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Abstract In this paper, the authors prove an almost sure limit theorem for the maxima of
non-stationary Gaussian random fields under some mild conditions related to the covariance
functions of the Gaussian fields. As the by-products, the authors also obtain several weak
convergence results which extended the existing results.
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1 Introduction

The almost sure central limit theorem (ASCLT for short) was first introduced independently
by [3] and [17] for the partial sum, and then the concept was started to have applications in
many areas. For example, [4-5] showed applications of ASCLTs for occupation measures of
the Brownian motion on a compact Riemannian manifold and for diffusions and its applica-
tion to path energy and eigenvalues of the Laplacian. His work was also followed up in many
other applied areas, including condensed matter physics, statistical mechanics, ergodic the-
ory, dynamical systems, occupational health psychology, control and information sciences and
rehabilitation counseling and so on.

In its simplest form the ASCLT states that if X;, Xs,--- is an independent and identically
distributed (i.i.d. for short) sequence of random variables with mean 0 and variance 1, then

n

Z %I(t*%St <z)=®(z) ae zeR,
t=1

lim
n—oo logn

n

where S, = > X3, I is an indicator function and ®(x) stands for the standard normal distri-
i=1

bution function.

Later on, [11] and independently [7] extended this principle by establishing the ASCLT for
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the maxima M; = max X, of i.i.d. random variables. They proved that for any x € R,
<t

n

lim — Z%I(at(Mt—bt)gx):G(x) a.e. (1.1)

n—oo 10g n ~

with real sequences a; > 0, by € R, ¢ > 1 and a non-degenerate distribution G(x). [10] and [6]
extended (1.1) for weakly dependent stationary Gaussian sequences. We refer to [13] for the
non-stationary Gaussian case, [19] for the more general dependent case and [9] for stationary
Gaussian fields. The recent extension is the result of [20].

In this paper, we are interested in the similar problems for extremes of non-stationary
Gaussian random fields. It is well-known that Gaussian random fields play a very important
role in many applied sciences, such as image analysis, atmospheric sciences and geostatistics,
among others. Firstly, we introduce some notations and notions of Gaussian random fields.

Denote the set of all positive integers and the set of all non-negative integers by Z and N,
respectively. Let Z? and N¢ be d-dimensional product spaces of Z and N, respectively, where
d > 2. In this paper, we only consider the case of d = 2 since it is notationally the simplest and
the results for higher dimensions follow analogous arguments. For i = (i1,42) and j = (41, j2),
i<jandi—jmean iy < ji, k = 1,2 and (i1 — j1,%2 — J2), respectively. |i| and n — oo
mean (|i1|,|iz|) and ny — oo, k = 1,2, respectively. Let I, = {j € Z%: 1 < j; < ny, i = 1,2}
and yg be the number of elements in E for any subset E of Z2. Let yix = [[ |ki| for

i:k; #0
k = (k1,k2) and xo = 1. Note that yix = x1, when k € Z2. Also, let logn and loglogn denote
(logni,logng) and (loglogni,loglogns), respectively. Let ®(-) and ¢(-) denote the standard
Gaussian distribution function and its density function, respectively.

Let X = {Xn}n>1 be a non-stationary standardized Gaussian random field on R2. Let
rij = Cov(Xj, Xj) be the covariance functions of the Gaussian random field X = {X,}n>1.

[14] studied the extremes for non-stationary Gaussian random fields and obtained the fol-
lowing weak convergence result.

Theorem 1.1 Let X = {Xpn}n>1 be a non-stationary standardized Gaussian random field.
Assume that the covariance functions ryj satisfy |rij| < pji—; for some sequence {pn}nen2—{o0}
such that

lim pe,, 0)logny =0,  lim p(g ,,) logne =0, (1.2)
ni—o00 Nng—00
lim pplogxn =0 (1.3)

and  sup |pn| < 1. Let the constants {uni, i < n}p>1 be such that Ay, = minun; >

neN2—{0} i€ln
c(log xn)? for some constant ¢ > 0 and lim 3 (1 — O (upi)) =7 € [0,00). Then

n—00 {7

lim P( N{xi< un,i}) = exp(—7). (1.4)

n—oo
iel,

For more detailed limit properties of the extremes and their applications for Gaussian ran-
dom fields, we refer to [8-9, 14-15, 18]. For further results concerning the extremes in Gaussian
random fields we refer the readers to [1-2, 8-9, 14-16].

In this paper, we concentrate on the almost sure limit theorem on extremes of non-stationary
Gaussian random fields. We will extend (1.4) to the almost sure version. As a by-product, we
find that (1.4) still holds under weaker conditions.
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2 Main Results
Now, we state our main results.

Theorem 2.1 Let X = {Xpn}n>1 be a non-stationary standardized Gaussian random field.
Assume that the covariance functions ryj satisfy |rij| < pji—; for some sequence {pn}nen2—{o0}
such that for some € > 0,

P(ni 0y logni = O((log log nl)_(1+€)), P(0,n5) log N2 = O((log log ng)_(HE)), (2.1)
Pn IOan = O((Xloglogn)_(1+6)) (22)
and  sup |pn| < 1 hold. Let the constants {uni,i < n}n>1 be such that xn(l — ®(A\n)) is

neNz—{o}
bounded, where A\n = miIn Uni. Suppose that lim > (1 — ®(uni)) =7 € [0,00) holds. Then
il

N0 el

lim ! Z iI( ﬂ {X; < uk,i}) =exp(—7) a.e. (2.3)

n—oo
Xlogn op Xk % yop

As a special case, we have the following corollary.

Corollary 2.1 Let X = {Xp}n>1 be a non-stationary standardized Gaussian random field.
Assume that the covariance functions ryj satisfy |rij| < pji—j for some sequence {pn}nen2—{o0}

such that (2.1)-(2.2) and sup |pn| < 1 hold. Let the constants {un}n>1 be such that
neN2—{0}

lim xn(l—®(un)) =7 € [0,00). Then

n—oo

1 1
lim — I(Mx(X) <ug) =exp(—7) a.s., (2.4)
n—0o0 Xiogn kel, Xk
where My (X) = I_DEI%XXi.
1€l
Further, let an = v/21og Xn and by = an — %, and then
1
lim —I(ax(Myx(X) —bk) < z) =exp(—e™ ) a.e. zeR. (2.5)
n—=00 Xlogn kel, Xk

Next, we give a weak convergence result which is an extension of Theorem A.

Theorem 2.2 Let X = {Xpn}n>1 be a non-stationary standardized Gaussian random field.
Assume that the covariance functions ryj satisfy |rij| < pji—; for some sequence {pn}nen2—{o0}
such that

P(ny,0)logny and p( n,) logng are bounded. (2.6)
In addition, assume that (1.3) and  sup  |pn| < 1 hold. Let the constants {un i, 1 < n}ln>1 be
neN2—{0}
such that xn(1—®(A\n)) is bounded, where A\, = Helin Un,i- Suppose that lim > (1—®(un;)) =
1€&n 0004,

€ [0,00) holds. Then (1.4) holds.

Remark 2.1 The assertions of Theorems 2.1-2.2 still hold for stationary Gaussian fields
with the similar conditions on the correlation functions. Note that even for the stationary case,
Theorems 2.1-2.2 are still new results.
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Example 2.1 (1) The assertions of Theorems 2.1-2.2 still hold for independent Gaussian
random fields, and m-dependent Gaussian random fields.

(2) Let Z1 be a Gaussian field with mean 0, variance 1 and Zn = Z(p, n,) = ﬁZ(M), and
then X = {Z,}n>1 is a non-stationary Gaussian random field which satisfies the conditions of
Theorems 2.1-2.2, where p, can be chosen as follows:

1 1
ni+1lna+1°
Using Theorem 2.2, we extend Theorem 6.2.1 of [12] to Gaussian random fields. The ob-

tained result also tells us how to construct a non-stationary Gaussian random field by a sta-
tionary Gaussian field.

pn = p(nl,nz) =

Corollary 2.2 Let Y = {Xy + Mn}n>1, where {Xnln>1 is the Gaussian random field
satisfying the conditions of Theorem 2.2 and {mn}n>1 satisfies

fn = max|mi| = o(y/xn), (2.7)
and let m}, be such that
Imyl < Bn (2.8)
and
X_ln lezl: exp (afl(mi —my) — %(mi - mfl)2> -1 (2.9)

as n — oo, where ay, = an — loglog g2 Then
n

lim P(an(Mn(Y) —bn —m}) < x) =exp(—e™ %), (2.10)

n—oo

where My (Y') = r_n:%XYi, and an and by are defined as in Corollary 2.1.
i€l

Using Theorem 2.1, Corollary 2.2 can be extended to the almost sure version.
Corollary 2.3 Let Y = {Xy + Mn}n>1, where {Xnln>1 is the Gaussian random field

satisfying the conditions of Theorem 2.1 and {mn}n>1 satisfies the conditions of Corollary 2.2.
Let m, satisfy (2.8)<(2.9) and

an<m:imxmi - m;) is bounded. (2.11)
i€l,
Then
: 1 1 * —x
lim —I{ax(Mx(Y) —bx — my) < z) =exp(—e™ %) a.e., (2.12)
n—=00 Xlogn kel, Xk

where My (Y) = mfimx}/}, and an and by are defined as in Corollary 2.1.
iel,

3 Auxiliary Results

In this section, we state and prove several lemmas which will be used in the proofs of our
main results. As usual, a, < b, means a, = O(b,). Let K denote positive constants whose
values may vary from place to place.

The first lemma is the so-called normal comparison lemma which can be found in [12]. A
simple special form of this theorem is given here.
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Lemma 3.1 (cf. [12]) Let X = {Xn}tn>1 and Y = {Ya}n>1 be standardized Gaussian
random fields with covariance functions Ailj and Afj, respectively. Let m;z_x |31 = v < 1, where
i

1
ij’

~ij = max{A A?J} Then, for constants {uni,1 < n}ln>1, we have

(5 <o) #( (101 00
icl,

iel,,
2 2
us s+ us .
SK 3 M- Aflew (-5t ).
1,j€L,i<j,i%j 7ij
where K is some constant, depending only on .

The second lemma is an extension of Lemma 3.1 of [10] from random sequences to random
fields, which will play a crucial role in the proof of Theorem 2.1.

Lemma 3.2 Let {&ctk>1, k € Z%, d > 2 be a sequence of uniformly bounded random
variables, i.e., there exists some M € (0,00), such that |&| < M a.s. for allk € Z2. If

1
Var( _kgk) < (Xlog log n)7(1+6)

Xlogn kel,
for some € > 0, then

1 1
Xk

lim
n—ao0 Xiogn

(fk - Efk) =0 a.e.
kely

Proof We only prove the case of d = 2. Setting
1

o = —— 37 (6 — B&)

Xlogn kel, Xk

and ng = (ng,, Nk, ) = (exp(exp(ky)), exp(exp(ky))) for some ﬁ < v <1, we have
ST Euh, <> (kiks) M) < oo,
k>3 k2 >3 k1 >3

Thus, by applying the Borel-Cantelli lemma, py,, — 0 a.s. Since for v < 1, (k +1)Y — k" —
0 as k — o0 if v < 1, we have for i = 1,2,

log(nk,41) _ exp((ki +1)%)
log(n,) exp(k})

=exp((k; + 1)V —kY) — 1

as k; — oo. Obviously for any given n € Z2, there exists an integer k € Z2, such that
nkx < k < ny;1. Therefore

1 1
ol < | 32 5ol - E9)
Xlogn i€l Xj
1 1 1 1
< > —(G-Bg)|+ 2 la-re)l
Xlog ny jeln, Xj Xlog ny. J€Lny +1—Iny J
1
€ Jam |+ — > =
ogng . J

JeInk+1 *Ink
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logng,+1 1) log nky+1 (1Ognk2+1 B 1)

<
< I + ( log ng, log ny, log ng,

and thus

lim gy, =0 as.
n—oo

The proof is complete.

In the following lemmas, we will intensively use the following notations and facts. By the
assumption on Ap, we have xn(l — ®(A\n)) < K, for a constant K and A\, — o0 as n — 0.
Since ®(-) is continuous, there exists wy, such that yn(1 — ®(wy)) = K, which combining with
the fact that 1 — ®(z) ~ @ as ¢ — oo implies

2

Kwy
wn < An, exp(—%)w w, wn v V/21og xn (3.1)

Xn

for large n. Let 0 = mg.x Irij| < 1 and 6y, = exp(nw?), where 7 is a positive constant satisfying
i

- 1-9
TS A re)
Lemma 3.3 Let X = {Xy}n>1 be a non-stationary standardized Gaussian random field
with covariance functions rij satisfying 6 = mj;c |rij| < 1. Let the constants {uni,i < n}n>1 be
i#j
such that xn(1 — ®(A\n)) is bounded, where A\, = m%n Un,i. Then, we have

icly

2 2

ws .+ us .
2 Irlexp ( N 2(nf+| -I-w) < Ow) ™ (3:2)
1J€In,i<),i%] rijl)
X|i—j| SOn

with the constant o1 > 0.

Proof Using the facts in (3.1), it is easy to see that

Z 75| ui.i + u121j
Tii eXp ( — 7’)
’ 2(1 + |ryl)

1LJ€In,i<),i%]
X|i—j| Sfn

<6 2 eXp(_ 101215) = 59‘%X“6XP(_ 1611215)

i,j€ln,i<),i#]

Xji—j| <0
2 _2__ 9 _2__ 9o
w n w n
<ow(ew(=5))7 <o)

1
="
< (5(Xn)1_1742r5+2"(10g Xn) e

Since n < 4(11;4-66) and 0 < 6 < 1, we have 1 — % + 21 < 0. Hence, there exists a constant
o1 > 0, such that (3.2) holds.

Lemma 3.4  Under the conditions of Theorem 2.2, we have

2 2
ug s+ ug s
§ : |Tij| exp ( _ 2nil n,J) = 0(1) (33)
i€, i<j iz ( + |ri.i|)
XJi—j|>on
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as n — oo. Under the conditions of Theorem 2.1, we have

2 2
Uy ;s +u
> |7’ij|eXP( 7“1’1 ) < (Xtoglogn) 9. (3.4)
1,j€In,i<),i#) ( + | J|)

X|i—j|>¥n

Proof Denote the sum in (3.3) and (3.4) by S, and split it into three parts, the first for
i < j, the second for i1 = j; Ais < jo, and the third for is = jo Ai1 < j1. We will denote them
by Sn, i = 1,2,3, respectively. By (3.1), for large n, there exists a constant ¢ > 0, such that
wn > cy/log(xn), and hence

On = exp(nwa) > exp(c®nlog(xn)) = X2,

where o = ¢?n, and

Sl YD Il sup pg =4y

i,j€In,i<
i,j€In,i<j,i#] i,j€In,i<j,i#] i 3
X|j—j| >0 X153 >X X|i—j| Xn
[i—j|~"n [i=j[~Xn

For the first term Sy 1, applying the facts in (3.1), we get

2
w
Sn, < 5él) exp ( - = )
! i,jelzn;iq 1+ 5‘2?
X‘i_‘”>9n
<o (- )
Xn exp
o 1+ 4"

< 05 x% exp(—wd) exp(d5) w?)

< (xn(1 = @(wn))wn )55, exp(d5.w?)
< log(xn)05 exp(85w2)

< sup  pi- J|10g(><\1—3\)exp(5( 2)-

i,j€In,i<
X|i— _”>)<ln

Now, using the conditions (1.3) and (2.2), we obtain the desired bounds on the right-hand sides
of (3.3) and (3.4), respectively. For the second term, note that

— 5(2)
suprg| < sup gl < Sup p(o fia—jal) = 0, -
i,j€In,i1 =71 i,j€ln,i1=41 i,j€In

lig—j2[>6n lig—ja2l>xg [ig—d2l>xg

Similarly, applying the facts in (3.1) again, we have

2

Sno < 5é2) exp ( _ L)
! i,jer;q‘l 1+ 5§i)
lig—j2[>6n
2 w?
< 5é )Xnn2 exp ( - 7112)
" 1+ 065

< nflééz)xi exp(—w?) eXp((S(Q)wi)

<«ny Tt log(xn)éé ) exp(§(2) 2)

<ot s i) loa(liz — o) exp(dy) w]).
\izfdjz\;xn
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Now, using the condition (2.6) we get Sp.2 = o(1) as n — co. Using the condition (2.1), we get
Sn.2 < njy *(loglogna) ™) < (Yioglogn) ).

Likewise we can bound the third term.

Lemma 3.5 Under the conditions of Theorem 2.1, for k,n € N? such that k # n and
Uk,i < Unj, we have

2 2
Uy ;T Ug s
> Iriglexp ( YRR kl’l n’J) < (Xioglogn) 7). (3.5)
€T JEIn—Ty ( + |7"ij|)

i<

Proof Split the sum into two parts:

oo+ Y =TM + TP,

i€l JEIn—Ty,i<j i€l jeln—Ty,i<j
X|i—j| S0n X|i—j|>on

For the first term, it follows from the facts in (3.1) that

<5 S (- gpks)ew (- grn)

i€l j€In —I,i<j
X|i—j| <fn

2 2

owdion (- gri) v (g i)
2

< dykex (—wik)ex (—(é—Z)wQ)
=P o)) &P 21 +0) ~)¥n
Wi\ TH5 [ Wn \ T55 47
<o) ()
Xk Xn
1 1
< 5X11<_1+_5 (log xk) ST Xiﬁ—m (log xn) sarsy 20

qn—-—to 41— 1 i
<xn T (log i) 0 (log ) 20 7,

Since n < 4(11;_&) and 0 < § < 1, we have 4n — ﬁ +1- 1+—6 < 0. Hence, there exists a constant

o9 > 0, such that T,S“ < xXa’2.
As in the proof of Lemma 3.4, split Tl(lz) into three parts, the first for i < j, the second for
i1 = j1 Nig < jo, and the third for is = js A4y < j; and denote them by TIEQB, 1 =1,2,3,

respectively.
For the first term Tr(fl), in view of the facts (3.1), we have
SRV wie wh
<o) (- Vo)
21 +55) 2(1+4;,)
X|i-j|>fn
wd w2
< 5é1)Xan exp ( B — ) exp ( - )
§ 2(1 +65") 21+ 05)

1 1 1 1
< (5‘21))(1( exp ( - 5%2‘) exp (55&)@012() Xn €XP ( — §wi) exp (iééi)wi)

1 1
< wkwnééi) exp (iééi)wi) exp (iééi)wﬁ)
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1
< 1Og(Xn) Sup - pji-j| exXp ( 6( ) ) CeXp (26(1)(“)121)
NI
< sup iy log(xji—j))
MR
< (Xloglogn)7(1+6)v
where we have used the condition (2.2) in the last step.
Similarly, taking into account the facts in (3.1), we get
@) o 52 3 Wi wh
Tn,2§ o, exp(— B) )exp(_ n2 )
2(1+46.) 2(1+ 6y,
lig—j2]>6n
w2 2

< 552 xaenz exp ( - ) exp ( - )
o 2(1 4 657) 2(1+05)
_ 1 1
<nj 15§i)Xan exp ( — iwﬁ) exp (25( )wi> exp ( — iwi) exp (25(?@0%)

<7 (acexp (- %wQ)) (nexp (- ;Wﬁ>)5§2) exp (26§2) 2) exp (25(2>wﬁ)

<Lng wkwnéé ) exp (25( )wi> exp (55(2 w2>

_ 2
< ny ' log(xn) sup p(o,uzsznexp( 5 wk) exp(25(,,)wi)
1L,JE€In
lig —ja2|>xg

1 . .
SNy SUP p(o,fis—jal) 108(Ji2 — J2)
i,j€In
lig—j2|>xq

< (Xlog log n)_(1+€)a
where we have used the condition (2.1) in the last step. Likewise, we can bound the third term.
Lemma 3.6 Under the conditions of Theorem 2.1, for k,n € N? such that k # n and

Uk,i < Unj, we have

‘P( N{Xi<wei}, [) {XG< un,j})

i€l JELn Iy

_ P( ﬂ {Xi < Uk,i})P( n {X; < Un,j})‘ < (Xloglogn)_(1+€),

ielyx JEIn—1Ix
(ii) E‘ ( ﬂ{X <un,}) —I( ﬂ {X; <un,})‘
ieln icln—Ix
< - XXI“iIk + (Xloglogn)i(prg)-

Proof For part (i), using Lemmas 3.1 and 3.5, we have

‘P( N {Xi <wes}, () X5 < un,j}) - P( X< uk,i})P( N X< un,j})‘

i€l JELL—Ik i€l JEIL Ik

ukl—i—u
<K 3 rales (= ) € Cuoseen) 40,
T

i€l jeEIn —Ij
i<j
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For part (ii), we have

Blr( V(% <unid) =1 [ X <unil))|

iel, i€l, — Ik
=P( ) X <umi}) = P[4 < uni})
iel,—Ix iel,
<lP( N Xi<umad) = I @)+ |P( NG < uni}) = T @um)
iel,—Ix iel, — I iel,, iel,
+| TI ®ns) — [T @)
iel,—Ix iel,

= Rn,l + Rn,2 + Rn,3~
Using Lemmas 3.1 and 3.3-3.4, we know that R, ; and R, 2 are both bounded by

2 2
Up +u

K E |r35] exp ( - m ) < (Xloglog n)_(1+€)-
e T 2(1 + [ry50)
JEI, <] i#]

Using the fact that yn(1 — ®(\a)) is bounded, we have
Rn,?) = H q)(un,i) - H q)(un,i)

i€In— L icln
<1-— H ‘IJ(’UJHJ)
ieIn\(Inflk)
< ) (- P(uny)
iEIn\(Inflk)
< (Xn = Xtn-1) (1 = ©(An))
= A Maliey, (1 - @A)
Xn
Xn — XIn—Iy
Xn

<

This completes the proof of the lemma.

4 Proof of Main Results

In this section, we give the proofs of our main results.

Proof of Theorem 2.1 First, note that conditions (2.1) and (2.2) imply (2.6) and (1.3),
respectively, and hence (1.4) holds under the conditions of Theorem 2.1. Then we have

lim ! Z iP( ﬂ {X; < uk7i}) =exp(—7) a.s.

n—oo
Xlogn y op Xk Yep

Therefore, it suffices to prove that

lim ! Z i{I( m {X; < uk,i}) — P( m {X; < uk’i})} =0 a.s.

n—oo
Xlogn o Xk el i€l

Let
e = I( ﬂ {X; < Uk,i}) — P( ﬂ {X; < Uk,i}).

icly, icly,
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Note that |&| < 1 for all k € Z2. By Lemma 3.2, we only need to show that

: Z —I( ﬂ {Xi < ukl})) < (Xtoglogn) . (4.1)

Xlogn Xk

Var (

Now, we have

1
Vi —I X i = — —E
aI‘(Xlogn k%l: Xk (1Q { = Hhed })) (Xlogn)2 { k%l: k gk * gé:l XkX1 gkfl}
= A1 + AQ.
Since |&| < 1, it follows that
1 K
Xlogn ; _12( = Xlogn)Q. (42)

Note that for k # 1 such that uy; < uj,

|E&k&| = ‘Cov(I( ﬂ {Xi < Uk,i})a ( ﬂ{X < ulJ}))‘

i€l jeh
< ‘Cov( (ﬂ{X <Uk1}) (ﬂ{X <u1.1}) ( ﬂ {Xiéul’j}))‘
i€l jeh I€h T
—I—‘COV(I(ﬂ{XiSUk,i}); ( ﬂ {Xi <UIJ}))‘
i jeL-Ti
<E\ (ﬂ{X <U1J}) ( ﬂ X <“1J})‘
+‘COV( (ﬂ{X <Uk1) ( [ {x <u”}))‘
JenL—Ix
< X1 —;:lll—lk + (Xlogloil)(1+6)7

where we have used Lemma 3.6 in the last step. Now, we have

1 1
Ap < Qﬁ Z —E&&
Xlogn k£l ug s <un XkX1
1 1 — XT1,— 1
(Xlog n) kAl XkX1 X1 (Xlog logl) €
= Ay + Ay

In order to estimate Agq, we define Ay, = {(k,1) € In x Iy: (2m; — 1)(k; — ;) > 0, k # 1} for
me A= {(mi,m2):m; =0,1, j =1,2, m # 1}. Let a™ denote (a}"*,a5"?) for a € R?* and
m € A. Then, we have

1 1 — _
Ay = Z X1 — X1, Ik.
mecA (k,1)EA, XkX1 X1

Since Xlﬂ;% becomes );C“ll—_m for (k,1) € A, it follows that
1 —m

A21 _ Z Z Xkl m

mEA (k1) Ehy, LEXIXI ==
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Z XlognX(log n)

Xlogn meA
< (Xlogn) v
for some v > 0. For Asy, we have
1 1 1
A22 -
(Xlog n)2 kAl XkX1 (Xlog logl)(1+€)
1
<
(Xlogn) (Xloglogn (H_E) Z Xle
1
<

(Xlog log n)(lJrE) .
Therefore,

1

Ay —m————.
(Xlog log n)(1+6)

This and (4.2) together establish (4.1).

Proof of Theorem 2.2 Let Y = {Yy}n>1 be an independent standardized Gaussian
random field. It is easy to see that

‘P(ﬂ{X <un1})—exp ‘ ‘P(ﬂ{X < Unji )—HP({Yigun’i})}

i€l, i€l, i€ly

+ ‘ H P({Y1 < un,i}) - exp(—T)‘.

iel,,
By Lemmas 3.1 and 3.3-3.4, we have

}P( ({xi< un,i}) ~II Peyi < un,i})}

iely iely

2 2
us s+ us .
<k Y |7’ij|exp<— u) = o(1).

1j€Tn i<j,i%] 2(1 + |ry))

By Lemma 6.1.1 in [12] and the condition that lim > (1 — ®(un,;)) =7 € [0, 00), the second

n—oeo iel,,

sum is also o(1). The proof is complete.

Proof of Corollary 2.2 Let unj = un + my, — mj, where u, = i + bn. Then the
probability on the left-hand side of (2.10) can be written as

P(.ﬂ (% <un +mi}) = P(.ﬂ {Xi < un}).

Since |mk| < By for sufficiently large n, and uy, ~ v/21og xn, it follows that

milnumi = +/2logxn(1+ o(1)).

1€

Thus if it is shown that

Jim D> (1= ®(ung) =€, (4.3)

icly



Almost Sure Asymptotics for Extremes of Gaussian Fields 137

the result will follow from Theorem 2.2. To see that (4.3) holds, we note that A\, = miIn Un i — 00
1€ n
as n — oo,

eXP(_ui,i)
1 2
(1 — ®(un,i)) ~
exp(—up)
1 =9 ( * 1 * 2)
~N—_—— exp (un(mi —my) — =(mi —my, 4.4
e e () —gm =) (4
and
‘Un,i 1‘ ‘mi—m; - K B 0
_— = —
Un Un — Vlog xn

uniformly in i < n. Clearly, we also have

K n
VI0g Xn

1
(i = my) = (i = m)?| < 2fun — | <

Therefore, according to (2.7), (2.9) and (4.4), we have

1 . . 1 )
i%:n(l — ®(un,)) ~ xa(l - <I>(un))x—n i%:nexp (an(mi —my) = 5 (ms - mn)z)

—_— e*:l;

since xn(1 — ®(un)) — e * by a direct calculation. Hence (4.3) holds and the proof of the
corollary is complete.

Proof of Corollary 2.3 As in the proof of Corollary 2.2, let up; = un +mj, — m;, where
un = = + bn. Then, by Corollary 2.2 we have

Plan(Mn(Y) —bn —my,) <z) = P( ﬂ {X; < umi}) — exp(—e™¥)
iel,

as n — oo. Hence, it suffices to prove that

1 b iI( X< UkJ}) —exp(—e ") as.

Xlogn kel Xk €T,
as n — oo, which will be done by showing that
Xn(1 = ®(A,)) is bounded, (4.5)

due to Theorem 2.1, where A\, = min un ; = un + my, — mEILX mj. By the definitions of 3, and
1

icl, €ln
m},, we have

1 2
un(maxmi — mfl) — —(maxmi — m;)
icl, icl,
P *
loglog xn + log4mr IiIéaX i = M

In
41og Xn 2+y/21og xn )

=o(l) + QIOan(I_nElemi — mfl) (1
icly

<o(l)+ K
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for large n. Hence

1 2
Xn(1 = ®(A\n)) ~ xnAg ' exp ( ~3 (un +my — m:imxmi) )
i€ly,

~ Xn(1 — ®(upn)) exp ( — Up (m;’; - Iiréaltr)](mi) - %(m; - maxmi) 2)
< Xn(1 = ®(un))

for large n. Hence (4.5) holds and the proof of the corollary is complete.
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