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1 Introduction

Kerner in [1] presented the survey which scattered in a series of papers whose common
denominator is the use of cubic relations in various algebraic structures, and constructed the
non-associative ternary algebra of cubic matrices (the object with elements having three in-
dices). For cubic matrices A = (aijk), B = (bijk), C = (cijk), 1 ≤ i, j, k ≤ 2, Kerner de-
fined the ternary multiplication of three cubic matrices (A � B � C)ijk =

∑
pqr

aipqbpjrcrqk,

and (A ∗ B ∗ C)ijk =
∑
pqr

apiqbqjrcrkj in [1]. The symmetry properties of the ternary alge-

bras were studied, and the Z3-graded generalization of Grassmann algebras, a ternary gener-
alization of Clifford algebras, also the description of quark fields were discussed. Awata, Li,
Minicc and Yoneyad in [2] presented several nontrivial examples of the 3-dimensional quantum
Nambu bracket with cubic matrices. For cubic matrices A = (aijk), B = (bijk), C = (cijk),

1 ≤ i, j, k ≤ N , they defined the traces functions: 〈A〉 =
N∑

p,m=1
apmp, 〈AB〉 =

N∑
p,m,q=1

apmqbqmp

and 〈ABC〉 =
N∑

p,m,q,r=1
apmqbqmrcrmp, which satisfy

〈AB〉 = 〈BA〉, 〈ABC〉 = 〈BCA〉 = 〈CAB〉,

defined the multiplication of three cubic matrices (ABC) by (ABC)ijk =
∑
pqm

AijpBqmqCpjk,

then obtain a skew-symmetric quantum Nambu bracket

[A, B, C] = (ABC) + (BCA) + (CAB) − (ACB) − (BAC) − (CBA),

which satisfies the generalized Jacobi identity (3.1).
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The multi-index constants are often used to describe structures of algebras. For example,
if L is a 3-Lie algebra (see [3]) with a basis x1, · · · , xN , the entire multiplication table can be

described by the structure constants ak
ijl which occur in the expression [xi, xj , xl] =

N∑
k=1

ak
ijlxk.

Then we obtain a four indices matrix A = (ak
ijl) which satisfies ak

i1i2i3
= sgn(σ)ak

iσ(1) iσ(2)iσ(3)

and
N∑

k=1

(ak
ijla

t
kmn + ak

imnat
klj + ak

jmnat
ilk) = 0, where σ is arbitrary 3-ary permutation. In [4],

the authors studied structures of 2-step nilpotent metric 3-Lie algebras by means of four indices
matrices. By the properties of four indices matrices, it is proved that there do not exist 2, 4,
6 and 10-dimensional 2-step nilpotent metric 3-Lie algebras with corank zero, there exist 8, or
greater than 10-dimensional 2-step nilpotent metric 3-Lie algebras with corank zero. And up to
isomorphisms only one 8-dimensional 2-step nilpotent metric 3-Lie algebras with corank zero.

In this paper, we discuss the multiplications of two cubic matrices which satisfy the asso-
ciative law, and define the sth-determinant, and “traces” of cubic matrix. By means of cubic
matrices, we construct 3-Lie algebras.

Throughout this paper, we assume that the cubic matrices are over a field F of characteristic

zero, and the symbol δij =
{

1, i = j,
0, i �= j

for positive integers i and j.

2 Multiplications of Cubic Matrix

An N -order cubic matrix A = (aijk) over a field F is an ordered object which the elements
with 3 indices i, j, k and 1 ≤ i, j, k ≤ N . The element in the position (i, j, k) is denoted by
(A)ijk = aijk, 1 ≤ i, j, k ≤ N .

Denote the set of all cubic matrices over a field F by Ω. Then Ω is an N3-dimensional vector
space over F with

A + B = (aijk + bijk) ∈ Ω, λA = (λaijk) ∈ Ω,

∀A = (aijk), B = (bijk) ∈ Ω, λ ∈ F , that is, (A + B)ijk = aijk + bijk, (λA)ijk = λaijk .

Denote Eijk a cubic matrix which the element in the position (i, j, k) is 1 and elsewhere

are zero, that is, Eijk = (almn) with almn = δilδjmδkn, 1 ≤ l, m, n ≤ N ; Ei =
N∑

j=1

Eijj ,

1 ≤ j ≤ N. Then {Eijk, 1 ≤ i, j, k ≤ N} is a basis of Ω, and for every A = (aijk) ∈ Ω,
A =

∑
1≤i,j,k≤N

aijkEijk , aijk ∈ F.

Every cubic matrix A can be written as the following three types of blocking forms:

A = (A1
1, · · · , A1

N ), A = (A2
1, · · · , A2

N ), A = (A3
1, · · · , A3

N ),

where A1
i = (aijk), A2

i = (ajik), A3
i = (ajki) are usual (N×N)-order matrices with the elements

aijk, ajik, ajki at the position of the jth-row and the kth-column, respectively, 1 ≤ i ≤ N.

Define the multiplications ∗rs of cubic matrices are as follows: ∀A = (aijk), B = (bijk) ∈ Ω,
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A ∗rs B = ((A ∗rs B)ijk), 1 ≤ i, j, k ≤ N, where
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A ∗11 B)ijk =
N∑

p=1

aijpbipk, (A ∗12 B)ijk =
N∑

p=1

apjkbijp,

(A ∗13 B)ijk =
N∑

p=1

aipkbpjk, (A ∗21 B)ijk =
N∑

p,q=1

aqjpbipk,

(A ∗22 B)ijk =
N∑

p,q=1

apjkbiqp, (A ∗23 B)ijk =
N∑

p,q=1

aipqbpjk,

(A ∗24 B)ijk =
N∑

p,q=1

aijpbqpk, (A ∗25 B)ijk =
N∑

p,q=1

apqkbijp,

(A ∗26 B)ijk =
N∑

p,q=1

aipkbpjq,

(A ∗27 B)ijk =
( N∑

q=1

A1
q

)
jk

( N∑
p=1

B2
p

)
ik

=
N∑

p,q=1

aqjkbipk,

(A ∗28 B)ijk =
( N∑

p=1

A2
p

)
ik

( N∑
q=1

B3
q

)
ij

=
N∑

p,q=1

aiqkbijp,

(A ∗29 B)ijk =
( N∑

p=1

A3
p

)
ij

( N∑
q=1

B1
q

)
jk

=
N∑

p,q=1

aijqbpjk,

(A ∗31 B)ijk =
N∑

p,q=1

aipq

( N∑
r=1

B1
r

)
jk

=
N∑

p,q,r=1

aipqbrjk,

(A ∗32 B)ijk =
N∑

p,q=1

apjq

( N∑
r=1

B2
r

)
ik

=
N∑

p,q,r=1

aqjpbirk,

(A ∗33 B)ijk =
N∑

p,q=1

apqk

( N∑
r=1

B3
r

)
ij

=
N∑

p,q,r=1

apqkbijr .

(2.1)

Then the multiplications of two cubic matrices defined as above in the blocking form are as
follows:

A ∗11 B = ((A ∗11 B)11, · · · , (A ∗11 B)1N ) = (A1
1B

1
1 , · · · , A1

NB1
N ),

A ∗12 B = ((A ∗12 B)21, · · · , (A ∗12 B)2N ) = (B2
1A2

1, · · · , B2
NA2

N ),

A ∗13 B = ((A ∗13 B)31, · · · , (A ∗13 B)3N ) = (A3
1B

3
1 , · · · , A3

NB3
N ),

A ∗21 B = ((A ∗21 B)11, · · · , (A ∗21 B)1N ) =
( N∑

p=1

A1
pB

1
1 , · · · ,

N∑
p=1

A1
pB

1
N

)
,

A ∗22 B = ((A ∗22 B)21, · · · , (A ∗22 B)2N ) =
( N∑

p=1

B2
pA2

1, · · · ,

N∑
p=1

B2
pA2

N

)
,

A ∗23 B = ((A ∗23 B)31, · · · , (A ∗23 B)3N ) =
( N∑

p=1

A3
pB

3
1 , · · · ,

N∑
p=1

A3
pB

3
N

)
,

A ∗24 B = ((A ∗24 B)11, · · · , (A ∗24 B)1N ) =
(
A1

1

N∑
p=1

B1
p, · · · , A1

N

N∑
p=1

B1
p

)
,
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A ∗25 B = ((A ∗25 B)21, · · · , (A ∗25 B)2N ) =
(
B2

1

N∑
p=1

A2
p, · · · , B2

N

N∑
p=1

A2
p

)
,

A ∗26 B = ((A ∗26 B)31, · · · , (A ∗26 B)3N ) =
(
A3

1

N∑
p=1

B3
p, · · · , A3

N

N∑
p=1

B3
p

)
,

where As
i B

t
j is the product of two (N × N)-order matrices As

i and Bt
j .

Define the linear isomorphism τ : Ω → Ω, that is, ∀A = (aijk) ∈ Ω,

τ(A) = Aτ = (aτ
ijk), (Aτ )ijk = aτ

ijk = akij = (A)kij , 1 ≤ i, j, k ≤ N.

Then τ satisfies τ3 = IdΩ, and

τ(A ∗11 B) = τ(A) ∗12 τ(B), τ(A ∗12 B) = τ(A) ∗13 τ(B), τ(A ∗13 B) = τ(A) ∗11 τ(B),

τ(A ∗21 B) = τ(A) ∗25 τ(B), τ(A ∗25 B) = τ(A) ∗23 τ(B), τ(A ∗23 B) = τ(A) ∗21 τ(B),

τ(A ∗22 B) = τ(A) ∗26 τ(B), τ(A ∗26 B) = τ(A) ∗24 τ(B), τ(A ∗24 B) = τ(A) ∗22 τ(B),

τ(A ∗27 B) = τ(A) ∗28 τ(B), τ(A ∗28 B) = τ(A) ∗29 τ(B), τ(A ∗29 B) = τ(A) ∗27 τ(B),

τ(A ∗31 B) = τ(A) ∗32 τ(B), τ(A ∗32 B) = τ(A) ∗33 τ(B), τ(A ∗33 B) = τ(A) ∗31 τ(B).

Theorem 2.1 (Ω, ∗11), (Ω, ∗21), (Ω, ∗22), (Ω, ∗27) and (Ω, ∗31) are non-isomorphic asso-
ciative algebras. And there exists the unit element U(1) = (uijk) in (Ω, ∗11), where uijk = δjk,
1 ≤ i, j, k ≤ N , that is, for every A ∈ (Ω, ∗11), A ∗11 U(1) = U(1) ∗11 A = A. And the mul-
tiplication tables of the associative algebras in the basis {Eijk, 1 ≤ i, j, k ≤ N} are as follows,
respectively, ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Eijk ∗11 Elmn = δilδkmEijn,
Eijk ∗21 Elmn = δkmEljn,
Eijk ∗22 Elmn = δinEljk,
Eijk ∗27 Elmn = δknEljk,
Eijk ∗31 Elmn = Eimn, 1 ≤ i, j, k, l, m, n ≤ N.

(2.2)

Proof The result follows from the direct computations.

The determinant |A| of a cubic matrix A is defined as

|A| = det(A1
1) · · ·det(A1

N ) =
N∏

t=1

det(A1
t ). (2.3)

Then we have |A ∗11 B| = |B ∗11 A| = |A||B|, |U(1)| = 1. If |A| �= 0, then A is called a
non-degenerate cubic matrix, the inverse cubic matrix of A is denoted by A−1, that is,

A ∗11 A−1 = A−1 ∗11 A = U(1).

And for arbitrary non-degenerate cubic matrices A and B, we have (A∗11 B)−1 = B−1 ∗11 A−1,
|A−1| = 1

|A| .
For constructing 3-Lie algebras by cubic matrices according to the multiplications ∗11, ∗21,

∗22, ∗27, ∗31, we define the “sth-trace” linear functions 〈 〉s : Ω → F , s = 1, 2, 3, 4 as follows:
∀A = (aijk) ∈ Ω,

〈A〉1 =
N∑

p,q=1

apqq, 〈A〉2 =
N∑

p,q=1

apqp, 〈A〉3 =
N∑

p,q=1

appq, 〈A〉4 =
N∑

p,q,r=1

apqr. (2.4)
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Theorem 2.2 For arbitrary cubic matrices A, B ∈ Ω, we have

〈Eijk〉1 = δjk, 〈Eijk〉2 = δik, 〈Eijk〉3 = δij , 〈Eijk〉4 = 1,

〈A ∗11 B〉1 = 〈B ∗11 A〉1, 〈A ∗21 B〉1 = 〈B ∗21 A〉1, 〈A ∗22 B〉2 = 〈B ∗22 A〉2,
〈A ∗27 B〉4 = 〈B ∗27 A〉4, 〈A ∗31 B〉4 = 〈B ∗31 A〉4.

Proof The result follows from the direct computations.

3 Construction of 3-Lie Algebras by Cubic Matrix

In this section we construct 3-Lie algebras by cubic matrices. First we introduce some
notions on n-Lie algebras (see [3]).

An n-Lie algebra J over a field F is a vector space endowed with an n-ary multilinear skew-
symmetric multiplication which satisfies the n-Jacobi identity: ∀x1, · · · , xn, y2, · · · , yn ∈ J ,

[[x1, · · · , xn], y2, · · · , yn] =
n∑

i=1

[x1, · · · , [xi, y2, · · · , yn], · · · , xn]. (3.1)

The n-ary skew-symmetry of the operation [x1, · · · , xn] means that

[x1, · · · , xn] = sgn(σ)[xσ(1) , · · · , xσ(n)], ∀x1, · · · , xn ∈ J

for any permutation σ ∈ Sn. A subspace W of J is called a subalgebra if [W, . . . , W ] ⊆ W . In
particular, the subalgebra generated by the vectors [x1, · · · , xn] for any x1, · · · , xn ∈ J is called
the derived algebra of J , which is denoted by J1. If J1 = 0, then J is called an abelian n-Lie
algebra.

An ideal of an n-Lie algebra J is a subspace I such that [I, J, · · · , J ] ⊆ I.

An ideal I of an n-Lie algebra J is called nilpotent, if Is = 0 for some s ≥ 0, where I0 = I

and Is is defined as Is = [Is−1, I, J, · · · , J ] for s ≥ 1. If I = J , then J is nilpotent n-Lie
algebra. If

J2 = [J1, J, · · · , J ] = 0,

then J is called a 2-step nilpotent n-Lie algebra.
The subset Z(J) = {x ∈ L | [x, y1, · · · , yn−1] = 0, ∀y1, · · · , yn−1 ∈ L} is called the center

of J .
Now we define the 3-ary linear multiplications on Ω as follows according to the multiplica-

tions ∗11, ∗21, ∗22, ∗27 and ∗31: ∀A, B, C ∈ Ω,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[A, B, C]11 = 〈A〉1(B ∗11 C − C ∗11 B) + 〈B〉1(C ∗11 A − A ∗11 C)
+〈C〉1(A ∗11 B − B ∗11 A),

[A, B, C]21 = 〈A〉1(B ∗21 C − C ∗21 B) + 〈B〉1(C ∗21 A − A ∗21 C)
+〈C〉1(A ∗21 B − B ∗21 A),

[A, B, C]22 = 〈A〉2(B ∗22 C − C ∗22 B) + 〈B〉2(C ∗22 A − A ∗22 C)
+〈C〉2(A ∗22 B − B ∗22 A),

[A, B, C]27 = 〈A〉4(B ∗27 C − C ∗27 B) + 〈B〉4(C ∗27 A − A ∗27 C)
+〈C〉4(A ∗27 B − B ∗27 A),

[A, B, C]31 = 〈A〉4(B ∗31 C − C ∗31 B) + 〈B〉4(C ∗31 A − A ∗31 C)
+〈C〉4(A ∗31 B − B ∗31 A).

(3.2)
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Theorem 3.1 The 3-ary algebras (Ω, [, , ]11), (Ω, [, , ]21), (Ω, [, , ]22), (Ω, [, , ]27) and (Ω, [, , ]31)
are 3-Lie algebras, which are denoted by J11, J21, J22, J27 and J31, respectively.

Proof Thanks to Proposition 2.2, ∀A, B ∈ Ω,

〈A ∗22 B − B ∗22 A〉2 = 0, 〈A ∗11 B − B ∗11 A〉1 = 〈A ∗21 B − B ∗21 A〉1 = 0,

〈A ∗27 B − B ∗27 A〉4 = 〈A ∗31 B − B ∗31 A〉4 = 0.

Following from Theorems 2.1 and 3.1 in [5], (Ω, [, , ]11), (Ω, [, , ]21), (Ω, [, , ]22), (Ω, [, , ]27) and
(Ω, [, , ]31) are 3-Lie algebras.

Define the linear isomorphism ω: Ω → Ω, that is, ∀A = (aijk) ∈ Ω, ω(A) = (a′
ijk), where

(ω(A))ijk = a′
ijk = ajik = (A)jik , 1 ≤ i, j, k ≤ N. Then by Theorems 2.1–2.2, for arbitrary

A, B ∈ Ω, ω(A ∗22 B) = ω(B) ∗21 ω(A), 〈A〉2 = 〈ω(A)〉1. Then

ω([A, B, C]22) = ω(〈A〉2(B ∗22 C − C ∗22 B) + 〈B〉2(C ∗22 A − A ∗22 C)

+ 〈C〉2(A ∗22 B − B ∗22 A))

= −〈A〉2(ω(B) ∗21 ω(C) − ω(C) ∗21 ω(B)) − 〈B〉2(ω(C) ∗21 ω(A)

− ω(A) ∗21 ω(C)) − 〈C〉2(ω(A) ∗21 ω(B) − ω(B) ∗21 ω(A))

= −[ω(A), ω(B), ω(C)]21.

Therefore, 3-Lie algebra J22 is anti-isomorphic to 3-Lie algebra J21 in the isomorphism ω :
J22 → J21, that is, ∀A, B, C ∈ Ω, ω([A, B, C]22) = −[ω(A), ω(B), ω(C)]21.

Following from the multiplications ∗11, ∗21, ∗27 and ∗31, the multiplication tables of the
3-Lie algebras in the basis {Eijk, 1 ≤ i, j, k ≤ N} are as follows:

[Eijk, Elmn, Epqr ]11 = δjkδlp(δnqElmr − δrmElqn) + δmnδpi(δrjEiqk − δkqEijr)

+ δqrδli(δkmEijn − δnjEimk), (3.3)

[Eijk, Elmn, Epqr ]21 = δjkδnqEpmr − δmnδkqEpjr + δqrδkmEljn

− δjkδrmElqn + δmnδrjEiqk − δqrδnjEimk, (3.4)

[Eijk, Elmn, Epqr ]27 = δrn(Epmn − Elqn) + δkr(Eiqr − Epjr) + δkn(Eljk − Eimk), (3.5)

[Eijk, Elmn, Erpq]31 = Elpq − Eipq + Eimn − Ermn + Erjk − Eljk, (3.6)

where 1 ≤ i, j, k, l, m, n, p, q, r ≤ N.

4 Structures of 3-Lie Algebras Jrs

Now we study the structures of the 3-Lie algebras J11, J21, J27 and J31. First, we study the
structure of 3-Lie algebra J11. Denote

J11l
= {A ∈ Ω | A = (A1

1, · · · , A1
N ) = (0, · · · , A1

l , · · · , 0)}, l = 1, · · · , N.

For every A ∈ J11, A = (A1
1, 0, · · · , 0) + (0, A1

2, 0, · · · , 0) + · · · + (0, · · · , 0, A1
N), then

J11 = J111+̇ · · · +̇J11N
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as the direct sum of subspaces. From the multiplication (3.3), we have
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[Elnm, Eljj , Elmn]11 = −Elnn + Elmm, 1 ≤ m �= n ≤ N,
[Elpm, Eljj , Elmn]11 = −Elpn, 1 ≤ p �= m, p �= n, m �= n ≤ N,
[Elnq , Eljj , Elmn]11 = Elmq, 1 ≤ q �= m, q �= n, m �= n ≤ N,
[Elpm, Eljj , Elmm]11 = −Elpm, 1 ≤ p �= m, p �= j, m �= j ≤ N,
[Eljm, Eljj , Elmm]11 = −2Eljm, 1 ≤ m �= j ≤ N,
[Elmq , Eljj , Elmm]11 = Elmq, 1 ≤ q �= m, m �= j, q �= j ≤ N,
[Eljq , Eljj , Elmm]11 = −Eljq, 1 ≤ q �= j, q �= m, m �= j ≤ N,
[Elpj , Eljj , Elmm]11 = Elpj , 1 ≤ p �= j, p �= m, m �= j ≤ N,
[Eijj , Elqm, Elmn]11 = Elqn, 1 ≤ q �= n, i �= l ≤ N.

(4.1)

Then J11l
, 1 ≤ l ≤ N are subalgebras and satisfy

J1
11l

=
N∑

i,j=1
i�=j

FElij+̇
N−1∑
i=1

F (Elii − Eli+1i+1), 1 ≤ l ≤ N, (4.2)

[J11i , J11j , J11l
]11 = 0, [J11l

, J11l
, J11j ]11 = J1

11l
, 1 ≤ i �= j, j �= l, i �= l ≤ N. (4.3)

And the center of J11 is

Z(J11) =
N∑

i=2

F (E1 − Ei), Ei =
N∑

j=1

Eijj , 1 ≤ i ≤ N. (4.4)

Summarizing above discussions, we obtain the following result.

Theorem 4.1 (1) The 3-Lie algebra J11 can be decomposed into the direct sum of subal-
gebras

J11 = J111+̇J112+̇ · · · +̇J11N , J1
11 = J1

111
+̇J1

112
+̇ · · · +̇J1

11N
, [J1

11, J
1
11, J

1
11]11 = 0,

and the derived algebra J1
11l

of J11l
are minimal ideals of J11, 1 ≤ l ≤ N .

(2) For arbitrary 1 ≤ p1 < p2 < · · · < pk ≤ N, the subspace J11p1
+̇ · · · +̇J11pk

is a subalgebra
of J11.

(3) J11 is the semidirect product J11 = I+̇FE1, where I = J1
11+̇Z(J11) is the maximal ideal

of J11 with codimension one.

Proof The result follows from identities (4.1)–(4.4).

Next we study the structure of the 3-Lie algebra J21. For every A ∈ Ω,

A = (A1
1, · · · , A1

N ) =
(
A1

1 +
N∑

i=2

A1
i , 0, · · · , 0

)
+

(
−

N∑
i=2

A1
i , A

1
2, · · · , A1

N

)
.

Denote

Φ = {A ∈ Ω | A = (A1
1 · · · , A1

N ) = (A1
1, 0, · · · , 0)} =

N∑
m,n=1

FE1mn,

Ψ =
{

A ∈ Ω | A = (A1
1 · · · , A1

N ),
N∑

i=1

A1
i = 0

}
.
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Then Ω = Φ+̇Ψ as the direct sum of subspaces and for every A ∈ Ψ, 〈A〉1 =
N∑

p,q=1
apqq = 0.

Since identity (3.4) and 〈A〉1 = 0 for A ∈ Ψ, Ψ is an (N3 − N2)-dimensional abelian ideal
of J21, that is, [Ψ, Ψ, J21]21 = 0, and Φ is a subalgebra with

Φ1 = [Φ, Φ, Φ]21 =
N∑

m,n=1
m �=n

FE1mn +
N∑

m=2

F (E111 − E1mm).

Summarizing the above discussions, we obtain the following result.

Theorem 4.2 (1) The 3-Lie algebra J21 = J1
21 + FE111, where

J1
21 =

N∑
h,i,j=1, i�=j

FEhij +
N∑

h=2

N∑
i=1

F (E111 − Ehii) +
N∑

i=2

F (E111 − E1ii), (4.5)

[J1
21, J

1
21, J21]21 = J1

21, [J1
21, J

1
21, J

1
21]21 = 0.

(2) The 3-Lie algebra J21 is the semidirect product J21 = Ψ+̇Φ, and Ψ =
N∑

i=2

N∑
n=1

Qn
i is an

(N3 − N2)-dimensional abelian ideal of J21, and Φ is a subalgebra with

Φ1 = [Φ, Φ, Φ]21 =
N∑

m,n=1
m �=n

FE1mn +
N∑

m=2

F (E111 − E1mm).

(3) The abelian ideal Ψ has a decomposition Ψ =
N∑

i=2

N∑
n=1

Qn
i , where

Qn
i =

N∑
m=1

F (E1mn − Eimn), i = 2, · · · , N, n = 1, · · · , N

are (N − 1)-dimensional minimal ideals of J21. Therefore, Qn
i , i = 2, · · · , N, n = 1, · · · , N ,

are irreducible modules of J21.

Proof The results (1) and (2) follow from the identity (3.4). Denote Qn
i =

N∑
m=1

F (E1mn −

Eimn), i = 2, · · · , N , n = 1, · · · , N , then Ψ =
N∑

i=2

N∑
n=1

Qn
i is the direct sum of subspaces. Since

the identity (2.2) and Proposition 2.2,

[E1mn − Eimn, Eljk, Erpq]21

= 〈Eljk〉1(Erpq ∗21 (E1mn − Eimn) − (E1mn − Eimn) ∗21 Erpq)

+ 〈Erpq〉1((E1mn − Eimn) ∗21 Eljk − Eljk ∗21 (E1mn − Eimn))

= δjkδqm(E1pn − Eipn) + δpqδkm(E1jn − Eijn).

Therefore, Qn
i , i = 2, · · · , N, n = 1, · · · , N , are minimal ideals of J21.

Now we study the structure of the 3-Lie algebra J27. Denote

J27p = {A ∈ Ω | A = (δpkaijk) = (0, · · · , A3
p, 0, · · · , 0)}, Qp

i =
N∑

j=1

FEijp, 1 ≤ i, p ≤ N.
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Since identity (3.5),

[Eijk, Elmn, Epqr ]27

=

⎧⎨
⎩

0, k �= r, k �= n, n �= r,
Epmn − Elqn, k �= n, n = r,
Epmn − Elqn + Eiqn − Epjn + Eljn − Eimn, k = n = r.

(4.6)

Then J27p
, 1 ≤ p ≤ N , are subalgebras and J1

27p
=

∑
i+j>2

F (E11p − Eijp). Since

[Eijk, Eimk, Eink]27 = −Eimk + Eijk − Eink + Eimk − Eijk + Eink = 0,

[Qi
p, Q

i
p, Q

i
p]27 = 0. Therefore, Qp

i are abelian subalgebras, 1 ≤ i, p ≤ N . And

J1
27 =

N∑
k=1

N∑
i+j>2

F (E11k − Eijk), dim J1
27 = N3 − 1.

Theorem 4.3 The 3-Lie algebra J27 is an indecomposable 3-Lie algebra, and J27 can be
decomposed into the direct sum of subalgebras

J27 = J271+̇ · · · +̇J27p+̇ · · · +̇J27N .

For arbitrary 1 ≤ p1, · · · , pm ≤ N, J27p1
+̇ · · · +̇J27pm

and Qp1
i +̇Qp2

i +̇ · · · +̇Qpm

i are subalgebras
of J27.

Proof The result follows from identities (3.5) and (4.6).

Lastly, we study the structure of the 3-Lie algebra J31. Denote

J31p = {A ∈ J31 | A = (A1
1, · · · , A1

p, · · · , A1
N ) = (0, · · · , 0, A1

p · · · , 0)}, 1 ≤ p ≤ N.

Theorem 4.4 (1) The 3-Lie algebra J31 is a 2-step-nilpotent 3-Lie algebra,

J1
31 =

N∑
p,j=2

N∑
k=1

F (E1jk − Epjk + Ep11 − E111) +
N∑

p,k=2

F (E11k − Ep1k + Ep11 − E111). (4.7)

(2) The 3-Lie algebra J31 can be decomposed into the direct sum of abelian subalgebras

J31 = J311+̇ · · · +̇J31p+̇ · · · +̇J31N .

Proof The identity (4.7) follows from the direct computation according to the multiplication
(3.6). By the identities (2.2) and (2.4), we have Eijk ∗31 Elmn = Eimn and 〈Eijk〉4 = 1,
1 ≤ i, j, k, l, m, n ≤ N. Then for arbitrary Eijk , Elmn, Erpq, Exyz, Euvw,

[[Eijk , Elmn, Erpq]31, Exyz, Euvw ]31

= [Elpq − Ermn − Eljk + Eimn − Eipq + Erjk, Exyz, Euvw ]31

= (Elpq − Ermn − Eljk + Eimn − Eipq + Erjk) ∗31 Exyz

− Exyz ∗31 (Elpq − Ermn − Eljk + Eimn − Eipq + Erjk)

+ Euvw ∗31 (Elpq − Ermn − Eljk + Eimn − Eipq + Erjk)

− (Elpq − Ermn − Eljk + Eimn − Eipq + Erjk) ∗31 Euvw = 0.
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Therefore, J31 is 2-step-nilpotent. The result (1) holds.
It is clear that

J31 = J311+̇ · · · +̇J31p+̇ · · · +̇J31N

as the direct sum of subspaces. For 1 ≤ i, j, k, l, m, n, p, q, r ≤ N, from identity (3.6),

[Eijk , Eimn, Eipq]31 = Eipq − Eipq + Eimn − Eimn + Eijk − Eljk = 0,

then J31p , 1 ≤ p ≤ N are abelian subalgebras but non-ideals. It follows the result (2).
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