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Local Smooth Solutions to the 3-Dimensional Isentropic
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Abstract The authors consider the local smooth solutions to the isentropic relativistic
Euler equations in (341)-dimensional space-time for both non-vacuum and vacuum cases.
The local existence is proved by symmetrizing the system and applying the Friedrichs-
Lax-Kato theory of symmetric hyperbolic systems. For the non-vacuum case, according
to Godunov, firstly a strictly convex entropy function is solved out, then a suitable sym-
metrizer to symmetrize the system is constructed. For the vacuum case, since the coefficient
matrix blows-up near the vacuum, the authors use another symmetrization which is based
on the generalized Riemann invariants and the normalized velocity.
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1 Introduction

The Euler system of conservation laws for a perfect fluid in special relativity can be written
as follows (see, e.g., [1, 18, 26-27, 33, 39, 41-47]):

o(——==)+V-(—==v) =0,
—21+_PZ_§ %‘F;Z_j

5‘t(1c ”QV)—FV'(lC Uzv®v)+Vp:0, (1.1)
g 2

at(c%_z_g -2)+v- (%_Jrz_g’v) —0,

where n and p are the rest mass density and the mass-energy density, respectively, satisfying
e
p:n(1+ 0_2) (1.2)

with the specific internal energy e, and p represents the pressure. The constant c is the speed of
light, v = (v1,v2,v3)" denotes the particle speed, and v = |v/| satisfies the relativistic constraint
v? < ¢%. All these variables are the functions of (t,x) € RT x R3.
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For the classical Euler system which is the non-relativistic version of (1.1), Makino, Ukai
and Kawashima [31] introduced a new symmetrization to deduce the local-in-time solution even
for the case with vacuum states.

If the pressure p depends only on the mass-energy p, and the system of energy and mo-
mentum conservation laws is closed, (1.1) reduces to the following subsystem (see, e.g., [1, 18,
26-27, 33, 39, 41-47]):

L+ L+
o(EF - B)+ v (FLv) =0,
1-% ¢ 1-% (1.3)
Ztp G+p '
8t(1 vzv)+v'(1 vzv®v)+vp:0.
- = - =

Great progress has been made with (1.3), yet mainly for the 1-dimensional or spherically
symmetric 3-dimensional cases (see [2—4, 6, 11-13, 15-17, 20, 22-25, 32, 34, 37-38, 40, 48-49]
and the references therein).

For general multi-dimensional cases of (1.3), Makino-Ukai [29-30] constructed a suitable
symmetrizer if a strictly convex entropy exists, and then by applying Friedrichs-Lax-Kato’s
theory (see [14, 28]), the authors established the local existence of solutions with the data
away from the vacuum. For the vacuum case of (1.3), since the coefficient matrix in [29-30] is
degenerate near the vacuum, Lefloch-Ukai [19] introduced a different symmetrization based on
the generalized Riemann invariants and the normalized velocity, and then established the local
existence results of smooth solutions by also using Friedrichs-Lax-Kato’s theory (see [14, 28]).
Moreover, for (1.3), the singularity formation of smooth solutions is studied in [10, 35, 37].

In this paper, we consider the system of isentropic relativistic Euler equations, which cor-
responds to the conservation of the baryon numbers and momentum and reads as (see, e.g., [1,
18, 26-27, 33, 39, 41-47]):

at(%) YV (Lv) —0,

c? A c? (1.4)
L+ L+
(oY) eV (fogvey) ror=o
_C_z _C_z

We know that, formally, the Newtonian limit of (1.4) is the following classical system of
non-relativistic isentropic Euler equations (see [7, 26, 39]):

(1.5)

on+V-(nv) =0,
Oh(nv)+ V- (nvav+p) =0,

which is one of the motivation for our study on (1.4). Another motivation for our study is that
some special relativistic effects are revealed for 3-dimensional relativistic equations (see [8]),
which do not appear in the corresponding non-relativistic case.

We consider (1.4) with the equation of the state

p=p(p), (1.6)

satisfying
p(0)=0, p(p)>0, 0<p,<c® py>0 forpe (p.,p),
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where 0 < p, < p* < oo are any non-negative constants subject to the subluminal Con(liition
po(p*) < c®. Note that if p(p) = a?p?, then p, =0, p* = oo for v =1 and p* = [V“’—;] "1 for
v > 1.
The first law of thermodynamics (Gibb’s Equation) reads as
dp H+p
2

ods = = dn (1.7)

n

with temperature 6 and the specific entropy S. For isentropic fluids (S = const.), we have

an __ap
n o H+p
Denote
dp _ ,_ p+pc
—=p = . 1.8
an " nc? (18)
For simplicity, we denote ' = % in the sequel. From (1.8), we have
j'/’ ds
Pm , P(S
n=n(p) = Ce - , (1.9)
with p,, being any fixed number in (p,, p*) and C = ny, := n(pm).
We consider the Cauchy problem (1.4) with initial data
t=0: n(0,x)=mno, v(0,x)=vo. (1.10)

Research results of (1.4) is not so rich as that of (1.3), and all results are about 1-dimensional
case (see [21, 23, 36, 39, 48]). Naturally, we are interested in the local existence of smooth
solutions to the Cauchy problem (1.4) and (1.10) for both vacuum and non-vacuum cases.

The main result of our paper is as follows.

Theorem 1.1 Suppose that the initial data (no,vo) € H.,(R3), 1 > g, and there exists a
positive constant §g which is sufficiently small, such that

Ny + 00 < no(x) <n* =6y, va =|vol> < (1 —=26)c* for the non-vacuum case  (1.11)
and
0 < np(x) <n* —dy, v2=1vol> <(1—25p)c* for the vacuum case, (1.12)

where H',(R3) is the uniformly local Sobolev space defined in [14], n.,n* are determined by
(1.9) with p(n.) = ps or p(n*) = p*. Then, the Cauchy problem (1.4) and (1.10) admits a
unique solution (n(t,x),v(t,x)) with n, < n(t,x) < n*, |v(t,x)| < ¢ for the non-vacuum case

and 0 < n(t,x) < n*, |v(t,x)| < ¢ for the vacuum case, and
(n(t, %), v(t,x)) € L=([0, T]; Hyy) N C((0,T; Hy,) 0 CH([0, T Hyp ),

where T depends only on & and the H!,(R3) norm [(no, vo)ll e, of the initial data.
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We shall prove the main theorem by symmetrizing (1.4) and applying the Friedrichs-Lax-
Kato theory (see [14, 28]) of symmetric hyperbolic systems. Thus for both the non-vacuum
and vacuum cases, the construction of a suitable symmetrizer is necessary and important. We
borrow some ideas from [19, 29-30], which are more complicated due to the structure of the
system itself, and different to some extent since we involve variables n and v instead of p and
V.

More precisely, in Section 2, we firstly solve out the strictly convex entropy function of
(1.4) for the non-vacuum case according to [9], then we construct a symmetrizer as in [29-
30]. In Section 3 for the vacuum case, due to the degeneracy of the symmetrized system near
the vacuum, as in [19], we transform (1.4) into a symmetric form in terms of the generalized

Riemann invariants and the normalized velocity.

2 Non-vacuum Case

In this section, we will establish the existence of local smooth solutions to the Cauchy
problem (1.4) and (1.10) for the non-vacuum case in Theorem 1.1. For clarity, we will divide it

into two subsections: Strictly convex entropy function and symmetrization.

2.1 Strictly convex entropy function

If an entropy-entropy flux pair of (1.4) exists, then we may construct a symmetrizer accord-
ingly. According to [9], we first find the strictly convex entropy function of (1.4). To do this,
we fit (1.4) into the following general form of conservation laws:

Z OB (u) _ (2.1)

= 83:3
where
u = ('U;17 U2, us, U’4)T
_ ne  (p+p)or (p+p)ve (p+p)us )
B 2 _ 02 2—2 | 2 —q2 ' 22 '
F/(u) = (F] (u), F{ (u), F§(u), F§ (u))
and

nev; ; P+ pc? .
V2 _J1127 Flj(u) 2 —? 2 Vil +p5”, 1,7 =1,2,3,

where §;; is the Kronecker symbol.

Fi(w) =

A scalar function n(u) is called the entropy to (2.1) if there exist scalar functions ¢’ (u) (j =
1,2, 3) satisfying

Van(u)VoF/ (u) = Vug’ (u). (2.2)
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Let z = (n,v1,v2,v3)". By direct but tedious computations, we have

Vzu
c nevy nevy necvs
2 _ 2 (V2 —v2)3 (V2 —v2)3 (V2 —02)3
P+ p’cQU p+ pc? (1 n 20% ) 2(p + pc?)vivg 2(p + pc?)vivs
2 2 b 22 2 _ 2 (2 = 12)2 (2 = v2)2 ,
p 4o ; 2(p + pc*)vivz p+pc? (1 n 203 ) 2(p + pc®)vaus (23)
2 _ 2 2 (2 = 2)2 2 _ 2 2 _ 2 (2 = 12)2
ptpe 2(p + p? vy 2(p + pc*)vavs p+pc? (1 L, 2 )
2 _ 42 3 (2 —v2)2 (2 — v2)2 2 _ 2 2 _ 2
and
ple(c® +vH)Ve? — o2 —(*=v?)
IA 1.2 1A 12
(vu)—l_ pc pv pc pv (24)
z () 2 2 .2)3 2 2 P2 )
(P +pc)We v)v ¢ v( p—pc VVT)
’I’LC(p/C4 _ p/UQ) np’cQ (p'C4 _ p/UQ)
where I3 stands for the 3 x 3 identity matrix.
Similarly, we have
cvj ne T ne T
e ——— UV + ————=¢€;
V., Fi(u) = oY = o (2.5)
” NGRS 2(p + pc?) p+pc? p+pc n
~ v+ la. M P 7, T + T + I
2 _ 2 UiV TPe; (2 —v2)2 uivv 2 _ 2 Ve; 2 _ 2 vjts
where €e; = (51]', 52j, 53j)T.
Using (2.4) together with (2.5), we get
; Biv; Boet
—1 J 11Uy 2 j
(Vzu) VaF (Bge]‘ + Byv B5Ve]T + UjIg) ’ (2'6)
where
B _ (p/CQ—p/)CQ B, — np'c4 B _p/(CQ—CQ)
V=704 20 27T A a2 3= /-2
plct —po plct—pu np'c
g, PW =p)(E vy —p(? =)
4= 102( ol ed _ /a2 ) T A 2
np'c?(p'ct — p'v?) plet —p'v
From (2.2), we have
V.n(V,u) 'V, F/ = V,¢. (2.7)
Setting 7 = n(n,y) and ¢/ = Q(n,y)v;, where y = v* = v? 4+ v3 + v}, (2.7) becomes
Biv; Boe?
T 1Yj 2€5 _ . T . T
(1, 2v 771/) <B3ej + Byv B5ve;1“ + ’UjIg) (anjv 2v va] + er )s (2.8)
which yields
77y = va
Binn + 2B3ny = Qn, (2.9)

Bon, + 2Bsyn, = Q,
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P (2 —v?)?

/
where B3 = W

Furthermore, (2.9) leads to

_ B@Qn — B1@Q
Qy - I :
2(3233 BlB4y)

It follows from the first equation of (2.9) that

n=Q(n,y) +G(n),

where GG depends only on n.
Inserting this equation into the third equation of (2.9), we have

BBy + Byy(1— B BLQ
By Bl — B1Bsy " ByB} — B1Bsy’

G'(n) =

Furthermore, plugging Bi, B2, B4 and By into (2.12), we obtain

2

_ 2
G'(n) = =7 Qu+ -

g1
c2 EQ

Assuming q(n,y) = CQ*l’Q, (2.13) becomes

c2

1
/ —
G'(n) = —qn+ —nq.

Integrating this equation with respect to the variable n, we have

o) = ([ as ) = gt + 1)

nm’ m nm’

Substituting (2.15) into (2.13) and separating variables, we get

PLLE ()~ g = 2 ~ ) () + h(w)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

where the left-hand side of (2.16) depends only on n, and the right-hand side depends only on

y. So both sides of (2.16) should be equal to the same constant, assumed as D, which implies

p+ pc?
p, g/(n)_g:Da

2(¢? —y)l'(y) + h(y) = D.

Noting (1.8), we solve the first equation of (2.17) to have

n / n /
g:Dlexp/ P dn:Dlexp/ P
n

. D+ pc? n P'C?
~ “p ~ P
=D, exp/ ~Ldn =D, exp/ L _dp
o NC? p+pct

m m

where 151 is a constant.
From the fact that

"1 P2
n="mnm exp/ —dn = n,, exp/ ——dp,
nam T P+ pc

m m

(2.17)

(2.18)

(2.19)
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it holds that

P pp+c2
p+ pc?

ng = Diny, exp/ dp = Ding(p + pc?). (2.20)

m

Solving the second ordinary differential equation of (2.17), we have

h(y) = —Dav/2 —y, (2.21)

where 152 is a constant.
Inserting (2.20) and (2.21) into (2.15), we have

~ ~ n
q=Di(p+ pc) —D2n—\/02 -y, (2.22)
m
where n,, € (n.,n*) is an integration constant. Noting ¢(n,y) = CQC;yQ, we obtain
P+ ch n
=D D . 2.23
C=DiaT et P = 22
Inserting (2.22) into (2.14) and using (1.8), we get
G'(n) = —Dyp.
Integrating this equation yields
D
G=-—p+Ds. (2.24)
c
Thus substituting (2.23)-(2.24) into (2.11) leads to
p + pc? n D1
=D D - — D 2.25
(A S /2 — 02 2Pt (2.25)
where D = CQﬁl, Dy = C2ﬁ2, and D3 is a constant.
Noting that
P 2 2 14 /
/ ¢ sdp=1In LpCQ - / Py sdp, (2.26)
pm P+ PC Pm + pmC pm P PC
we define
2
Kexp [P —<dp -
L p—zi-pc2 = exp/ Lo sdp == ®(p), (2.27)
D+ pc D+ pc

where K := py, + pmc?, with pp,, = p(nm) € (p(n.), p(n*)). Together with (2.19), we have

K n
— = ®(p). 2.28
=) (2:29)

®(p) can be expanded with respect to % at 0 as

B(p)=1-— /p p—lpdpc% + 0(%). (2.29)

m
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with respect to Ciz at 0 as

02

Similarly, we also expand \/;
2

c

v? 1 1
c2
From (2.25) and (2.28)—(2.9), we have
+ /
_ et ( / Poq 1p+D3. (2.31)
Ve o

To choose the constants D1, Dy, D3, we consider the entropy function of the corresponding
non-relativistic fluid, which is

1 " d
7 = Sno? + n/ Wp —p, (2.32)

which can be obtained in exactly the same way as (2.31).
Letting ¢ — oo in (2.31) and comparing with (2.32), we choose D1 = ¢?, Dy = —cK, D3 = 0.
Then it holds that

(2.33)

= 5~ 5 5

P 2d
_ 2(p+p02 AR cKexp [, 56
! .

c2—wv c 2 — 2

2.2 Symmetrization

In this subsection, we use the obtained strictly convex entropy function to construct a
suitable symmetrization of (1.4) and verify the positive definiteness of the coefficient matrix.

Define

={z:n.<n<n*v? <’}

The existence of a strictly convex entropy guarantees that classical solutions to the initial-
value problem depend continuously on the initial data, even within the broader class of admis-
sible bounded weak solutions (see [5, Theorem 5.2.1] or [35, Theorem B]). Thus, if the initial
data (no, vo) take values in any compact subset D of Q, = {z : n. <n < n*, v? < ¢?}, then
there exists a classical solution (n,v) taking values in .

Let w = (Vun)T = (wo, w1, ws,w3)T. Tt holds that

Dot = (Vuw) L0,w = (V2n) " 10aw, (2.34)
where « stands for one of the arguments ¢, x1, x2, x3. Then the system (2.1) reduces to
3 .
(Vam) ™ 0w + Y (VuF?)(Vin) " 05w = 0. (2.35)
j=1

If we set

A(w) = (Vi)' A(w) = (VuF7)(Van) ™, (2.36)
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(2.35) can be rewritten as

3
A% (w)oyw + Z A (W)dy, w =0, (2.37)

j=1
whose coeflicient matrices A, (w) (o =0, 1,2, 3) satisfy the following:

(i) They are all real symmetric and smooth in w, (2.38)

(ii) A%(w) is positively definite. '
A hyperbolic system (2.37) satisfying (2.38) is called a symmetric hyperbolic system (see [15,
29]).

Now we figure out the expressions of A%(w) and A’ (w) (j = 1,2,3), and verify the positive
definiteness of A%(w). w can be written as

W= (VHU)T = (VUZ)T(VZU) = ((VZU)T)_l(Vzn)

Nm
2 K T
= (M,/@_vz__’vT) , (2.39)
nc Nm

then we can compute that

Vi = Vaw = (V,w)(V,u) !

) ) plc(p/CQ + 2])/112 —l—p/CQUQ) _(p/ —l—pICQ) /CQ — 2yt
c—wv
= ———— 5% 1A 102 () (2.40)
ne(p'c* — p'v?) — (0 + P EE v pc : pv I, + p ,P R
pc plc
It is not easy to show by direct calculation that
nc? ne(p’ + p'c)vT
(2 — ) DV —02)3
wwy= | O Y @.41)
ne(p' + p'c?)v - np'c (I+(3p +p'cf)vv )
PVE—o?p @\ (3 e?)
and
Al (w)
nc’vl ne(p’ + p'c?)viv?t N ncej
_ P —v?) G G (2.42)
ne(p’ + p'c?viv | nce; np'(3p' + p'c)vjvvT | np,C2(Ve]T +e;vT + v;13) .

P2 = 20 V2 =2 P (c? — v2)? ' 2 —?

It is obvious that A;(w) (j = 1,2,3) are symmetric forms. Now we prove that (Ag(w))~!

is uniformly bounded. Firstly, we verify that Ap(w) has a strict lower bound. In fact, for any
given four-dimensional vector r = (rg,T") = (rg,71,72,73), it holds
T
T _ ~T ai azv T
o = (07 (1 ey augy) (07)

= 178 4 20970V T + az(vIT)? + ay|t)?,
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where
nc? ne(p’ + p'c?)
aG1="5_ 9y, ®T  ——3
(2 —v?)p peZ — 2
np’c2(3p’ 4 pICQ) np’02
az = s g = .
P (2 — 02)2 2 _ 2

Setting a1 = (1 — §)a; with 0 < § < 3 to be determined later, it holds that

rF Ag(W)r = a172 + 2a9rov T + az(vIT): + a4|?|2
1 5 a3

~ ag _p2)\? 2
:al(ro—i—a,—v r) - (—(az—alag)—f———

1 ax 1—0a; ) (vID)* + darrg + asfF”

> (a4 — i(a% — alag)v2 — La—gzﬁ) |?|2 + 5a1r(2)
a1 1-0a
n(p’c4 + pICQUQ —p/’UQ)
( (2 — v2)2

> Saire 4 day|r]?

a2
- 26—2112) [t|* 4 daird
ay

under the condition that

2 1AL 12,2 g2
as o _n(p'ct+p'cfv* —po)
0<a1+25a—11) < (02—’[)2)2 5 (243)

ie.,
p’(p'c4 + p’02v2 —p”l)2)

2(c2 —02) + 200/ + p'2)20?
Since the right-hand side of the above inequality has a positive lower bound, denoted by 6., we

can take § < min (%, (5*). Noting that

0<d<
C

2.2 2
day > 6 = 6 >t i,
P ptpc?) T pt+pre

we have
rTAO(W)r > 5**|r|2.

Thanks to the fact that (n,v) € Q, we get the upper bound of (Ag(w))~!.
Then the local existence of smooth solutions to the Cauchy problem (1.4) and (1.10) for the
non-vacuum case follows from Friedrichs-Lax-Kato theory (see [14, 28]).

3 The Vacuum Case

In this section, when the initial data (ng,vo) are allowed to contain vacuum states, the
coefficients A°(w) for (1.4) will blow-up near the vacuum. Thus the symmetric method to the
non-vacuum case will not be valid any longer. To overcome this difficulty, we adopt Lefloch-
Ukai’s symmetrization (see [19]) for (1.3), however our transformation is about variables of n
and v instead of variables of p and v in [19]. The coefficient matrix of the new system under
this transformation is no longer degenerate near vacuum. Then we use Friedrichs-Lax-Kato
theory (see [14, 28]) to prove the local existence of smooth solutions to (1.4) and (1.10) with
the initial data of the vacuum case.
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Now our initial data ng, v satisfy the condition (1.12). Before proceeding, we first introduce
some notations as in [19].
The modified mass density variable w is

w = w(p) :z/O q(;) ds, (3.1)

where ¢ is the local sound speed in the fluid.
The modified velocity scalar is

w=u(|v]) = uv) = %m(“”), (3.2)

cC—v

and we refer to
zy i =wtu (3.3)

as the generalized Riemann invariant variables.
We also introduce the normalized velocity v and the associated projection operator P(v)
as follows:

| <

v = (:61, 52, 53) = 5 P(V) = I3 -V & V. (34)

Here we present some useful identities in

— 2

19],

Proposition 3.1

(1) Pv)v =0,

(2) P(v)0rv = v0yv,

(3) PV)((v - V)v) = (v - V)%,

(4) V-v =tr(P(v)Vv) = tr(P(v)VV).

For the convenience of the reader, we give a simple proof here.

Proof of Proposition 3.1

(1)

1 Ul V1V V103
v2 v2 v2
V1V v2 Vo U1
P(V)V _ e Y2 U203 Vg =0
v2 v2 v2
U3
V1V3 VU3 ’U%
V2 V2 V2
(2)
vi0wy  vivadvr  viv3diuy
o1 — ——5— — 2 2
v v v
2
- V1020V V5009 v2030:U
P(V)atv =l -——= "t Opvg — 2 5 — 5
v v v
01030403 V030403 v20,v3
- 2 7 Oz — 5
v v v
v 5}1}2
= atV - =
2 v

= 0yv — VO v = vOV,
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where we used 9yv = 9;(Vv) = vOvV + VO,v.
(3) Similarly to (2), we get

P(v)o((v-V)v) =v(v-V)v.

(4) On the one hand, noting that |v| = 1, we have

5|2
v T
On the other hand, it holds that
tr(P(v)Vv) = tr(VvIz) — tr(v @ vVvIs)
V3 V02 0103 Oz, U1 Opy01 Ozs01
= V . V — tr ’172'171 ;175 52"[73 835162 81,262 835352
U301 U3Uy V3 Oz, V3 Op,U3 Oy, Us

12
_v.vov. YV

From the definition of P(v) in (3.4), (4) is proved.

3.1 Symmetric form of Euler equations

In this section, we will deduce a symmetric formulation of (1.4) with respect to the general
Riemann invariants and the normalized velocity defined by (3.1)—(3.2). We conclude as follows.

Lemma 3.1 In terms of the generalized Riemann invariant variables (z4,z_) and the nor-
malized velocity v defined by (3.3)—(3.4), respectively, the relativistic Euler equations reduce to
the following symmetric form:

2
s 1- % ~ ~ ~
(1 + UCCQ )5‘tz+ + ] Ucci (v+cs)Vv - Vzy + csotr(P(Vv)VV) =0,
—
VCg 1— Z—; ~ ~ - (3 6)
(1 - )5}27 + T (v —cs)v-Vz_ — csutr(P(V)VV) =0, :
2
202 ~ ~ ~ ~
1—1)2(8tv +v-VV)+c,oP(V)Vzy — csvP(V)Vzo =0,
T2

where zy are real valued and vV is a unit vector satisfying |v| = 1.
Proof In Section 1, we know from (1.8) that

dp _

q
o (3.7)

where ¢ is defined as ¢ := % + p.
Using (3.7), we expand the conservation equation of baryon numbers in (1.4) as follows:

n
8tp+ va

q/1-% q/1-%
. (3.9)
b (0 + v Vo) + ——— =0,

22(y/1- %) Vi-%
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2
Multiplying (3.8) by q\/lg <2 we have
q 2 2
Op=—v-Vp— O +v-Vu7) — ¢V -v. 3.9
(79 P 202(1_2_2)(t )—a (3.9)
Expanding the momentum conservation equation of (1.4) and using (3.7), we have
2
1+ % V-v
(@ +v- Vo) + (@ + v W) + )y
-5 (l-3)? 1-= (3.10)
* 1%(3“' +(v-V)v) +p(p)Vp =0,
e
where we used
3 p p
Ztp Ztp ZTp
> 0n (Fgow) =V (Foav)v+ T O
k=1 2 2 c?
From (3.9)-(3.10), we have
)
ILZE) (o v V) - L O+ (v )
(1 -) B (3.11)
v () V=0
— vV v =0.
205 P (p)Vp
Moreover, multiplying (3.9) by w’(p), (3.11) can be simplified as
Ow +v-Vuw + s O +v- Vo) +¢,V-v=0. 3.12
t 202(1 — Z_i) ( t ) s ( )
From the definition of w in (3.2), we have
1
du = 5 dv, (3.13)
-5
then (3.12) reduces to
8tw+v'Vw+%(&u—kv-VU)—i—cSV-v:O. (3.14)
c
By '%", (3.11) can be rewritten as
1 C2.'U2 262.1}2
( UC:)Q (Op? +v - Vov?) — sz2 V- -v+2cv-Vw=0. (3.15)
ez ez
Multiplying this equation by 1v and using (3.13), (3.15) becomes
1 C2.'U2 C2.v2
f}i (Otu+ v -Vu) — a CQUQ)UV-V—FCSV-VUJ = 0. (3.16)
ez

C2
To obtain the expression of v, we multiply (3.11) by the projection P(v), and due to (3.5)

(3.17)

and the definition of w, we get
V(05 + (v- V) + e, P(¥) Vi = 0.

2
v
1-=



314 Y. C. Geng and Y. C. L1

To obtain the expression of w, we combine (3.14) and (3.16) to give

(1— Cgcf)f)‘tw—i— (1—2—3)V'Vw+csv-v:0. (3.18)

Using the definition of w in (3.2) again, we have

2

V'V:V-(UV):UV'V—F\N%VU:UV'V-F(1—2—2)V-Vu. (3.19)
Plugging this into (3.16), we have
c2? v c? At
(1 — ‘04 )8tu+cs(1 - E)V-Vw—i— (1 — C—;)V-VU,— ‘CQ V-v=0. (3.20)
Substituting (3.19) for (3.18) leads to
c2? 2 - V2N
(1 ~a )8,510 + (1 — C—Q)v -Vw + csvV - v + (1 — C—Q)v -Vu = 0. (3.21)

To derive our desired symmetric form, V - v needs to be transformed, and from (4) in (3.5),

we have
~2

v-v:v-v—v-v%:tr(E(v)W).

Plugging this identity into (3.20)—(3.21), and together with (3.17), we have

Ao? 2 V2N o
(1 - Sc4 )wt + (1 - C—Z)V -Vw + ¢ (1 — ?)V -Vu + csutr(P(v)Vv) =0,

Cin C? 02 - cin o
(1= Ju+ (1= 5)v-Vute(1-5)v- Vo - SpuP@®ve) =0, (3:22)
1%(% + (V- V)V)+ ¢, P(V)Vw =0

Using the generalized Riemann invariant variables z4 = w &+ w, it is easy to obtain the

symmetric formulation (3.6).
Moreover, (3.6) can be written as the symmetric form (2.37), in which A%(w) and A’ (w)

are, respectively,

ag O 0 4 a1v; 0 axv P;
AO(W) = 0 bo 0 5 Al (W) = 0 bl”l;j _GQUPj 5 (323)
0 0 cols axvP; —azvP; cov;13
where
VCy VCg 20?2
— 14+ == by =1— —2 = _ 3.24
ao + o2 ) 0 o2 ) Co 1_ Z_jv ( )
62 1 62
alzl__%(v—kcs), bl:l;%(v_cs)’ as = cs,

Pj = (Pj(v), Pj2(v), Pj3(v)), j=1,2,3.

Remark 3.1 By this lemma, although (1.3)—(1.4) are different, they are symmetrized to
the same form (3.6).
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The following proof is the same as that in [19] and for the reader’s convenience, here we
briefly list the main steps.

Observe that the above matrix AY(w) allows the density to vanish, since the coefficients
remain bounded as the density approaches to zero.

Moreover, from (3.23), we observe that

(A% (W)€, €) = agé1]? + bol&2|? + colvI?[E]?, (3.25)

where (-, -) denotes the Eucilidian inner product in R and

€= (E1,62, &) = (€1,60,6) €R®, €= (&,6,6) € R,

From (3.24), the matrix A°(w) is positively definite as long as the velocity v never vanishes.
According to the Friedrichs-Lax-Kato theory (see [14, 28]), a local in-time solution exists.

However, the matrix A°(w) may lose its positive definiteness, since the coefficient ¢y of 9;v
in the third equation vanishes at v = 0. On this occasion, we apply a well-chosen Lorentz
transformation, which allows the Lorentz-transformed velocity not to exceed the light speed
and remain bounded away from zero.

For the reader’s convenience, we list some technical results about the Lorentz-transformed
velocity (see [19]).

3.2 Lorentz transformation

Assume that K and K are two reference frames, in which (#,x) and (,X) represent the
space-time coordinates corresponding to K and K, respectively. K moves with respect to K at
the velocity V. The transformation

_ V.x
t= w(t - ),
¢ (3.26)
_ Veov
%= —wVi+ (13+(w—1) = )
is called a Lorentz transformation, where w = \/ 1 = is the Lorentz factor.
=t
From (3.26), there holds the velocity transformation law
dx 1 ~ =
V=—"r=——"o(-V L+(1l-w H)VveV 2
Ve g s g TV EL eV e V) (3.21)
where v = (é—’t‘. Denote
v T v\ v
vV (—f‘F(WIB‘F(l—w )\\Cf\®\\cf\>f>
(3, 2)i=v= AT 3.28
¢ c’ ¢ M 1-V.- 3 ( )

Then we have the following lemma.

Lemma 3.2 (Uniform Bounds for the Velocity) (see [19]) Given any ro € (0,1) and any
vector V € R? satisfying ro < ‘lcl < 1, there exist positive constants 0 < §1 < 2 < 1 depending
only on ro and %, such that the Lorentz-transformed velocity (3.27) is uniform bound away
from both the origin and the light speed, i.e.,

5 < ‘@(%%)‘ <5 (3.29)

holds for any ¥ € B,,, where By, :={y € R? | |y| < ro}.
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Using the Lorentz invariance of relativistic Euler equations, (2.37) can also be expressed in
the transformed coordinates (X,¢) defined by (3.26), that is,

3
A(W)OW + Y AV (W)0z, W = 0, (3.30)
j=1
and (3.25) becomes
(A°(W)E, &) = Toléal® + Boléa? + o [¥I2 €[ (3.31)

In view of the upper and lower bounds (3.29), we conclude that the transformed matrix
AY(W) is positively definite in the coordinate system (X,7). Hence the Friedrichs-Lax-Kato
theory (see [14, 28]) applies to the initial-value problem (3.30), provided that the initial data
are imposed on the initial hypersurface ¢ = 0. In the relativistic setting, the initial plane
Hy : t = 0 is not preserved under the transformation (3.26). However, in the new coordinate
system (%,X), the initial plane becomes

Hy: t=-

In order to prove the local well-posedness of the oblique initial-value problem (3.30) with
the data on Hj), it is convenient to introduce a further change of the coordinates

= - V ‘ i = —
t=1t+ = X=% (3.32)
which maps the hyperplane H| to the hyperplane
HY: =0

3
B (W)W + > B (W)dz W =0, (3.33)

where the matrix BY(W) is still positively definite (see [19]).

Now Friedrichs-Lax-Kato theory (see [14, 28]) guarantees the existence of a solution defined
in a small neighborhood of this hyperplane Hjj. Making the transformation back to the original
variables, we obtain a solution in a small neighborhood of the initial line ¢ = 0. This completes
the proof of the main theorem for the vacuum case.
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