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Abstract This paper deals with the existence of periodic solutions of a nonhomogeneous
string with Dirichlet-Neumann condition. The authors consider the case that the period is
irrational multiple of space length and prove that for some irrational number, zero is not
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1 Introduction

In this paper, we study the problem of time periodic solution of the nonhomogeneous string

with Dirichlet-Neumann condition:

p(@)use — (p(x)ue)z + g(u) = f(z,t), 0<z<m, teR,
u(0,t) = uy(m, t) =0, t eR, (1.1)
u(z,t+T) = u(z,t), O<z<m teR

under the following hypotheses: (H1)

plx) € H2(0,7r), (1.2)

p(z) 21, Vze[0,n],

o =essinfn(z) > 0, (1.4)
where

n(z) = %%ﬁ - i(%/)Q; (1.5)

(H2) The function g : R — R is continuous and nondecreasing, and

l9(y) — g(2)] <~y — 2|

for some v > 0.
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This problem was first studied by Barbu and Pavel [2], which describes the forced vibrations
of a nonhomogeneous string and the propagation of waves in nonisotropic media. After that,
Ji and Li [11-12] and Rudakov [13] considered this equation with various boundary conditions,
but all these papers dealed with the case when the number w = 2% is rational, where T is
the period of the solutions. When w is irrational number, the spectrum of the associated
linear operator with the system (1.1) may be accumulated to zero. This is a “small divisor
problem”. In order to solve the “small divisor problem”, Baldi and Berti [1] used the technique of
Lyapunov-Schmidt decomposition and Nash-Moser iteration and obtained the periodic solution
for Dirichlet condition. This method was widely used by many people when p(z) is a constant
to deal irrational frequencies, even for higher spatial dimensions. About these results, one may
consult Berti and Bolle [5-8], Berti, Bolle and Procesi [9]. But for Dirichlet-Neumann condition,
this method seems to be difficult for solving the bifurcation equation. We will use the method
of Berkovits and Mawhin [4] to prove that 0 is not the accumulation point of the spectrum of
the associated linear operator for some special w. Then by adapting the method of Barbu and
Pavel [2], we can obtain the existence of the periodic solution. This method avoids the tedious
Nash-Moser iteration, although our result is weaker than that of Baldi and Berti in [1].

This paper is arranged as follows. In Section 2, we will prove some results about the
spectrum of the linear operator associated with the system (1.1), these results are essential for
our proof. In Section 3, we will use the method similar to [2] to complete the proof of our main
results. In Section 4, we will list some notions and properties about continued fractions used
in Section 2.

2 Some Basic Properties of the Linear Operator

Before studying the system (1.1), we need to know the properties of the spectrum of the
associated linear operator A, so we first recall some results from [2]. First, some adapted
complete orthonormal system of eigenfunctions

{mpn | m € Z, n € N}

of this linear operator A will be needed to be taken as a basis for functions space. In order to
define the operator A and this space, some notions will be defined.
Let Q = [0, 7] x [0,T] and set

D= {u(xvt) € COO(Q) | U(O,t) = um(ﬂat) =0,
u(z,0) = u(z,T) and wui(x,0) = ue(z,T)}.

For real number » > 1, we define
1
Jullorioy = { [ p@lute ol dzd}”, vue,
Q

The space L"(f2) is the closure of D with the norm || - ||zr). Suppose that the constant g
satisfies the condition zla + % = 1. For functions u € LP(Q2) and v € LI(2), we define

(u, v) :/Qp(x)u(x,t)v(x,t)dxdt.
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Definition 2.1 A function u € L*(Q) is said to be a weak solution of the problem

P( )utt - (p((E) ) (l‘,t), mn Qa f € LZ(Q)a

w(0,t) = ug(m,t) telo, 1], (2.1)
(iL' O) ((E, ) ut(x,O) = ut(xaT)a T e [Oa ’/T]a
if
[ wlors = (pea)oydadt = [ fiodads (2:2)
Q Q
for all p € D.

Conversely, a weak solution of class C?(f2) satisfies (2.1) in classical sense.
Set

D(A) = {u € L*(Q) : There exists f € L*(Q) such that (2.2) holds}. (2.3)

Define A : D(g) — L%(Q) by

Au=f, ue DA, (2.4)
if and only if
[ wlon = (pea)ydndt = [ Aupdadt = [ fiodoct, (2.5)
Q Q Q
and define A by
A=p A (2.6)

Clearly, D(A) = D(A) contains the null function of L2(£2), and for each u € D(A) there exists
precisely one f € L?(2) satisfying (2.2). Therefore the operator A defined by (2.4)—(2.6) is a
linear operator L?(Q) — L?(Q) and (2.2) can be written as

/qugadxdt: / Aupdzdt = / pAupdadt, ¢ €D, ue D(A), (2.7)
Q Q Q
where

Ao = poiy — (pPz)e, @ €D.

The operator A defined by (2.4)(2.5) is said to be the linear operator associated with (2.1).
In the following, we consider the spectrum of the operator A on the functions u € L?(Q)
with the boundary condition

w(0,t) = uy(m,t) =0, w(z,0)=u(z,T), wu(z,0)=uz,T).

Using the classical method of separation of variables, we set u(x,t) = 7(t)(x) and derive that
 must satisfy the equation:

{—(p(x)so’)’ ~ N2, (2.8)
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We denote { A, ¢n nen the eigenvalues and the eigenfunctions of the Sturm-Liouville problem
(2.8). It was proved in [2] that if conditions (1.2)—(1.4) are satisfied, then there exist constants
bo, b1 > 0 such that

1
Ap =n+ 5+(9n, (2.9)
where

bo by
2n+1- """ 2n+1’

0< vn € N. (2.10)

Consider the complete orthonormal system of functions

{ e}

neN;mezZ

of space L2(f2), where

U (t) = Vwert = mw. (2.11)
Hence the spectrum of the linear operator A is

> ={oum | onm = Ao — (wm)®, n €N, m e Z}.

w

The set > has the following properties which is essential to the proof of our main results.
w

Theorem 2.1 Assume that w is irrational, and M(w) < oo (the definition of M(w) is in
Section 4). Set

me = min qu(Bw). (2.12)
P.qE€EL4

If w > 2bymy,, 0 is not an accumulation point of » .
w

Remark 2.1 Notice that it obviously has
my, < M(w)

from the definition of m,. Since M(w) is invariant under a translation through integers, the
irrational number w which satisfies the conditions w > 2bym,, exists.

Proof Assume that 0 is an accumulation point of . Then we can find a sequence {o}}

w
of eigenvalues such that o, — 0 if & — oco. In other words,

1 1
o) = /\f”c — /ﬁnk = (nk + 3 + 0, — mkw> (nk + 3 + 0, —l—mkw)
1\2 1
= (nk + 5) + 2<nk + 5)9% +62 —miw® — 0, (2.13)

if kK — oco. Because of klim 0, = 0, it is equivalent to
— 00

. 1 1 1
lim (nk + = - mkw) (nk + =+ mkw> + Z(nk + —)9% = 0. (2.14)
k—o0 2 2 2
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We can write (2.14) in the form

nk+§ nk—’_i
mi( —w) (7—|—w) +2(nk+ )an —0 (2.15)
mi mi

as k — oo. We may choose my > 0. Observing that Q(nk + l)an is bounded and nj + mpw is
bounded below, then necessarily we have

1
ng + 5
lim mk< - w) —0, (2.16)
k—o0 my
and hence also
1
ng + B
lim =w. (2.17)
k—oo My
Consequently, writing (2.15) in the form
1 1
ny + B 2 n + 3
mi( —w) +mi< —w)2w+2<nk—|— )L‘)nk — 0, (2.18)
my m
if kK — oo, we deduce that
1
ng + 5 1
lim mi( T w)w + (nk + 5)% ~0. (2.19)
Consequently, for each p,q € Z,, we have
Ll
1 (n’“ _>p pw 1
I 2—(72 - —) ( —)9 = 0. 2.20
e T g )T g) O (220)
Let € > 0, there exists K € N such that
(m+5) +3
ne+s)p L pq(nk —)
et 2wy PNTG),
mrq q w

1
§ pq(n;c + 5) by

c— pqby +e
w 2ny + 1 2w ’
whenever k£ > K. Write above as
(2ng + )p } 1
2myq N
(2mpyq)?
2p gb
P q01 1 de
w

With this result and the definition of the function M (w) in Section 4, we see that

1

— < M(Bw) (2.21)
2p q;l + 4e 9
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for each € > 0. Hence

d <2p qM(]—)w>, w < 2bip qM(&u)
by q q

for all p,q € Z4, and hence
w < 2bymy,, (2.22)
a contradiction.

Now, we can prove the main result of the linear operator A.

Proposition 2.1 Let T = 27”, and w satisfy the condition of Theorem 2.1. Then R(A) is
closed in L*(2), A is self-adjoint and (A|p(ay)~' € L(R(A),R(A)). For simplicity, we also
denote (A|gcay) ™" by A1, Moreover, we have

AT fllpe < A7 fllzz,  VF € R(A), (2.23)
where d = inf{|\} — (wk)2|; \ # |wk|},

(A7, f) = —a I fl1Zs, VS € R(A), (2.24)
(Ay, y) = —a7|Ayllz2,  Vy € D(A), (2.25)

where a = inf{(wk)? — A\}; N < |wk|},

[A™ fllze < Cllfllee, VS € R(A), (2.26)
[A™ flle < Clfllen,  Vf € HY(Q) N R(A), (2.27)
and
R(A) = N(A)*, (2.28)
L*(Q) = N(A) @ R(A). (2.29)

Proof With respect to the orthonormal system {¢;} defined by (2.8) and (2.11), the
equation Ay = f is equivalent to

(A7 = (Wk)))yw = fu, (2.30)

where y = > yuper, f =Y frtkpr. This implies that the equation Ay = f has a solution y
only if f € N(A)*, i.e., fry = 0 for all (k,1) such that \; = |wk|. Indeed, this condition is also
sufficient. For the equation Ay = f, if we set

Jri
R LE— #+ |w 2.31
Ykl )\12 ( k)Q; )\l | k|7 ( 3 )

according to Theorem 2.1, 0 is not an accumulation point of .. So d = inf{|\} — (wk)?|; \, #

w
lwk|} > 0,and > |yw|* is convergent. Moreover,
A #|wk|

1 1
Dol < 55 Yol = I (2.32)
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By (2.30),

= Y gl Y gl (233)

N #|wk| 7 N <|wk|

which yields (2.24). Let y = A71f if f € HY(Q) N R(A). So its weak derivative is

Yz = Z Y

Ai#|wk|
where {¢]} is orthogonal in L?(0, ) and
Il = [ pteas = = [ euntep)ode = 3.

Therefore

g2 = Z Mlyul? = Z _ AlfmlP
ol l (OF — (k)2)?

A1 #|wk| N #|wk|

IN

1 1
= 2 Ml = S5l
A #|wk|

Similarly, it also has

1 1
lyell72 < 7 > |wkl?|ful? = ﬁ”ft”%ﬂ'
A #|wk|

So (2.27) is proved.
In order to prove (2.26), notice that

] = (Wh)*[* > dIN] + (wh)?|, A # wh].

So

oo

> : <,
2 TN = @R)PO T (@h))?
N #|wk|

where C' is a constant independent of [. Then one has

= |f AR 1
2 e < (20) (X p=reer o)

N [wk| N |wk|
<C|flzz

N

So (2.26) is proved.
Finally, notice that D(A) is densed in L?(Q2) and A is symmetric and R(A) = N(A4)*. So
A is self-adjoint.
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3 Proof of the Main Result

Now we begin to consider the weak periodic solution of system (1.1). Recall that u € L?(Q)
is a weak solution of the problem (1.1) if and only if

[ woen~ (pena)dsd+ [ glwypdstt = [ fodndt, voe. (3.1)
Q Q Q

In order to state our main results, we give an assumption on f and g first.
(H3) f € L>(Q) and

9(=00) +6 < p(x)(P(p~" f))(x,t) < g(+00) — 4 (3-2)

for some § > 0. Here P : L?(Q2) — N(A) is the projection operator on N(A).
Now we state our main result of this paper.

Theorem 3.1 Assume T = %’T, where w is an irrational number which satisfies the con-

dition of Theorem 2.1 and the hypotheses (H1)-(H3) with 0 < v < «, where a = inf{|wm|? —
A2; A\, < |wml|}. Then (1.1) has at least one weak solution y € L>(€2).

Proof Let

G(u) = g—), ae. (z,t) € Q, ue L*(9).

In view of (H2), G : L?(Q2) — L?*(Q) is a continuous and monotone operator, i.e.,

(G(u) — G(v),u—v) >0, Yu,ve L),
1G() = G(0)|Bagey < 7(G() — G(o)u—v), Vv € L), (33)

So u is a weak solution to (1.1) in  if and only if
Au+G(u) = p ' f. (3.4)
We first consider the following approximation of (3.4):
Au+ (G +el)(u) =p tf, ueL*9). (3.5)

The proof will be divided into four steps.
Setp 1 To prove the existence of the solution of (3.5)
Letting G.(u) = G(u) + eu, and according to the hypothesis (H2)

(Ge(u) — Ge(v),u —v) > elju— v, Yu,v € L*(Q),
IG=(u) = Ge(0) 220y < (v +€)(Ge(u) = Ge(v),u —v), Yu,ve L*(Q), (3.6)

SO

-t —G '), u—wv L
(G2 (u) = G2 (v), >z7

6 - 6Hu —v||32, Vu,v e L*(Q). (3.7)

Furthermore, it obviously has

R(G.) = L*(9). (3.8)
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Using the idea of Brezis [10], (3.5) can be equivalently written as
A+ (G+el)Hp tf+v) € N(A), ve R(A). (3.9)
Indeed, if w is a solution of (3.5), we write u = uy + ug, u; € N(A), ug € R(A), then
Aus + Gou = p_lf, Gou = p_lf — Aus.
Let v = —Aug. Then
u=G (p f+v)=u + A,

which shows that (3.5) and (3.9) are equivalent.
On the other hand, (3.9) is equivalent to

A4+ (G+el)Hp  f+v)+0J(v) 20, ve R(A), (3.10)

where J is the indicator function of R(A), and JJ is the subdifferential of J. Taking into
account that d.J(v) is the cone of the normals to R(A) at v, it follows that 0.J(v) = N(A) for
all v e R(A).

Finally, (2.24) shows that A=! + a~1I is monotone on R(A). So (3.10) can be written in
the equivalent form

(A +a Yo+ Ga(v) +0J(v) 30, ve R(A) (3.11)
with Gov = (G +¢el) Y (p~Lf +v) —a tv. In view of (3.11), G, satisfies
(Gavr — Govz, v1 —v2) > (Y + &)t —a Yy — w2, v1,vs € R(A). (3.12)

We now prove that (3.11) has a solution v, for each £ < o — 7.

On the basis of (3.12), for € < a — 7, Gy, is coercive and maximal monotone in L?(().

A key step now is to prove that the monotone operator v — A, + 9J(v) with 4, =
A7t + a7, D(A,) = R(A) and 8J = N(A) is maximal monotone in L%(Q), i.e., for every
h € L*(Q2) the equation

v+ Aqv+0J(v) 5 h (3.13)
has a solution v € R(A). Indeed, this equation is equivalent to
v+ Aqv= (I — P)h, v e R(A), (3.14)

which has a unique solution v € R(A). It follows that A, + 9J + G, is maximal monotone in
L2(2). Moreover, as G, is coercive, A, + d.J + G, is onto. Therefore (3.11) has a solution
ve € R(A) which is a solution of (3.10). This means that there exists y! € N(A) such that

AT o+ (G Hel) ot ) = w2

Set
y2 = A1,
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Then y. = y! — y? is a solution of (3.5).
Setp 2 Estimate the solution y.
In order to estimate the solution y. of

eye + Aye + G(ye) = p~ L f, (3.15)
we note that by the assumption (H3), there exists & = &(z, ) with |¢| < C, such that
p(x)(P(p~ " ))(@,t) + 6w = g(§) ae. (z,1) € Q
for all § > 0 sufficiently small and |w| = 1. Then the monotonicity of g yields
(9(ye) = p(x)P(p™ f) = dw)(ye =€) >0 ae. (z,1) € Q
with g(ye(z,1)) = p(x,1)G(ye)(2,t). So
Swye < (9(ye) = p(@)P(p~ " ))ye — E(9(ye) — 9(€)) ae. (z,1) €9,

which implies (for w = |yig3|) that

8llyelli) < (Gye — P(p™ ' f), y) + C||G(ye) |22 + C1 ace. (z,t) € Q (3.16)

for some positive constants C' and Cf.

On the other hand, in view of L?(Q) = N(A) @ R(A), there exists y; € D(A) such that
p~tf = P(p~tf)+Ay; and pP(p~ 1 f) = g(2) = pG(z) for some z = z(x,t) in L>(£2). Therefore,
(3.15) can be written as

EYe + A(ye - yl) + G(ys) - G(Z) =0 (317)

with G(z) = P(p~'f). Now we begin to prove that ||G(y.)|/z2 is bound. By (3.3), (3.17) and
(2.24), we have

Y Gye — Gzl172 < (G(ye) — G(2), ye — 2)
= —&(We, Ye — 2) — (A(Ye — 1), Y — 1) + (A(ye — 1), 2 — 1)
< —ellyellis +elye, 2) +a Ay —y1)ll72 + (Alye — 1), 2 —y1). (3.18)

Substituting A(y. — y1) = G(2) — G(ye) — €y into (3.18) and with the following inequality
ab < ea® + (4¢)7'0?, Ve >0, a,b € R,
it can be obtained
7 HIGYe = Gzll72 < (Gly:) — G(2), ye — 2)
< —ellyll72 + e(ye, 2) +a M G(2) = Gly:) — evelliz + (G(2) — Gly:) —eye, 2 —w1)

- (%? - a) lyelZ= + s<ye, v+ %(G(ye) - G(Z))>

+ a7 |Glye) — G + (Glye) — GE), v —2)
2
<a7MG(y.) - G + CIGW) - GE) e + (S — <) ly- I3



Periodic Solutions of a Nonhomogeneous String 629

2
)

2
_ S
= a7!G(y.) — G + CIGW) = GE)IEe + (S — e+ k) lye 3

te(Blyellzs + gz [ + 2 (Ge) - 6)|

€ 2 9
2l + 26 - G (319)
Let k=1~ £ in (3.19), it can be obtained
YHIG W) = G()II7 < a7 MG (ye) = G(2)lI72 + CllGye) — G(2) 172

+ el + 2 (Gl G
< ——I6(:) - G} + CIGU) ~ G + . (320)

So for € small enough, we have
1G(ye)z2 < C. (3.21)

By (3.21), it is easy to obtained the boundedness of |Ay.|. In fact, with (3.17) and (2.24), we
have

Ay = y1)lI72 = —(Aly= — 11), eye + Glye) — G(2))

—e(A(y= —v1), Y= —y1) — (AYe —y1)s v1) — (A(Ye — 1), G(ye) — G(2))
EIIA(ye —y1)|72 +eC||A(ye — y1)llr2 + CllA(ye — v1) |2 (3.22)

IN

IN

For € small enough, ||A(ye — y1)|| L2 is bounded, hence ||Ay.||z= is bounded.
Note that

(Gye) = P(p™' f)yye) = (Glye) — G(2), ve)

= (—eye — A(y- — 1), ¥e)
—(A(ye — 1), ye —v1) — (Alye — 1), 11)
< a MA@ —y)ll7e + ClA®WYe = y1)l e

IN

With (3.16), we get
[yellzr < C. (3.23)

Sept 3 Estimate |y|

It is now easy to prove that [|y.||Le(q) is bounded. To this goal, write y. = y! + y2 with
yl € N(A) and y? € R(A). Since Ay. = Ay? is bounded in L?(2), y? is bounded in L>(Q).
Consequently y! = y. — y2 is bounded in L*(Q). So its Fourier coefficients

Yo = / YL@, )p(@)on ()b (1)t
Q

are bounded as |pp,(z)| < C, |t (t)| < C for some C independent of m,n,x and ¢. Therefore
V2| < Cllytll L) < Ci. Taking into account that N(A) is finite dimensional, it follows that
yl is bounded in L°°(£2), and hence ||y.||~ < C.
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Setp 4 Taking limit ase — 0
We first show that {Ay.} and {Gy.} are Cauchy sequence in L#(). Set 2.\ = ey. — A\ya,
it is obviously that 2.y — 0 in L*(Q) as A\,e — 0. On the other hand, from (3.15) we have

(A(ye —yr)s Ye —un) +(G(ye) — G(yr), Yo —yr) < Cllzaa| Lz (3.24)

Combination of (3.24), (3.3) and (2.24), it leads to
7HGe) = Gyn)lZe < Cllzeallzz + a7 HIA: — ya)lz-- (3.25)

Substituting

Ay —yn) = G(ye) — G(ya) — 2ex

into (3.25) and noticing that ya~! < 1, we have that |G(y.) — G(y»)] — 0 as A\,e — 0, and
therefore A(y.—v,) is also a Cauchy sequence in L?(Q2). The sequence {y.} is bounded in L?(),
s0 it contains a weakly convergent subsequence (denoted it again by {y.} for simplicity). Taking
into account that G(y.) is strongly convergent in L?(€2), it follows that G(y.) — G(y) (strongly)
in L2(Q). Finally, it follows that y € D(A), Ay. — Ay, and letting ¢ — 0, (3.15) implies (3.4).

We now can prove that actually y. — y strongly in L?(2). Indeed, Ay? = Ay. — Ay
strongly in L?(Q). So y2 = A71(Ay.) is also strongly convergent in L?(Q) (say y2 — y?).
Then y? € R(A). As y! = y. —y?> — y — y? and N(A) is finite dimensional, it follows that
yl — y—y?> =y' and y' € N(A). The conclusion is that y. — y is strongly in L?(2). On the
other hand, y. is bounded in L>(), so y € L>®(Q).

4 Appendix

In this appendix, some basic properties about continued fractions will be listed and one can
consult [3-4] for the proof of these results.
Let o be real number, and put ap = [a], where [-] denotes the integer part. Then

1
= i 4.1
o= ag+ o (4.1)

with some a; > 1if & > ag. Put a; = [a] and continue the above process. Then, we obtain the
continued decomposition of a. This process does not terminate if and only if « is an irrational
number. Then we obtain the continued fraction decomposition of

1

a=ap+ T (4.2)
al + 71
as +
as + e
and generally denote it as
a:[a05a1)a2)a3)'”]) (43)
where ag, a1, a9,as, - are integers and are called the complete quotients of «. Generally, we
denote
Pn
- = [G’OaalaGQaafSa"' aan] (44)

an
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with p,, ¢, relatively prime integers, which are the convergent of « such that fl’— — @ asn — oo.
It is well known that the p,, ¢, are recursively defined by the following relations:

Po=ag, qo=1, p1=apar+1, q =ai,

Pn = GpPn—1 +Pn—2, Gn = AnGn—1 + Gn—2.

About these p,, g, the following theorems were proved by Ben-Naoum and Mawhin [3].

Theorem 4.1 Fach irrational number o corresponds to a unique (extended) number M («)
€ [V/5,00] having the following properties:
(1) For each positive number jn < M («), there exist infinitely many pairs (p;,q;) with ¢; # 0,
such that
1

-
pg?

qi

<

(2) If M(«) is finite, then, for each > M (), there exist only finitely many pairs (pi, ¢;)
satisfying the inequality

The extended real number M («) is called the Lagrange or the Markov constant of a. If we
set

M(a) = {M € R : There exist infinitely many (p;, ¢;) satisfy ‘oz b

qi

<o)
- Mgt
then M(a) is an interval and Theorem 4.1 says that M (a) = sup M(a).

Theorem 4.2 M («) is finite if and only if the partial quotients sequence (a;)ien of « is
bounded.

Any « with bounded partial quotients sequence (a;);en is said to have bounded partial
quotients. Borel and Bernstein have proved that the set of irrational numbers having bounded
partial quotients is a dense uncountable and null subset of the real line.

If «v is an irrational number, we need some properties on the behavior of the function M («)
under the action of the group of transformations 7" defined by

b
B=T(a) = 22, (45)

where a, b, c,d € Z are such that ad — bc # 0. Notice that then

 —df+D
- B-a

a=T7Y3)
and
(—=d)(—a) —bc=ad—be.

About this transformation, it has the following results which is proved in [4].
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Theorem 4.3 If § = Zgj_'s for some a,b,c,d € 7 such that ad — bc # 0, then

M(a) < Jad — be|M(8),
M(B) < |ad — be|M ().
The following results are immediately from Theorem 4.3.

Corollary 4.1 If 5 = ‘Clgis for some a,b,c,d € Z such that ad—bc # 0, then 3 has bounded

partial quotients if and only if a has bounded partial quotients.

Corollary 4.2 If p and q € Z, with p,q # 0, then
p
M(;a) < lpq|M(a).

The modular group is the group of transformations defined by (4.5) with |ad — be| = 1.

Theorem 4.3 shows that M («) is invariant under the action of the modular group. In particular,

when ¢ =0, d = 1, T(«) is a translation through integers. So the Lagrange constant is invariant

under translations through integers, and if {a} = o — [@], one has

M(a) = M({a}).
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