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On the Error Estimate of the Harmonic B, Algorithm in
MREIT from Noisy Magnetic Flux Field*

Qun CHEN! Jijun LIU?

Abstract Magnetic resonance electrical impedance tomography (MREIT, for short) is a
new medical imaging technique developed recently to visualize the cross-section conduc-
tivity of biologic tissues. A new MREIT image reconstruction method called harmonic B,
algorithm was proposed in 2002 with the measurement of B, that is a single component
of an induced magnetic flux density subject to an injection current. The key idea is to
solve a nonlinear integral equation by some iteration process. This paper deals with the
convergence analysis as well as the error estimate for noisy input data B., which is the
practical situation for MREIT. By analyzing the iteration process containing the Laplacian
operation on the input magnetic field rigorously, the authors give the error estimate for the
iterative solution in terms of the noisy level § and the regularizing scheme for determining
AB. approximately from the noisy input data. The regularizing scheme for computing
the Laplacian from noisy input data is proposed with error analysis. Our results provide
both the theoretical basis and the implementable scheme for evaluating the reconstruction
accuracy using harmonic B, algorithm with practical measurement data containing noise.
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1 Introduction

Magnetic resonance electrical impedance tomography (MREIT, for short) is a new electrical
conductivity imaging technique to visualize the cross-sectional images of a conductivity distri-
bution ¢ of biologic tissues. In contrast to the traditional electrical impedance tomography
(EIT, for short) technique (see [1, 7, 18]), this new technique applies essentially the internal
electrical current distribution to recover the conductivity, which weakens the ill-posedness of
EIT problem and provides a higher resolution of conductivity image.

In MREIT, we place a subject inside a magnetic resonance imaging (MRI, for short) scanner
and inject a current I between two electrodes attached on its boundary. Then there exists
the internal current J = (J,, Jy, J.) inside the subject, generating a magnetic flux density
B = (B., By, B.). Here z-axis is the direction of the main magnetic field of the scanner. The
B, data can be measured by using the MRI scanner, from which we try to reconstruct the
bio-tissue conductivity, see Figure 1 for the configuration of this system.

Recently, some reconstruction schemes using B, data as inversion input have been proposed,
such as harmonic B, method, gradient B, method and variational gradient B, method (see
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Figure 1 MREIT system at impedance imaging research center and harmonic B,
algorithm mathlab toolkit

[2, 12, 17]). It has been proven that the measurements B, ; corresponding to two incoherent
injection currents I; with j = 1,2 can determine the conductivity distribution o uniquely in
2-dimensional case (see [3, 14]) under some a priori assumptions.

The harmonic B, algorithm was the first constructive MREIT imaging method based on
B, data (see [17]). From the Ampere law

uoV x J = -V?’B (1.1)
and
J = —oVulo], (1.2)
we have
V2B = 1yV x (¢Vu[o]) = poVo x Vulo], (1.3)

where 1 is the magnetic permeability of the free space, u[o] as a nonlinear function of o is the
induced electrical potential satisfying a nonstandard PDE problem specified in Section 2.
Taking the z-component of (1.3), it follows that

0o

1 o,  (Ould] Julo] O

%VBZ‘<ay "o ) oo | )
dy

Corresponding to two incoherent injected currents I;,j = 1,2 through two pairs of surface
electrodes eF and e, it follows from (1.4) that

0o

% _ 1 -1 V2Bz’1-

ou| = Al venr] (15)

dy

where
duilo]  Oui[o]]
| oy Ox

AlT= pualo]  Buslo] (16)

dy or |
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and uj[o], B, ; are the potential and the magnetic flux density, respectively, corresponding to
I; with j =1, 2.

The harmonic B, algorithm is an explicit iteration scheme to approximate o at each 2-
dimensional slice Q,, = QN {z = 20} C R? based on the relation (1.5). Since the harmonic
B, algorithm was proposed, it has been improved rapidly in various numerical simulations and
phantom experiments (see [8-11, 15-16]). In [4], the authors proved that, for a relatively small
contrast of the target conductivity, the iterative harmonic B, algorithm based on (1.5) with a
good initial guess is stable and convergent in the continuous norm. In [5], the author improved
the convergence result based on the following equivalent equality of (1.5):

Olno
ox . 1 —1 VQBz,l
dlno | = g TALD {VQBL2
dy

and derived a posteriori error estimate of ||lnc™ — Ino*||, where o* is the true conductivity.
However, these two convergence results are considered only for exact magnetic flux field B, .

In practical situations, we can only acquire the noisy data Bg of B, using MRI equipment.
However, the harmonic B, algorithm applies in fact the Laplacian of B, as inversion input, the
noise contained in B, will be amplified by such an operation and therefore has essential influence
on the approximation accuracy of the iteration solution. Such an influence depends not only on
the error level of noisy input data, but also on the regularizing strategy computing the Laplacian
from the noisy data Bg. So it is necessary to give an error estimate on the iterative harmonic
B, algorithm for the noisy input data Bg corresponding to some regularization scheme for the
practical applications of harmonic B, algorithm, which is the purpose of this paper.

This paper is organized as follows. In Section 2 we state the mathematical formulation of
the harmonic B, algorithm. Then for a relatively small contrast of the target conductivity,
the iteration error of this algorithm is established in Section 3 for noisy input data, under
the assumption that a stable numerical differentiation process has been applied. In Section 4,
we propose a numerical regularizing scheme for the computation of Laplacian from the noisy
measurement data Bg with error estimate, which provides the basis on computing the error of
iterative solution of conductivity.

2 Mathematical Model

Let Q C R3 be an electrically conducting subject with its smooth connected boundary 9.
In MREIT, we inject a current I through a pair of surface electrodes e*, then it produces an
internal current density J = (J,, Jy, J.) inside the subject () satisfying the following problem:

V-J=0, ref,
I:—/ J-nds=/ J - nds,
s e (2.1)
Jxn=0, reetue”
J-n=0, redMNetUe,

where n is the outward unit normal vector on 92 and ds is the surface area element.
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Since J = —oVu[o], (2.1) can be converted to
V- (eVulo]) =0, req,
:/ U%ds: — Uauds7
et on e— on (2.2)
Vuxn=0, recetuce,
dulo] _ pTra—
- =0, redN\etUe .

This exact model (2.2) can be solved in terms of the following standard problem (see [4]):

V- (ocVu) =0, req,
ﬁ|5+ = 1,ﬂ|57 =0, (2.3)
—o@ =0 red\etUe.

On ’

More precisely, if u[o] and u[o] are the solution of problems (2.2)—(2.3), respectively, then

u[g] = ﬂ[a] +C in Q,

fs‘*‘ Jagf] ds

where C' is a constant decided by the electric potential specified at one point.
We now consider the magnetic field produced by the injection current I. From the Biot-
Savart law, it follows that

B(r) = @/QJ(r') « 2T g (2.4)

C Arx [r — /3

which generates the following relation between B, and o from (1.2):

dulo(r') dulo(r')
o) (@ — o) PATEN () ) P
BZ(”:Z—% [ aﬁ_r/p o }dr', r=(ey2) e (25

Recently, a new iteration scheme based on the nonlinear integral equation (2.5) was proposed
in [6], which applies the B, data as the inversion data directly in the algorithm, without the
computation of Laplacian on the magnetic flux.

The harmonic B, algorithm is an iterative scheme at each 2-dimensional slice Q,, = Q N
{# = %o} based on the identity (1.5). To give the complete iteration scheme, we introduce

the fundamental solution of 2-dimensional Laplace operator ®(r,r’) := —5-In rlr’l satisfying
Ap®(r,r') = 6(r — 1) for r € R?, then at each 2-dimensional slice, it holds that
1 (z—-2"y—v) roo 1y
o(x,y,20) = -Vo(z',y', 20)da’dy’ — H(o), 2.6
o) =g [y Ve ) (20

where V = (0,/,0y/), H(0) := 5= faﬂzo % co(2,y, z0)dl.

It has been noticed that A[o]~!(z,y, z0) may be large near 9., due to the fact that two
induced currents cVu[o],cVus|o] are probably almost parallel for some configuration. This
phenomena may lead to the unconvergence of the iteration scheme. To avoid this difficulty, we
assume as usual that the unknown true conductivity is constant in £2.,\2, for some interior

domain (NZZO. Then it is easy to see from (1.4) that V2B, ; = V2B, 2 =0 in Q,, \?220.
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We denote by ¢* the true unknown conductivity and assume that its value on 0%, still
denoted as 0™, is known. Let B, j,j = 1,2 be the exact magnetic flux density corresponding to
o* for two inject currents. For given initial guess o° (=, y, 29) in Q., with exact values in €2, \ﬁ 20
the harmonic B, iteration algorithm constructs an approximation sequence {o"(x,y, z) : n =
0,1,2,---} from

1 1 [V?B
\v4 n+1 = — Alg™ 1 z,1
o (x’ Y, ZO) Lo [J ] v2Bz72 )

(2.7)

1 x—xy—y ~
o™z, y,20) = 5 /ﬁzo |x(_x/|2 ;LZ‘J'y —y;’|2 VYo" 2y, z)da'dy’ — H(o™)
for (z,y) € Q., based on the relations (1.5) and (2.6), where H(c*) is H(c*) with 0€.,
replaced by 8&520. For (z,y) € on\ﬁzm it is obvious that o™ (z,y, 20) = 0*(x,y, 20) from the
first equation in (2.7) since V2B! = V2B2 =0 in Q,,\Q,.

To give the error estimate for the iteration solution with noisy input data in the next section,
we need two regularity results for direct problems.

Lemma 2.1 Denote by & the regular open subsurface of the boundary 02 of Q C R%. Then
for the boundary value problem

V. (oVu)=V-f, reqQ,
ulg = h, reé,
—oVu-n=g, r € OO\E

with o € L>®(Q) satisfying igfa >0, he Hz(&) and g € H-2(0O\E), the following estimates

hold:
If f € (L3(Q))? and 0 € C(Q), then u € HY(Q) and

lulliscay < Gz + 17l 53 o) + 1903 oz (28)
if f e (HYQ)? and o € CH(Q), then u € H2(Q) and
lull gr2@) < Co()llull) + IV - fllzz@)l; (2.9)
if € (CO*(Q)% with o € (0,1) and o € C(R), then u € C*(Q) and
1Vullgon @y < Col@llul gy o gy + 1y (210)
if € (LP(Q))? with p > land o € C(Q), then u € W?(Q) and
1Vul,, 5 < Ca@llul, & + 1715 (211)
where Q CC Q CC Q are reqular domains, and C;(2) have the following forms:
Ci(o) = Bi(lollcw 1Volcw. ). i=2.3 (212)
i i (Q)> Q) lgfo' ’ ’ 9y
1 .
Cilo) = Fi(llollewy ——=), i=1,4. (2.13)

inf o
Q

The functions F; (i = 1,2,3,4) are known bounded continuous functions with respect to the
arguments.
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This result can be found in [4].

Lemma 2.2 Let u be the solution of the following problem:

V- (eVu) =0, r €,
ﬂ|€+ = 17ﬂ|6_ = 07

ou -
—Ua—z =0, redNetUe .

Then there exists a constant C (o) such that
IVl o@y + [l 26y < Clo),
where C (o) = (CsCs(0) + 1)C1(0)Ca(0), Q@ CC Q.

Proof It follows from (2.8)—(2.9) that
Co(0)[[all () < C2(0)Ci(0),

-

where Q cC Q ccC Q. By the Sobolev imbedding theorem, we can obtain

) < Ol ) < CsCo(0)Ch(0)

il e

CO,(X(?I

for every a € (0, 1).
Finally, combining these two estimates with (2.10), we have

IVullegy + Ul g2@) < (CsCs(0) +1)Ch(0)Ca(0) == Clo),

which leads to (2.14).

3 Error Estimate for Noisy Input Data

(2.14)

We consider the error estimate of harmonic B, iteration algorithm in axially symmetric
cylindrical sections. Let Q be a cylinder along the z direction with infinite length and the
electrode pair be parallel to the z direction. Moreover we assume that the conductivity ¢* in
Q does not change along z direction. Then the conductivity is actually reconstructed in the
2-dimensional domain. To unify the notations, we still use 2 in the sequel to represent the

2-dimensional domain €.

In this section, we consider the error estimate of harmonic B, algorithm for noisy input data
Bg. In this noise input data situation, for given initial guess o°(z,y) in  with exact values in

Q\?Z, where Q CC Q, the iterative sequence {¢™ : n =1,2,---} is generated from

1 V2B?
Vold (— — Ao 1 [ z,l:| :
Ho [ ] VQB?,Q
1 _ / a2 ~
o0 (x,y) = o -2,y —y) Vol (! y)da'dy’ — H(o™),

2r Jo lv =2/ + 1y —y'[?
and then forn=1,2,---,
1

e |

2B6
n+1,0 .__ \% 1
Vo = z },

V2B,

L[ @dyy) ~
0 ) P *
gt (x, y) = %/ﬁ |x - x’|2 n |y — y/|2 Vot (;[;lvy/)dx/dy/ _ H(O’ ),

(3.1)

(3.2)
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where the notation V2B? is the approximation to V2B, , for which we will propose a regularizing
scheme in Section 4.

We firstly give two known results related to the convergence for the exact magnetic field,
which will be applied in our error estimate.

Lemma 3.1 For Q CC Q, if o lies in the set
=7 .0 ) 10y . L 0
Elo®, Aol = {0 € C{@) : 5 <o <A [Vollow) < o, olog =0,

where 00, \, g are positive constants, then there exists a constant d* depending only on \, €, §2,
dist (092, Q) and E;t, such that

inf | det Afo]| > d* > 0. (3.3)
Q

Lemma 3.2 Assume that the target conductivity o*(z,y) € CY(Q) meets the following
conditions:

(H1) 0<o* <o* <o for known constants o’ ;

(H2) there exists Q cC Q such that o* is a known constant in Q\ﬁ,

(H3) |det Alo*](z,y)| > d* > 0 in Q, where d* is a known constant.
Under these hypotheses, there exist constants ¢ = e(oh,d*) > 0 small enough and 0 =
O(e,0%,d*) € (0,1), such that if we take the initial guess o° as the constant 0*|Q\§, then
the sequence o™ given by the harmonic B, iteration algorithm using exact input data holds for
IVo™|lo(q) < € that

o =0 in Q\Q, |o"— 0l ory < K06, n=1,2,---,

where K := diam(Q) + 1.

These two results can be found in [4-5], respectively.
From Lemma 3.2, for true conductivity ¢* lying in the set

S1:=A{o(z,y):0<0 <o <0}, |Volgg <e (z,y) €Q}, (3.4)

the iterative sequence {¢” : n =1,2,---} using exact input data lies in

K+1

1 * 1 * *
Sy = {U(x,y) i 50l <og< 29 +o7, HVU”C(Q) < K

o, (z,y) esz} (3.5)

for any € € (0, 50" ).

In fact, for any € € (0, 5%=0") and 6 € (0,1), it follows from Lemma 3.2 that

0" = 0°| < [l0™ — "l ey < o™ — 07 s gy < KO™e <

and ||V (o™ — U*)||C(§) < K60"e < £0*. Then we have

1 1 1
—o §J*—§U <o"<o"+ -0 §Ji+§gi
in Q and
HVU Hc(fz) < HVU Hc(ﬁ) + EU_ < 5K o_.



326 Q. Chen and J. J. Liu

Noticing that o = o* in Q\€), we get (3.5).

For practical measurement data with noise, the input data for the iteration scheme is in fact
the Laplacian operation V2B? from (3.1)-(3.2). When presenting our error estimate, we must
firstly analyze the error p(8) of computing V2B, from the noisy measurement data B?, which
depends on the regularizing scheme. Since we generally measure the error of magnetic field
itself in L?-norm, while we need the error estimate of Laplacian in C-norm in our iteration, we
give the following approximation for our computation on Laplacian:

(H4) For the noisy data Bjj satisfying

IBS; — Bz jll2) <6,

a stable differentiation scheme is used to compute VQB; ; such that
[0
v2€2
where V?e; := V2BS , = V?B. ;, j=1,2.

(H5) VQB;;J- (j = 1,2) is understood such that V2BJ | = V2BJ, = 0 in Q\Q, which is a
natural condition if the conductivity is assumed to be a known constant in the domain Q\ﬁ
implying V2B, ; =0 in Q\Q.

An implementable regularizing scheme to compute AB, approximately from Bg to reach
(3.6) with p(6) = /9 as well as the regularity requirement on the target conductivity will be

given in Section 4.
Now we can state the main result of our work as follows.

_ <p(d)—0 as 6 =0, 3.6
13 p(0) (3.6)

Theorem 3.1 Assume that the target conductivity o*(z,y) € C1(Q2) meets the three hy-
potheses in Lemma 3.2 and (H4)-(H5). Then there exist constants ¢ = e(o},d*) > 0 small
enough and 0 = 0(e,0%,d* ) € (0,1), M = M(o%,d*) such that if we take the initial guess o°
as the constant ™| ¢, the sequence {o™%} given by (3.1)(3.2) with noisy input data holds for
||VO'*HC(§) <€ and § small enough that

o™ =o* in Q\Q, |lo™ — ooy < Mp(8) + Kb, n=12,---.

Proof Let us take € € (0, 5=0* ). Denote by uj and uj the solutions of the direct problem

) 2K
V- (oVu;) =0, re,
wiley =1 vl =0, (3.7)
Ouj _ BONT U=
_Ua—n —0, r e \Ej U€]
with 0 = ¢* and o = ", respectively. It follows from Lemma 2.2 that
HVU;HC(Q) + HU;HH2(§) < C(J*) (3.8)
and
VUl ey + 1) oy < Cl0™). (3.9)

However, Lemma 3.2 says that {c" : n =1,2,---} C S3. So it follows from the expressions
of C(0*) and C(0™) in Lemma 2.2 that the constants are of a uniform upper bound:

C(O'*),C(O'n) SU* = sup [Cng(f,l,tQ,f,g)—|—1]F1(t1,t3)F2(t1,t2,t3)
(t1,t2,t3)€ES
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with

2K +1 } [ 1 1 }

—— 0 — -

S—l ! —i—aJx[O, Ve

2727

1 _x * 71 %
20— T 0} 507

Step 1 Estimate ||o! — Mg @

Firstly, expand the initial guess 0® at o* as 0¥ = o* +€°. Since HVU*HC <eand 0¥ = o*
in Q\Q, it follows that

1€%]lc(o) < diam(Q)[|Ve’ || oq) < diam(Q)e.

Hence, [e°]lc1iq) = [l€®llo@) + Ve o) < (diam() + 1)e =: Ke.
We expand ug at uj as

u? =uj + w?. (3.10)
Noticing that 0 = ¢* in Q\Q, wf meets

V- (UOVU)?) =-V- (eOVu;f), reqQ,
wiler =0,wjl- =0, (3.11)
—0'Vud -n=e'Vu) n=0, red\etuUec.

Since [|e%c1(n) < Ke and €® =0 in Q\Q, it follows from (3.8) that the right-hand side of the
first equation in (3.11) satisfies

19 (V)2 < Cellellon ey
Therefore it follows from Lemma 2.1 and the Sobolev imbedding theorem that
ol oy < CoColo®) el sy + IV - (V) o)

< CCy(a)[C 1(UO)HeOVU;HL2(Q)+6*H60Hcl(ﬁ)]
< C4Ca(0°)[C1(0°)C1 (o) + T[]l on

2 ey <

According to the above estimate and (2.10), we have for Q CC © CC € that
IVu8lleqy < Os(0O) 0l gy + 155 )

< C3(0"{CsCo(0”)[C1(0”)Cr(0™) + Tl + [ Vujl g HIE N on

Using the same arguments as those in deriving (3.8), we can get

1V4;1l 5, < Ce = Culo K, Q).
Therefore we have
IVl @y < Ca(0°){CsCa(0%)[Ch(0°)C1(0*) + Tl + Cu}l e gry- (3.12)
Denote by
F(o) = cg(a){cscg(a) [Cl(a) sup  Cy(o*) + a} + é*} (3.13)

[o* 0% ] X[alf; N
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a known function due to Lemma 2.1. For € € (0, ﬁai), we introduce the constant

Cc(o*) = sup F(o), (3.14)

”‘7_‘7*”01(Q)§K€

which is well defined. Noticing that||o — o*|c1(q) < Ke, we have o > 0% > 0 for 0 < € <
%a*_ due to (H1) in Lemma 3.2. Moreover, this constant can be estimated by a known constant
as

Cc(o") < sgpf(a) =:G(o}). (3.15)

Now it follows from (3.12)—(3.15) that
IVwlleg < Glelele g (3.16)
Since |[€°]c1() < Ke, it follows that
Vil < Glot)Ke. (3.17)
On the other hand, it follows from (2.7) and (3.1) that

AV (oM — oty = i { (3.18)

V261
V262 ’

which can be written as

owy  ouwl
o1 | Oy Oz 1 (V3
I+ Afo*]™! 853 Jul) V(e" — Vo) = %A[a 7t (V%;) (3.19)
Oy Oz

due to the definition of the matrix A[o°] and (3.10).
However, it is obvious from (3.17) that

ow? B ow?
1| Oy oz _
*1—1 *1—1 _ 0 _
ATl < 1Al e ma 1908l
y oz I lo@)

IA

I1A[o"] ™ oy Gloh ) Ke. (3.20)

*
jn_—l%,x2 I V'U'j I c©)

A direct computation leads to HA[U*]*IHC@) < , from which we deduce

S TidetAlr]

a

”A[U*]71||C(§) < (3.21)

dr

due to (3.8) and (H3).
Now we take € € (0, ﬁai) small enough such that

* 1
—G(0L)Ke < 3

& Q



On the Error Estimate of the Harmonic B, Algorithm in MREIT 329

which implies from (3.20) that

w1— 0 Oz 1
Alo*]™! au‘l)’g Sl <3 (3.22)

Now it follows from (3.19), (3.21)—(3.22) that

2
V(@™ = ole@ < —

o ~p(6),

5|0

where the Sobolev embedding theorem HO( ) — CP(Q) with 8 € [0,1) on VZ2e; based on (3.6)
is applied. This last estimate generates

2K C.,

o = oMl iy < KNV = o)l @ < o’ p(6). (3.23)
Introduce a new constant
2K C,
M=M(ct},d") = ——,
( + ) Lo di
then the estimate (3.23) becomes
lo"? = o ||01(Q) < Mp(5). (3.24)

On the other hand, it follows from (3.1) and (H5) that Vo' = 0 in Q\€, and therefore
ol = g% in Q\Q.

Take ¢ small enough such that Mp(5) <
Lemma 3.2 that

i . Then it follows from the above estimate and

*

1 3
0 * 0
o™ —o ||cl(§) <ot - Ul”cl(ﬁ) +ot -0 ||Cl(Q) < 4‘7 + Ke< 17~

for any € € (0, 5=0% ). So o'° lies in the set

1, . 3 . 3K+2
S = {a(m,y) 0t <o <ol + ol IVolloe) < K - (x,y) € Q} (3.25)

Now we can apply the induction argument to prove the theorem. That is, assume that the
following properties

o0 =o* inO\Q and o™ — ¥ gy < Mp(0) (3.26)
hold for k = n, which specially yields that
o™ €Sy and o™’ =o* in O\Q, (3.27)

noticing o™ € So. Then we need to prove that these properties are also true for k =n + 1.
Step 2 Expand o™ at o”.
Let u?"s (j = 1,2) be the solutions of the problem (3.7) with o = ¢™%. It follows from
Lemma 2.2 that
,6 )0 )
IVu; oy + 1657 2@y < C0™).
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Since o™° € S, similarly to the estimate of C((¢™) in (3.9), there exists a constant C, 3
depending only on the upper and lower bounds ¢ of 0*, K and domain €, still denoted by C.
for the simplicity of notation, such that

,0 ,0 Vel
||VU§L | c@ T HU? ||Hg(§) < C (3.28)
We expand 0™ at ¢” as 0™% = " + €™ and u?’é at u} as u?’é =uf + w;“é.
Since ¢™° = o™ = o* in Q\ﬁ, w;“s satisfies the following problem:
V- (0"’5Vw;-l’5) =-V. (e""SVu;’), r e,
n,0 n,0
w; |5+ = Oawj |€— =0,
—<7"’5VUJ;L"S ‘n = e"’5Vu§L =0, redetUe.
Similarly to the derivation of (3.16), we have
N ,0 al * N _
IV —ui)llo@ = IV llo@ < Gilob)llo™ — 0"l o g, (3.29)

where the definition of G1(0%) is similar to G(0%) and G(0%) < G1(0%) due to Sy C Ss.
On the other hand, it follows from o™ € Sy, 0™% € S3 and Lemma 3.1 that

inf | det A[o™]| > d* >0, inf|det A[o™°]| >d* >0, (3.30)

where d* is a constant depending only on o7, €, €, dist(9€, ﬁ) and E;t.
Step 3 Estimate ||o™° — O'anl(ﬁ).
It follows from (3.2) and (2.7) that

V(0n+1,6 . Un—i—l)

_ 1 n,01—1 n1—1 v2Bz,1 1 n,01—1 v2el'
= (AT AR | Japrt |+ AT o6 (3.31)
Hence we have
n n 1 n,01— ni— VQBZ |
96 = 0"l < 2ol1A0" 1 = Al e | T3 e
1 n,61—1 ~ V261
%HA[U ] ||C(Q)H |:V2e2 Hc(ﬁ)
= I141IL (3.32)
Firstly, we estimate II. From the definition of Afo] in (1.6), we have
1
TL,5 —1 . < TL,5 ~. . .
On the other hand, the Sobolev imbedding theorem and (H4) yield
v2€1 V2€1
<, | < Copld) = p(6 3.34
H [V%J Hc(ﬁ) - [VQeg H2(S) ~ sp(0) = p(9) (3.34)
for the simplicity of notation. So it follows from (3.28), (3.30) and (3.34) that
1 C,
Im<— ). 3.35
<2000 (3.35)
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Then we estimate I in (3.32). Again using the definition of Afo], we get that

|AJ™] 7~ A" oy

uy®  oul’
ox ox
o n,o n,o
CE) I Ouy ouy
oy 9y / lle@)

Ouy” —uf)  O(ui” —uf)

1 1
< _
- Hdet Ao det A[o™]

+ H 1 0w oz
det A[o"]llo@) B Oul’ —up) A —up)
dy dy @)

1 1
< _
- Hdet Alo™9]  det Afo"]

n,0 ~
o 2319 o

]‘ n,5 n
* H det Afo"] llc@) im1s Vs uille@)

= I+ IV. (3.36)
A direct computation leads to

_ Dup” Oy —ut) | Ouy” —ub) Ouf

Ox Ay ox Ay
Ouf O —uz”®) | O — ") Ouy”
Oz Ay Ox dy

det A[o"] — det A[o™°]

Wthh yleldS
H (18‘ A1(7 (]el .A.l o

[ ™ ] [ n]

de( A o™ del A. om

4C, .6
AL max [|[V(u” — uf)llo) (3.37)

from (3.9), (3.28) and (3.30). Therefore it follows from (3.28) and (3.37) that

c(Q)

_ || det A[o"] — det A[o™?]
)

Hc(fz)

6* 2 0
IH§4(E> mas V() — )] cqay- (3.38)

Again from (3.28), we have

]‘ n,é n
7 E%};Hv(uj _uj)Hc(fz)' (3.39)

—J=1

IV <
By (3.36), (3.38)—(3.39), we obtain that

|A[o™) ! = Alo"] M@y < [4(6*)2 * i_}

n,o n _
a ax IV (uj™" — Uj)”c(g)' (3.40)

So it follows from (3.29) and (3.40) that

AL — Al ey < [1(52) 4 ]G (0D)0™ — ol ene (3.41)
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On the other hand, (1.5) yields

ou; ou;
V2B, dy Oz .
k] < ~
H (VQBz,z) HC(Q) =HOT dug Qus IVorlle@)
< po max [Vujllo@llVo©ll e, poC e (3.42)

from (3.8) and the condition [[Vo™ ||, g, < €.
Finally combining (3.41) and (3.42) together yields

1§61(a*)e[45% +dc—*}|\a ey (3.43)

Inserting (3.35) and (3.43) into (3.32), we get

— 4(C,)3  C. 1 C.
n+1,6 _ _n+1 ~ * _
V(™1 = o™ Doy < (o) | 5 + d_} 07 = 0™l oa gy + o p(6):
This estimate together with [|o™® — o "oy < KV(e™ = 0")l @) leads to
4(C)3% O, K C.
™17 = 0" ey < Ke(o) | (d*)? d*_}””n ~ e+ @) (344
Now we take € € (0, 50" ) small enough such that
val * 4(6*)3 _* 1
K€G1(O—i)|:(di)2 +di:| <§
and then it follows from (3.44) that
1 M
0718 0™ gy < 2107 — 0" ony + pld). (3.45)
Inserting (3.26) for k = n into (3.45), we can get
M M
"1 = o™l gy < 5 0(0) + 5 p(8) = Mp(9). (3.46)

Moreover, we conclude that Vo™ 1% = 0 in Q\Q from (3.2) and (H5), and therefore ¢ +19 = o*
in Q\Q.
Then it follows from Lemma 3.2, (3.46) and the triangle inequality that

"t =0 in O\Q,  o" e < Mp(6) + Ko™ +te.

=@y
The proof is complete.

The important conclusion derived from Theorem 3.3 is that, different from using the exact
input magnetic field, the iteration solution ¢”® of harmonic B, algorithm using noisy magnetic
field Bg can only approximate the exact conductivity o™ up to a finite accuracy. More precisely,
it follows from Theorem 3.3 that

lim (o™ — 0% @y < Mp(6) (3.47)
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for any fixed error level § > 0. This is reasonable from the general iteration scheme based on
nonlinear integral equation of the second kind that the accuracy of the kernel determines the
accuracy of solution, which can not be improved by increasing the iteration times.

To have ||o™% — o*[lo1(q) — 0, we must choose n — oo and p(5) — 0 simultaneously. The
total error ||o™? — a*||cl(§) constitutes of two parts: Mp(d) and K60™e. The former depends
on the noise level § and the strategy computing the Laplacian such that p(d) — 0; while the
later describes the iteration error which can be improved by increasing n. Notice that we
need to distinguish two different input errors: Input data error ¢ for our MREIT problem and
input error p(d) for the harmonic B, algorithm of MREIT problem. The efficient realization
of harmonic B, algorithm depends on decreasing both the iteration error K™ and the input
error p(d) for the algorithm. In the next section, we will analyze the input data error p(d).

4 Stable Computation for Laplacian of Bg

We propose a regularizing scheme for computing 2-dimensional V2B, approximately from
the noisy input data B? in Q. Noticing that we can take Q CC € such that 9Q locates in the

domain, where ¢* is a known constant, we can assume that B, (x) is exactly specified near 92,
which means

BS(z) = B.(z) in the neighbourhood of 9. (4.1)

Since we need the HZ(Q) (:= wg 2(€2)) estimate for the Laplacian computation in Theorem
3.3, we assume that the exact magnetic field is approximated by its noisy measurement data in
the sense

”Bg - Bz”[ﬁ(ﬁ) <6 (4.2)

due to (4.1). Notice that the space HE(2) can be characterized in terms of boundary conditions
for 9Q € C* (see [13, Theorem 7.41]):

~ ~ ou 0ty ~
Hi(Q) = {u € H*(Q), u n InF 0 on 89}. (4.3)
Denote by G(z,y) := % In Ix—iyl the fundamental solution of —A operator, i.e.,
—AG(J?,y) = 5(‘1: - y)7 T,y € ﬁ
Then for exact B.(z), its Laplacian AB.,(z) := f(z) in Q meets
9B.(y) 0G(x,y)
fny,ydy:/ G(z,y dsy—/ B, (y)———ds(y) — B.(x
|16y = | cwypTEBasw - [ 5.0 as) - 5.6
= F[B.|(z), x €. (4.4)

Moreover, by the Newtonian potential method for Poisson’s equation, we know that B, (x) €
H*(Q) for f(z) € H*(Q), noticing f(x) = 0 near 92 from (1.4) and the choice of 9.

Now let us define a linear bounded map K : HZ(Q) — L?(Q) by

K{g)(x) = /Q o(9)C(a,y)dy, Vg(z) € HQ). (4.5)

Then (4.4) can be written as
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from (4.3) and f(z) = 0 near 9.
For noisy input data B? satisfying (4.1)-(4.2), we define AB? := f = g*(9):9 as the solution
to the following integral equation of the second kind:

g™’ + K*K[g™’] = K*[F[B](x)] (4.7)

for some suitable regularizing parameter o = a(8) > 0, where K* : L2(Q) — H2(Q) is the
adjoint operator of K : H2(Q2) — L?(f2). Obviously, (4.7) is the Tikhonov regularizing equation
to the following integral equation of the first kind:

K[g)(z) = F[B%(z), z¢€Q. (4.8)

The unique solvability of (4.7) follows from the standard Tikhonov regularizing theory. Notice

that K : H3(Q) — L*(Q) is neither self-adjoint nor nonnegative.
The first result in this section is the error estimate on fo — f.

Theorem 4.1 Assume that f € R*(LQ(Q)) If we choose the reqularizing o = 9, then we
have for the noisy input data B? satisfying (4.2) that

Hfé_f”Hg(ﬁ) SCO'% (4.9)

Proof It follows from (4.6) and (4.7) that
a(g™® — f) + K'K[g™’ — f] =K"[B. - B)] - o,

noticing (4.1). Since f = K* ¢ for some ¢ € L2(Q) due to f € K*(L%(R)), the above equation
becomes

g% — f = (al + K*K)'K*[(B, — B%) — agy). (4.10)

Then we have

Hga’é - fHHg(ﬁ) < [[(al + K*K)_lK*HL(LZ,HS)(HBz - Bg”m(ﬁ) + O‘H(bO”m(ﬁ))

< —@+a) (4.11)

«

e

from the standard estimate on the Tikhonov regularizing operator. The proof is complete by
taking o = 6.

Remark 4.1 This result is a classical a priori choice strategy for Tikhonov regularization.
The source condition AB, = f € K*(L?(Q2)) implies the requirement that B, should be very
smooth, not necessarily in L?(2). The other a posterior strategies such as discrepancy prin-
ciple can_also be considered under the framework of Tikhonov regularizing. However, since

K : H3(Q) — L%*(Q) is not nonnegative, the scheme applying the Lavrentive regularizing for
computing the Laplacian (see [19]) does not work.

To avoid the explicit expression of the adjoint operator K*: L2 ((NZ) — HZ ((NZ), we consider
(4.7) directly. Using the property of definition of H2(2) inner product, it follows for all x €

L2(Q2) and v € HZ(L) that

<K*X,¢>H3(§) = <X7Kw>L2(Q) = <K*Xa¢>L2(ﬁ)7
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where K* is the adjoint operator of K in the sense mapping L2(§~2) to itself. Therefore the
regularizing equation (4.7) in HZ(€2) has the following equivalent weak form:

(g™, ) gz sy + KK ) 2 = KLBI ) 2@y Vo € HI(Q). (4.12)

However, it is easy to verify that K : L2(Q) — L2(Q) is self-adjoint. In fact, for any
h,g € L?(€2), we have

(Kh,9) 2@y = //Gmy y)dyg(z dx—//ny z)dzh(y)dy

- [ [ ctnaigta)aahoiay = (h.Ko),-
Therefore (4.12) is equivalent to
(g™ ) ya sy + K299 oy = (KLIBILY) oy, V9 € HE (D) (4.13)
with g*9, BS € HZ(Q).

Now we consider how to solve (4.13). We define the inner product in Hilbert space HZ(Q)
by

(18 ey = [ (Ah(o) Ag(a) + Vha) - Vgla) + h(a)g(a))da, Vhg € HY(E),
which yields the equivalent norm to ||A|| H2(@) Integrating by parts yields
<ha g>H§(§) = <A2h — Ah + ha g>L2(§) = <Lha g>L2(ﬁ)7 th g e Hg(Q)
Therefore (4.13) is equivalent to the following integral-differential system:
aLg™® + K2g*0 = KL[B!] in Q,

9ges - (4.14)

g% = n =0 on 09,

noticing that H2(€) is dense in L2((2).

We can solve this well-posed system to get the approximation of V2B, from noisy data
BJ. Once we generate V2B, from this system, which is a good approximation to V2B, the
harmonic B, algorithm can be implemented efficiently.
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