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Abstract The authors study an inverse problem for a fractional integrodifferential equa-
tion, which aims to determine simultaneously two time varying coefficients, a kernel func-
tion and a source function, from the additional integral overdetermination condition. By
using the fixed point theorem in suitable Sobolev space, the global existence and uniqueness
results of this inverse problem are obtained.
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1 Introduction

In this paper, we discuss an inverse problem of determining two unknown coefficients, a
kernel function and a source function, depending only on time in a fractional wave equation
with memory effect. Let Q be a bounded domain in RV (N = 1,2,3) with smooth boundary
00, Qr :=Q x (0,T) and X := 9N x (0,T) for a given time T > 0. We consider the following

fractional integrodifferential equation:

t

ofu(x,t) — Lu)(z, t) —l—/ E(t — s)u(z, s)ds = f(x)p(t), (z,t) € Qr (1.1)
0

with the Caputo time fractional derivative 0f* of order 1 < o < 2, defined by

1 ¢ 1

(e} . _ -, I
o0 = s /0 (£ — 81" (5)ds,

where T" is the Gamma function, see [16] or [23] for details on the fractional derivative. Here
the operator .# is uniformly elliptic on Q, defined by

d (& i)
ORI I (ZAij(x)a—xju(x)), zeq,

i=1 j=1
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where A;; = Aj;, 1 <4,j < N, are smooth functions, and there exist positive constants v; and
V9, such that

N N N
v Y LGP <D A(@)&68 <) mlélf, 2 e, ¢eRY.
i=1 i=1

i=1

We supplement the above fractional wave equation with the following initial condition:
u(z,0) = a(x), w(x,0)=0b(x), =€ (1.2)
and the boundary condition
u(z,t) =0, (z,t) € Xp. (1.3)

Many modern science and engineering technology areas can be described very successfully
by models using fractional differential equations (see [18, 27, 33, 35]). The direct problem was
extensively studied by many authors (see, e.g., [2, 15, 17, 22, 26] and the references therein). In
practical situations, the function k represents some physical property, which is very hard to be
measured directly in advance. So we consider an inverse problem of determining convolution
kernel function k£ from some additional measurements on u.

In this paper, we take the following additional conditions of integral overdetermination:
Hiu( )] =git), i=1,2, (1.4)

where J7; are defined by
Alh] = [ orhla s, =12
Q

with known functions ¢;. Here g;(¢) are the measurement data representing the average tem-
perature on a small part of €2, because the weight functions ¢;(z) are usually chosen to satisfy
Supp(¢;) €  in practice.

The inverse problem considered in this paper is stated as follows.

Inverse Problem Determine u € C([0,T]; H2(Q2)) N C*([0,T]; L*(2)), p € C'[0,T] and
k € C[0,T] from (1.1)—(1.3) and the additional measurements (1.4).

As for inverse convolution kernel problems for the integer order integrodifferential equation
with @ = 1 or 2, Colombo and Guidetti gave an efficient strategy to prove global in time
existence and uniqueness results based by using analytic semigroup theory (see [7]). Colombo
and Guidetti showed that a semilinear integrodifferential parabolic inverse problem has a unique
solution global in time under suitable growth conditions for the nonlinearity involved in the
evolution equation (see [7]). Lorenzi and Rocca [21] proved the local existence and the global
uniqueness of an identification problem, which focuses on recovering two unknown convolution
kernels in a phase-field system coupling two hyperbolic integro-differential equations. For inverse
problems related to other models, we refer to [4-6, 8-10, 13, 20].

Recently, the subject of inverse problem for the fractional differential equations received
much attention. Cheng, Nakagawa and Yamamoto [3] obtained the uniqueness in determining
« and a diffusion coefficient varying spatial variable on the basis of Gel’fand-Levitan theory.
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Sakamoto and Yamamoto [25] proved the well-posedness in the Hadamard sense for an inverse
problem of determining a spatially varying function of the source by final over-determined data.
As for other kinds of inverse problems related to the fractional differential equations, we refer
to [14, 19, 29-30, 32, 34]. However, all these papers focused on the cases without integral
term, i.e., k = 0. To the authors’ knowledge, there are no works published concerning the
identification of the kernel function and the source function simultaneously for the fractional
integrodifferential equation, even the single source function identification problem.

In this paper, we investigate the global existence and uniqueness of our inverse problem.
First, we prove a local existence of (u,p, k) in a suitable Sobolev space by using a fixed point
argument. Then, we give the proof of global uniqueness result. Finally, with the aid of splitting
process of convolution term, which was successfully used to prove the global existence for the
strongly damped wave equation in [5], we prove the global existence of (u, p, k).

Next we give some notations which will be repeatedly used in the sequent sections.

For any integer m, we denote by H™(2) the usual Sobolev spaces defined for spatial variable
(see, e.g., [1]). For a given Banach space V on €, we use the notation C™([0,T]; V) to denote
the following space:

C™([0,T); V) := {u; | DY u(t)||y is continuous in ¢ on [0, 7] for all 0 < g < m}.

We endow C™([0,T]; V) with the following norm making it be a Banach space:

m

emniw) = Y (max [Dfu(]v).

[l

For r € LY(0,T) and ¢ : (0,T) — V, we define the convolution

(r*q)(z,t) := /Ot r(t — s)q(z, s)ds,
whenever the integral has a meaning. We next define Banach space X by
Xr = C([0,T]; L*(2)) N C([0, T]; H*(2))
with the norm
lullxz = llullero,m;2200)) + lulleo,r);m2(0))-

Furthermore, we set
Y1 = X x CH0,T] x C[0,T)

endowed with the norm

(s p B) Iy = [[ullxr + IPlorpo.r + [[Elloro.1-

In order to discuss the uniformly elliptic operator —% conveniently, we denote the domain
of =% by D(—%) = H*(Q)N H}(Q). It is well-known that the operator — has only real and
simple eigenvalues \,, and with suitable numbering, we have 0 < A\; < Ay < -+ -, nhj& Ap = 00.
By ¢, we denote the eigenfunction corresponding to \,,, which satisfies ||gon|\%2(9) = (¢n, Pn) =
1, where (-, -) denotes the inner product in Hilbert space L?(€). Then for v € R, we define
the function D((—Z)7) by

D((—2)7) = {w € LX) Y. A2|(8, pa)|* < o0},
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and that D((—.%)7) is a Hilbert space with norm

oo

l¥llp(—2)n) = { Z AT (4, <Pn)|2}§~

n=1

Moreover, we introduce the Mittag-Leffler function in [23]

o0
Z zeC

Pt T( ak +8)’

with @ > 0 and § € R. It is known that E, g(z) is an entire function in z € C.

We now give the definition of weak solution to (1.1)—(1.3), which is introduced by Sakamoto
and Yamamoto in [24].

Definition 1.1 We call u a weak solution to (1.1)~(1.3) if (1.1) holds in L*(Q) and u(-,t) €
H(Q) for almost all t € (0,T), u,du € C([0,T]; D((—£)7)) and

lim [|u(-, t) = allp(—2)-v) = lim [|Osu(-,t) = bllp((-2)-7) = 0 (1.5)

. N
with some v > 4 + 1.

We make the following assumptions:

(H1) 8%g1,0%g2 € CH0,T], a € HX(Q) N HE(Q), be HI(Q), f € D(—L));
(H2) 07g:(0) — A[La]] = A[fIp(0), i = 1,2;

(H3) Aia] = g:(0), H[b] = g;(0), i = 1,2;

(H4) co := —1[f (2)]g2(0) + H2[f (2)]91(0) # 0;

(H5) ¢;(x) € H(Q), i =1,2.

Remark 1.1 In (H1), 8¢g; € C'0,T)] implies g; € H'0,T], which will be used in
Lemma 3.4 below. Indeed, by 9fg;(t) = D;(Q_a)gg’(t) and Df_aDt_(Q_a)g;’(t) = g/ (t) (see [23,
(2.114)]), we have

g/ (t) = DDy B gl (t) = DI 80 gi(t)

_ 1 ﬂ/t(t_ )04—280( ( )d
TT(a-ndt ), Y ai)es

_ —L% /1t O gi(s)d(t —s)*
_ %di( / (t = )" (05 gs) (s)ds + 07 gu(0)1° )

g (— ray @ +

/ (0 (s)as + L8O gi(o)tH), (1.6)
0

a—1 a—1
where Df_a is the Riemann-Liouville fractional derivative, defined by

1 d ! a—2
ma/o (t - S) U(S)dS

for 0 < 2 —a < 1. Obviously, fot(t —5)*2ds < C(a, T), due to 0 < 2 — a < 1. Therefore, from
(1.6) and 9¢g; € C1[0,T), we conclude that g; € W21(0,T) — H(0,T).

DI u(t) =
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Remark 1.2 In order to guarantee df*g; € C*[0,T], we could give a usual regularity
condition g; € C3[0, T}, such that g/(0) = 0. In fact, by integration by parts and g/ (0) = 0, we
have

0 gi(t) = ﬁ /0 (t - 5)> g (s)ds.

This gives

o4 / 1 ¢ " 11—«
. < _ . - < i 3
1097 9:) lcro.my < oIgntang‘F(Z —a) /s g (8)(t —s) " %ds| < C(, T)l|gillcspo, 1)

because of o — 1 € (0,1).

Remark 1.3 (H2)-(H3) are the consistency conditions for our problem (1.1)-(1.4) when
dealing with smooth solutions.

Remark 1.4 In engineering, ¢;(x) can be thought of as an internal (tiny) sensor (see
[12, 28]) measuring the mean temperature in measurement area. Supp(¢) is always chosen
small enough to make the measurement area very small. So hypothese (H5) is reasonable.

Our main result in this paper is the following global existence and uniqueness for our inverse
problem.

Theorem 1.1 Under hypotheses (H1)-(H5), there exists a solution (u,p, k) € X7 x C1[0, T
xC10,T] to the inverse problem (1.1)~(1.4) for any T.

In order to prove Theorem 1.1, we need the following two lemmas.

Lemma 1.1  Under hypotheses (H1)-(H5), there exists a sufficiently small 7 > 0, such
that the inverse problem has a unique solution (u,p,k) € X, x C[0,7] x C[0,7].

Lemma 1.2 Under hypotheses (H1)—(H5), for given measurement data g;(t) for i = 1,2
in (1.4), if the inverse problem (1.1)~(1.4) has two solutions (u;,pj, k;) € Xp x C1[0,T] x
C[0,T] (j =1,2) for any time T, then (u1,p1, k1) = (u2,p2,k2) in [0, T].

The proofs of these two lemmas will be given in Sections 3—4.

2 Preliminary Results

In this section, we present some preliminary results, including well-posedness for a fractional
differential equation, an equivalent lemma for our inverse problem and a technique result, which
will be used in the proofs of our main results.

We first consider the following initial and boundary problem:

Ofu(z,t) — Lu)(z,t) = h(z,1), (z,t) € Qr,
u(z,0) = a(x), w(x,t)=>bx), e, (2.1)
u(x,t) =0, (x,t) € .

Based on the results of [24], we will prove the following well-posedness of (2.1). Different
from [24], we need a better regularity to construct the fixed pointed operator in next section.
Moreover, the constant C' below in (2.2) and (2.4) should be taken apart from ¢, which is
necessary to apply contraction mapping.
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Lemma 2.1 Leta € H2(Q)NHL(Q), b e HX(Q) and h € C([0,T); D((—%L)=)). Then there
exists a unique weak solution v € X to (2.1), such that

lu( )l 2@y + lue( L2y < COL+t*llall (@) + CO+ 7 2)Ibll (e

+ Ot + )| (2.2)

c((0.0:D((-2) %))
for all t € [0,T], where the constant C' is dependent on o, and the coefficients of £, but

independent of T. Furthermore, we have

oo

u(x,t) = Z[(W ‘Pn)Ea,l(_/\nta) + (b7 ‘Pn)tEa,Q(_)‘nta)]QOn(x)

n=1
+Z [/ 7),¢n)(t = 8)*  Ea,a(=Xn (t—s)(’)ds}gpn(m), (2.3)

For any t € (0,T], we also have the following estimate:

e, )l @) < CtHlallmzg) + Cllblla o) + Ct* Al , (2.4)

C0D(~2) 7))’

Remark 2.1 The estimate (2.2) will be used to construct the fixed pointed operator in
the next section, which is the key ingredient to prove the local in time existence. In the proof
of the global in time existence, we need (2.4) to extend repeatedly the local solution to a larger

time interval.

To prove Lemma 2.1, we first give a property of the Mittag-Leffler function, i.e., the following
Lemma 2.2.

Lemma 2.2 Let § € R be arbitrary and p satisfy & < p < min{m,an}. Then there exists
a constant C' depending on «, 8 and pu, such that

|Ea,5(2)] <

< < 2.5
STHhr p<|arg(z)| <7 (2.5)

The proof of this lemma can be found in [23], and we shall omit here.
Now we give the proof of Lemma 2.1.

Proof of Lemma 2.1 We first split (2.1) into the following two initial and boundary value

problems:
Ov(x,t) — L) (z,t) =0, (z,t) € Qr,
(J? 0) = a(x), vl ) = bla ), zeQ, (2.6)
( €, )*07 ({E,t)EET,
otw(x,t) — Lw|(z,t) = h(x,t), (z,t) € Qr,
w(x,0) =0, wz,t)=0, x €, (2.7)
w(z,t) =0, (x,t) € Xp.

For a € H2(Q) N HLY(Q), b € HI(Q) and h € C([0,T];D((=%L)=)), by Theorems 2.2-2.3
proved by Sakamoto and Yamamoto [24], there exist unique v € C([0,T]; H3(Q) N H}(2)) N
C*([0,T); L*(2)) and w € C([0, T); H*(Q)N Ha (9)) satisfying (2.6) and (2.7), respectively. And
we have

Z ©n) —Ant®) + (b, @n)tEa,Q(_Anta)]SOn(x)v (2.8)

n=1
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w(z, t) :}2[/‘ 5), on)(t — 8)° B a(— A(t—@am4¢am.

Therefore, (2.1) has a unique solution u = v + w given by (2.3).
Next we prove (2.2). By [24, Corollary 2.7, Theorem 2.3|, we have

[ve(-, )l 22y < CE Hallmrz) + Ibllz2)), t €[0,T]
and
lo( )l m20) < Clllall a2y + 2 bllm@),  t€[0,T].

On the other hand, using [23, (1.83)], we have

d
dt

from which it follows that

—(t* By o (= AY)) = 122 By 01 (=M,

g0 = 32 [ [ (1. 60)0 = 9" Faaa (Ml = 90

So, combining the above result with Lemma 2.2 and D((—.%)=) C L%(Q), we have

2

lwe - t)IF2@y < D | [ (h(8),00)(t = 8)* 2 EBaam1(=An(t = 5)*)ds
0

< : n 2‘ o a,a—1{""\n * ‘

<3 s (). o) | [ 5B s (<A
t o 1 2

< ||h||?1([o7t};L2<n>>‘/ s 271+An5ad5‘

20—2
< Ol g iy P07 EE 0T,

Similarly, we have

lw( )lF2 @) < Z/\Q

a—1

1 t—S @ 2

< E d‘
Zo@?i‘t' |‘/ 1+>\ t—s) s

< Cllh|P? .
C(0.0D(~2)%))

$),0n)(t = 8)* Eaa(=An (t-smdsf

t2, te[0,T].

Here in the last inequality of (2.15), we have used

a—1 a—1
y oo (a — 1)T

max = .
0<y<too 1+y 1+ (a—1)

From (2.10)—(2.11) and (2.14)—(2.15), we get the desired estimate (2.2).
Finally, we prove (3.4). Differentiating (2.8) with respect to t leads to

t) = Z{_Antail(aa ¢n)Ea,a(=Ant®) + (b, on) Ea,1(—Ant™) }on ().

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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By the estimate for A, in [11],
Ap > Cn%, Vn € N,

we can choose C, sufficiently large, such that
Cidn > C.CnN > 1, ¥neN,
which implies
(Cidn)? < Cudn, Vn€eN, V3> 1. (2.17)

Then noticing that D((—.%)2) = H} (), and applying (2.17) and Lemma 2.2, we obtain

||Ut('7t)||%11(9) < Z Anl| = )‘ntail(aa ¢n)Eaa(=Ant®) + (b, SOn)Ea,l(_/\nta)F

+ ot sl

)\ 2
<Cz(‘CA 1+/\ta‘t
< Cllallzqyt > + Cllbl 3 ), t € (0,T). (2.18)

On the other hand, using (2.13) and

1_1 1_1
A2 "S)\f o n=12, ,
we have
2
”wt ”Hl(Q) < ZA / @n)(t_ S)a72Ea,a71(_>\n(t_ S)a)ds‘
n=1
- of [M 41 2 1 2
< a o _ a—
= Z ngl %( A 8)79071” ‘A An (t S) 1+/\n(t_5)ads‘
1—2
L h ||2 2272t (0,7). (2.19)

C([0.4:D(~2) %))
Summing up (2.18)—(2.19) yields (2.4). This completes the proof of Lemma 2.1.

The next lemma aims to transfer the original inverse problem (1.1)—(1.4) to a new form
including the explicit expression of p(t) and k(t).

Lemma 2.3 Let .
It)= / k(s)ds.
0
If the inverse problem (1.1)—(1.4) is solvable, then so is the following system:

t

Ofu(x,t) — Lu)(z, t) —I—/ E(s)u(z, s)ds = f(x)p(t), (z,t) € Qr,

u(@,0) = a(x), ui(z,t) = b(x), req, (2.20)
u(xvt) =0, ({E,t) €Yp
with
p(t) = %[—92(0)% [u, 1)(£) + 91(0)Aa[u, 1] (1)), (2.21)
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kw=%wwwwmw@—%mmmwmm (2.22)

where co is the same one in (H4) and A; (i = 1,2) are defined by (2.25) below. On the
other hand, if (2.20)-(2.22) has a solution and the compatibility conditions (H2), (H3) and the
technical condition (H4) hold, then there exists a solution to the inverse problem (1.1)—(1.4).

Remark 2.2 From Lemma 2.3, we know that (2.20)—(2.22) is an equivalent form of the
original inverse problem (1.1)-(1.4). So, in the following several sections, we turn to discuss
(2.20)—(2.22), other than the original one.

Proof of Lemma 2.3 We split the proof into two steps.
Step 1 Assume that (1.1)—(1.4) has a solution (u,p, k) € Y. Applying 7% to both sides
of (1.1) yields

Hi[flp(t) = 07 gi(t) — AL [ul](t) + k(E) * gi(t), i=1,2. (2.23)

We note that (¢ fo s)ds. Then by integration by parts, we get the following equality:

/ k(s)gi(t — s)ds = 1(t)g;(0) + / I(t — s)gi(s)ds. (2.24)
0 0
With the help of (2.24), we can rewrite (2.23) as
AP0 = 5:O1(0) = 3F3:(8) = AL + [ 16 = gl (3)as
= Nu,l], i=1,2. (2.25)

Due to (H4), we can solve this system to get (2.21) and

() = — (A4 ) Ao, 1(2) — AN [, )(0)) (2.26)

co
Furthermore, by differentiating (2.26) with respect to t, we get (2.22).

Step 2 Now we assume that (u, p, k) satisfies (2.20)—(2.22). In order to prove that (u,p, k)
is the solution to the inverse problem (1.1)—(1.4), it suffices to show that (u, p, k) satisfies (1.4).
Applying 7 to the equation in (2.20), we have

O L)1) — AL 1) + k(t) # ALu1) = HLFole). (2.27)
On the other hand, from (H2), we easily see that
AL AL, 1)(0) = LM, D(O) = 0.
We get (2.26) by integrating (2.22) over [0,¢]. From (2.21) and (2.26), we conclude that

AL Ip() = g:(0)I(t) + 02 g,(t) — L /zpﬁm
— 0P gi(t) — ALLI)(E) + k() % gi(E). (2.28)
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Then substituting (2.28) into (2.27), and using (H3), we have that H;(t) := J&[ul(t) — gi(t)
(1 = 1,2) satisfy

t
00 Hi(t) + / k(t — $)Hi(s)ds = 0, £ 0,

: (2.29)
H,(0) = H!(0) = 0.
By means of Laplace transform of the Caputo derivative (see [23]), we have that
s®H;(s) + k(s)H;(s) =0, (2.30)

where PAIi and % are the Laplace transforms of H; and k, respectively. This leads to f]i(s) =0,
which implies that H;(t) = 0. So 4% [u] = g; (i = 1,2). This completes the proof of Lemma 2.3.

At the end of this section, we give a technical lemma which will be used to estimate p, k in
suitable Sobolev space in subsequent sections.

Lemma 2.4 Let (H1) and (H5) hold. Then for all w € Y and all | € C*([0,T)), there
ezists a constant C' > 0 depending on g;, ¢;, but independent of T', such that

AT, Wllcrpo,m < C+ ulleqo,mmzwy + lullorqoryra@) + T2 Uleior), (2.31)

where i = 1,2 and A; are the same as those in (2.25).

Proof By the Holder’s inequality, we see that

Al < 108 gllcon + | [ o)L 0dz] -+ 10 ilen

[0,7]
<197 gillcror) + 19l 2@ 1wl e o, ;a2 (0)) + T2 Uleo gl nzo,m).  (2:32)
On the other hand, a direct calculation yields

Dy Aifu, 1] = (07'9) — A [ Lludd] + 1+ gi. (2.33)

Here we note that [(0) = 0. By integration by parts, it follows from (H5) that

AL w](t) = / Gi ()L [ug](x, t)dx = / ZLpil(x)ui (z, t)dz, (2.34)
Q Q
which gives
| 74:1L [wl cro,ry < Clldill 2o [luell o o,my:22(0))- (2.35)
Hence, we have

| DeAi[u, Ul o,y
e 1
<0 gllerio,ry + Clldill a2y lludl e o.r1: 2 )y + T2 W o,z 9ill 22 0,1) - (2.36)

Combination (2.32) with (2.36) yields the desired estimate (2.31). This completes the proof
of Lemma 2.4.
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3 Proof of Lemma 1.1

We are now in a position to prove local in time existence, i.e., Lemma 1.1, which proceeds
by the fixed point arguments. First, we define the function set

ZT,M = {(ﬂvﬁaE) €Yr :ﬂ({E,O) = a(x), ﬂt(xvo) = b(x)a ﬂ(xat) =0, (:I:,t) € Xr,
Il xr + Ipllcror + 1Ellcor < M}

Here M is a large constant depending on the initial and boundary data a, b and measurement

data g;. For given (u,p, k) € 27, we consider

a?u(xvt) - g[u](xat) = _E(t) *ﬂ(xat) + f(x)}_j(t)v ({E,t) € QT;

u(z,0) = alx), u(z,0 (x), x € Q, (3.1)
u(z,t) =0, (x,t) € Xp
and
p(t) = %[—gxom[u,ﬂ(t) + 1(0) A T1(0)), (3.2)
k(1) = iw FIDAsu,T1(8) — ABLFI DA, T (1) (3.3)

to generate (u,p, k), where [ is defined by I(t) = fot k(s)ds, . (i = 1,2) are the same as those
in (2.25).

Remark 3.1 Usually, we use @ on the right-hand sides of (3.2)—(3.3) to generate p and k.
But, if we do so, we can not choose suitable 7" and R to prove ||p|[c1jo,7) < R and [|k||cjo,r) < R,
because there is a lack of T in the terms including u in (2.31). In this situation, the fixed point
argument can not be applied to our problem. So we take the solution u to (3.1) to generate p
and k. This process in principle is similar to the Gauss-Seidel iteration.

By (2.17) and the Hoélder’s inequality, we have

T .= 2 N i 2N 22y T 2
EeTC O s, = 3 M E T < 302 e o)

< Ok *a(,t)ll32q)
t t
< [ Irtt = s)Pds [t s) sy
0 0
< CEE| 210,418 (0,:52 (52)) (3.4)
which implies
1Tl o, rypi -y S COLT):
Using this result together with 7 € C*[0,T] and f € D((—%)=), we have
—F(t) = T(w, t) + B(t)f(x) € C([0, T D(—L)%)).

Therefore, Lemma 2.1 ensures that there exists a unique solution u € Xrp to (3.1). Then
(3.2)—(3.3) define the functions p(t) and k(t) in terms of u. Furthermore, by Lemma 3.4, we
have

Ipllero,my + kllco,r) < C(T)(A + |lullxp + HZHC“[O,T])' (3.5)
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Note that [(t) = fot k(s)ds. We obtain

t
o = || [ R, ., + Flewn < 0+ DlFlcon. (3.6)
Substituting (3.6) into (3.5) yields

Ipllcror + 1kl e < CT)A + llullxy + IEllegom))- (3.7)

This implies that p € C'[0,T] and k € C[0,T.
Thus the mapping
S : ZT,M - YT; (H72_75E) = (U'ap7 k)

given by (3.1)—(3.3) is well-defined.
Now we show that S maps Zr s into itself for sufficiently small 7' > 0. More precisely, we
have the following result.

Lemma 3.1 For (u,p, k), (U, P,K) € Zr 1, define

(u,p, k) = S@p.k), (UPK)=SU,PK).

Then for properly small T > 0, we have

H(U'7p7k)HYT <M (38)
and
1 _ _
I(u=Up =Pk = K)lyr < 5I@-U,p~ Pk = K)|ys (3.9)

for all T € (0, 7].

Throughout the following proof, we use C' to denote a constant which depends on €, «, the
initial data a,b, the known functions f, ¢; and measurement data g;, but independent of M
and T.

Proof of Lemma 3.1 From Lemma 2.1 and (3.4), it follows that
Jullx, < CL+T* Yllallaz@) + C(L+ T )bl ar o)
T '+ T)(||k+w ! D )
+ @+ DUkl o 1yp oy )) TP oo mim 2t
<CHCT* 4T 2)+ 0T + T)(TM? + M). (3.10)

On the other hand, by (3.2)—(3.3), together with Lemma 2.4 and (3.6), we can show that
pllcifo,ry and ||k|[co,r) are bounded with

Iplcro.r) + ke < CUAMu T llero.) + 450w Ul orpo.m)
< O+ [lullxr + T2l orjo,m)
< Cl+ |lullxy + T2 (1 4+ T)M]. (3.11)

Then, adding up (3.10)—(3.11) leads to

| (u, py k)| vy < Cwri(T)(1+ M+ M?) + C, (3.12)
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where the function wq(7T) is of the form

wi(T)=T* ' 4T 5 4+ T*+ T+ T>+ T + T3
and therefore satisfies Tlinol-*- w1(T) = 0. Now we take M, such that M = 2C with the constant
C'in (3.12). Then there exists a sufficiently small 7 > 0, such that

for all T € (0,7]. That is, S maps Zp u into itself for each fixed T € (0, 7].
Next we estimate the increment of operator S. To this end, we deduce the differences
(u—U,p— Pk — K) from (3.1)—(3.3) to yield

O (u—U)—Llu-Ul = ~F-K)su-Kx@-0)+F-P)f. (e.1)€Qr,
(u—=U)(2,0) = (u—U)(z,0) =0, x €9, (3.14)
(U—U)({E,t) =0, (il,',t) € X

and
p—P:%Pm@@ﬂwﬂﬂMWiD+m@QMMUﬂ%WIm, (3.15)

E—K = C—lo[%[f](Dtan[u,Z] — DU, L)) — 5[ f)(DeM[u, 1] — DeM[U,L])],  (3.16)

where [ and L satisfy (¢ fo s)ds and L(t) = fot K (s)ds, respectively.
Using Lemma 2.1 and (3.4), we obtain

v —Ullxr
<OT*t+1)(|(k - K) =
+ T+ D@ = P)fll o ripiart )
< CT* '+ T)NTM|k - Kllcjo,r) + TM|[@ — Ul|cio 7], 12(0))
+O(T* ' +T)|lp - ?”C[O,T]Hf”D((_Z)i)
< Cwa(T)(1 + M)(|[@ = Ullxz + I = Pllcio.r) + Ik = Kllegp.r), (3.17)

+HIIK « (@ -0l

C(O.TID(-2) %) o1 D(-2) b))

where
wa(T) =T '+ T+ T +T?

satisfies lim wy(T) = 0. Moreover, from (2.25) and ¢; € HZ(Q2), we can easily see that

T—0

DyMJu,T] = D == | @)Ll = LW ez + 1= T) + 7Y
_ /Q ZL16:(@) (= U)i(, )de + (7 = B) * g, (3.18)
Therefore, it follows that

H‘/Vi[uvi] - '/%[Uvz]”Cl[O,T]
< gillmz@ lu = Ullorqo.ryzz@) + T2 N9 L2,y (1 = Ll eo.ry + 1k = Klleg,r)
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< Cllu=Ulloro,ry:220)) + CT* (T + )|k = K| cpo7)- (3.19)
Then, from (3.15)—(3.16), together with (3.19), we derive
Ip = Plleron + Ik = Kllep < Cllu = Ullx, + C(T? + T2)|[F = K| o1y (3.20)
From (3.17) and (3.20), we deduce that
[(w—U,p—Pk—K)|ys <Cuwa(T)(1+M)|(u—U,p— P,k —K)|vy. (3.21)

Because of lim+ wo(T) = 0, we can obtain (3.9), if we choose 7 sufficiently small, such that
T—0

Cws(T)(1+ M) < 1 for all T € (0, 7]. The proof is complete.
Now we are in position to prove Lemma 1.1.

Proof of Lemma 1.1 Lemma 3.1 shows that there exists a sufficiently small 7 > 0, such
that S is a contraction mapping from Z; jr to Z- ps. Therefore the Banach fixed point theorem
concludes that for sufficiently small 7, there exists a unique solution (u, p, k) € X, x C1[0, 7] x
C'0, 7] to the problem constituted by (3.1)—(3.3). As a consequence, the problem constituted
by (1.1) and (1.4) also admits a solution (u, p, k) in [0, 7] by Lemma 2.3. The proof is complete.

4 Proof of Lemma 1.2

In this section, we give the proof of the global in time uniqueness of solutions to our inverse
problem, i.e., Lemma 1.2.

Proof of Lemma 1.2 By Lemma 2.3, we know that (2.20)—(2.22) is equivalent to our
considered inverse problem. So, in the following we turn to prove the global uniqueness of
(2.20)-(2.22).

Given any time 7', we assume that (u;, p;, k;) (i = 1,2) are two solutions to the problem
(2.20)—(2.22) in [0, T] with the regularity (u;, p;, k;) € X7 x C[0,T] x C[0,T]. This implies

(i, pis ki) [l < €7, 1= 1,2, (4.1)

where C* is depending on «, Q, T, the initial data a and b, the known functions f, ¢; and the
measurement data g;.
Let
U=ui—us, p=p—p2 k=k —k.

Then (u,p, k) satisfies

Ot — L) = —k*ui — ks xU+pf, (2,t) € Qr,

ﬂ(x’ 0) = at(xa 0) =0, r €, (42)
u(z,t) =0, (x,t) € Xp
and
p= %[—92(0)(%[%7 ] — Mluz,l2]) + g1(0)(Ao[ur, lh] — Az[uz, l2])], (4.3)

k= l[% [fI(DiAz[ur, 1] — DiAzuz, lo]) — H[f](DeMur, l1] — DeMluz, 2])]. (4.4)

Co



Well-Posedness of Determination of Two Coefficients 461

Here, in a way similar to [, the functions I; (i = 1,2) satisfy I;( fo s)ds. We need to
prove
(@, p, k)l[vr = 0. (4.5)
Define

Ty = inf{t € (OvT] : ”(avﬁa F];)”Yt > 0}

If (4.5) is not true, then it is obvious that Ty is well-defined and satisfies 0 < Ty < T'. Now
we choose a monotone sequence {t,} C (0,7Tp) satisfying lim ¢, = Tp. Since Tp < T, we can
n—od

choose a sufficiently small £ > 0, such that
th+e<T, n=12---
From the definition of Tj, we see that
U=p=k=0 in|0,ty). (4.6)
Applying Lemma 3.1 to (4.2) in [0, ¢, + €] and using (3.4), (4.1) and (4.6), we obtain
llx,, .. < C@)(IIk*ull

+ C(T)prHC([tn,tn—i-s],D((—Z)i))

< O(T)(EC Kl ot t+e) T CT [l -+l @) + [Pl Ot tn+e])- (4.7)

+ [k ]

C[tn tnteliD(—2) ) C([tn,tn+el;D(-=2L) @ )))

Due to p(t,) = 0, we have

t
Pt e =, max | [ 7] < liler oo (4.5
Substituting (4.8) into (4.7) yields
[, < C@.CHEN @By, . (4.9

Additionally, from a direct calculation, it follows for 7 = 1,2 that

¢
Hilug, L] — Ailug, lo] = / Lpi](x)u(z, t)dz +/ I(t — s)gi(s)ds (4.10)
0
and
Dy A[uy, l1] — DeAilua, la] = / LNbi](x)u(x, t)dx —l—/ k(t — s)g.(s)ds, (4.11)

by which and the Hélder’s inequality, we have

| Ailur, la] — Ailua, L]l orie, b, +e]
~ 1 = T
< Clgillaz@llll (e tntel, L2 ) + €219l L2t +e) Nl tnte) + 1El Gl tnte))
~ 1 7
C(T, ¢i, gi) |l cr (it tn+e).22(0)) + €% (€ + VK[t t0+e])- (4.12)

Here we have used that

et tnre =, max

t -
/ k(s)ds‘ < ellklleftn tn+el-
t7l
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Noticing that [|pl|c1jo,,,] = ||%||C[O,tn] = 0 and applying (4.3)—(4.4), (4.12), we have the following
estimate for p and k:

- B N ~
1Plleto.t,+e] + 1Rlloo.,1e) < C(T 00, 90) (Ul x,,, 1 + €2 (e + DIkl re)-  (413)

From (4.9) and (4.13), we deduce that

H (aaﬁa 7{;)”Yt”+a < C(Ta ¢ia i, C*)w3(€)|| (ﬂa ﬁv E)HY,:,L+5 (414)

with
lim ws(e) = lim (e + e?(1+¢)) =0.
E—

e—0t

SO’ for £ > 0 small enough’ such that C(Tv ¢i7 Gi, C*)w?) (5) < ].7 we are led to
1G5 F)lye, . =0, n=1,2,---.

By taking n — oo, we obtain

u=p=k=0 inl0,To+ ¢,
which contradicts with the definition of Ty. Therefore (4.5) is proved. Now we can conclude
that

(u1,p1, k1) = (u2,p2,k2) in [0,T]

for any time T'. The proof for Lemma 1.2 is complete.

5 Proof of Theorem 1.1

Now we prove the global solvability Theorem 1.1 for our inverse problem. More precisely,
for every given time 7' > 0, we will prove the existence of solutions to the problem constituted
by (2.20)-(2.22), which is an equivalent form of our inverse problem.

In order to prove Theorem 1.1, we first show that local solution can be extended to a larger
time interval in Subsection 5.1. Then, we give a preliminary estimate for the extension solution
in Subsection 5.2. Finally, we prove Theorem 1.1 in Subsection 5.3.

5.1 Extension of the solution

Lemma 1.1 ensures that there exists a unique solution (u,p, k) € Y, to (2.20)—(2.22) for
sufficiently small 7 > 0. In this subsection, we show that the unique solution (u, p, E) in [0, 7]
can be extended to a larger time interval [0, 7], where 0 < 7 < 7/ < min{27,T'}. We state the
result as follows.

-~

Lemma 5.1 Let (u,p, k) € Y, be the unique solution to (2.20)-(2.22) in [0,7]. Then there

exists a 7' € (7, min{27,T}), such that (u,p, k) could be uniquely extended to a solution (u,p,k)
in [0,7'], belonging to Y.

Proof We consider

ofu(x, T +1t) — Llul(x, 7 +1t) + /TH k(T +1t—s)u(z,s)ds
0
=f@)p(r +1), (z,t) € 2x (0,7 —7), (5.1)
U(IE,T) = ﬂ(x,T), ut(xaT) = at(xa’r)a z €,

w(r, 7+t) =0, (z,t)€dQxI[0,7" —7]
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and
p(r+1) = C—lo[—gz(O)dVl[u, 0 +1t) + g1(0)Aa[u, l](T +1)], te0,7"—7], (5.2)
k(t+1t) = C—lo[%”l [fF1DiMsu, 1) (T + t) — SB[ f]DeM[u, (T +t)], tel0, 7 —7]. (5.3)

It suffices to show that (5.1)-(5.3) has a solution (U(x,7 +t), P(z,7 +t), K(T + 1)) € Y,_.
Then (u,p, k) defined by

o~

_ [Gtet),p0), Fw), it te 0.7
oo = {0 RS e o4

is an extension of (u,p, 76\) in [0,7'], which has the regularity (u,p,k) € Y,,. Furthermore,
from the global uniqueness result in Lemma 1.2, it follows that (u,p, k) given by (5.4) is the
unique solution to the problem constituted by (2.20)—(2.22) in ¢ € (0,7’). This shows that the
extension is unique.
Let
(u"(z,t),p" (), k™ (t)) := (u(z,t + 7),p(t + 7),k(t + 7)), te€][0,7 —7]

In the sequel, g7, ™ and other functions with superscript 7 are defined analogously. To prove the
solvability of (5.1)—(5.3), we use the following splitting of convolution introduced by Colombo
[11]:

T+t N T
/ E(r+t—s)u(z,s)ds =k xu+Ek*xu” + / k(T +t— s)u(z, s)ds, (5.5)
0 ¢

which was successfully used to prove the global uniqueness of an inverse problem concerning
with the strongly damped wave equation with memory. In a way similar to (5.5), we have

T+t
/ (T +t—5)gi(z,s)ds =17 x g, + T (g0)7 / l +t—s)gi(z,s)ds. (5.6)
0
Then we find that
M7+ 0) = 08T = AL + 17+ Do) + [ T+ )gi(5)ds

- J%[uT,ZT]+/T (r+t—s)gi(s)ds, tel0,r =7, i=1,2 (57

Based on (5.5) and (5.7), we rewrite the problem (5.1)—(5.3) as

oouT(x,t) — L (x,t) = —k7() « 07 (x, 1) — k(t) % u (x,t)

- /tT 76\(7' +t—s)u(z,s)ds + f(z)p™, (x,t) € QA x (0,7 —7), (5.8)
u”(x,0) =u(x,7), uj(z,0)="u(z,7), z€,
u(z,t) =0, (z,t) €I x (0,7 —7)
and
P () = - [=ga(0) A", U)(8) + 92 (0 Al )] + a(6), te 0,7 7, (5.9)

Co
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=%[%[ﬂm%[uwu)—fé[f]Dt«/’V?[uzﬂ@)]+h2<t>, telo,r -], (5.10)

kT (1)

where hy and hs are known functions in terms of 7 and gi, defined by

) = = [~ (0) [ T+t~ gl o)+ 0) [ Tr 1= 9)g5(s)as],
1

Co

na(t) = — [ [ T+t 9)gat0ds), - el [ T+t s)gio)ds) |
t t t t

For given (4,7, k) € Y,, we have — [[ k( + t — s)t(z,s)ds € C([0,T}; D((—ZL)=)), h1 €
C0,7" — 7], hy € C[0,7 — 7]. Then repeating the arguments of the proof of Lemma 1.1, we
could show that there exists a 7 > 0, such that (5.8)—(5.10) has a unique solution (U(z,t +
7),P(t+7), K(t+7)) in [0,7]. Then (u,p, k) defined by (5.4) is the unique extension of (u, p, E)
from [0, 7] to [0,7'], if we choose 7/ = min{r + 7,27, T'}. This completes the proof of Lemma
5.1.

5.2 A preliminary estimate for the extended solution

We give here an a priori estimate on (u, p, k) defined by (5.4), which is the unique extension

-~

of (u,p, k) in [0,7']. Tt will be used to guarantee that the process of extension can be repeated.

Lemma 5.2 Assume that the hypotheses (H1)—(H5) hold. Then for (u,p,k) € Y. defined
by (5.4), we have the following estimate:

H(uapv k)HYT/ < C, (511)

where C depends on «,Q, 7,7, the initial data a and b, the known functions f,¢; and the
measurement data g;.

In order to prove Lemma 5.2, we need the following two results.

Lemma 5.3 Assume that the hypotheses (H1)—(H5) hold. Then for the solution (u™,k™,p7)
to (5.8)—(5.10), we have the following estimate:

t
lu™l%, < C |1+ P70 +/O (lul%, + 1571 10,4)ds (5.12)

fort € [0,7" — 7], where C depends on «,Q, 7,7, the initial data a and b, the known functions
f, & and the measurement data g;.

Proof By Lemma 1.1, we see that there exists a positive constant C*, depending on «, 2, T,
the initial data @ and b, the known functions f, ¢; and the measurement data g;, such that

(@, 5, k)|ly, <C*. (5.13)
Applying Lemma 2.1 to (5.8), we obtain for all ¢ € [0, 7" — 7| that

lu” (D) m2@) + llug (0 20
< CA+ Al 7)) + CA+177)

(@, )l () + O+ 1)

% ‘ (5.14)

k‘T*ﬂ—E*uT—/ E(T—i—t—s)ﬂ(x,s)ds—i—pr
¢

c(AD(—2) 7))
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From (2.4) in Lemma 2.1 and (3.4), we deduce that

@ e @) < O~ Halmz) + Clbla @) + Cr* Mk @+ fBl oo 1o d )
< Ot M|allg2() + Clbll @
a—1 T -~
+ O (7Koo Il oo, a2 + 11l o gy 2, [Pl c10,7)
< C(r,a,b, f,C). (5.15)

Note that 0 <t <7’ — 7 < 7. Then by (4.4), we have

(T)”k”C[o,r] ||a||0([0,7];H2(Q))~ (5.16)

H/ E(T+t—s)a(x,s)dsH . <cC
! C(AD(-2) %))

Moreover, by the Holder’s inequality, we obtain for all ¢t € [0, 7" — 7] that

< ClI(ET + ) (- )l 2 ()

t t %
<o [ wekds [ 1t -9l qds)
0 0

1

1~ b 3
< Ot oy ([ 17 2p,0ds) (517)

kT wu(-,t

and
~ . 1, ! T 2 %
IR (Ol < O IRt ( | C9)agoyds)

t 1
< Ot ( [ 07l s) " (5.18)

Finally, substituting (5.13), (5.15)—(5.18) into (5.14), and noticing that ¢t < 7, we get (5.12).
This completes the proof.

Lemma 5.4 Assume that the hypotheses (H1)—(H5) hold. Then for the solution (u™, k™, p")
to (5.8)~(5.10), we have the following estimate:

t
197100 + 18I0 < C(1+ I, + [ 18720005 (5.19)

fort € (0,7 — 7], where C' depends on «,Q, 7, 7', the initial data a and b, the known functions
f, & and the measurement data g;.

Proof First by (5.9)-(5.10), we have

2
7 llero.0 + Ik o, < € Y (1Al U llorio.g) + alleron + Ihzllep,q- (5.20)

i=1
Next we estimate the two terms on the right-hand side of (5.20). We easily see that

G | = sites = g @+ [ e (5.21)

from which it follows that

1 T
117 * gillcrpo < i o + 17 e llgi 1z 0.6 + 2 117 cpo,nllgill 22 0.0 - (5.22)
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Furthermore, noticing that
lgillwz100,0) < Cll07 gill o0,
(see Remark 1.1) and
t t

e zH/kTsdsH g/ K (5) | cpo.0 s,

1 hewn = [ #@as] < [ I @lerons
we have

t
117 gillcro,g < C(r, T',gi)/o [[E7(s)lds. (5.23)

Similarly, we have
t
175 (67 ooy < Clr’, 67) / [(s)llds < C(r 7', g7, C). (5.24)

Then from the definitions of .#; and (2.34), together with (5.22)—(5.23), we deduce that

| Ai[uT,17] ||01[o,t]

<c(lorgtlenwn+ | | L@@, + I gllen+ 1T (6 o)

c1o,1)
< C(r, T’,gi,gZ@i,C*)(l +lu"ler(o,:L2(0)) + /Ot ||kTHc[07s]ds), 1=1,2. (5.25)

Moreover, a simple calculation gives
lhllcrio, + llh2llcp,y < C(r, 7', C). (5.26)

Finally, substituting the estimates (5.25)—(5.26) into (5.20) yields the desired estimate (5.19).
The proof of Lemma 5.3 is complete.

Now we give the proof of Lemma 5.2.

Proof of Lemma 5.2 Noticing

(u(z, 1), p(t), k(1)) = (u(z,t),p(t), k()), te€][0,7],
(u(@,t),p(t), k(1)) = (" (2, t = 7),p"(x,t = 7), K" (t — 7)), t€ 7],
it suffices to show that
(™ p" K )|ly, <C, Vtelo,7 —1]. (5.27)
Adding up (5.12) in Lemma 5.2 and (5.19) in Lemma 5.3 yields that, V¢ € [0,7" — 7],

t
16 27 )R, < O+ I I + [ (7B, + W I2ppds]. (528)

Observe that, Vt € (0,7" — 7],

¢ ¢
lowa = || [ sieis+r @) < [ ITlepads = 5@l (529)
0 C10,t] 0
Inserting (5.29) into (5.28), we obtain
¢
57 ), < C+C [ )R ds (5.30)

Hence (5.27) can be obtained by applying the Gronwall’s inequality to (5.30).
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5.3 Proof of Theorem 1.1
Proof of Theorem 1.1 Set

T := {7 € (0,T] : the problem constituted by (2.20)—(2.22) has
at least a solution (u,p, k) € Y, in [0, 7]}.

Obviously, we have 7 # & from Lemma 1.1. Define 77 := sup(7). By a similar argument to
the proof of Theorem 1.3 in [31], together with Lemmas 5.1-5.2, we could prove Ty = T'. This
completes the proof of Theorem 1.1.

Acknowledgement We would like to thank Professor Jijun Liu for his fruitful discussion.
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