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Local Stability for an Inverse Coefficient Problem of a
Fractional Diffusion Equation*
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Abstract Time-fractional diffusion equations are of great interest and importance on
describing the power law decay for diffusion in porous media. In this paper, to identify the
diffusion rate, i.e., the heterogeneity of medium, the authors consider an inverse coefficient
problem utilizing finite measurements and obtain a local Holder type conditional stability
based upon two Carleman estimates for the corresponding differential equations of integer
orders.
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1 Introduction

Nowadays time-fractional diffusion equations are of practical interest and importance, since
they describe the power law decay for the diffusion in porous media perfectly. For instance, we
refer to Bisquert [1], Hatano [5] and Hilfer [6] where a concrete physical experiment is designed
to study the decay behavior of free-carrier density in a semiconductor with an exponential distri-
bution of traps, and the decay of ion-recombination isothermal luminescence. In mathematics,
forward problems of time-fractional diffusion equations are well studied and considerable results
have been obtained both theoretically and numerically, e.g., [2, 7, 9, 12-13] and references cited
therein. Moreover, some inverse problems which arise in fractional diffusion equations are also
of great interest and attract much attention, e.g. [4, 8, 10-11, 14, 16-17]. For example, Cheng
et al [4] established a uniqueness result in determining the fractional order and the coefficient
in the principal part simultaneously based upon the Gel’fand-Levitan theory. Xu et al [14]
derived a Carleman estimate for a fractional diffusion equation with half order and obtained
a Holder type conditional stability for the Cauchy problem. Zhang et al [17] investigated an
inverse source problem for a fractional diffusion equation and proved the uniqueness of the in-
verse problem by analytic continuation and Laplace transform. Yamamoto et al [16] applied the
Carleman estimate in [14] to obtain conditional stability of identifying a lower order coefficient
in a fractional diffusion equation from some additional data through the study of an inverse
source problem.
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Throughout this paper, we consider the following fractional diffusion equation with half
order

O u(w,t) = D, (p(x)dpu(z, 1)), (2,1) € Q,
u(@,0) = z €1, (1.1)
w(0,8) = hy1(2), %(0, t) = hyo(t), t€(0,T),

=

where Q = (0,1), Q = (0,1) x (0,T) and 8t%u denotes the fractional Caputo derivative in time
of order %, which is defined by

1 bdf(s) ds
f() F(l—'y)/o ds (=9 0<y<L

Let 0 < tg < T be fixed arbitrarily. We discuss the following inverse coefficient problem.

dt’Y

Problem 1.1 Can we estimate the leading order coeflicient p(z), z € €2 from a final obser-
vation u(x,to) and Cauchy data Ay 1(t), hy2(t)?

The positive answer is given in Cheng et al [4] where the authors proved that Cauchy data
could uniquely determine p(z) by utilizing the Gel’fand-Levitan theory. However there is no
more stability indication which can be extracted from their proof. Therefore, this paper is
aiming at establishing a local Holder stability for this problem. The main idea is deriving
a Carleman estimate with variable coefficients which is similar as the estimate with constant
coefficients in Xu [14] and the methodology utilized in Yamamoto [15] for typical parabolic
equations.

The outline of this paper is as follows. In Section 2, we reformulate the inverse coefficient
problem by converting the governing equation into a fourth order equation and then present
the main result. Section 3 is devoted to prove the main theorem in two steps which involves
two kinds of Carleman estimates, respectively. Some concluding remarks are given in Section
4 to close the paper.

2 Formulation and the Main Theorem

In this section, we introduce some notations and present the main result, i.e., a local Holder
conditional stability for Problem 1.1.

Throughout this paper, we denote by u(p) the solution of the initial-boundary value problem
(1.1) and by v(q) the solution of a similar problem as follows:

0Fv(w,t) = Du(q(2)Dpv(x, 1)), (2,1) € Q,
(fE,O) = O, x € Q, (21)
ov

v(0,t) = hy (), %(O,t) = hyo(t), te€(0,T).

For simplicity we restrict on some special complete function spaces. Denote by H*(2) the
normal Sobolev space with order a > 0, i.e.,

HY(Q) = {u(@) : 3 1Dl 20 < o0}

Jjla
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and
CH3(Q) = C*([60, T); C*(2)) N C*([b0, T] : C*(Q))  for bo € [0, T,
Co*(Q) = {u e C**(@) : suppu C Q},
HY3(Q) = H?(80,T; H*(Q) N Hy () N H? (60, T; H*(2) N Hy (),
Hy?(Q) = {u e HY(Q) : 9*dlu(-,60) = % du(-,T) =0, k,1=0,1,2}.

Moreover, to accurately describe a local stability, we need a sub-domain which is generally
characterized by the weight function defined in (2.2) in Carleman estimate. Let d(z) € C*(Q2)
and pu(z) = 0,d # 0 on Q and set

w(xa t) = d(.l?) - ﬁ(t - t0)27 50(1‘) t) = e)\w(x,t), (22)
where ¢y € (0,T), 8 > 0. Denote by Q. the local sub-domain defined as follows:
QE :{($,t) w(xat) >€}a QE :ng{t:to} (23)

By choosing proper 8 > 0 and d(x) > 0 such that

lld(z)| o, 4Hd(ﬂ?)||c[o,l]}
t(2) b) T2 b)

max{ sup (e, 1), sup v, 10) } < @,
(z,t)EQo €N

ld@)llcon <l B> max{

where ® > 0 is a constant, we can easily verify that Q. C Q¢ C @ and . C Qg C Q.
Now we proceed to the main result, i.e., the local conditional Holder stability while deter-
mining the leading order coefficient p(z).

Theorem 2.1 Suppose that u(p),v(q) € H*3(Q) are solutions to (1.1) and (2.1), re-
spectively, with positive p(z),q(z) € H3(Q) and 9ip(0) = 02q(0) for j = 0,1,2. Assume
Opv(z,t9) > 0 for x € Q, hy1(t), hu2(t), hy1(t), hya(t) € H*(0,T) and

2
F=Y |hut) = hop®llasom, F = llulto) = ol to) |z + F.
k=1

Then there exists €9 > 0, such that for any e < €g, we have § € (0,1) and constant C(e, 09)
such that

Ip(x) — q(@)| 13 (20.) < C(F + M'PF?). (2.4)

Here M = [|u(-)|| g+.3(¢q) is considered as an a priori given bound for solutions of fractional
diffusion equations with the leading order coefficients under consideration. Estimation (2.4) is,
in general, impossible without such a priori condition on solutions, and hence it is so-called a
conditional stability estimate.

Remark 2.1 To well understand the theorem, we give some following remarks.

(1) For the forward problem (1.1), the regularity of the solution u € H*3(Q) can be achieved
if the coefficient p(z) and Cauchy data hy,1(t), hy,2(t) are smooth enough, and satisfy sufficient
compatibility conditions

huyl(O) = 0, hu,l(to) = u(O,to), huyg(to) = &Eu(O,to).
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(2) It should be noticed that the assumption on the final observation, i.e., dzv(z,t9) > 0 is
also reasonable. Denoting z = %(m, t) and taking derivatives with respect to = on both sides

of (2.1), we have

8t%z(x,t) = 0,(q(2)0z2(x, 1)) + 0,q(x)0p2(x, t) + 02q(2) 2 (x, ).
If we add a positive boundary condition at z =1, i.e.,

2(1,t) = %(l,t) = hyo(t) >0

for 0 <t < T. Moreover, let z(0,t) = hy 2(t) > 0. Since v(z,0) = 0 which implies

z(z,0) = %(m,O) =0,

the maximum principle for fractional equations (see [9]) implies that the solution z(x,t) >
0 for t > 0, i.e., dypv(z,to) > 0.

(3) The 6 is complicated and the exact formulation will come out in the following section
(see (3.23)).

(4) The sub-domain Q3. in (2.4) can not be replaced by Q due to the cut-off function utilized
in the Carleman estimate. Hence the estimate in (2.4) is so-called a local stability.

(5) The argument can be extended to be more general, i.e., for any sub-domain w CC €,
there exists ¢ > 0, such that w C Q3. and hence

Ip(z) = a(@)ll sy < lIp(2) = a(@)llms(00) < C(F + M'OF?).

3 Proof of the Main Theorem

In this section, we aim at the detailed proof of Theorem 2.1. The methodology relies on
a classical Carleman estimate for the parabolic equations, where its applications on various
inverse coefficient problems are reviewed in [15, Section 6].

To start with, we denote

y:=y(z,t) = u(z,t) —v(z,t), f:=f(z)=p)—qz)

in Q. Subtracting (2.1) from (1.1) yields the following system:

07y = 0 (pOay) + O (fOv), (@,1) € Q,
y(z,0) =0, z €L, (3.1)
y(0,t) = hi(t), %(0, t) = ho(t), te(0,T),

where hl(t) = h%l(t) — hu,l(t)7 hg(t) = h%g(t) — hug(t).
Notice that y(x,0) = u(x,0) — v(x,0) = 0 and v(x,0) = 0. We obtain

0Zy(w,0) = 0, (pdyy(x,0)) + 0, (fOu0(z,0)) = 0.

It allows us to recall a technical lemma in [14].
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Lemma 3.1 (see [14]) Let AC([a,b]) be the space of absolutely continuous functions on
[a,b]. Assume that y € AC([a,b]) and satisfies

y(a) = 07y(a) =0,
then the following equality holds:
09"y = 0y,
where 0 < a,y <1l and 0 < a+~v < 1.

Direct calculation with Lemma 3.1 yields

N

8ty = at (8? y) = 8t§ (ax (pazcy) + 0, (faxv))
=0z (paxaE Y) + O (faxaE v)
= 02 (P02 (02 (pOry) + 0z (f0))) + 0z (f0:(02(q0-v)))
= P20y + 4p0.pdiy + (3(92p)p + 2(0.p)?)92y + ((03p)p + (92p)(02p))Dry
+ P02 f + (3p02v + 0ppdyv) 02 f
+ ((3p + q)03v + 2(0up + 9:9) 020 + 02q0,v) 0y f
+ ((p+ @)03v + (Oep + 30,q)05v + 3929070 + 2q0.v) f (3.2)
with y(x,0) = 0 and y(0,t) = hy(t), %(0, t) = ha(t).

Fix a certain time t = tg, (3.2) can be considered as a third order differential equation with
respect to f(z), for instance, let

a(x) = U((E,to) - ’U((E,to) = y(xvtO)v b((E) = ’U(IE,to), r €
The equation (3.2) can be reduced into the following one:
Pyo f: 2 pdbd2f + (3p02b + 0,p0.b)02 f
+((3p + Q)agb +2(0:p + 8xQ)ag%b + Qiqacb)&xf
+ (P + Q)30 + (92p + 30,)05b + 307907 + 0390,b)
= Oyy(x,to) — p*Oza — 4pdupdia — (3pdip + 2(9:p)*)d3a
— (p03p + 03pd.p) Dz a. (3.3)

For sake of simplicity, we set the following differential operators for the coefficients in (3.3) such
that

C3(z) = pox,

Co(z) = 3pd2 + 0up0s,

Ci(z) = (3p + q)03 + 2(9up + 02q) 03 + 290,

Co(x) = (p+ q)0* + (Dup + 302q)0 + 302¢02 + 03¢0,

Thus we firstly establish the Carleman estimate with respect to f in some appropriate subdo-
main of Q for the new equation (3.3).

Notice the a priori assumption on the regularity of p,q and w,v (consequently a,b). We
observe that the coefficient ¢d,b near the leading term 92 f in (3.3) satisfies ¢9,b € H3(Q) while
the rest coefficients near lower order terms are bounded. The Carleman estimate then is carried
out for a general third order differential operator £ such that

Lg = La()d3g + La(x)079 + L1(2)8zg + Lo()g, (3.4)
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where L(x) € H3(Q), L;(z) € L>(Q) with j = 0, 1, 2. In addition, recall the following notation
of weight functions:

pla,to) = VO (a,tg) = d(x), () = pd(x).
We establish a technical lemma for the Carleman estimate in the form of (3.4).

Lemma 3.2 Suppose that (3.4) holds true with g(z) € C§°(Q) and supp g C D C Q.
Moreover, assume

(@) £0, Ly(®) £0, VaeD,
and we can choose some s1 > 0 and constant C > 0 such that
/D(Iai’gl2 + 5%102g]% + 5°|0ng|* + s*|g[?)e? P 0)dz < C/D |Lg[?e?*#(m0)dy (3.5)
for all s > s7.
Proof The proof contains three steps.

Step 1 We first prove the Carleman estimate for a first-order differential operator Pg = 0,.g.
Set

w=e"%g, Pw=e¥0,9=1e%0,(e”Yw)=—swd,p + d,w.
Then
[1Pwl|72(py = | = swdaipllT2(py + 100w 72y + 2( — swBaip, Dpw) .
Notice
(— swOyp, Opw) p = % /D |w|?>02pdx
and

02p = N (0,1))? + AeM 02, (3.6)

By the assumption 1 € C*(Q) and 9,1 # 0, one can choose A sufficiently large such that
929 > 0. We then obtain

[ (ougP + 2lgP)eoean < ¢ [ fongPeoeas (3.7)
D D
and
[ (03 + PlougP)erar < ¢ [ f2gPeeas (33)
D D

by applying the same claims to 92g.
Step 2 Now, we proceed to the principle term in (3.4) such that Log = L3(2)02g with
Li(z) € H3(Q) — C2?(Q). Set g = 02g, similar to previous step, we let w = e*¢g and

P = €% Ly (2)0,§ = € Ly ()8, (e *? W) = —sLs ()00, + Ls(2)0, .
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Standard calculation yields
1By = | = sLa(@)@0upl30) + 1 Ls(@)0u3ap) +2( — sLo(x)T0asp, Lo (2)0:)

and

(= sLs(2) @0y, L3(2)0y ) p = g( /D (Ls(2))2 @22 pdx + 2 /D Lg(x)ang(x)@angadx).

Notice 0, = A\e*d,9 and (3.6). We thus conclude that, for sufficiently large ), there exists
/ (|02g]? + s?|02g|?)e?*?da < C/ |Log|?e**#da. (3.9)
D D

Consequently, choosing sufficiently large s > 0, we calculate (3.7) xs%+ (3.8) xs+ (3.9) and
obtain

[ (029 + 1e2gP + 10,97 + sHlgP)eroede < € [ [LagPeeda.
D D

Step 3 Finally, noticing the fact that
[Logl* < 2(ILg|* +[L2(2)07g(x) + L1 (2)Dng(x) + Lo(z)g(x)[),
one can prove (3.5) easily. Since L;(z) € L*°(), La(2)02g(z) + L1(2)d:g(x) + Lo(x)g(x) can
be absorbed by the left-hand side of (3.5) with sufficiently large parameter s.

We note that the order of the weight function with respect to s in (3.5) is different from a
classic Carleman estimate which is derived directly for L3(xz)03g. However it does not make
too much difference towards the main result in Theorem 2.1.

Now we proceed to estimate f(z) in (3.3). Since a compact support is necessary to apply the
Carleman estimate in Lemma 3.2, we introduce a cut-off function. Without loss of generality,
let x(z,t) be a C§°(Q) function satisfying 0 < x < 1, and

x(@) = {é ; i gieQ (3.10)
where Q. and Q. are defined, respectively, as in (2.3). Noticing
Qe=Q.N{t=to}
and substituting y f into the left-hand side of (3.3), we derive

Poo(xf)
= xPy o f +3C3b0, X0 f + (3C3b0%x + 2C2b0,X) 0 f + (C3bO2x + Cobd2x + C1bduxX)f . (3.11)

93(03x,02x,0:x,92 f,02 f,f,02p,0,02 4,05 4,9,03b,02b,0:b)

In light of the definition on y, we observe that gs vanishes in 5. and only survives in . \ Qac.
Moreover, the regularity of p, ¢, b in Theorem 2.1 and the Sobolev embedding theorem yield

193(03x, 92X, Oux, O2F, Ou f, £, Oup, p, 024, 02q, q, O3b, 02b,0,)| < CM
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with = € Q. \ Q9. and the constant M in Theorem 2.1. We thus apply the Carleman estimate
in Lemma 3.2 to Py o (xf) in (3.11) and obtain

/ (1020 + 71020 + 8°10 (x| + 5*| ()P )

€

< C/ (XPO ° f)QeQSga(gc,to)dx + C«erexp(Q)\a)/ |g3|2da:
Qe Q:\Q2e

< C/ 210wy (z, to) — p*Ota — 4p - Oypdia — 3(92p - p + 2(9.p)?)02a
Qe

— (O2p - p+ 02p - 0up)Ozal’e®?(H10)dy 4 Ce®* >PEA) / lgs|*dx
Qe\Q2e
<C / |0y, to)?e*# (100 da 4 Ce? PO ||q || ) + Ce?* XPRAS) 2 (3.12)
Qa

for all s > s;.

Now, a further estimate upon an |0y (0, to)|?e?5#(@t)dz in the equation (3.12) is necessary
to complete the full estimate on xf. To this end, we turn to the Carleman estimate which
is derived in [14]. However, the local Carleman estimate there is established only with a first
order time derivative term, whereas in our situation, the Carleman estimate on a trace t = tg
is required which means that a high order term 02y(xz,t) (see (3.13) for details) is necessarily
included in the Carleman estimate. Therefore, to fit the current situation, we established
another differential equation for the 2nd order time derivative 02y(x, t).

Before embarking on the estimate on [, |0y (0, to)|?e?5¥ (@) dx, we present the second
Carleman estimate for (1.1) in Lemma 3.3. The derivation is lengthy and different from Xu
et al [14], for the sake of compactness of the proof structure, we give the detailed proof in
Appendix A.

Denote by 7 the transformed operator of (1.1) with integer order, i.e.,

T =0y — p°0y — Ap0.pd3 — (3(02p)p + 2(0:p)*)02 — ((02p)p + (92p)(92p)) O

Lemma 3.3 (Carleman Estimate for 7u) There exists Ao, such that for any X > Ao, we
can choose sq and C' such that

1
/ (—|8tu|2 + 8\2p|03u|? + 3 A\ |0%u|? + s° N0 P ub |0, y|? + 57/\8<p7|u|2>e28¢dxdt
Q S
< C/ |Tu|?e??dxdt
Q

for all s > sy and u € Cg’Q(Q),

Similarly, in order to use the local Carleman estimate in Lemma 3.3 without involving
boundary integrals, we again imply the cut-off function x(z,t) € C§°(Q), 0 < x <1 defined in
(3.10). Since Q¢ CC Q based upon the definition of Q. with € = 0, we verify x(z,0) = 0, and
hence

/|3ty($,to)|2e2w(x’t°)d$=/ X, 1) 0wy (, to) 7?10 day
0

€ €

to a
- / il / X, 1)y, 1) P ) o
0 Q.

< C/ (2x0x|0wy (2, t)|* + 2x2 0y (z, t) - Ofy(z, t)
QE
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— 45AB(t — o)Xy (@, £) )2 P dadt

<C [ (sl + maf?)evdadt,
QE

< c/ (sfma |2 + slma|?)e2 P dadt (3.13)
QE

with my = Owy(x,t), ma = 0%y(x,t), s > 1 and a fixed constant A\. The additional large
parameter s near the |ms|? term makes the rest proof more consistent though one can prove
the same result without it. Substituting (3.13) into (3.12) yields

/ (020 + s21020ch) | + 5°10: (I + 5 () )10 da

QE

<C / (slma|? + slma|?)e**?dzdt + Ce®* PRI M2 4 Ce* *POD g3, . (3.14)
QE

In order to estimate the term st(s|m1|2 + s|ma|?)e?*?dxdt, we consider the following two
equations of m; and ms which can be obtained by taking time derivative on both side of (3.2):

dym; — p*dm; — Apd,pdimi — (3(93p)p + 2(9wp)?)03mi — ((33p)p + (92p)(9ep)) D
= C30iv03 f + Ca0iv02 f + C10jv0, f + CoOjv f
=Pof, i=12 (3.15)

The equation (3.15) is a similar fourth order differential equation as [14] with respect to m;. In
order to establish Carleman estimate for m;, we need a further transformation as follows:

nl(xat) = X(xvt)(ml(xat) - mLO(xat))v nQ(xat) = X((E,t)(mQ(iL',t) - mQ,O(xat))v

where {m; o(z,t)}7_; are chosen such that 97 (m; —m;)|z—0 =0 for i = 1,2 and j =0, 1,2, 3.
Thus x(m; —m0) € C %(Q) and the boundary integral will vanish automatically during the
integration by part while deriving the Carleman estimate in Lemma 3.3. Simple calculation
gives
22 23
mio(x,t) = mi(0,t) + 9xmi(0,t)x + 82m; (0, t) 5 + 93m; (0, t)E,
More precisely, based on the governing equation for y, i.e., equation (3.1), and the assumption
that 9p(0) = 91q(0) for j = 0,1,2,3, further calculation gives the coefficients as follows:

i=1,2.

! 2 _ 1 % / 8 () / N
ml(ovt) - hl(t)a dzma (Ovt) - mat hl(t) + p(0) h ( )7 &le(ovt) - hz(t)a
3 _20:p(0) o1, 9;p(0) . 2(9:p(0))” LSy
%m0, = 4, %0 = Sy + g )40+ % MO

_ 2m _ STy 9zp(0) m _ B
m2(07t) - hl (t)7 82? 2(05t) p(O) 8t hl( ) + ( ) h ( )5 855 2(07t) h2 (t)7

3 :_zaxp(o) Sy 92p(0) | 2(9:p(0))? L "
2tma(0,0) =~ 0 = (S5 + SO+ syl

Based on a priori bound assumption for hy ;(t), hyi(t) and 8ip(0), i = 0,1,2, we have

Z lmi,0(@, )l m1 0,713 (92)) < CZZ 107 hi(t) 20,1y < CZ i) 2 0,7)-

i=1 j=1 i=1
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Replacing m; by n; in equation (3.15) gives

Byny — p*9yni — 4pdypdyn; — 3((0op)p + 2(82p)*)Dni — ((95p)p + (97p)(0:p))Deni
= X(P;o f)+ (mi—m0)dex — xOimi o
— p?((m; — my0)0x + 402x(0em; — Oy o) + 692x(92m; — O2mi o)
+ 40, x(92m; — 02mi0))
— Ap0yp((mi — mi0)02x + 302x(0xm; — Oumip) + 30, x(02m; — 02mi ) — XIomi o)
—3((02p)p + 2(02p)*) (M — mi0) 2 X + 200X (Dumi — Dymi o) — xD3mio)
— ((83p)p + (92p)up) (M — i 0)0u X — XOwi0) (3.16)

and

X(Pi o f) = Pio (xf) = 3Cs0,v0:x0; f — (3C30;v07x + 2C20;00:X) D f
— (C30{0D3x + Co0ivd2x + C10M0DLX) f (3.17)

for i = 1,2 and (z,t) € Q. For simplicity, we define, for i = 1,2,

gi(z,t) = 3C30iv0, X2 f + (3C30{vd%x + 2C20iv0,X) 0w f
+ (C30iv02x + C20iv0?x + C10iv0,X) [

Noting that d¢x, d:x, i =1,---,4 only survives while ¢ < ¥(x,t) < 2¢, by (2.3), for some
fixed sufficiently large A > 0 applying Lemma 3.3 to {n;}7_; on Q. implies

/ sT(|n1|? + |no|?)e®?dadt
QE

2
< Clle*?(Pyo (xf) + Pao (xM)llF2g.y + C Y le*0ixmi(@, )]|72(q.)

i=1
2 2

J
+ CZ Z Z %0 XD m(w, t)||%2(Q5) + CZ e**gi(x, 75)||2L2(Q )

i=1 j=1k=1 i=1

+CeQSe"p(m) 1ill s 0.7)

i=1
< C/ 25«,0 Z |8] Xf | dzdt + CeZsexp(2)\6 M2 Ce 2s exp )\<I>)F2 (318)
7=0

where M, F are defined in Theorem 2.1.
Since n; = m; —m;o on Q. as the definition of x(z,t), we have

2
L S mierdaar <€ [ ( Sl o))t
i=1
<0 [ Sl nape 22t + OO S o))
k=1

< C/ QSLP Z |5‘7 Xf | daxdt + Ce2sexp 2)\6)M2 + Cerexp()\tb)FQ (319)
7=0



Local Stability for an Inverse Coefficient Problem of a Fractional Diffusion Equation 439

for all s > sg.
Substituting (3.19) into (3.14), we have

[ 00 + P20 + 10N + 5| )+

€

3

< %/ erga § |8; (Xf)|2dl‘dt + %628 exp(2/\e)M2 + Cer exp(QAs)MQ

S S
QE j=0

c
i 8_6628 exp(A®) 2 | (125 exp(A®) ||G||%{4(Qe)

CcT
< 2=

3
e2s<p(x,to) Z |8§j (Xf)|2d$ + 8_06625 exp(ZAE)MZ + Cer exp(2Xe) M2

6
S Q. =0

C
@ ITONE? £ 0O allf oy (3:20)

for all s > 5 = max{so, s1}, where the first terms on the right-hand side can be absorbed by
the left-hand side.

Moreover, since Q3. C Q. and ¥(z,ty) > 3¢ on Qs., we can estimate the left-hand side of
(3.20) by

/ (1020H)P + 202 ()P + 8°10 ()P + s* 1 (x f)I?)e**da

€

> e2sexp(3)\s)/ (|8£(Xf)|2 +52|8§(Xf)|2+53|8x(x.f)|2 +54|(Xf)|2)d$ (3.21)

3e

Combining (3.20) and (3.21) and dividing e?***P(3*¢) on both sides, we can obtain that for all
s > 5 with 5 > 0 sufficiently large,

oM? CM>  CF?
) 2s exp(A(P—3¢))
Hf(x)”HS(Q:;E) < SGeQSeXp()\g) + erexp()\E) + 56 € v
+ Clallfys e PO
CM? 172 25 exp(A(®@—3¢))
S et T OFe
A 067251/M2 + CeCOSﬁQ, (3'22)

where F = ||a||%{4(96) + F, v = exp(Ae) and Cp = 2exp(A(P — 3¢)). One can choose e small
enough such that ® — 3¢ > 0.

Assuming F = 0, by letting s — oo in (3.22), we can derive p(z) = ¢(z) on Q3. which
verifies the local uniqueness of the inverse coefficient problem. If there exists F>M , (3.22)
immediately implies

£ (@)l 3 (05.) < OF

by fixing a certain s > 0. At the same time, if F<M , we can choose s appropriately to balance
the right-hand side of (3.22) to derive that

C ~ v
1 @)y < VM TG Pty (3.23)
with the choice

Thus, the proof of Theorem 2.1 is completed.
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4 Conclusion

Fractional diffusion equations as well as the inverse nature of these equations have attracted
considerable interests in view of their potential use in physical and chemical processes and in
engineering during last decades. In this paper, we investigated an inverse coefficient problem
with respect to a half-order time-fractional diffusion equation. After generalizing the Carleman
estimate to fractional diffusion equations with spatially varying conductivity, we implement
the methodology developed in [3] (see also the review paper [15]) to establish a Holder type
conditional stability estimation for an inverse problem identifying the coefficient in the principal
part. As for the results identifying the coefficient near the lower order term, we refer to a very
recent work [16]. Future works will be emphasized on deriving global Carleman estimates and
Lipschitz stabilities on these inverse problems.
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Appendix A

Proof of Lemma 3.3 Consider a following general fourth order differential equation with
variable coefficients 7u where

Tu = Opu — as(x)02u — az(x)02u — az(2)02u — a1 (2)0pu — ap(x)u
as(r) € C*[0,1] and infay(z) >0, az(x),az(z),a1(x),ao(x) € L>(0,1).

Obviously, for Lemma 3.3, we can take as(z) = p?, az(z) = 4pd.p, az(x) = 3pd2p + 2(d:p)?,
ai(z) = pd2p + 8,pd2p and ag(x) = 0. Denote the principal part of 7 by

Tou = Opu — as(z)dpu.

Note that to prove Lemma 3.3, it is sufficient to obtain a similar estimate for the principal part,
i.e., 79, which takes the form as follows:

1 e ~ - -
/ <—|5‘tu|2 + 3\ 03ul? + B3N 02ul? 4+ 3°\8|0,ul? + :§7A8|u|2)dxdt
Q “5¥
SC’/ | Tou|?e**?dxdt, (A1)
Q

where § = sp(z) and A = Au(z). The reason is same as the second step in the proof of Lemma
3.2, i.e., the lower order terms can be absorbed by choosing sufficiently large parameters s and
A. Here, for the sake of compactness, we omit the details.

Next throughout this section, we are aiming at proving the above estimate for 7. Let
w = e*fu and Pw = e?(0; — as(2)0%) (e *?w). Since O, = App, O = —26(t — to) \p, we
have

e*P (e *Pw) = 2s0(t — to) \pw + Jpw

and

" (ag(2)01 (e ™*Pw)) = ay(z) (2w — 45N> w + (65X + O(s15%X2)) 02w
— (43°X° + O(s 713 N%))B,w + (A + O(s 715N w).

Therefore, according to the order of (3, X), we can split Pw into two terms, i.e., Pw = Pyw+ Pyw,
where

Piw = —ay(2)d%w — ay(2) (65222 + O(s~'52X%)) 02w — ag(z)(3*A* + O(s~ 152w,
Pyw = Oyw + 4a4(x)§X8§’w + a4(a:)(4§3x3 +O0(s7'5*N%)) 0, w.

Denote the inner product on @ by
(f,9) = /Qf(x,t)g(a:, t)dzdt.

We can compute

(le,Pgw) = Jk.

=
Il ©
—
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In the following, we use b;(z,t), b(x, t) to represent bounded functions when (s, A) are sufficiently
large. For large A > 1, s > 1, utilizing integration by parts and u € C§°(Q), we obtain

J1 = (—a48;1w,8tw) = /
Q

1
= 5/ 8t(a4)|8§w|2dxdt+/ 8§a48§w8twdxdt+2/ Dpa402wowdzdt
Q Q Q

a48§w8358twdfcdt+/ 8xa48£’w8twdxdt
Q

= / D2a,0*wowdzdt + 2/ Dpas D3 wdwdrdt
Q Q
£J1+ Jio (A-2)
Since

dyw = Pyw — 4a430%w — ag(45°X° + O(s'52X%))d,w
= Pw — 4a4§X03w — 4§3X3a4(1 +5711)0,w,

we have
Ji = / 8%@48311)(132111 — 4a4§X0§’w — 4§3X3a4(1 + s_lbl)&cw)dxdt
Q
1 2 3
=30+ 37+,
Let € be any small positive constant, we have
1
|J§11)| = ‘/ 8§a45§wP2wdxdt‘ < C(a4)(5/ | Pyw|?dadt + 4—/ |8ﬁw|2dfcdt),
Q Q €JQ
Jﬁ) = —4/ 3N2ay - as0Pw - O3 wdadt
Q
= 2/@5?85@4 - ay]02w|?dxdt + 2/62§8x(X8§a4 - a4)|02w|Adzdt,
J(ﬁ) = —4/ PXay - 02as(1 + s '01)0Pw - pwdadt
Q
= 6/Q§4X4a4 -02a4(1 + s71b1) |0, w|*dadt
+ 2/ 30,(Nay - 02as(1 + s 'b1))|0pw|>dadt.

Q

Thus we can obtain
2 1 2,12
In > —C(a4)(e |Pyw|2dadt + — [ [92w] dxdt)
Q e Jg
+ 2/ §X25ﬁa4 - ag|0*w]Adxdt + 2/ Eam(Xc?‘ﬁm - ay)|0%w|*dzdt
Q Q
+ 6/ PA10%ay - as(1+ 57 1b1)|0pw|>dadt
Q

+2/ B0, (Pas02as(1+ 5~ b1))| 0y w[2dadt,
Q
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Similar as Jy1, for Ji2, we have
Jig = 2/ 8xa48£’w(P2w — 4§Xa48§w — 4§3X3a4(1 + 57 1b1)0pw)dadt
Q

1 2 3
=1 + 3% + 38,
where

1
3| = }2/ axamngdexdt} < C(a4)(5/ | Pyw|?dadt + —/ |a§w|2dxdt),
Q Q e Jq
Jg) = —8/ '§X8xa4 'a4|8£’w|2dxdt,
Q
Jg) = —8/ §3X3a4 cag(1+ s_lbl)agwé‘xwdxdt
Q
= 8/ PN0pa4 - as(1 + s 'b1)|02w|>dadt
Q
— 36/ §3X58xa4 cag(l+ s*1b1)|8mw|2dxdt
Q
_ 12/ $0, (M0, as - as(l + s~1by))|Duw|2dwdt
Q
- 12/ PApdy (N20pay - as(1 + s b)) |0pw|>dzdt
Q

—4/ FO2(C0as - as(l + 5~1b1))| O |2dadt.
Q
Combining all components of J1, we have
J1 > —Cs/ | Pyw|?dadt — g/ |02w|*dxdt — g/ |03w|*dzdt
Q 4e Q 4e Q
—c/ §X|a§w|2dxdt—c/ §3X3|a§w|2dxdt—c/ 5|0, w|*dadt.

Q Q Q

Continuing to estimate the remainder Jo—Jg, we have

Jo = —4/ §Xa38§’w8ﬁwdxdt > / §X2ai|8§w|2dxdt,
Q Q
J3 = —18/ A1+ 57 by + A1) |0%w[2dzdt
Q
+ 54/ F2%2(1 + s71b1 + A710)] 0, w|2dadt,
Q
Ja> 39+ 12/ B(t — t0)F2AN2ag(1 + 5~ 1by + A 1b)|0pw[>dzdt
Q

—3/ 5220y |0,w[?dzdt,
Q
where

1 ~
J9 = —e/ | Pyw|?dadt — 4?/ 1445 X503 (1 4 s 1oy + A7 10)?|0,w|* dadt
Q Q

—|-48/ §3X4ai|8ﬁw|2dxdt—48/ §5X6a3|8xw|2dxdt—0/ #X5a2|0,w|?dadt.
Q Q Q

443

(A.5)

(A.6)
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In addition,

Js = 36/ azs3XNt3 (1 + s~ by + A 710)|02w|?dadt, (A.8)
Q
Jo = 60/ sPA0Plad (1 + s71b1)(1 + 57 b2) + A7 1b)|0pw|*dadt, (A.9)
Q
Jr > —c/ TN agw|?dzdt, (A.10)
Q
Jg = —30/ PN a2|0,w|*dadt + 250/ A2 lw[?dzdt, (A.11)
Q Q
Jo = 14/ a23" 23 (1 + s~ 1A~ 1b)|w|>dadt. (A.12)
Q

Combining J1—Jg, we derive
(Pyw, Pyw) > / X2a3|Pw|?dzdt + 18 / A4 02w|?dadt + 30 / X420, w|?dzdt
Q Q Q
+54/ §3X6ai|8xw|2dxdt+14/ ?X8a2|w|2dmdt+250/ a5 N8 |w[*dzdt
Q Q Q
—C/ §4AX4a4|w|2dxdt+12/ B(t — t0) 2 AN2ay|0,w|>dzdt
Q Q
ay2  Oibs 2 0
-3 [ s°A a4T|8mw| dzxdt + J1 + Jj. (A.13)
Q
Moreover, based on (A.3) and (A.7), we have
0 2 144 436 2 2 ¢ 2,2
Ji+J1 > —Coe | |Paw|*dedt — — [ §°A°af|0,w|*dadt — — [ |0Zw|*dadt
Q € Je €JQ
_¢ 03w|?dzdt — C | 3APwPdzdt +47 [ FX*a3|0?w|*>dzdt
de T o 4%z
Q Q Q
—48/ §5X6ai|8mw|2dxdt—0/ X5a2|0,w|*dadt. (A.14)
Q Q
Inserting (A.14) into (A.13) yields

1 ~ ~ ~
Z/ §A2a3|a§w|2dxdt+63/ §3A4a3|a§w|2dxdt—17/ N0, w|?dadt
Q Q

Q
s 144 ~ ~
- /'§3)\6ai|8xw|2dxdt——/§4A6ai|8mw|2dxdt+13/ 5\ |w|*dadt
Q de Jq Q

<y ((le, PQ’U}) + E/ |P2’U}|2d$dt>. (A15)
Q
Noticing that in (A.15), the sign of |0,w|? is negative, hence we have to obtain another

estimate. In the following, we will estimate fQ(le) x P Xaswdzdt to further estimate
Jo $X642|0,w|2dzdt, where

3
/ (Pw) M agwdzdt = Z Ii.
Q k=1
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By integration by parts and w € C3°(Q), we have

I, = —/ FAa2| 02w *dxdt + 18/ #X8a2|0,w|?dadt — 81/ A3 a2 lw[dzdt.
Q Q Q

In addition,
I, = 6/ FXa2|0,w|? — 75/ PN a2 |lw[?dxdt.
Q Q
Combining (A.16) and (A.17), we obtain
5/ 55\85 118 a2 |0, w|*dadt
Q
1 - -
< —||P1w|\2+/ §7A8ai|w|2dxdt+/ 3\ a2|0%w|*dxdt.
2 Q Q
Thus (A.18) x 5 + (A.15) gives
1 ~ ~
—/ §A2ai|a§w|2dxdt+58/ A a3|0jw ] dzdt
4/ Q
+8/ §5X6a3|8xw|2dxdt+7/ 5N a2 |lw[dzdt
Q Q

< <||Prw||? + Co((Prw, Paw) + ¢ Paw|?).

N =

Letting Cy > 1, by taking 0 < € < %, we have

1
5||P1w|\2 + C()(le, Pg’w) + C()EHPQU)||2

1 1 1
< o (31 Pl + 5l Pl + (P, Pyw)) < 5co/ |Lou?e* dzd.
Q

Combining (A.19) and (A.20), we have

1 ~ ~

—/ EAQai|8§w|2dxdt+58/ 3 Aa3|02w|*dzdt

4/ Q

+8/ §5X6a2|8xw|2dxdt+7/ 5N a2 |\w[dzdt
Q Q

1

< —C/ | Lou|?e**?dxdt.
2 Jq

Finally, we proceed to estimating d;w and diw. Since

|0w]? < Cy|Pywl? + C132X2a3 |02 w|? + C1352%a3 |0, w2,
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(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)
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by taking e = i and s > Cio, we have
1 1
/ ~|0yw|?dzdt < Cy / — |Pyw|*dadt + Cl/ s\2pu?a?|03w|*dzdt
QF Q¥ Q
+ C1/ s° X6 18 a2|0,w|* dadt
Q

C 1
< =Pl + G (51 Prwl? + C(Prw, Paw) + Ce| Pow]?)

1 1

<C. L 2 1t 2

<C Cl[(cs +5)||P2w|\ + 5Pl +(P1w,P2w)}

< %C . Cl/ |L0u|2e25‘pdxdt. (A.23)
Q

Finally, adding (A.23) to (A.21) gives
/ (i|8tw|2dxdt + '§X2|8£’w|2dxdt + §3X4|8§w|2dxdt + 3510, w|*dzdt + '§7X8|w|2)dxdt
Q S
< C/ | Lou|*e**¥dxdt. (A.24)
Q

Noticing w = e*fu, we finally get the Carleman estimate of u in Lemma 3.3.



