or a single subsonic phase boundary, or one weak
shock together with a subsonic phase boundary. We shall prove that the reflection pattern is
unique by solving algebraic equations. For the case that the boundary is not flat, we have
two kinds of reflection pattern which also depend on the strength of the incident shock. The
existence of reflection waves in this multidimentsional case will be obtained by developing the
arguments of Chen [4] and Métivier [15]. Comparing the problem of double shocks in [15] and
the problem of reflection shocks in gas dynamics studied in [4], the main novelty and difficulty
of our problem is that it involves two free boundaries, the phase boundary and the shock front,
and the physical boundary which is characteristic. This requires us to modify the arguments of
[4, 15] in order to study the stability estimates for the linearized problem. Another important
point is that the stability condition on the edge of the dihedral is different from the one for the
double shock problem in [15]. As we showed in [19], this condition holds for sufficiently weak
shock which coin-sides with our reflection pattern.

The remainder of this paper is arranged as follows. In the rest part of this section, we
first recall the admissible criterion for subsonic phase boundaries and formulate our problem.
In Section 2, we study the reflection on a plane wall. We shall prove that under certain
conditions the reflected wave can be a single shock wave, or a single phase boundary, or one
shock together with one phase boundary. In Section 3, we formulate the problem of high-
dimensional reflection, and give the assumptions and the main results. We establish the linear
estimate for the linearized problem in Section 4, and the nonlinear problem is studied in Section
5.

1.1 Admissibility criterion for subsonic phase transitions

For simplicity, we shall only study the problem in two space variables, i.e., z = (z1,z2) € R2.
It is easy to carry out the same discussion for the problem in higher dimensional spaces.
For a compressible inviscid isentropic fluid, the following well-known Euler equations:

p pu pv
O | pu | +0u, | pu®+p(p) | + 0a, puv =0 (1.1)
pv puv pv* +p(p)

represent the conservation of mass and momentum, where p and (u,v) are the density and the
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velocity of the fluid, respectively. Denote U = (p,u,v)T,

p pu pv
FU)=|pul|, RO =|p2+pp) |, U= puv
pv puv pv* +p(p)
and
u p 0
2
AU) = (BO) T FU) = [ = w0,
0 0 wu
v 0 p
, i 0 v O
A0) = (RO FO) - | ,
— 0 v
p

where ¢ = (p/(p))? is the sound speed. For smooth solutions, the system (1.1) is equivalent to

U + A1(U)0,, U + Ax(U)0,, U = 0.

In the following discussion, the notations of the density and the specific volume 7 = p~*

shall be used simultaneously. In the van der Waals fluid, the pressure law P () = p(1) is given
by
RT a

where T denotes the temperature assumed to be a positive constant, R is the perfect gas

constant, and a, b are positive constants. When the temperature 'z < T < 2?;)11% is fixed,

there are 7, < 7%, such that

/ 3 *
{P(7)<0, ifb<7T<T 0rT>T" (1.3)

P(r)>0, ifr.<7<7"

The state of 7 € (b, 7,) represents the liquid phase while that of 7 € (7%, +00) is the vapor
phase. Generally, these two phases are likely to coexist and one may observe the propagation
of a phase boundary.

As usual, the Maxwell equilibrium {7,,,7as} of a phase transition is defined by the equal
area rule:

P(r) = P(ra), / Pl = P(r))dr =0, (1.4)

m

and 7, < Ti, Tas > 7F. It is obvious that there is a unique point 71 > 7; at which the tangent
to the graph of p = P(7) passes through 7, (cf. [3, Figure 3]). Denote

je = —P'(n), (1.5)
which equals to w.
Let us recall the concept of subsonic phase transitions. A piecewise smooth function

_ JUL(t,x)  for x> ¥(t, x2),
utt,z) = {UJr(t,x) for xi < w(t,xz), (1.6)
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satisfying that Uy € CH{£(x; — 9(¢,22)) > 0} belong to different phases with ¢ € C? being
the phase boundary, is said to be a subsonic phase transition, if it satisfies the system (1.1) in
the regions where U (¢, x) is smooth and satisfies the following Rankine-Hugoniot condition:

e[ Fo(U)] = [E1(U)] + %, [Fo(U)] = 0, on {a1 = (L, 22)}, (1.7)
where [-] denotes the jump of a function on the phase boundary {z1 = ¢ (¢, z2)}. Moreover,
the Mach numbers satisfy

1 U+ — w:wvi - wt

= — - <1, (1.8)
el (1+492))>

where ¢+ = (p/(p+))? are the sound speeds. Due to (1.8), the Lax entropy condition is violated
at {x1 = ¥(t,xz2)}. More precisely, the Rankine-Hugoniot condition (1.7) is not an enough
one on the phase boundary to guarantee the well-posedness of the problem. Additional bound-
ary conditions are needed to select proper candidate which is admissible in physics. In [17],
Slemrod introduced the viscosity-capillarity admissibility criterion to determine the subsonic
phase boundaries in one space variable, i.e., a phase boundary is called the viscosity-capillarity
admissible if the states on both sides of the phase boundary can be connected by a travelling
wave in a system by adding viscosity and capillarity terms to (1.1). This viscosity-capillarity
criterion was studied recently in [3] for the multidimensional subsonic phase boundaries. More
precisely, the phase boundary (1.6) satisfies the viscosity-capillarity admissibility criterion, if
on the boundary {z1 = ¢(t,x2)} the following relation:

(U' - wmv - wt)Q
2(14+42))

holds, where v is the ratio of the viscosity coefficient comparing with the square root of the

(o) + | = =valiv), on {ay = w(t,22)} (1.9)

capillarity coefficient, e(p) = pE(p) is the free energy per unit volume with E(p) being the

specific free energy and d,E(p) = %,

p+ (Ut — Yp,v+ — 1y)
(1+42,)3

is the mass transfer flux across the phase boundary, which is assumed to be non-zero, and

j= (1.10)

+oo
a$w=j/ 2(¢:j,v)de, (111)

—00
where 7(&; j,v) is the viscosity-capillarity profile satisfying

™ =vjr’ + 1 — P(r) — j°7,
o e

lim 7= - ,
o=y’ g—doo  pylai=y

E=—00  p_

with 7/, 7”7 being the first and second order derivatives of 7 with respect to &, respectively,
7 = plps) + g—i valued at {z1 = ¢}. In [3], Benzoni-Gavage proved the existence of the
viscosity-capillarity profile 7(&;4,v) to (1.12) when 0 < v < vy for some small vy > 0 and
0 < j? < j2 with jo being given in (1.5). Moreover, Benzoni-Gavage showed that Ut |z —p(t,2)
depend smoothly only on (j,v), and as a consequence, a(j,v) is a smooth function of (j,v)
in {0 < j2 <42 0< v <uwy} Asin [3], we call the subsonic phase transition (1.7) v-
admissible, if it satisfies (1.1) in the smooth regions and satisfies (1.8), (1.10) on the discontinuity
{21 = w(t,22)}.
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1.2 The problem of reflection

Let ¥ = {21 = o (x2)} be a physical boundary in R?. For simplicity, suppose that ¢y € C>
and ¢o(0) = ¢((0) = 0. The outside domain 3, {z1 > po(x2)}, is filled with a van der Waals
fluid. On ¥, the normal velocity of the fluid vanishes, so the boundary condition on ¥ can be
written as

u — ppv = 0. (1.13)

Let . = {1 = Vt} be a planar shock front moving towards ¥ when ¢ < 0, and on both sides
of . the flow fields are constants. We denote the incident shock by

UAZ(pA UA ’UA) Tz < Vit
t,x) = B ’ ’ 1.14
i,z {UB = (pB,up,vp), =1 >Vt (1.14)
where we assume 74,75 € (Tar, +00), T4 > Tp, namely, the states on both sides of the shock
front are in the stable vapor phase. Due to (1.13), it is easy to see that the incident shock
satisfies

up=0 and vy =vp =0. (1.15)

At t =0, ¥ meets X at the point (0,0). Obviously, before the shock front . intersects with the
surface X, the velocity of .¥ and the flow fields on both sides of .¥ remain constants. Therefore,
the intersection of . with X is

r= {:cl = po(w2), t = %sﬁo(%z)}-

For t > %gpo(xg), the normal velocity of the fluid at the boundary > should vanish, which
is incompatible with the state behind the shock front ., so there will be some waves issuing
from the curve {z1 = @o(22),t = +¢o(w2)} when ¢ > L¢o(x2). The purpose of this paper is
to study such reflected waves. When the domain {z1 > @o(x2)} is filled with a single-phased
fluid, whose state function p = p(p) is strictly increasing, Chen [4] established the existence
of a reflected shock front after the planar shock hits the boundary. Due to the possibility
of coexisting multiple phases, we shall see that there will be several interesting phenomena
appearing after the reflection of a shock front in a van der Waals fluid.

2 Reflection in 1-Dimensional Problem

Let us begin with the simple 1-dimensional case where the physical boundary is a plane,
namely, ¢o(z2) = 0. Essentially, this is a 1-dimensional problem.
For two fields (p1,u1), (p2,uz) satisfying

(11 — =)(P(n1) — P(12)) <0,

we denote

(r1,72) = V(11 = 12)(P(12) = P(11)).
It is easy to see from the Rankine-Hugoniot conditions that if the two fields can be connected
by a single discontinuity, then
(11, 72) = [u1 — ug|
is the strength of the discontinuity.
The following is a basic fact of the reflection problem.
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Theorem 2.1 The sum of the strength of all the reflected discontinuities equals the strength
of the incident shock. Namely, after the incident shock (1.14) meets the wall X, we suppose that

there are N discontinuities, Ry, (k=1,---,N), i.e.,
(Pres ur), T1 > ogt,
u) = k = ]_ e N
(P, ) {(Pk+17uk+1)v r1 < oy, o

where o1 > o9 > --- > on > 0. Then we have

N

Z<Tk,7'k+1>= <TA,TB>. (2.1)

k=1

The relation (2.1) can be easily deduced from the Rankine-Hugoniot conditions and the
facts
(Tlvul):(TB;uB)v UN+1 :UAIO.

As in [3], we denote by (71(j, v), 7,-(j,v)) the unique pair satisfying 7, € (b, 1), 7- € (7%, +00),
which can be connected by a v-admissible phase boundary for a fixed mass transfer flux j. For
the van der Waals fluid, we propose the following hypothesis. There is a j (0 < 32 < j?), such
that the v-admissible phase transition (7;(4,v),7.(j, v)) satisfies the following:

(H1) The strength of the phase transition (7;(j,v), 7(j,v)) is large enough, such that the
estimate

(@G v), 7 (G, v) > (G, v), 77) (2.2)
holds.
(H2) The state function (1.2) is convex at 7 = 7,.(j, ), i.e.,

P"(7.(j,v)) > 0. (2.3)

Remark 2.1 The hypothesis (H1) can help us exclude the situation that the state behind
the reflection enters the meta-stable region, which will break the symmetry of planar wave (cf.
[7]). In fact, if the strength of the incident shock (1.14) is the closed (7;(j,v), 7-(j, 7)) and the
specific volume behind the shock is specified as 7,.(j,v), then the state behind the reflection
can not be in the interval (7*,7,(j,v)), since the total strength of the reflected discontinuities
is smaller than that of the incident shock.

Due to the continuity of 7., 7 with respect to j (cf. [3]), the estimates (2.2)—(2.3) can be
extended to

(4, v), 70 (G, ) + (7 (G, v), 70 (5, ) > (10 (4, ), 77), (2.4)
P"(1.(4,v)) >0

for all j satisfying j* < j* < 7’ with a j* < 7.
The following example shows that the hypotheses (H1)—(H2) are valid when the temperature
is close to the critical value T, = 35&=, i.e., the assumptions (2.2)-(2.3) are valid.

Example 2.1 When T' =T, = %, the state function P(7) is decreasing in 7. Obviously,
the estimate (2.2) holds. When 7' = T, and v = 0, by straightforward computation, we
find that 7,(jo,0) = 10.2024b is greater than the inflection point 7 = 6.6338b, which implies
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P (7:(jo,0)) > 0. Hence the conditions (2.2)-(2.3) are valid when the temperature T is close

8a :
to g and v is small.

As we mentioned in Remark 2.1, we set that the state behind the incident shock (1.14)
satisfies

B = Tr(;; V)' (26)

The result of 1-dimensional reflection is stated by the following theorem.

Theorem 2.2 (i) When

<TA,TB> = <Tl(3a V)7T7“(37V)>5 (2-7)
the reflection is a phase boundary.
(ii) When
<7—A77—B> < <Tl(37 V)a'rr(ja V)>7 (28)
X(TA7 TB) > X(Tl(i7 V)a TV"(Z) V)) + X(Tr(,i; V)? TT(F) V))? (2'9)

the reflection is one shock wave and one subsonic phase boundary.

Proof First we consider the case when there is only one discontinuity in the reflection.
Denote by (p4,u4,v4) and (p—,u_,v_) the flow fields ahead of and behind the reflected dis-
continuity, respectively, and o the speed of the discontinuity. We have that

T+ =7Tp, Uy =up, u-=0 v_=v3=0 (2.10)

and the Rankine-Hugoniot conditions

_o _ur=o
T_ T
2 (us — )2 (2.11)
P(r)+Z = P(ry) +
T_ Ty
From Theorem 2.1, we get
x(t8,7-) = Xx(7B,Ta). (2.12)

Set F (1) = x(t8,7) — x(7B,74). We have F'(1) <0 for 7 € (b, 7] U[T*,TB).
(i) When (2.9) holds, we get

F(rg) <0, F(rr)>0.

Therefore, one can find a unique 7_ in the interval (77,7p) satisfying (2.12). It is easy to
see that 7_ and 74 can be connected by a shock front. There would be another 7 € (b, 7.)
satisfying (2.12), which implies that the reflection could also be a subsonic phase boundary.
Due to the uniqueness of (7;,7,) with respect to j and the assumption (2.2), we find that this
situation can not be true.

(ii) When (2.7) holds, obviously, 7— = 7, is the unique point satisfying (2.12) for 7_ €
(b, 7] U [r*, 7). Therefore, the reflection is a r-admissible subsonic phase boundary with the
mass transfer flux j.
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(iii) When (2.8)—(2.9) hold, one can find a unique 7— € (7(j, V), ), which implies that
the reflection could be a subsonic phase boundary. Due to the uniqueness of (7;(j,v), 7-(j, v))
(cf. [3]), 7— should be 7;(j,v) which is impossible by using (2.9). Therefore, in this case, there
should appear more than one discontinuity in the reflection. By analyzing the characteristic,
we find that the reflected wave should consist of one subsonic phase boundary and one shock
front. The phase boundary is behind the shock front. Denote by (p+,us,vy) the flow fields
ahead of and behind the phase boundary, o1 and oy the speeds of the phase boundary and the
reflected shock front, respectively. Noting that the flow fields ahead of and behind the shock
are (pp,up,vp) and (p4,ut,v), respectively, we have

u_ =0, v_=vy =0, (2.13)
0<ar<\p(po), (2.14)
Uy < o1 <oy <ugp +Vp (1), (2.15)
o2 > up + /7' (pB). (2.16)
Denote by
j1= —% - LTZ L and jy = “*T: %2 _ “BT; 72 (2.17)

the mass transfer fluxes acrossing the phase boundary and the shock front, respectively. To
determine the reflected waves, we need to find (74, 7_, 01, 02, u4 ), such that (2.13)—(2.17) and
the following equations:

P(r_) + 77— = P(14) + jiTs,

ji

(€ (p-) ~ ¢'(ps)) + 2L (72 —72) = ~waljr,v), (218)
P(ry) +j3m = P(18) + j375
hold. From Theorem 2.1, we get
(T—,74) + (7B, 74) = (T4, 7B). (2.19)
Regarding 7 and 7_ as functions of j; and setting
f(]l) = <T*77—+> + <TBvT+> - <TA77—B>;
we have
i 1
f'G1) = —— ([P'(1)9;, 7]lr] + [P(7)][0;,7])
<7—*77—+>
L P00 (15 = 74) = (P(4) = P(15))05, 7+
2/(P(ry) — P(rp)) (15 — 74
According to the results in [2], we have
0T+ = —h1 = _27+ +O(v) and 09;7- = j1¥ +O(v), (2.20)
cy cz

where C3 = —P’(71)—j?. Substituting (2.20) into f'(j1) and noticing j; < 0, we get f’(j1) < 0
when v is sufficiently small. It is easy to know that f(—|j|) < 0 and f(—[j|) > 0. Thus we can
find a unique j; € (—|j], —|j|) satisfying f(j1) = 0 which gives 7 and 7_. Therefore, we can
determine uy, o1 and o9 from (2.17).
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3 Reflection in Multidimensional Spaces

In this section, we consider the case when a shock hits a curved rigid wall which is a
perturbation of the planar case studied in Section 2 near the origin.

As in Section 2, here we assume that (2.3)—(2.4) are valid and the incident shock (1.14)
satisfies (2.6). We have the following main results of this paper.

Theorem 3.1 (i) When
X(TA,TB) <X(TB7TI)5 (31)

the reflection is a shock wave.
(ii) When

X(1a,78) < Xx(1 (G, ), 7 (
X(TAvTB)>X(Tl(ivlj)aTr(

);
) +x(7(4, 1), 7 (5,v));

—
w N
=

1,V
LV
the reflection is one shock wave and one phase transition.

As we can see from this theorem, in this multidimensional reflection problem, we do not
have the situation that the reflection wave contains only one subsonic phase boundary as in
Theorem 2.2(ii). To explain this difference, let us first give the following result analogous to
Theorem 2.1.

Theorem 3.2 Suppose that after the incident shock (1.14) meets the wall 3, there are N
discontinuities Ry, (k=1,---,N) in the reflection which are denoted by

U(t J?) _ (pkvuk;vk); T > gok(t,xg),
7 (Prt1, Uy, V1), 21 < pi(t, 22),

satisfying
Orp1 > Oppa > -+ > Orpn > 0,

and then on T = {21 = @o(22),t = F¢o(x2)}, we have

N
X(ra,m8) = > X(Thy Thr1)\/ 1 + 0. (3.4)
k=1

This result can be obtained by computing the Rankine-Hugoniot condition as done in The-
orem 2.1, and we omit the details here.

Remark 3.1 As a consequence of Theorem 3.2, we can see that in the multidimensional
case the reflected wave can not be a single phase boundary. In fact, if the reflected wave contains
only one phase boundary and we denote by (p4,u+,v4) and (p—,u_,v_) the flow fields ahead
of and behind this phase boundary, then from Theorem 3.2, we get

T+ =78 =T7,(J,V), (3.5)

X(r, T\ 1+ ¢f = x(7a,78). (3.6)

Due to the uniqueness of (7,(j,v), 7(j,v)) with respect to j (cf. [3]), we get 7_ = 7,(j, ), which
implies that the left-hand side of (3.6) is not a constant while the right-hand side is a constant.
Therefore, the reflection can not be a single phase boundary.
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The case that the reflection wave is only a shock front was studied by Chen [4] already. So
we shall focus on the problem that the reflected wave contains one shock front and one subsonic
phase boundary. Suppose that (3.2)—(3.3) hold. By continuity, there is a neighborhood &' of
the origin (¢,z) = (0,0) such that

X(ra4,78) < X(n(G,v), 7 (5, V)1 + &, (3.7)
X(1a,78) > (X(1(4,v), 7(4,v)) + X (7 (4, ), 7 (5, )/ 1 + 7 (3.8)

are satisfied in O.

By carrying out the same calculation as in the proof of Theorem 2.2(iii), we see that if we
froze the data of the fluid field behind the incident shock (1.14) at any fixed point of I', there
should appear one planar shock and one planar phase boundary in the reflection. Inspired by
this observation, let us construct the reflection wave in this 2-dimensional case containing one
shock and one phase boundary as follows:

(p—,u_7'U—), @0(1‘2) <z < spl(taq’?)a 1
U(t’x) - (P+,U+,U+), Qpl(tva) <z < SDQ(tva)v for t > V@O(xQ)a

(pB7U'B7UB)7 1 > SOQ(th"Q)

where T'y = {z1 = @a(t,22)} and Ty = {&1 = ¢1(t, 22)} are the shock front and the subsonic
phase boundary, respectively, satisfying

(B 1) = (B2, 1) = i)

Therefore, the unknowns (p+, u+,v+) and (1, p2) satisfy the following problem:

Ut + A1(Ux)0p, Us + Ax(U1)0,, Ux =0, in Gy,

u_ — ppu— =0, on Iy,

a1 [Fo(U))1 — [F1(U)lh + Ouyp1[F2(U)]1 =0, on T, (3.9)
/ (u— Opyp10 — Opp1)? . :

[e (o) + 21+ (Dmpr)?) 1 —valiv), only,

o2 [Fo(U)l2 — [F1(U)]2 + Oxyp2[F2(U)]2 = 0,  on I'y,

where G_ = {(t,2) | po(z2) < 1 < @1(t,x2), t > 0}, G4 = {(t,z) | ¢1(t,x2) < 21 <
wa(t,z2), t > 0}, Ty = {(t,z) | 21 = wo(z2), t > 0}, [-]; (i = 1,2) denotes the jump of a
function on I'; (i = 1,2), and the notations in the 4th equation are defined in the same way as
in (1.10)—(1.12).

Remark 3.2 In the above problem all functions are defined on {¢ > 0} instead of {¢ >

%}, this is just for simplicity of presentation since one can replace t by ¢t — % without
changing the discussion by noticing that ¢ = ¢t — % is still the time direction.

As we did in the proof of Theorem 2.2(iii), we shall show that the data of (Ui, 1, p2) on
I' = {t = 0,21 = po(x2)} satisfy the corresponding boundary condition on I'; (i = 0,1,2)
and they are uniquely determined. Let o1 = Orp1(t,22) and oo = Oypa(t, x2). The data of
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(Ux,¢1,p2) on I' should satisfy

u_ — ppu_ = 0,

0< o1 <+P(p-),
Uy — ppuy < o1 < 02 < up — vt + VP (p4),

o2 > up + V' (p5)

and the following jump conditions:

o1[pl1 — [pul1 + ¢[pv] = 0,

o1lpulr — [pu® + pl1 + pplpun] = 0,

a1[pv]r — [puv]y + ¢j[pv* + pl = 0,

/ 2

)+ St ] = —vatn.o), (314)
a2[pl2 — [pul2 + ¢plpv]e = 0,

aapuls — [pu® + pla + wjlpuv]a = 0,

pvla — [puv]a + whpv? + pl2 = 0,

—~

02

where [-]; (i = 1,2) denotes the jump of a function on I'; (i = 1,2) as the (¢, x) approaches T',
a(ji,v) = h fj{: 712(&; 41, v)d€ with 7(&; 41, v) being the viscosity capillarity profile satisfying

™ =vji + 7 — P(1) — jir,
i -1 519

lim 7= - ,
T1=¢0 §—+oo Py

E=—00  p_

T1=%o
!
+ (ugr —ppve—o1

with j; = pl—\/m) and m = P(74) + ji7+ valued at {z1 = ¢g}. From Theorem 3.2, we
0

have

(X(74, 7)) + x(74,7B))\/ 1 + ¢ = Xx(7a,TB). (3.16)

Regarding (74, 7—) as functions of j; and noticing (3.7)—(3.8), similar to the proof of Theorem
2.2(iii), we can find a unique ji(z2) € (—|j],—|j|) satisfying (3.16). Then from (3.10) and
(3.14), all data of (Uy, O¢p1, drp2) on T’ are determined uniquely.

Remark 3.3 Since ¢y € C°, from the above discussion, we see that the data of (pt,uy,
v1), o1 and o3 on I' are smooth in 5.

Obviously, the problem (3.9) is the one with two free boundaries and one fixed boundary.
To transform the free boundaries into fixed ones, we introduce the following transformation

t(z1 — o) e
_ 01— o -’ - ~ ~ o~
T = To=x9, t=1t, U(t,x)=U(t x). 3.17
1 t(xl + g — 2901) G 2 2 ( ) ( ) ( )
02 — 1 9 +5

The transformation (3.17) changes G4, G_ and I'; (i =0, 1, 2) into

Gr={t,7)|t<ii<2t, t>0}, G_={t2)|0<7 <t t>0}
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and
= {3 |:=it, T>0), i=0,12,

respectively. Denote gli(Ui,w) = %I + Al(Ui)% + Ag(Ui)% and /TQi(Ui) = A(Uy).
The problem (3.9) now becomes

O Us + AL0,,Us + A5 ,,Us =0, in Gx,

u_ —pou_ =0, on Iy,

3t801[F0(U)]1 - [Fl(U)]l + 89132901 [FQ(U)]l =0, on Plv (318)
/ (u=Omprv—0p1)*7

|:€ (p) + 2(1 + (8;52(;01)2) 1 - I/G,(], V)v on Flv

o2 [Fo(U)]2 — [F1(U)]2 + Oz, p2[F2(U)]2 = 0,  on I'y,

where we have dropped the tildes for simplicity.

Remark 3.4 From (3.17), it is easy to have

lim 3(?7 z) ‘ _ %E% ©1— o inG-,
t=019(t, ) lim , in Gy.
t—0 @2 —_ 801

Noticing that ¢1|t—0 = p2lt—0 = wo and 0 < d¢p1|i—0 < Orpa|t—0, we know that the transfor-
mation (3.17) is nonsingular in G4 when ¢ is small.

Denote by ~;- the trace operator on I'; (i = 0,1,2), yU = (1U_,v2U_,%Uy) and | =
(0, —1, ¢f). For simplicity of notations, we denote the problem (3.18) by

Li(Uiaw)Ui = 0; in Gi7

U_-1=0, on Iy,
0 0 (3.19)
F1(vU, ) =0, on I'y,
Fo(vU, ) =0, on I's.

Next, we propose the following assumptions for the problem (3.19).
(A1) The planar phase boundary

U(t ) U_ (0, 0, 0) for 1 < o1 (O)t,
€Tr) =
’ U,(0,0,0) for xy > o1(0)t

and the planar shock front

U(t ) U+(0,0,0) for x1 < UQ(O)t,
xT) =
’ Up for ;1 > UQ(O)t

are uniformly stable in the sense of [18] and [13], respectively.

(A2) U,(0,0,0) satisfies a stability condition on the edge of the dihedral in connection with
the one proposed by Alinhac [1] for solving the linear Goursat problem. This will be described
in detail by Remark 4.1 in the coming section.
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4 Linear Problems

To study the nonlinear problem (3.19), let us first study its linearized problem in this section.
Denote U = (U4, U-) and ¢ = (1, ¢2). Let (V,1)) be the perturbation of (U, ¢). The linearized
problem of (3.19) is as follows:

Li(Us,p)Vi = 0Va + AF(Us, )0, Vi + A5 (Us)0s, Vi = fr, in Gy,

’)/()Vf lZO, on FO; (4 1)
Fi (yu,0)(YV,0) = 010401 + 102,001 + A Vi + MV- = g1, on Ty, .
Fy (4u,0)(VV,0) = b20stha + 202,02 + 272V = g2, on I'y,

where F; (yu,,)(7V, %) (i = 1,2) are the Fréchet derivatives of .%; (yU, ) with respect to (YU, ¢),
ie.,

d
Fiqu,e)(WVidh) = 00U + Vo + )|

The coefficients in the boundary conditions of (4.1) read
[Fo(U)]x
bi= [U - 8932@11}]1

El

p—
TR — e —
z2(:01) 1+(812S01)2)

[F2(U)l
( WP +3mmp (u— —8t¢1)+[v(u—t%eow—3t¢1)]1+3x2¢1[(3t¢1 + 0oy 10 — )’ |,
(8932901)2)% 1+ (8932901)2 (1 + am2‘:01)2
_ (9w F5(Uy) +8x2€01F2(U+) F{(Uy)
I ’
(F — Ovp1 Fy(U- )—Bxngng’(U_))
I

. _ Oa
with 0ja = 3%,

I = (_ ¢ (ps), Orp1 —uy + 3x230111+, Oy p1 (U — Oayprv4 — 3t801)>7
1+(8I2501)2 1+(aﬂb’2901)2

815801 —Uu- + 8582501”— " P— U— = Ugy 1V — 815501
I— = (vdja +e'(p-),—vija +

( ’ 1+ (5‘952901)2 (o) ’ 1+ (5‘952301)2 1+ (8552901)2
p— Opp1 + Opypr1v— — u_

Oz, 0;

e g T TG )
and
by = [Fo(U)]z,
= [FQ(U)]Qa

Mo = F{(Uy) = Op2Fy(Us) — Oy 02 F5 (U ).

Remark 4.1 With all the coefficients given in the above, we can describe the assumption
(A2) precisely. Freeze all the coefficients at the origin (0,0,0). Denote by )\f < )\Qi < )\31 the
eigenvalues of Ali, and rf, 7"2i, r?ﬂf the corresponding right eigenvectors. Let

Ry = (Mrs, MrT, My b)) T S M) € R,
= (%Tf,%r;,b2)71%T; e R3*1,
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The stability condition is as follows:
[(%1)11(Z2) 11| + [(Z1)12(F2)21| < 1, (42)

where (-);; denotes the (¢, j)-th element of a matrix.

The above stability condition is similar to the one for the double shock problem given in
[15]. It is satisfied when the shock front is sufficiently weak while the strength of the phase
boundary is fixed. In fact, through a tedious calculation as in the appendix of [19], we can get

Ay —o02)

() (2l () 12(Fo)en ] = M

where M is bounded depending only on [U];. Therefore, if we fix [U]; and let A\j — o2 be
sufficiently small, then (4.2) is valid.

To establish estimates of the solutions to the problem (4.1), as in [4, 15], we first introduce
the weighted Sobolev spaces.

4.1 Weighted Sobolev spaces

Due to the transformation (3.9), the weighted Sobolev spaces that we use here are a little
different from those in [4, 15]. Therefore, it is necessary for us to verify the equivalence of the
spaces after the blow-up of I' = {t = 21 = 0}, the dyadic partition of unity and the dilation as
in [4, 15]. Denote 8 = (f1,32), GL = {(t,z) | (t,z) € G+, t € (0,7}, T = {(t,x) | (t,x) €
Iy, t € (0,7)} (1 =0,1,2), Vi = 2104,, Vo = Oy, and 0y = (0g,,04,). We introduce the
following spaces and the corresponding norms:

L3(Q) = {u |t u e L*(Q)},
lull 22 ) = [t ull 20,

H(GE) = {u| 0{0Ju € L3 4,(GL), L+p] <1},

1
2

2(r—I1— 13 2
o ={ T R0 e}
I+|Bl<r

HMGT) = {u | 0VPue L3, (GT), 1+ |8 +m <r+km<r},

[l

1

gy 2
||“|‘H;”“(GZ) :{ Z A\2(r+k—l m)|\3§V63ﬁ“||i§,l,m<cz>} ,

148l +m<rtk

m<r

BY(GT) = () HYF21(GT),

k
r<g

1
2
lull g (or) = { > H“”?{Q“”(GZ)} ’

k
r<g

H{ () ={f 005 f € L3 (T]), l+m <7}, i=12

/]

1

r— m 2 .
H;(p;):{ 3 l>||a§ax2f||§§il(m} =12

I+m<r

Analogous to [15], we introduce the following transformation to blow up the I' = {t = x; = 0}:

. x
J: s = ta Y1 = ?17 Y2 = T2, (43)
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which maps I'7" (i = 0,1,2) into
7 ={(s,9) |1 =i,s € (0,T)}, i=0,1,2
and G7 into
Gi ={(s,y) |1 <91 <2,5€(0,T)},
={(s,y) |0<y1 <1,5s€(0,7)}.
Denote

Iau(s,y1,y2) = s u(s, sy1,v2),  in GL,
JAf(Sva) :Si)\f(say2)ﬂ on Fz ) Z:Oa172a

Vi = Y10y, Vo = Oys V= (‘71,‘72), and 9y = (0y,,0y,). Similar to [15], in the coordinates
(s,y), we introduce the following spaces and norms:

H™(GL) = {u| (s8)'0%u € L*(GL), 1+ 18| <1},

1

r— 2
lilgg ey = { D0 A0 ulZ e )
1+18]<r

HH(GTY = {u | (s05)'VP0mu € LH(GT), 1+ (8] +m < r+k,m <1},

1
] 2
||u||f1;k(@7_1) = { z : AQ(T+k : WL)||(‘Sa ) Vﬁamu||L2(GT)} )

LBl +e<rtk
BTy = () A4 (@),
r<k
%
lull gy ery = { D lulgra-srary }
rS%

HTT) = {f | (s0)orf e LPET) 1+ m<r}, i=12,

Iy = D0 A0 0 f 2 apry )5 i =12

l+m<r

Lemma 4.1 Jy is isomorphic from H;Jrl(Gi) to ﬁﬁ(@i) and from H{(I'T) to HA(I‘ )
2
(i=1,2).

Proof Here we only prove that Jy is isomorphic from H (GT) to ﬁ;(@i) The other
conclusions can be proved in the same way. Noticing that the Jacoblan of the transformation
jin G% is

s, y)| 1
S 4.4
‘ o(t,x) t’ (44)

we see that Jy is an isomorphic mapping from L§\+% (GE) to L2(@£)

Considering the higher order norm, from (4.3), we have

_5 0 _ 1 _
0 =0, saylv awligaylv awz*ayz'
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Then we have
|)\’"_l_61t_(’\_l_51)8,f86u|
L/1 B
—1-81 —(A—I— n A
= |\l B g 61)( sayl) (;ayl) 8522(8 Jyu)

< O(l))\riliﬁl Z |57()\7[761)8§(8)\7l751 +k85+(lfk,0) .])\u)|
k<l

DY S N (50,)F I 90RO gy,

k<l j<k

which implies that there exists a constant M > 0, such that
Juliry,, 07) < Ml e
Similarly, we can prove that there exists a constant m > 0, such that
I3l g @y < mllullar L (GD)"

Thus we have proved that Jy is isomorphic from HY_ , (GT) to ﬁﬁ(@f)
2

Remark 4.2 Similar to Lemma 4.1, we can prove that Jy is isomorphic from B>\+ (GT)
2
to B’f (GT).
Similar to [15], we introduce the following dyadic partition of unity and dilation. Set x €
Cs°(RY), such that

+oo
1 )
suppx C (5,2) and E x(27s) =1, s>0.

j=—o0

Let

v (s,y) = x(2/s)v(s,y),
'ﬁj(s, y) = 2*%vj(2*js,y),
T; = min(2,2/7),
T ={(s,y) [y =i,s € (~00,T)}, i=0,1,2,
GT ={(s,y) |0 <y < 1,5 € (—00,T)},
GT = {(s,y) |1 > 1,5 € (—00,T)}.

The corresponding spaces and norms are as follows:
H™(GY) = {v | 8\9%v € L*(GY), 1+ 6| <1},

1

2

[P :{ 3 el 61>||8136U||L2(GT} ,
I+|8|<r

HH(GT) = {v | 0LVPmu e LA(GT), 1+|8]+m <r+k, m<r},
oy = { S RrHtem) gl agmy 2 GT)}Q,

1+|Bl+s<r+k

m<r
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BH(GT) = () H™2(GT),

r<k
llagan ={ X ol ey}
=
HY(TT)={g|olomg € LATT), l+m <r}, i=1.2,
9l ery = { 32 A0 1020512, FT)}%’ i=12
I+m<r

As in [15], we have the following lemma.

Lemma 4.2 (i) Ifv e H(GY), and 7 is defined as above, then v7 € Hr(éjT[J) and
~j||2 2
SR, ) < Gl o,
j

for a constant C; > 0.
(ii) If there exists a sequence {w?} satisfying wl € HT(Gi ), suppw’ C {y <7 < Tj} with

v >0, and Y [[wi||? ;. < oo, thenv = 2221113(2]8 y) € H’"(GT) and
J HI(GY) J

2 < 7|2
oWy ary < O 012, o,
J

for a constant Cy > 0.

Remark 4.3 For the dyadic partition of unity and the dilation on fZT (i = 1,2) with respect
to s, the conclusion of Lemma 4.2 is also true.

4.2 Linear estimates

In order to avoid tedious notations in our coming estimates, we introduce the following
notations. We denote f = (f*aer)v g = (glag2)a A:t = (AliﬂAét)ﬂ A= (AJMA*); b= (b17b2)7
c=(c1,¢2), M = M, N = (N, N5) and

||V||20§)T = IV-II3ser) + ||V+||iﬂ;((;1), ||f||?;k = ||f—||23k(gT) + ||f+||qu(cz)a
2
”'YV”?{’; Z ”%VJr”Hk(FT + ||’71V ”Hk(FT) |g||Hk Z ”gz”Hk(FT

We also use || - ”Ck e ”H" and || - Hck e HHk to denote the corresponding quantities of

the norms that we deﬁned in Subsectlon 4 1. We denote

2 _ 2 2 2
IOV Ere =MV |+ VI, + 9l

3

(L, F) = max{[| A — AO) =, b= b(0) ]z, flc = c(0)]z,
|t — A ()|, |~ A (O)] 1),
1L, Pl = Al g + [l + el + 10 + 1A T s
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where A(0), b(0), - - - denote the coefficients frozen at the origin, and CX, H% denote the normal
norms of the Sobolev spaces without weights. Denote

Wy = {(Vi) | Vi € BE,, (GT), Vo € BE,, (GT), W € HELLTT), i =1,2},
k .
W/)\,T = {(fag) | f+ € Hf__( I)a f— € Bl;_%(G{)v 9; € H)\(Fzr)v v = 1a2}'
We have the following theorem on the linear estimate.

Theorem 4.1 Suppose s > 10 and that the assumptions (Al)-(A4) are satisfied. There
exist g > 0, Ao(K), C(K) such that under the condition

e(L,F)<e€, L F|s<K, (4.5)
if 07" flt=o =0, 0;"glt=0 =0 (0 < m < k—1) for k < s, then the problem (4.1) has a unique
solution (V1)) € W)’iT forany A > X\o(K), T < Ty, and (f,g) € W’i,T. Moreover, the estimate

9 1
V) < CUO)(SIFIE A0+ gl ) (4.6)
holds.

Proof Denote Vi = J\ Vi and @ = Jat1%. By employing the transformation (4.3) for the
problem (4.1), it follows that Vi and v satisfy the following problem:

Ly+Vi = (s03Va + A\Vi) + AT, Vi + 8450, Ve = Ja_1 [, in GT,
V.- 1=0, on I'T,
ﬁ1,>\(’7‘77{p\) = (8051 + (A + 1) )b1 + sc10 2151 + MV + NV = g1, on T,
Fyx(7V,0) = (8052 + (A + 1)ho)by + 520,12 + N2V = Jrga, on I'7T,

where we still use ~;- to denote the trace operators on I‘T (i =1,2), Af = Ai —y1I and
A;t = AF. From Lemma 4.1, we see that (4.6) is equivalent to the following estimate on Vi
and w.

~ ~ 1 ~ ~ o~~~
NVIZe  + 10V + 10050 < C(FITVIZ  +IBGV.OIZ, ). @D

where L)V = (LA +V+,L,\ V) and Fx(4V, ) = (F1 ,\(’yV V), Fy A('y‘//\' ¥)). For simplicity,
we still denote Vi, w by Vi, 1. Introducing %8 P, Vi , w] by using the dyadic partition of
unity and dilation as in Subsection 4.1, we get

La+V] = x(278) L+ Ve +w?,, in é?,
V2 1=0, on f?,
Fia(yVi, i) = x(208)Fia(yV,90) + ¢, on T},

ﬁ2,A('Y2Vj; Pi) = X(2j8)ﬁ2,>\(’YV, ¥)+gj, on f?a

Where wi = s}'(278)29Vy and gz = sX (235)23wz i (z = 1,2). Furthermore, E,\iVi and

ia(YVI,47) (i=1,2) can be written as L)\ iVi, T (v 1% wj) by changing s into 2775 in all
coefﬁcients in the equations and boundary condltlons From Lemma 4.2, we see that (4.7) is
equivalent to

- ~ 1~ ~. ~ o~ o~
MV + IVl + 1005 < C(SIBVIE, | +IEGV Pl ) @)

i
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for all j € Z, where Z&f/ﬂ = (5&4_‘71,5&_‘72), ﬁ{(yvj,i’/;j) = (ﬁi/\(’yvj,ij),ﬁik('yvj,{/;j))
and T; = min(2,27T).

Now we can separately estabhsh estimates in the nelghborhoods of the physical boundary
I‘O , the phase boundary I‘ and the shock front I‘2 . Let k be a smooth cut-off function
with K = 1 on [g, 1] and kK = 0 in [0,;] Let Wy = n(yl)V] Wy = (1 — H(yl))v Wy =
(1 —r(yr + 1))V_ﬁ, Wy =%k(y1 + 1)V and Wy = o7, Wy = . Then (Wy, W3, U;) satisfies the
following problem:

L} Wi = w(y) T4 V7 + (I3 _n(y)) 7, n GO,
L Ws = (1= lyn + D)LV + (B (1= s + DDV, in G,
Fi (YW, ¥y) = Ff7>\('yV9,wJ), on I‘lTj,

and (Wy, Usy) satisfies the following problem:

LA Wi = k(ys + DI V] + (L _ k(yn +1D))V], in Gy,
Fya(yW, W) = F/ (V3 ,49), on Ty’

From the assumption (A4), we can establish the following estimate by utilizing the results in
[13, 18]:

(V2 V) e, +ZH7VJII +|W||Hk+1 _

< C(Xq\(wa,vz,L&,Ji)ua_% + ||vz||;§71(é@)> HIBGV. 0y ). (49)

The problem for W5 is as follows:

L, _Wo=(1-rI,_V —(I4_s)V/, inGY,
YWz -1=0, on Ig7.

By using the results of [5, 10] for the above problem with f‘OTj being characteristic, we have

AL = m)V2 2 %(Il(l—ﬂ)ff VJH + V)32 )- (4.10)

BY(GD) ~ (@) BY_,(G1)

Summing up (4.9) and (4.10) and letting A be sufficiently large, we see that (4.8) holds. Thus
we have proved (4.6).

4.3 1-dimensional linear problems

In this subsection, we study the linearized problem of (3.18) in the one space variable case,
which is essential to the construction of an approximate solution to the original nonlinear
problem (3.18). We shall mainly follow the arguments of Métivier’s work (cf. [15]). The main
difference from [15] is that the problem is posed on two areas and the unknowns are coupled
on free boundaries. Considering the following linearized problem of (3.18) independent of xs:

LO(Us, o)Vi = 0, Vi + AF(Us, )05, Ve = f, in GY,
Y0(V-)2 =0, on I'T,
FY(WV,¥) = b10ppr + M Vi + M1V = g1, onTT,
FY(YV, ) = ba0ytpa + M2V = go, onI'T,

(4.11)
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where, without confusion, we denote

T = {(t,21) | x1 = it, t € (0,T)}, i=0,1,2,
GL ={(t,z1) |t <a1 <2t, t€(0,T)},
GL ={(t,z1)|0<z1 <t te(0,T)}

and v; - (1 =1,2,3) are the corresponding trace operators, i.e.,
’ylv(t) = V(ta 0)7 ’72V(t) = V(tat)v 73V(t) = V(ta Qt)'

As in [15], for A > 0, 7 > 0, we define the following norms:

vl = lle™™ vl oo 1),
+
ollle.r = > 7 16%] -,
lo|<k

[l

A= ”ti)\eiTtUHLOO(Gﬁ)'

For A > 1, we define
A— AN—1,—
[oll7 0 = IO+ 7)™ 0] oo )

The norms of a function on I'7 (i = 1,2) can be defined similarly.
For the problem (4.11), we have the following theorem.

Theorem 4.2 Under the assumptions (A1)—(A2), there exist g > 0 and Ty > 0 such that
if €(Lo, Fy) < €y and fli—o = 0, glt=o = 0, then for T < Ty, (4.11) has a unique solution
Vi € CUGL), v € CHTT) (i =1,2) for f+ € C°GL) and g; € CO(TT) (i =1,2), and

(i) for >0,

2 1 2
IVl + 1Vl + S0l + 7lille) < (e + 1) + SNl ) (4.12)

i=1 i=1

(i) forT>0,A>1,

2
N X

i=1

IV_llzx + V4

2
1
o SO(UF- N+ 1) + Y lgillen ) (413)
i=1
(ili) If the coefficients in (4.11) are CF, f+ € CKHGT), gi € CFTT) (i = 1,2) and 8] fl—o =
0, &gli=o = 0 (0 < j < k), then Vo € C*(GYL), v; € C*YTT) (i = 1,2). Moreover, for
sufficiently large T, we have

2
1
V-l + WVl + D Illisrr < C(ZO1-lr + 1]
=1

2
o)+ 2 lgiler). (414)
i=1

Proof We only sketch the proof for the estimate (4.12). The estimates (4.13)—(4.14) can
be established in the same way with a little more computation (cf. [15]). Without loss of
generality, we only consider the case that Af (i = 2,3) is diagonal, i.e., AT = diag()\li, )\gt, )\Bi)
In this case, the first equation of the problem (4.11) becomes

(Vi) + A0, (Vi = (fo), in GL, k=1,2,3, (4.15)
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where (-); denote the k-th component of a vector. When €(L, F) is sufficiently small, due to
the assumption (Al), we can rewrite the third and fourth equations of (4.11) as

V.
et Ve
’Y (Vi)z =% ’)/1(V+)2 + hy, on F{ (4.16)
lath 1 (Vo)s
and
Y2(Vi )1
’)/2({§V+)2 = %Q’}/Q(V_i_)g + ho, on Fg, (417)
2
where

—1 —1
hy = (myes,nier,niea,b1)” g1, ho = (nge1,ngez, ba) ™ go,

and %1, %> are the same as defined in Remark 4.1. Here the detailed forms of #71 and % are
as follows:

By = —(Myez, Ner, Nea,by) " (Mier, Mea, Nes), Ro = —(Naer, Noea,ba) F Naes

with e; € R? (i = 1,2, 3) being the standard unit vector. Together with the boundary condition
on I'Y

Y0(V-)2 =0, onT}y, (4.18)

we shall solve the problem (4.15)—(4.18). Since the problem is a 1-dimensional linear problem,
we can solve it by integrating along the characteristics. The key point is to determine the
boundary value of the unknowns. First, we are going to determine the data 72(V})s. For this
purpose, we first analyze the characteristics. For (to,z¢) € GL, we denote by

dxf

Ci (to, o) = {(t,xf(t)) rale AE, af(to) = w0, 0<t < to}

the backward characteristic of 0; + )\ki(‘)xl passing (to,xo). Due to our calculation in Section 2,
we have the following list of intersection points between the boundaries and the characteristics:

CF(to, z0) NTE = (T (to, x0), 2T1 (to, 20)),
Cif (to, z0) N I'T = (Ty(to, x0), 2T (to, z0)),
C5 (to, mo) NTT = (Ts(to, x0), T5(to, o)),

Cy (to,x0) NI = (Ss(to,20),0),

where, as we can see, in G, C}" and C5 start from I'] while C starts from I'Y. In GT, Cy
starts from T'Z. Obviously, we have that 0 < Ti(t,z) <t and S3(¢,z) < ¢.
By integrating along the characteristics, we get the solution to the problem (4.15)—(4.18) as

follows:
(Vi)i(t, @) = v (Vi (Ta(t, @) + (F4 ) (¢, @),
(Vi )2(t, @) = y2(Vi)2(Ta(t, @) + (Fy)2(t, @), (4.19)
(Vi )s(t, @) = (V4 )s(Ts(t, @) + (Fy)s(t, @),
(Vo)s(t ) = (FL)s(t, @),
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where (F4 )i are the integrals of (f4)x along the corresponding characteristics, i.e.,

t

(Fh(t,z) = /T LUl s (Foatt ) = /T L Unaloat(o)as
(Fy)s(t,2) = / (F)s(s, 23 (5))ds,  (F)s(t,x) = / (f-)s (523 (5))ds.

Ts(t,x) Ss(t,x)

By substituting (4.19) and (4.17) into (4.16), we get the following functional equation of 1 (V. )3:

Y2(Vi)s(t) = (Z1)11(%2)1172(Vi )3(Z21 (1)) + (Z1)12(%2)2172 (V4 )3(Z2(t)) + H(E),  (4.20)

where
Z1(t) = Ti(T5(t, 2t), T5(t, 2t)), Za2(t) = To(Ts(t, 2t), T5(t, 2t))

and

H(t) = (%1)11 (1 (F)1(T5(t,2t)) + (he)1(Z1(1))) + (Z1)12(71 (Fy)2(T5(t, 2t)) + (h2)2(Z2(t)))
+ (Z1)1371 (F2)3(T5(¢,2t)) + ha (T5(t, 21)).

Since 0 < Ty (z,t) < t, it is easy to verify

0< Zi(t)<t, i=1,2 (4.21)
and
C
Ihll- < Cliglle,  I1F1- < — £l (4.22)
From (4.21)—(4.22), we have
15 < Il + llgle)- (4.23)

Denote by A the operator as follows:
A: v—Av= (%1)11(%2)1211 o Zy+ (%2)12(%’2)2111 o Z3.

Then from the assumption (A4) and (4.21), we can see that there exists a constant 0 < p < 1
such that

JAvll, < plloll-- (4.24)

Therefore, there is a unique solution v to the equation
v=~Av+H (4.25)
and the solution satisfies the following inequality:
o]l < CllH]- (4.26)
With the inequalities (4.22)—(4.23) and (4.26), we determine 2 (V4 )3 from (4.20) and

lv2(Vi)sll- < CE I f Nl + llgll-).

Since v2(V4 )3 is determined, (V4)s is solved. Then by (4.18), v2(Vi )1, 72(Vi)2 and Opps are
determined. Therefore, (V. )1, (V)2 and 19 are solved. Then by (4.17) and (4.19), we can
solve V_ and ;. For the case when Ali is not diagonal, we can easily diagonalize Af, which
yields that Vi satisfy equations similar to (4.15) with low-order terms of V1. These terms can
be absorbed by the left-hand sides of the inequalities by letting 7 be sufficiently large.
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5 Nonlinear Problems

In this section, we establish the existence of the solution to the nonlinear problem (3.18) by
using the fixed point argument. To do that, first, we need to give the compatibility conditions
and construct the first approximate solution.

5.1 Higher order compatibility conditions

According to the calculation in Section 3, we see that the 0-th order compatibility conditions
for the problem (3.18) are satisfied.

Now we compute the k-th order compatibility conditions for the problem (3.18). Differen-
tiating the boundary condition on T’y given in (3.18) with respect to t, we get

1-0FU_ =0, at{x; =t=0}. (5.1)
Differentiating the third and fourth equations in (3.18) in the direction 73 = (1, 1,0), we have

O o1 [ (U — Fy(U-) (1] — Ay (U-) + ¢ As(U-))0F U

+Fo(Uy)(o1] — A (Uy) + <P/A2(U+))351U+ = HF, (5.2)
aody oy + 1 OF U- + 1§ 0k U, = HE,

at {z; = 0,t = 0}, where H} (i = 1,2) depend smoothly on 8£1¢1|t=0 (0 <1< k) and
8.lr1 Ui|t=07$1=0 0<I<k-1),

a0 = Phvs — s — valjn, V)p0 A1+ o2,

19 = (1 +¢)e" (p+),u — pove — o1, 9p(01 — uy + @Hv4)),

12 = (—va(ji, v)oi\/1+¢F — 1+ ¢i)e" (p-), valji,v)p—\/1+ ¢ + o1,
— (o1 +va(i, v)p-/1+¢F)),

where a(j1,v) = 0j,a(j1,v). Differentiating the fifth equation in (3.18) in the direction m =
(1,2,0), we have

Of T pa[Fo(U))a — Fy (U ) (0ol — Ar(Uy) + A2 (Uo))dk, Uy = Hy, (5.3)
at {z1 = 0,t = 0}, where H} (i = 1,2) depend smoothly on 0. pali—o (0 < I < k) and

852U+|t:0’x1:0 (0 <I[I<k- 1).
On the other hand, from the equations of U given in (3.18), it follows that

1
U = = (ppA2(U-) = A (U-))*05,U- + I,

of
1

ORU- = —(on] = Ay (U-) + ¢ A2 (U-) "0y, U- + I,

o (5.4)
O Uy = (o1l — A (Uy) + 9y A2 (Us)* 05, Uy + I,

1 (0-2 _Ul)k 1
1

O Us = ———p (021 — A (Uy) + 0y A2(U4)) 05, U + I,

(02 —01)
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at {x1=0,t=0}, where IF (i=1,2) depend smoothly on {920% Us |s,——0} and {010} pili—o}
(1=1,2)for 0 <I<k—1,0<m+1<k. Substituting (5.4) into (5.1)—(5.3), we get the k-th
order compatibility conditions

1 !
W[(Al(U,) — oA (U-))f ok U- = Jt,

0 o1 [Fo (Ul + e Fo (U-) (A1 (U-) = ¢ A2 (U-) — o1 1)1 05, U

+ (01l — Ai(Us) + ¢ Az(U2) 108, Uy = J
(0'2 — 0'1) 1 (55)
apdF o + (_U—l)kl(l (A (U-) — phAs(U-) — o1 1)k 0% U_
1° (01 — A1(Uy) + oy A2 (Uy) R0k UL = J§,

+ k

(o2 —01)

O o2 Fo(U)]2 + CF (U ) (AL(Uy) — o Aa(Uy) — o))" 105 Uy = 7,

v
(01 —02)

at {z1 = 0,t = 0}, where JF (i = 1,2,3,4) depend smoothly on {9720% Us|s,——0} and
{0motpili—o} (i=1,2)for 0<I<k—1,0<m+1<k.

5.2 Validity of compatibility conditions and the construction of approximate solu-
tions

In this subsection, first, we show that we can find the data satisfying the compatibility
conditions (5.5). Denote by \f < Af < Af the eigenvalues of A;(Uy) — ¢ Aa(Us) at {t =
x1 = 0}. We have

AF =us — ghvs — (1+¢R) 7,
Ay =t — g, (5.6)
A5 =ut — s + (1+ @) Tes,

where ¢+ = p’ (pi)%. The corresponding eigenvectors are

c c+p; T
= (1, — 1, 2 1+<P62> :
P+ P+

1 T

ry = (0, f—j ;i) : (5.7)

c 4} T
5 =(1 p—?/1+%2, = zfo 1+f)

For constants 31, 2 and vector (v_,v;) € R3 x R3, we denote

0 |k H(AL(U-) = ¢ Ax(U-))"
My(Br o) = (O | Bt (= ) [ FU)(ALU-) = ghda(U-) = D)1 | o
ag o 12(A1(U-) = ¢ A2(U-) — o1 1)*
0

1 k
* (o — 0 ) (o1] = A (Uy) + 9 A2 (U ) [ oy,
2791 19(o1 ] — Ay (Uy) + @ A2(Uq))*

1 k
) Fo(U) (A1 (U) = 9hAs(U3) = 02D o
g1 — 02

Ma(Ba,v1) = [Fo(U)]aB2 + (

Similar to [14], we have the following results.
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Theorem 5.1 If constants 31, B2 and vectors (v_,vy) € R® x R3 satisfy

Ml(ﬂl;vaer) = Oa
5.8

{MQ(ﬁQa’U-i-) = 07 ( )
then we have 31 =0, o =0, v— =0, vy =0.

Proof For simplicity, we only consider the case when ¢f, = 0. When ¢}, is sufficiently small,
the conclusion still holds. Denote by PT the smoothly varying projections onto the subspace
span{ri }. Denote w; = P*v; and uy = (I — P*)v;. Considering M;(f1,v—,vy) = 0, we
have that the basis of the set

{(Br,v—,wy) | wy = PTwg}

is given by
(1,0,0) U (0,71 ,0) U (0,75 ,0) U (0,75,0) U (0,0,r7).

‘We have
det(M;(1,0,0), My(0,7,,0), M1 (0,75 ,0), M1(0,75,0), M1 (0,0,77))

A7 — )y —a1)(A5 — o) (o1 — Af))F!
(—01)3 (o2 — 1)k

0 A M-y (A5 )M -y 0
(AL — o)kt (A3 — o)kt
x| [P FyU-)ry  Fo(U-)ry  Fo(U-)ry  Fo(Uy)ry
o 19 .r; 10 ry 19 ry 19 -ry
Al — o1 Ay — o1 A3 — o1 Ul—Af

Denote the determinant on the right-hand side of the above equality by /. We have

(B Fy(U-)ry  Fo(U-)ry  F(Us)ry

AD)RL-rT
A__()\(_l—)ial)klﬂ . 10 -ry 19 ry 19 -ry
! 0 Ay — o1 A3 — o1 o —)\f
T I T TG e (T
—m u 2 -r] 2 -r I3 -r3
3 ! 0 )\;—01 )\E—Ul 0'1—/\1r

Denote the first and the second determinants on the right-hand side of the above equality by
A1 and Ao, respectively. By using the Rankine-Hugoniot conditions, we get

Cc_C B

Ay = )+ —[p} - va(ji,v)p-,
P—P+
Cc_C B

Do =[]} + pi [Pl + va(ji,v)p-.

According to the result in [2], for sufficiently small v, we have

. a .
a(]lal/) = 8_.j1a(j1’l/) >a>0.
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Therefore, noticing A\| <0< A, <01 <Ay andl-r] =—l-ry = Z—:, we get A > 0. Thus,
we has proved

det(M;(1,0,0), M1(0,77,0), My (0,75 ,0), M1(0,75,0), M1 (0,0,73)) # 0. (5.9)
Similarly, we consider Ma(82,v+) = 0. The basis of the set
{(B2,us) | PTuy =0}

is given by

By direct computation, we get

cilula((o2 = M) (o2 — AF)**
(p4)?(02 — 1)

det(Mz(1,0), M2(0,7)), Ma(0,75)) = — £ 0. (5.10)

Thus, we obtain the conclusion.

Remark 5.1 With Theorem 5.1, we can find the high order derivatives (0% Uy, 9™y,
F 1 py) from (5.5), once the 0-th order compatibility condition is satisfied.

Next, we shall construct the approximate solution to the problem (3.18). Denote

® Vo
HSD = (507 ?7V507x17)a

2
er, (U, 0) = U4 oo 10y + 10—l oo gm0y + D NH@il oo 70
(@™o (@™ (7o)

i=1

2
H(Uv @)HWTO = HU"FHHN(GiO) + ”U—”BN(GJ:O) + ”’YlU—HHN(FfO) + Z H’WU-‘:-”HN(F?O)
=1

2
+ Z(HSOZ'”HNH(F?)) + HHSOZ'”HN(pfO))'

i=1
Similar to [15], we construct the approximate solution as follows by using Theorem 4.2.

Theorem 5.2 For e > 0, there exist an M > 0 and a O sequence {U7, 7}, such that

Ly (UL, ¢")UL = O(t), (5.11)
- yoU” =0, (5.12)
F1(YU7,¢7) = Ot *Y), (5.13)
Fao(y U7, %) = O(t+1) (5.14)
and
e, (U7 = U%, @7 — ot) < e, (5.15)
107, ") lwr, < M. (5.16)

Proof The proof of this theorem is similar to the one given in [15, Proposition 7.1.2] by
iteration and by using Theorem 4.2. Here we sketch the proof for completeness. We take U9 =
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Vi(z2), @9 = oi(x2)t (i = 1,2), where Vi (z2) and o;(x2) satisfy the 0-th order compatibility
conditions. We define successively U7, ¢’ by

U =UL+ V], @ =+,
with (V{,47) satisfying
LAV] = —L. (UL, @)UY,
YoV--1=0,
FO(WVI 7)) = —Zi(zU7 o), i=1,2,

where the operators LY, F? are the same as in (4.11) with the coefficients valued at U, ¢©°.
It is convenient to add two conditions

U —U=0(t), ¢ —¢"=0(t? (5.17)

to (5.11)—(5.14). Obviously, (5.11)—(5.14) and (5.17) are valid for j = 0. Now suppose that
they are valid for j < n, and we prove that they are also valid for j = n+ 1. By using Theorem
4.2, from (5.11)—(5.14) for j = n, we have

vV =0@1"h), " =0@1""?), (5.18)

which implies Hy™ = O(t"+1). Since Ly (UL, ") — Lo(UR, ") can be written as a first
order partial differential operator with coefficients containing U"+! — U™ and Hy™, we get

(Le (UL, ™) = Le (UL, @)U = O™ ). (5.19)

Similarly, Ly (U}, ™) — LY can be written as a sum of the first order operator with respect to
x9 and the first order operator with respect to (¢,z1) with coefficients containing the factors
U™ — U and H(p" — ¢"). Therefore, by V., ) V" = O(t"), 9., V" = O(t"*') and (5.17), we
have

(Le(UL,9") = LYVE = O(t"F1). (5.20)
Combining (5.19)-(5.20) with
fz-i_l = (Li(Uz-i_la Son—i_l) - Li(UQ @n)) $+1 + (Li(Uz7 @n) - L(i)vina

we get f1T1 = O@"t).
Considering

gt = Fi(YWU" + AV, " + ")
= Fi(YU™ + V™ 0" + ") + F (qun,ony(YV,47) + O(y V2 + [07 )
= (Fy (yum omy = FD) V™, 9™) + OV + [0 ]%),
from (5.17), we know yU" — 4U® = O(t), ¢" — ¢* = O(t?). Then by AV" = O@"H),

P = O(t"*1) and 0,,0" = O(t"H), we get gP"! = O(t"*2). Therefore, the relations (5.11)-
(5.14) hold when j =n+ 1.
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To prove (5.15)—(5.16), we modify the sequence {(U7,¢7)}. Let ((t) € C§° be a cut-off
function, equal to 1 near the origin. J; is a constant, which will be determined later. For
7 < J, set

. t . » t ,

Ul = C(—)(Uj ~U+U% = C(—)(W —¢%) + ¢’

0 0y
Obviously, (U7,37) still satisfy (5.11)—(5.14). We may choose 0, sufficiently small such that
finite pairs (U7, @7) for j < J satisfy (5.15). Moreover, letting M = 1 + m<a}<|\(Uj,gaj)H, the
i<
inequality (5.14) holds for (U7, @7).
For j > J, set
~ . ~ t ) . t .
) - R > — 5 J_ )

0 =07+ (5)w =) & =F(5) e -
As mentioned above, the equalities (5.11)—(5.14) are valid. Taking ¢; sufficiently small, we have
en, (U —U', ¢ —@7) < e, |UF —U7, & — ¢ |lwy, < 1. Hence (5.15)-(5.16) are valid for all
(07, %).

5.3 The iteration scheme and existence

In this subsection, we introduce the iteration scheme and establish the existence of the
solution to the problem (3.18).

For 0 < T < %, we denote by Ep and E’. the two linear extension operators

. pk T k T k T k T
Er: B)\+%(G7) X H)\Jr%(GJr) — B)\Jr%(G_O) X H/\+%(G+O),
By HY(TT) — HY(I}), i=1,2
with norms less than C for any k, A € RT, and suppErU C G?T' x G, suppEf.g C I'?! for
Ue B§+%(GZ) X H§+%(G£) and g € I'7 (i =1,2).

The iteration scheme for solving the problem (3.18) is as follows, which is similar to [14]. For
fixed jo > Ao(K), we choose (U70, p7°) constructed in Theorem 5.2 as (U°, ¢°) and (V°,¢%) =
(0,0). We set

(U ") = (U, ¢°) + (Br V™ Eryp ™,
where (V71 4" +1) is the solution of the following problem:
L:‘:(Uivson)vin—i_l = _L:‘:(Uiv@n)Uia in Giov
l- »)/OV_YL-H =0, on ng,
By (i omy YV ) = —Z (U™, ") + Fy (yun omy (YY", 97), on T,
By (yum omy(YV L ") = — Zo (WU™, ") + Fy (i omy(YV™,9™),  on T30,

With the above iteration scheme, we now give the following result.

(5.21)

Theorem 5.3 (i) There exist ¢ > 0, My > 0 and T € (0,Ty), such that for T < Ty the
sequence defined above satisfies

er, (U" = U(0), 9" —o(0)t) < er, (U™, ")llwg, < M. (5.22)
(ii) There exist Cy > 0, Ao > 0, such that for A > g, T < Ty, the sequence defined in the

above satisfies

||(Un+2 _ Un—i—l, s0n+2 _ n+1)

@
< CoT||(U™ T = U™, " T — ™)

[ERNs
AT (5.23)




Reflection of Shock Fronts in a van der Waals Fluid 955

The proof of this Theorem is analogous to that given in [4, 15]. Here we sketch the main
steps for completeness.

Proof (i) The inequality (5.22) is valid for n = 0 obviously. Supposing that it is true for
n, we prove that it is valid for n + 1.
Write Ly (U, o™)UY as Lo (U, ")UL — (L. (U, %) — Lo (U}, ¢™))UY. Noticing that

1AU™, ") = AU, )~ | < CUVTIEw |+ IHY Gx | ),

A-Lr A-Ll A-%.T

Ha™ 2 < n|2
10" By, | < CIW s

[N

and Ly (U, ") UL = O(t°) (jo > Mo(K)), we get

LU MU Ew < OIT, (5.24)

P

Similarly, we have

||F(wU",q;")(’YVn+1,1/’"“)”%1%_ < C(H’YVHH?LI;\{T + ||1/1n||§{;v+4r1{T)~

1,T

In the case of 2\ > A + 1, the above inequality yields

[Fyum omyWVHHL " )]y < CoT. (5.25)

2A—1,T

If we properly choose €; and M;, we can check the validity of the conditions in Theorem 4.1.
Thus, for the problem (5.21), we obtain (V! ¢m) W)J\YT and

V™ ™)y ar < CsT. (5.26)
When N > 9, we can use the embedding theorem to obtain

e, (U™ —U(0), 0" — 0(0)t) < C3C4KT. (5.27)

Taking 77 =min (C%, 036014K)’ (5.22) is valid for (U™, " *1). Thus the sequences {U™, ¢"},>¢

can be determined successively.
(ii) Denote a™ = U™t — U™, a" = "1 — o™ and

L= La(ULH, ¢")al"™,

1 1 .
or = FZL',(,YU’IL‘FI,(P’IL‘FI)(’YG/TL-F ,Oén+ ), 1=1,2.

From the iteration scheme (5.21), we have

bY = (Li(UL, ") — La(ULH o Th)Uett,
Bt = =Fi(YU™, ") + Zi(WU™, ") + Fi (qun oy (ya™, a™), i =1,2.
When N > 10, we obtain
(o7 <OTU™ ! = U™, " — "IN 12110

2 N
-1
Cir

||5n||§{g:11 - < C2|||(UnJrl -u", SOn—H - @n)|||?vf1,,\f1,T-
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Letting 2A — 1 > A 4+ 1 and noticing the uniform bound of |[[(U™, ¥™)|||n=1,x,1,, We have
||ﬂ”||§{g;l < GT|(U™ = U™ 0" — ") IR—ia-rr
Employing Theorem 4.1 for the problem (V"+2 — 7+l gn+2 _gn+1) from (5.21), one deduces
(@2 = 0" 2 = IRz < CaAO™, B K115

which yields (5.23) by choosing A properly.
From Theorem 5.3, it is easy to know that {U",¢"},>0 is bounded in B}, (G™o) x
2
H)SH_% (G*°) and convergent in B(>)\+% (G™0) x H§+% (G), which implies that their limits (U, ¢)
are the solution to the problem (3.18).
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