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On a Spectral Sequence for Twisted Cohomologies*
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Abstract Let (Q*(M),d) be the de Rham cochain complex for a smooth compact closed
manifolds M of dimension n. For an odd-degree closed form H, there is a twisted de
Rham cochain complex (Q2*(M),d + Hx) and its associated twisted de Rham cohomology
H*(M, H). The authors show that there exists a spectral sequence { EZ'?, d,} derived from
the filtration F,(Q*(M)) = @ Q' (M) of Q* (M), which converges to the twisted de Rham
izp

cohomology H*(M, H). It is also shown that the differentials in the spectral sequence
can be given in terms of cup products and specific elements of Massey products as well,
which generalizes a result of Atiyah and Segal. Some results about the indeterminacy of
differentials are also given in this paper.

Keywords Spectral sequence, Twisted de Rham cohomology, Massey product,
Differential
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1 Introduction

Let M be a smooth compact closed manifold of dimension n, and Q*(M) be the space of
smooth differential forms over R on M. We have the de Rham cochain complex (Q*(M),d),
where d : QP(M) — QPTL(M) is the exterior differentiation, and its cohomology H*(M) (the
de Rham cohomology). The de Rham cohomology with coefficients in a flat vector bundle is
an extension of the de Rham cohomology.

The twisted de Rham cohomology was first studied by Rohm and Witten [13] for the an-
tisymmetric field in superstring theory. By analyzing the massless fermion states in the string
sector, Rohm and Witten obtained the twisted de Rham cochain complex (2*(M),d+ Hs) for
a closed 3-form Hs, and mentioned the possible generalization to a sum of odd closed forms.
A key feature in the twisted de Rham cohomology is that the theory is not integer-graded but
(like K-theory) is filtered with the grading mod 2. This has a close relation with the twisted
K-theory and the Atiyah-Hirzebruch spectral sequence (see [1]).
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n-1)

2
Let H be > Hajy1, where Hoq1 is a closed (2i + 1)-form. Then one can define a new

i=1
operator D = d + H on Q*(M), where H is understood as an operator acting by exterior
multiplication (for any differential form w, H(w) = H A w). As in [1, 13], there is a filtration
on (Q*(M), D) as follows:

K, = F,(Q(M)) = @D Qi (M). (L1)

12p

This filtration gives rise to a spectral sequence
{EP1.d,} (1.2)
converging to the twisted de Rham cohomology H*(M, H) with

P {H”(M)7 q %s even, (13)
0, q is odd.

For convenience, we first fix some notations in this paper. The notation [r] denotes the
greatest integer part of r € R. In the spectral sequence (1.2), for any [y,]r € EV?, [ypliti
represents its class to which [y,]r survives in E,ffl. In particular, as in Proposition 3.2, for
z, € BV [zp]a = [zp]s € EY? = EYY represents the de Rham cohomology class [z,]. d,[z]
represents a class in EET™97" ! which survives to d.[z,)], € EPTTaTL

In [13, Appendix I], Rohm and Witten first gave a description of the differentials ds and
ds for the case D = d + Hj. Atiyah and Segal [1] showed a method about how to construct
the differentials in terms of Massey products, and gave a generalization of Rohm and Witten’s
result: The iterated Massey products with Hs give (up to sign) all the higher differentials
of the spectral sequence for the twisted cohomology (see [1, Proposition 6.1]). Mathai and

r—1
(=

Wu [9, p.5] considered the general case of H = Hs;41 and claimed, without proof, that
i=1
dy = dy = --- = 0, while d3, ds, --- are given by the cup products with Hs, Hs, --- and
the higher Massey products with them. Motivated by the method in [1], we give an explicit
description of the differentials in the spectral sequence (1.2) in terms of Massey products.
We now describe our main results. Let A denote a defining system for the n-fold Massey

product (x1,za,- - ,x,), and ¢(A) denote its related cocycle (see Definition 5.1). Then
(x1,29, + ,xn) = {c(A) | A is a defining system for (z1,xz2, -+ ,2,)} (1.4)

by Definition 5.2. To obtain our desired theorems by specific elements of Massey products, we

restrict the allowable choices of defining systems for Massey products (see [14]). By Theorems

4.1-4.2 in this paper, there are defining systems for the two Massey products that we need

(see Lemma 5.1). The notation (Hs, - -, Hs,x,) 4 in Theorem 1.1 below denotes a cohomology
NI

t+1
class in H*(M) represented by ¢(A), where A is a defining system obtained by Theorem 4.1 (see

Definition 5.3). Similarly, the notation (Hosi1,- -, Has11,2p) 4 in Theorem 1.2 below denotes

1
a cohomology class in H*(M) represented by ¢(A), where A is a defining system obtained by
Theorem 4.2 (see Definition 5.3).
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n—1

2

Theorem 1.1 For H = ) Hoiy1 and [xy)a13 € E5)%4 (t > 1), the differential of the

i=1
’ _ Ep+2t+3,q—2t—2

spectral sequence (1.2), i.e., doyys @ E5 4 Bers , s given by
dot+3[Tplat+s = (—1)'[(Hs, - , Hs, 2p) al2t+s,
— ——
t+1

and [(Hs, -+, Hs, xp) al2t+3 is independent of the choice of the defining system A obtained from
—_————
t+1
Theorem 4.1.

Specializing Theorem 1.1 to the case H = Hasy1 (s > 2), we obtain

daers[zplaees = (—1)°[0, -, 0,2p) al2rts. (1.5)
———
t+1
Obviously, much information has been concealed in the above expression. In particular, we
give a more explicit expression of differentials for this special case, which is compatible with

Theorem 1.1 (see Remark 5.6).

Theorem 1.2 For H = Haoy1 (s > 1) only and [xy)ai43 € ES% 4 (t > 1), the differential
of the spectral sequence (1.2), i.e., dgiis : E§% 4 — Eg;f;w’q*%ﬂ, is given by
[H25+1 A xp]2t+37 t=s— ]-7
(=1)""'[(Host1, -, Hosy1,Tp)Blotys, t=1s—1(1>2),

1
0, otherwise,

doty3[Tplois =

and [(Hast1, -+ s Hast1,Tp) Blotys is independent of the choice of the defining system B obtained

l
from Theorem 4.2.

Atiyah and Segal [1] gave the differential expression in terms of Massey products when
H = Hj (see [1, Proposition 6.1]). Obviously, the result of Atiyah and Segal is a special case
of Theorem 1.2.

Some of the results above are known to experts in this field, but there is a lack of mathe-
matical proof in the literature.

This paper is organized as follows. In Section 2, we recall some backgrounds about the
twisted de Rham cohomology. In Section 3, we consider the structure of the spectral sequence
converging to the twisted de Rham cohomology, and give the differentials d; (1 < ¢ < 3) and
dox (k > 1). With the formulas of the differentials in E5;%4 in Section 4, Theorems 1.1 and
1.2 are proved in Section 5. In Section 6, we discuss the indeterminacy of differentials of the

spectral sequence (1.2).

2 Twisted de Rham Cohomology

For completeness, in this section, we recall some knowledge about the twisted de Rham

cohomology. Let M be a smooth compact closed manifold of dimension n, and *(M) be the
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space of smooth differential forms on M. We have the de Rham cochain complex (Q*(M),d)
with the exterior differentiation d : QP (M) — QPFL(M), and its cohomology H*(M) (the de

Rham cohomology).
[77 1]
Let H denote Z Hy;i1, where Hy;1q is a closed (2i + 1)-form. Define a new operator
i=1
D =d+ H on Q*(M), where H is understood as an operator acting by exterior multiplication

(for any differential form w, H(w) = H A w, also denoted by Hx). It is easy to show that
D?=(d+H)*>=d*+dH + Hd+ H? = 0.

However, D is not homogeneous on the space of smooth differential forms Q*(M) = @ Q' (M).
>0
Define Q*(M) to be a new (mod 2) grading as follows:

O (M) = Q°(M) & Q°(M), (2.1)

where

)= D (M), QM) = ® Q' (M). (2.2)

i=1 (mod 2) i=0 (mod 2)
Then D is homogenous for this new (mod 2) grading,

(M) 2 Qo(mr) 25 Qo).

Define the twisted de Rham cohomology groups of M as follows:

ker(D : °(M) — Q“(M)]
HY (M. H) = D0 () = Qe (M) (23)
He(M, H) = ker[D Q°(M) — Q°(M)] 2.4)

im[D : Qo(M) — Qe(M)]”

Remark 2.1 (i) The twisted de Rham cohomology groups H*(M, H) (x = o, e) depend on
the closed form H but not just on its cohomology class. If H and H’ are cohomologous, then
H*(M,H) > H*(M, H') (see [1, Section 6]).

(ii) The twisted de Rham cohomology is also an important homotopy invariant (see [9,
Section 1.4]).

Let E be a flat vector bundle over M, and Q'(M, E) be the space of smooth differential

i-forms on M with values in . A flat connection on E gives a linear map
VE QWM E) — QM E),
such that for any smooth function f on M and any w € Q'(M, E),
VE(fw)=df h\w+ f-VFPu, VFoVF =0
Similarly, define Q*(M, E) to be a new (mod 2) grading as follows:

(M, E) = Q°(M, E) ® Q°(M, E), (2.5)
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where
CME) = P QME), QCWME= € Q(0ME). (2.6)
i=1 7:(3‘(())(1 2) i=0 7:(3‘(())(1 2)

Then D¥ = V¥ + H, is homogenous for the new (mod 2) grading,
Q¢(M, E) L2 QO(M E) o, Qe(M E).

Define the twisted de Rham cohomology groups of E as follows:

o B ker[D¥ : Q°(M, E) — Q¢(M, E)]

H*(M, B, H) = im[DE : Q¢(M,E) — Q°(M, E)]’ 2.7)
. _ ker[DF : Q°(M,E) — Q°(M, E)]

HY (M. B H) = S D Qo (M, B) = O°(M, E)| (28)

Results proved in this paper are also true for the twisted de Rham cohomology groups H* (M, E,
H) (x = o,e) with twisted coefficients in F without any change.

3 A Spectral Sequence for Twisted de Rham Cohomology and Its Dif-
ferentials d; (1 <7 <3),da (k>1)

Recall D =d+ H and H = Z Hy; 1, where Ho;yq is a closed (2i + 1)-form. Define the

usual filtration on the graded vector space Q*(M) to be

K, = F,(Q*(M)) = P ' (M

i>p

and K = Ky = Q*(M). The filtration is bounded and complete,
KEKQDKlDKQD"'DKnDKn+1:{O}. (31)

We have D(K,) C K, and D(K,) C K,4+1. The differential D(= d 4+ H) does not preserve the
grading of the de Rham complex. However, it does preserve the filtration {K},},>0.
The filtration {K,},>0 gives an exact couple (with bidegree) (see [12]). For each p, K, is a

graded vector space with
Ky = (Kp NQ°(M)) @ (Kp NQ°(M)) = Ky ® K,

where K? = K, N Q°(M) and K; = K, N Q°(M). The cochain complex (K, D) is induced
by D : Q*(M) — Q*(M). In a way similar to (2.4), there are two well-defined cohomology
groups H§, (K,) and H)(K,). Note that a cochain complex with grading

Kp/Kp+1 (KO/ erl) (Ke/ p+1)

derives cohomology groups H (K, /K,+1) and H (K, /Kp+1). Since D(K),) C K41, we have
D = 0 in the cochain complex (K,/Kp+1, D).
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Lemma 3.1 For the cochain complex (Kp/Kpy1, D), we have

QP(M), p is odd,

HIOD(KP/KPH) = {O p is even

QP(M), p is even,
0, p is odd.

Hiy (K Kpir) = {
Proof If p is odd, then
K,NQ(M) =K,11 NQ(M) and (K, NQ°(M)) /(Kp+1 NQ°(M)) = 0.
We have

(K, NQ°(M)) /(K N Q°(M)) = K5 /KD,y = Q(M),
HY (K, Kpar) = @ (M), Hj(K,y/Kpi1) = 0.

Similarly, for even p, we have
Hip (K Kpi1) = Q7(M),  H(Ky/Kpi1) = 0.
By the filtration (3.1), we obtain a short exact sequence of cochain complexes
0 — Kpt — Ky - Kp/Kpy1 — 0, (3:2)
which gives rise to a long exact sequence of cohomology groups

T H%Jrq(Kerl) - H/%Jrq(Kp) < H%Jrq(Kp/Kerl)
L g () s gt ) L (3.3)

Note that in the exact sequence above,

K,), iis even,
K,), iisodd,

(
(
H{(Kp/Kpt1), i is even,
HY(Ky/Kpt1), iisodd.

Let
BV = HYFO(K,/Kpy), DY = HYU(K,), i =i, ju=j" ki =6 (3.4)

We get an exact couple from the long exact sequence (3.3)

:\ / (3.5)
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with 47 of bidegree (—1,1), j1 of bidegree (0,0) and k1 of bidegree (1,0).
We have d; = jik1 : B} — E}" with bidegree (1,0), and d? = jik1j1k1 = 0. By (3.5),

we have the derived couple

* % i * %
Dy 2 Dy
3.6
k / (36)
by the following:

(1) Dy" =i Dy, By™ = Hay (EY),

(2) ix = i1|D;*, also denoted by 1.

(3) If az = i1a; € D™, define ja(az2) = [j1a1]q,, where [ ]4, denotes the cohomology class
in Hy, (EF).

(4) For [bla, € E5™ = Hy, (ET™), define ko([b]a,) = k1b € D3™.

The derived couple (3.6) is also an exact couple, and jo and ko are well defined (see [6, 12]).

Proposition 3.1 (i) There exists a spectral sequence (EP9,d,.) derived from the filtration
{K,}n>0, where BV = HOM(K,/Kyi1), di = jiki, and EYY = Hg, (EY?), dy = joko. The
bidegree of d, is (r,1 —r).

(ii) The spectral sequence {EP,d,} converges to the twisted de Rham cohomology
P Eri=H (M H), P B =H(MH). (3.7)
p+g=1 p+q=0

Proof Since the filtration is bounded and complete, the proof follows from the standard

algebraic topology method (see [12]).

Remark 3.1 (1) Note that

Hi(K,) = H§(Kp), iis even,
PRI HY (K, s odd,
Hy(Ky/Kpi1) = Hp{(Kp/Kpy1), i is even,
P HY(Kp/Kpy1), iisodd.

Then we have that H% (K),) and HE(K,/Kp11) are 2-periodic on 4. Consequently, the spectral
sequence {EP?,d,} is 2-periodic on q.
(2) There is also a spectral sequence converging to the twisted cohomology H*(M, E, H)

for a flat vector bundle E over M.

Proposition 3.2 For the spectral sequence in Proposition 3.1,

(i) The Ey"-term is given by

QP(M), q is even,

EIMI:H;D-HI K /K o~
1 D ( p/ p+1) {07 q is odd,

and dyx, = dx,, for any x, € EDY.
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(ii) The E3"-term is given by
B = gy, (re) = | A7), qds even,
0, q is odd,

and do = 0.
(iii) EYY = ED? and dslxp]) = [Hs A xp) for [z,]3 € EYY.

Proof (i) By Lemma 3.1, we have the E""-term as desired, and by definition, we obtain
dy = jiky : ED? — Ef“’q. We only need to consider the case when ¢ is even, otherwise d; = 0.
By (3.2) for odd p (the case, when p is even, is similar), we have a large commutative diagram

D D D
0—=Kj ——=K;——0 0
D D D
0—= K¢y — = K3 — 2o Qr(M) — >0 (3.8)
D D D
0—=Kpy ——Kj ——=0 0
D

where the rows are exact and the columns are cochain complexes.
Let x, € QP(M) = HY(K,/Kp1) = EY?, and
[(*=*]
(3.9)

€T = E Tp42i
i=0

be an (inhomogeneous) form, where x,19; is a (p + 2i)-form (0 < i < [*5%]). Then z € K,
jz =z, and Dx € K. Also Dz € K;,,. By the definition of the homomorphism ¢ in (3.3),

we have
(3.10)

kix, = [Dz]p,
where [ ]|p is the cohomology class in Hj (K,+1). The class [Dz]p is well defined and inde-

pendent of the choices of x,,9; (1 <i < [*52]) (see [3, p. 116]).
Choose 42, =0 (1 <4 < [*52]). Then we have

kix, = [Dx]p
= [dxp, + HAN2xp|D

[254]

= [d.l?p + Z H2l+1 A J,‘p:|D S H%+q+1(Kp+1).
=1
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Thus, one obtains

(2]
dll‘p = (j1k1)$p = jl(kil (l‘p)) =71 |:d.2?p + Z H21+1 /\Jﬁp}D = dl‘p.
=1
(ii) By the definition of the spectral sequence and (i), one obtains that F5? = HP(M) when
q is even, and E2? = 0 when ¢ is odd. Note dy : EY? — EET2971 Tt follows that dy = 0 by
degree reasons.

(iii) Note that [z,]3 € E5? implies dz, = 0. Choosing xp4.2; = 0 for 1 <14 < [*5E], we get

[251]
(Dalp = [H Azylp = [ Y Havpa Aay| € HE O (Kpe),
=1

where « is given in the proof of (i). Note

i2 1
HYF TN (K p) <—— HBH (Kpys) —— H ™ (Kpys/Kpia)
(3.11)

(ifl)z J1
[Dz]p ———— = [Dx]p

H3 A Tp-
It follows that
dslzp)s = jsks[zp]s = ja(kizp) = js[Dz]p = [j1((iy ')*[Dx]p)]s = [Hs A z,]3, (3.12)

where the first, second and fourth identities follow from the definitions of d3, ks and js3, re-
spectively, and the third and last identities follow from (3.10) and (3.11), respectively. By (ii),

dy =0, so EY'? = EPY. Then we have

ds[zp] = [Hz A xp].

Corollary 3.1 dog, = 0 for k > 1. Therefore, for k > 1,

Bf,, - B, (313)
P . Pg p+2k,q+1—2k - o e v
roof Note dyy : E3;' — E5) . By Proposition 3.2(ii), if ¢ is odd, then E5? =0,
which implies that E%;? = 0. By degree reasons, we have dg, = 0 and E}Y | = ED? for k > 1.
The differential d3 for the case H = Hj is shown in [1, Section 6], and the EL?-term is also

known.

4 Differentials dzs+3 (t > 1) in Terms of Cup Products

In this section, we will show that the differentials da¢13 (¢ > 1) can be given in terms of cup

products.
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n—1
=1
2
We first consider the general case of H =

(2

Hyip1. For [xp)arys € ES%q, we let © =
1
[252)

2
Zpyoj € Fp(Q*(M)). Then we have
=
(2] [(*=2]
Dz = (CH- Z H2i+1)( 37p+2j>
i=1 3=0
(57—t j+1
=de,+ ) (dﬂ?p+2j+2 + Y Haip1 A xp+2(j7i)+2>- (4.1)
3=0 i=1
5]
Denote y = Dz = ) ypt2jt1, where
3=0
Yp+1 = dap,
g+l (4.2)
. n—p
Yp+2j+3 = dTpy2ji2 + ZH21+1 NTpiagi—iy42, 0<J < { 5 } - L

i=1

Theorem 4.1 For [x,]ai13 € ES%, (t > 1), there exist x,42; = 37;(321‘ (1 <i<t), such

that Ypioj+1 =0 (0 < j <t) and

t
doty3[Tploris = {Z Haip1 A xz(,tJ)rQ(tfi)JrQ + Hapyz A xp:|

)
2t+3
i=1 +

where the (p + 2i)-form x;t_i% depends on t.

Proof The theorem is shown by mathematical induction on .
When t = 1, [zp]at+s = [@p]5. [2p]5 € EE'? implies that dz, = 0 and ds[z,] = [H3 A 2p] =0
by Proposition 3.2. Thus there exists a (p + 2)-form vy, such that H3 Az, = d

)

(—v1). We can
choose z,, [y = v1 to get ypi3 = da:l()l_ZQ + H3 A xp = dvi + Hs Az, = 0 from (4.2). Noting

-4 .
3 J1
HYF Y (K1) <—— HBM 1 (Kpys) —— HY M (K5 / Kpao)
(4.3)

(Cuok J1

[Dz|p [Dx|p Yp+55

we obtain
dslapls = jsks[zpls = js(kiap) = js[Dalp = [j1(i7 1) [Dx]p]s = [yp+s]s- (4.4)
The reasons for the identities in (4.4) are similar to those of (3.12). Thus, we have
ds[zpls = [dxpya + Hz A xSﬁQ + Hs Axpls = [Hs A xSﬁQ + Hs A p)s,

where the first identity follows from (4.4) and the definition of y,45 in (4.2), and the second

one follows from the fact that dx,;4 vanishes in E;"". Hence the result holds for ¢ = 1.
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Suppose that the result holds for ¢ < m — 1. Now we show that the theorem also holds for
t=m
From [z,)om+3 € ESY 4, we have [xp]om11 € E5Y | and dopy1[2p]2m+1 = 0. By induction,
there exist xZ()T;il) (1 <i<m—1), such that

1
ypir (ap) = dry =0,
m—1 m—1
y1(>+3 )(xp) dxp+2 )+ Hz Nap =0,
1—1
1 1 —1
y;f;TQer)l(xp) =dx Tm - Z Hajp1 A 35;:12(1)_]-) + Haip1 A xp (4.5)
Jj=1 :
=0 2<i<m-1),
—-1) _
d2m+1 xp 2m+1 — |: Z H21+1 N xp+2(m i) + H2m+1 A xpi| omtl - 0

By dam = 0 and the last equation in (4.5), there exists a (p + 2)-form wy o, such that

m—1

[ z; Hoip1 A JJ;T;(IW)L_“ + Hom+1 A xp:| 1 dom—1[Wpt2]2m—1- (4.6)
=
By induction and [wyy2]om—1 € ET2972 there exist “’z()+2(z)+1> (1 <i<m—2),such that
—2
yI(JTJ N(wpy2) = dwp+2 =0,

m—2
Yp+s (wl)-‘r ) dwp+4 ) + Hs A Wp+2 = 0,

i—1

(m=2) (m—2) (m—2)
Ypiaita(Wpra) = dw pT2(z+1> + Z Haj1 A pr2(i—j+1> + Haigr A wp (4.7)
j=1 :
=0 (2<i<m-—2),
m—2
-2
dom—1[Wp+2]2m—1 = { > Haipr A wZ(,TQ(%_i) + Ham—1 A wp+2i| -
i=1
By (4.6) and the last equation in (4.7), we obtain
[ZHQ 1/\ —1) w(m72) A)+H2 1/\(m(m71)_w 2)—|—H2 1/\x} —0.
i+ p+2(m %) p+2(m—1) m— p+2 P+ m+ p 91

Note that dan,,—2 = 0, and it follows that there exists a (p + 4)-form w14, such that

m—2
m—1 m—2 m—1
{ > Haig1 A (x1(7+2(rr)zfi) - w1(7+2(rr)17i)) + Hom-1 A (@5 ") = wpy2) + Homi1 A J"p} N
1=1

= dom—3[Wptalam—3-

Keeping the same iteration process as mentioned above, we have

2 m—3
5 (s it - 5wt )

i=1
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m—1—j
(m—1—
+ Z (HQ%H A ( p+2 m—i) Z Wpt2(m jz wp+2(mfi))> + Homq1 A J/'p} _ 0.
=1

By dg = 0, it follows that there exists a (p 4 2(m — 2))-form w4 9(m—2), such that

2 m—1
(m—1—j) —1)

[Z (H2i+1 A ( p+2(m i) Z wp+2<m—]z‘>>> + (sz+1 A ( Tpt2(m—i)

i=1 j i=3

m—i—1

—1-
T i) o ] =l ol 09
j=1

By induction and [wy19(m—2)]5 € Ep+2(m 2:a72(m=2) there exists w'" such that

p+2(m—1)’

1
y;((;-QQm_3(wp+2(m72)) dwp+2(m72) =0,

1 1
yl()”m 1 (Wppo(m—2)) = dwéﬁQ(m 1+ Hz A wpiogn-2) =0, (4.9)
d5[wp+2(m 2)]5 = [H3 A w;,(,_gg(m 1) + Hs A wp+2(m72)]5-

By (4.8), the last equation in (4.9) and d4 = 0, it follows that there exists a (p+2(m —1))-form

Wpt2(m—1), such that

H

m—

m—1) m—1 -1)
[(H3 A ( Tpt+2(m—1) Z wp+2(mj1)>> * (HQHl 8 ( Tpt2(m—i)
Fi =2

m—i—1

1
Z W s wp+2(m—z'))) + Hapmpr A xp} = dawpia(m-1)] = [H3 Awpiam-1)]

and yé?szl(wpw(m_l)) = dwpyo(m—1) = 0. Thus there exists a (p + 2m)-form w2y, such
that

m—1 m—i1—1

(m—1—j3)
> (H2i+1 /\( p+2(m i Z Upt2(m— z) wp+2(m*i>))
=1 7
+ Hopg1 A Ty = dwp+2m. (410)

Comparing (4.10) with (4.2), we choose at this time

(m) _ (m-1) _
LTpt2 = xp+2 - xp+2 Wp+2,
_ .(m) 2m=1) § : (m—1—j) .
Tp+2i = LTpyo; = Lpyoj Wp 124 — Wp424 (2 <i<m-— 1), (4'11)
_ .(m)
Tptom = xp+2m - wp+2m~

From (4.2), by a direct computation, we have

—1
Yp+1 = y;::l )(xp) =0,

1— .
Yp+2i-1 = yp+21 1 (zp) Zy;(::m 1 (Wpt2) =0 (2<i<m), (4.12)

Yp+2m+1 = 0.
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Note
pHa+1 A I prptatl
Hp, (Kerl) ~— Hp (Kp+2m+3) —Hp (Kp+2m+3/Kp+2m+4)
(4.13)
(i1—1)2(7n+1) i
[ch]D _ [D{E]D Yp+2m~+3-
By the similar reasons as in (3.12), the following identities hold:
dom+3[Tplam+s = Jom+skom+3[Tplam+s
= Jomt3(k1zp)
= j2m+3 [Dx]D
= [ (i) D] plames
= [Yp+2m+3]em+3- (4.14)
So we have
dom+3[Tploam+3 = [Yprom+3lom+3
:[dm + 3 Hoppr A2l +H :/\x} (by (4.2))
p+2m+2 2i+1 p+2(m—i+1) 2m+3 D ot .

i=1

m

_ (m)

= {Z Hyiq A T o(m—i+1) + Hopgs A {Ep} o’
i=1

showing that the result also holds for ¢t = m.

The proof of the theorem is completed.

Remark 4.1 Note that x;(;?rzi (1 <i<t)depend on ¢, and that J";f)ti)% # 35;()?21 depend on

the condition ¢; # to generally. x;t_i% (1 <i<t) are related to x;:;lj) (1<j<t—1,j<i).

Now we consider the special case in which H = Has41 (s > 1) only. For this special case,

we will give a more explicit result which is stronger than Theorem 4.1.

["32]
For x = > xpt2,, we have

;)

[*5*] s—1 [*5*]
Dz = (d+ H2s+1)( $p+2j> =Y drpio+ Y (dwpia; + Hosit Apiogs)):
j=0 Jj=0 Jj=s
Denote
Yp+2j+1 = dTpi2j, 0<j<s—1,

n (4.15)
Yp+2j+3 = dTpi2ji2 + Hosp1 ATpioj_gy42, $—1<7< {T} -1

[(“=F]

2
Then Dz = > Ypt2j4+1-
§=0
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Theorem 4.2 For H = Haey1 (s > 1) only and [xplags € E54s (¢
t

1), there exist
s _ _ . t
Tpt2is = Tpioiss Tpta(i-1)s+2j = 0 and Tpio[t]stok = 0 forl1<i< [

>
g],lgjgs—l and
1<k<t— [ﬂs, such that Ypyou+1 =0 (0 <u <t) and

[Has+1 A Tplast,

dory3[zplotys = S [Has41 A xz(,l;;()l,l)s]zwrs, t=1Ils—1(1>2),
0,

t=s—1,

otherwise,

where the (p + 2is)-form xz(,[i];w depend on [L].

Proof We prove the theorem by mathematical induction on s.
When s = 1, the result follows from Theorem 4.1.
When s > 2, we prove the result by mathematical induction on ¢. We first show that the

result holds for t = 1. Note that [z,]5 € EY? implies y,+1 = dx, = 0. Choose 2,42 = 0 and
make y,43 = 0.

(i) When s =2, by (4.4), we have

ds[Tpls = [Yp+sls = [dTpra + Hs A xpls = [Hs A xp]5.

(ii) When s > 3, by (4.4), we have

ds[zpls = [Yp+sls = [dzpra]s = 0.
Combining (i) and (ii), we have that the theorem holds for ¢ = 1.

Suppose that the theorem holds for ¢ < m — 1. Now we show that the theorem also holds
for t =m.

Casel 2<m<s—1.

By induction, the theorem holds for 1 <¢ <m — 1. Choosing zp42; =0 (1 < i < m), from
(4.15), we easily get that y,42;41 =0 (0 < j < m). By (4.14)—(4.15), we have

dom+3[Tplam+3 = [Yprom+3lam+3

_ [d2ps2(mt1)]2m+3, 2<m<s—2,
[d2pio(me1) + Hosr1 A Tplomys, m=s—1

)0, 2<m<s—2,
[Hasp1 A xplosyr, m=s—1.

Case 2 m=1Is—1(1>2).

e I

By induction, the theorem holds for t = m — 1 = [s — 2. Thus, there exist zp 95 =
([7n—l )
p+2is  — Lpt2is) Tp+2(i—1)s+2j5

=0and z,90-1)s42. =0for 1 <i <l —-1,1<j<s—1and

1 <k <s—2,such that yp1 2,11 = 0 (0 <u <ls—2). Choosing z,197s—1) = 0, by (4.15), we
get

Ypta(is—1)+1 = dTpro(s—1) T Hast1 ATproi-1)s—2 = 0+ Has11 A0 = 0.
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Then we have

do(is—1)+3[Tpl2(s—1)+3 = [Yp+2st+1loas—1)13  (by (4.14))

I—
= [dxpiaus + Has1 A $§,+21()l_1)s]2(1s—1)+3 (by (4.15))

-1
= [H2$+1 A x;)+2()l—1)s]2(15*1)+3'

Case 3 m=1Is (I >1).

, . . (=) _ -1
By induction, there exist Tpi0is = T\ 55~ = Tpiaiss Tpra(i—1)s+2; = 0 and Tp 400 1)st2k =

Ofor1<i<l—-1,1<j<s—landl<k<s—1,suchthat ypyou+1 =0 (0<wu<lIs—1). By
the same method as in Theorem 4.1, one has that there exist 2,42is = xz()lJ)rQis, Tpya(i—1)s4+2j = 0
and Ty oq_1ysqor =0 for 1 <i <[, 1 <j<s—1land1<k<s—1,such that yp12441 =0
(0 <u<ls). By (4.14)-(4.15) and pt215—2s+2 = 0, we have

dots+3[Tplais+3 = [Yp+21s+3]21s+3

= [dxpiais+2 + Hasg1 A Tpiois—2s+2]21s+3
=0.

Case 4 Is<m<(I+1)s—1(1>1).
m—1
By induction, there exist x4 2is = xz(,[Jr;is]) = xz(,lJ)rQis, Tpio@i-1)s+2; = 0 and xpiops2k = 0
for1<i<l;1<j<s—1land1l<k<m—Is—1,such that ypsout1 =0 (0 <u <m —1).

Choose Tpt2m = 0 and make yptom+1 = 0. By (4.14)—(4.15) and 2p12m—2s+2 = 0, we have

dom+3[Tplom+s = [Up+om+3lom+s

= [dzpiom+2 + Host1 A Tprom—2s+2|2m+3
=0.

Combining Cases 1-4, we have that the result holds for ¢ = m, and the proof is completed.

Remark 4.2 (1) Theorems 4.1-4.2 show that the differentials in the spectral sequence (1.2)
can be computed in terms of cup products with Ho;y1’s. The existence of :cé?_%’s and xg_ii)“ 'sin
Theorems 4.1-4.2 plays an essential role in proving Theorems 1.1-1.2, respectively. Theorems
4.1-4.2 give a description of the differentials at the level of Egt’ﬁlr3 for the spectral sequence (1.2),
which was ignored in the previous studies of the twisted de Rham cohomology in [1, 9].

(2) Note that Theorem 4.2 is not a corollary of Theorem 4.1, and it can not be obtained

from Theorem 4.1 directly.

5 Differentials do¢13 (t > 1) in Terms of Massey Products

The Massey product is a cohomology operation of higher order introduced in [8], which
generalizes the cup product. May [10] showed that the differentials in the Eilenberg-Moore
spectral sequence associated with the path-loop fibration of a path connected, simply connected
space are completely determined by higher order Massey products. Kraines and Schochet [5]

also described the differentials in Eilenberg-Moore spectral sequence by Massey products. In



648 W. P. Li, X. G. Liu and H. Wang

order to describe the differentials doi13 (t > 1) in terms of Massey products, we first recall
briefly the definition of Massey products (see [4, 10-12]). Then the main theorems in this
paper will be shown.

Because of different conventions in the literature used to define Massey products, we present
the following definitions. If x € QP(M), the symbol Z will denote (—1)*+d¢8%y = (—1)1*Px. We
first define the Massey triple product.

Let a1, x2, x3 be closed differential forms on M of degrees r1, 3, 73 with [x1][z2] = 0 and
[x2][z3] = 0, where | ] denotes the de Rham cohomology class. Thus, there are differential forms
v of degree 1 + 19 — 1 and vy of degree ro + 13 — 1, such that dvy = T Axs and dve = To A x3.
Define the (rq + ro + r3 — 1)-form

w =771 Nx3+T1 N\ V2. (51)

Then w satisfies

d(w) D2 duy A g+ (1) T A dog

(—
(=)™ F 2T Awg Axg 4+ (=12 HT Ay A
0.

Hence a set of all the cohomology classes [w] obtained by the above procedure is defined to be
the Massey triple product (z1,z2,x3) of 1, z2 and 3. Due to the ambiguity of v;, i = 1,2,

the Massey triple product (x1,xe, z3) is a representative of the quotient group
H7oH s () f([an H7 5 (M) + B (M),

Definition 5.1 Let (Q*(M),d) be de Rham complex, and x1, x2, -+, T be closed differ-
ential forms on M with [x;]) € H™(M). A collection of forms, A= (a; ;) for 1 <i<j <k and
(i,7) # (1,n), is said to be a defining system for the n-fold Massey product {x1,xa,- -, xpn) if

(1) ai € Qrbren = (),

(2) @i = fori=1,2,--- ,k,
j—1

(3) d(ai,j) = Z @i N Qg1 .
r=i

The (r1 + -+ + 1, — n+ 2)-dimensional cocycle, c¢(A), defined by

n—1
c(A) =Y T1p Aapprn € QTR (A (5.2)

r=1

18 called the related cocycle of the defining system A.

Remark 5.1 There is a unique matrix associated to each defining system A as follows:

a1 ai2 a3z - a1,n—2 a1 n—1
a2 az3 --- a2 n—2 a2 n—1 a2 n

ass - a3,n—2 as n—1 a3.n

p—2n—-2 0Gpn—-2n—-1 GQapn—-2n
p—1,mn—1 Gn—1n

an,n nxn
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Definition 5.2 The n-fold Massey product (x1,z2, - ,x,) is said to be defined, if there
is a defining system for it. If it is defined, then (x1,xa, - ,2y) consists of all classes w €
HritreteAra=nt2(\) for which there exists a defining system A, such that ¢(A) represents w.

Remark 5.2 There is an inherent ambiguity in the definition of the Massey product arising
from the choices of defining systems. In general, the n-fold Massey product may or may not be
a coset of a subgroup, but its indeterminacy is a subset of a matrix Massey product (see [10,
Section 2]).

Based on Theorems 4.1-4.2, we have the following lemma on defining systems for the two

Massey products we consider in this paper.

Lemma 5.1 (1) For [xp]arys € E5%5 (t > 1), there are defining systems for (Hs,--- , Hs,
— ——

t4+1
xp) obtained from Theorem 4.1.

2) For [xp|ains € EDY., when t = Is — 1 (I > 2), there are defining systems for
pl2t+ 2t+3
(Has+1, -+, Host1,xp) obtained from Theorem 4.2.

l

Proof (1) From Theorem 4.1, there exist :cé:)_Qj (1 < j < t), such that yp42,41 = 0

t
(0 < i <t)and dopys[xplatts = [z; Hoip1 A :C;QQ(FHI) + Hopys A xp} 243" By Theorem 4.1

and (4.2), there exists a defining system A = (a; ;) for (Hs,--- , Hz, x;,) as follows:
—_—————

t+1

at+2,t+2 = Tp,

@i ik = (=1)" Hapys, 1<i<t+l-k 0<k<t, (5.3)
—q (T .
Qi 42 = (—1)t+2 x;J)rQ(t+27i), 2<i<t+1,

to which the matrix associated is given by

Hy —Hs; H; - (=1)"'Hyy1  (—1)'Hays
Hs —Hj (1) 2Hyoy (1) 'Hyr (1)),
Hy (—1)3Hays (=1)"2Hy 1 (=1)"alla s
: : (5.4)
Hy —Hy (—1)2\),
Hs _xZ(fJ)rQ
Lp

(t4+2) % (14+2)

The desired result follows.

. -
(2) By Theorem 42, there exist Tp42is = x1(7+21i)57 Tp42(i—1)s+25 — 0 and Tp42(l—1)s+2k = 0

for1<i<l—-1,1<j<s—1landl <k <s—1,such that ypy0i+1 =0 (0 < i <) and

dort3[xpotrs = [Hast1 /\x;l_:;()l_l)s]gHg. By Theorem 4.2 and (4.15), there also exists a defining
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system A = (a; ;) for (Hosy1,- -+, Hast1,2p) as follows:
1
Cl7;7j=O, 1§i<j§l,
a;; = Hasiq, 1<i <, (5.5)
Al41,1+1 = Tp, i
Qilp1 = (_1)l+1_ix;)l-:21()l+1—i)s’ 2<i<,
to which the matrix associated is given by
Hosrr O 0 - 0 0
Hypr 0 o0 0 <—1>l‘1$§+7218)171>s
o (-1
Hosy1 - 0 0 (—1)! 237;)+2(l—2)s
: : : (5.6)
Hogy1 0 (—1)233;413
Hos 1 (—1)al )
Lp

(I+1)x (14+1)

The desired result follows.
To obtain our desired theorems by specific elements of Massey products, we restrict the
allowable choices of defining systems for the two Massey products in Lemma 5.1 (see [14]). By

Lemma 5.1, we give the following definitions.

Definition 5.3 (1) Given a class [xp)ar43 € E5% 4 (t > 1), a specific element of (t + 2)-
Jold Massey product (Hs, -+ , Hy, ), denoted by (Hs, - , Hy,p)a, is a class in HP*2+3(M)

t+1 t+1
represented by c(A), where A is a defining system obtained from Theorem 4.1. We define the

(t+2)-fold allowable Massey product (Hs,--- , Hs,z,), to be the set of all the cohomology classes
——

t+1
w € HPT2E3(M) for which there exists a defining system A obtained from Theorem 4.1, such

that ¢(A) represents w.
(2) Similarly, given a class [xplarys € E5Ss (t > 1), when t = 1s —1 (1 > 2), we define
the specific element of (I + 1)-fold Massey product (Hasy1,- - , Host1,xp) and the (I + 1)-fold

l
allowable Massey product (Hasy1,- -+, Hast1,%p)« by replacing Theorem 4.1 by Theorem 4.2 in

l

(1).

Remark 5.3 (1) From Definition 5.3, we can get the following:

<H3a T 7H3a x;ﬂ>* c <H37 T aH37xp>'
———— ————
t+1 t+1
(2) The allowable Massey product (Hs,---, Hs,xp,), is less ambiguous than the general
————
t+1
Massey product (Hs, -, Hs,z,). Take (Hs, H3,zp), in Definition 5.3 for example. Suppose
———

t+1



On a Spectral Sequence for Twisted Cohomologies 651

n;l]

H = > Hsiy1. By Theorem4.1 and (4.2), there exist :cSﬁQj, such that ypi2i41 =0(0 <i <1)
i=1

and ds[xp]s = [H3 /\xél_EQ + HsAxpls. By Lemma 5.1, we get a defining system A for (Hs, H3, xp)

and its related cocycle ¢(A) = —Hjz A x;}ﬁQ — Hs A z,p. Thus, we have

(Hs, Hy,xp)a = [~ Hz Aall)y — Hs Ay, (5.7)

Obviously, the indeterminacy of the allowable Massey product (Hs, Hs, x,)y is [H3|HPT2(M).
However, in the general case, the indeterminacy of the Massey product (Hs, Hs,xp,) is
[Hs]HPT2(M) + HP(M)[xy).

Similarly, the allowable Massey product (Hast1,- - , Hasy1,Zp)« is less ambiguous than the

1
general Massey product (Hosy1, -, Hast1,Zp)-

l

Now we begin to prove our main theorems.

Proof of Theorem 1.1 By Lemma 5.1(1), there exist defining systems for (Hs, - -- , Hs, ;)
———

t+1
given by Theorem 4.1. For any defining system A = (a; ;) given by Theorem 4.1, by (5.4), we

have
t
C(A) = (—1)t(ZH2H_1 N mg—i)-Q(t—i-i-l) + Hopys N J?p).
i=1

By Definition 5.3, we have

(Hz,--- ,Hs,zp)a = [c(4)]. (5.8)
———

t+1
Then by Theorem 4.1, we have

t

doty3[Tplotys = {Z Haip1 A xz(,tJ)rQ(tfiJrl) + Hapy3 A xp:|
i=1

= (_1)t[<H3) e )H37 xp>A]2t+3-
t+1

243

Thus, we have d2t+3[xp]2t+3 = (—1)t[<H3, R ,H3, xp>A]2t+3~
———

t+1
By the arbitrariness of A, we have that [(Hs,- - , H3,Zp)a]2i+3 is independent of the choice
—_—————

t+1
of the defining system A obtained by Theorem 4.1.

Example 5.1 For formal manifolds, which are manifolds with vanishing Massey products,
it is easy to get

P:d ~ 17p,q
EP =~ B

by Theorem 1.1. Note that simply connected compact Kéhler manifolds are an important class

of formal manifolds (see [2]).
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Remark 5.4 (1) From the proof of Theorem 1.1, we have that the specific element

<H35 T 7H3; xp>A
—_—————
t+1
represents a class in Ey;" 5. For two different defining systems A; and Ay given by Theorem
4.1, we have
<H3) e 7H37xp>141 # <H37 e 7H3) xp>A2
t+1 t+1

generally. However, in the spectral sequence (1.2), we have

((Hs3, -, H3,2p) A, |2t43 = [(H3,- -, H3, p) A, |24 3.
———— ————
t+1 t+1
(2) Since the indeterminacy of (Hs,--- , Hs, xp). does not affect our results, we will not
———

t+1
analyze the indeterminacy of Massey products in this paper.

(3) By Theorem 1.1, datys(xplotts = (—=1)'[(Hs, -+, H3, xp)alaets for ¢ > 1, which is ex-
—_————
t+1
pressed only by Hs and x,. From the proof of Theorem 1.1, we know that the above expression
conceals some information, because the other Ho;y1’s affect the result implicitly.
We have the following corollary (see [1, Proposition 6.1]).

Corollary 5.1 For H = Hs only and [xp]a3 € E5S 4 (t > 1), we have that in the spectral

sequence (1.2),

dary3[plarys = (1) [(Hz, - , H3, 2p) alares,
————
t+1
and [(Hs, -+, Hs, xp) al2t+3 is independent of the choice of the defining system A obtained from
—_————
t+1
Theorem 4.1.

Remark 5.5 (1) Because the definition of Massey products is different from the definition

in [1], the expression of differentials in Corollary 5.1 differs from the one in [1, Proposition 6.1].

(2) The two specific elements of (Hs,---, Hs,zp) in Theorem 1.1 and Corollary 5.1 are
—_————

t+1
completely different, and equal [¢(A;)] and [c(A2)], respectively, where ¢(A;) (i = 1,2) are

related cocycles of the defining systems A4; (i = 1,2) obtained from Theorem 4.1. The matrices

associated to the two defining systems are given by

Hs —Hs H; - (=1)"'Hyy1  (—1)'Hoys
Hy —Hs - (=1)""2Hy 1 (—1)""'Hoq (_1)tx;()t4)r2t
Hy oo (=1)'3Hyy (=1)2Hpy (=1 a)y
H; —Hs (_U%(?A
Hj (—1)$§J)rz
Lp (t42) x (t42)
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and
Hy 0 0 --- 0 0
Hy 0 - 0 0 (=)=,
1
Hy -~ 0 0 (=1 137;)4)-%—2

Hs 0 (12",

Hs (—1)951@2
Tp

(t42) x (t+2)

respectively. Here x;:)_% (1 <4 < t) in the first matrix are different from those in the second

one.

For H = Haey1 (s > 2) only (i.e., in the case H; = 0, i # 2s + 1) and [x,]a143 € E5%4
(t > 1), we make use of Theorem 1.1 to get

dary3[wplarts = (=1)[(0, -, 0,2p) al2e43- (5.9)
1
t+

Obviously, some information has been concealed in the expression above. Another description

of the differentials for this special case is shown in Theorem 1.2.

Proof of Theorem 1.2 When ¢t = s — 1, the result follows from Theorem 4.2.
When ¢t =ls—1 (I > 2), from Lemma 5.1(2), we know that there exist defining systems
for (Host1,--- , Hasy1,2p) obtained from Theorem 4.2. For any defining system B given by

l

Theorem 4.2, by (5.6), we get ¢(B) = (—1)' "' Haeyq A 20

pra(i—1)s- BY Definition 5.3,

(Hast1, -+ Hasyr,0p) B = [¢(B)]- (5.10)
l

Then by Theorem 4.2, we have

-1
doty3[Tplotrs = [Hasi1 A $1(,+2()l,1)s]2t+3

= (=) "[(Hasq1, -+, Hosi1,2p) Blats3.
l
Thus
davslplares = (1) [(Hoss1, -+, Hasy1, 2p) Blocss.
l
By the arbitrariness of B, we have that [(Hasy1, -, Has+1,%p)B]2t+3 is independent of the

1
choice of the defining system B obtained from Theorem 4.2.
For the rest cases of t, the results follow from Theorem 4.2.

The proof of this theorem is completed.
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Remark 5.6 We now use the special case H = Hy and dg[x, ]9 to illustrate the compatibility
between Theorems 1.1 and 1.2 for s = 2 and ¢t = 3.

Note that in this case, we have Hs = 0 and H; = 0 for ¢ > 5. By Theorem 1.1, we get the

corresponding matrix associated to the defining system A for (0,0,0,0,z,)4 is

0 —-Hs 0 0
0 —Hy 0 -2

0 —Hy i), (5.11)
0 —a:(?’)
p+2
Tp 5%5
and
do[z,lo = —[(0,0,0,0,2,) als. (5.12)

By Theorem 1.2, in this case, the matrix associated to the defining system B for (Hs, Hs,

Tp) B 18
Hs 0
Hs -zl (5.13)
Tp 3x3
and
39[1'1)]9 = _[<H57H57xp>3]9~ (514)

We claim that (Hs, Hs,2p)x = (0,0,0,0,xp).. For any defining system B above, there is a
defining system B

0 —Hs 0 0
0 —Hs 0 0

0 —Hs z,
0 0
Tp / 5x5

for (0,0,0,0,x,), which can be obtained from Theorem 4.1, such that
<O7 Oa 07 05 xp>§ = <H57 H57 xp>B-

Hence (Hs, Hs,zp)« € (0,0,0,0, [zp])«. On the other hand, for any defining system A above,

there also exists a defining system A

Hs 0
Hs —xfﬁ
Tp / 3x3

for (Hs, Hs, ), which can be obtained from Theorem 4.2, such that

<H57 H5a x;ﬂ>Z = <Oa 07 Oa 07 xp>A~
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Therefore (0,0,0,0,z,), C (Hs, Hs, xp)x, and thus the claim follows.
By Theorem 1.1 and Remark 5.3, we have

675[?41)]5 —[(0,0,yp) als = —[—Hs N ypls = [H5 A ypls-

By Theorem 1.2, 35[yp]5 = [Hs A yp)s. By Proposition 3.4, JI =d; = d and Jg =d; =0. It
follows that 675 = ds.
By Theorems 1.1 and 4.1, we have

drlzp)r = [(0,0,0, 2) aly = [—Hs A 23,7,

(2)

where 2,7/, is an arbitrary (p + 2)-form satisfying d(z p+2) = 0Az,. By Remark 5.4(2), we take

1(3%)2 = 0. Then we have d7[zp]7 =0, i.e. d7 = 0. At the same time, we also have d7 = 0 from

Theorem 1.2. Thus d7 d7r = 0.
By EPY =BV d; = d; for 1 <i <7 and (Hs, Hs, ), = (0,0,0,0,2,),, we can conclude
that dy = do from (5.12) and (5.14).

6 The Indeterminacy of Differentials in the Spectral Sequence (1.2)

Let [xp], € EP9. The indeterminacy of [x,] is a normal subgroup G of H*(M ), which means

that if there is another element [y,] € H?(M), which also represents the class [x,], € EP?, then
[yp] — [z,] € G.
[77 1]
In this section, we will show that for H = Z Hyiy1 and [xp]2i43, the indeterminacy of
i=1

3422 59 5 normal subgroup of H*(M).

the differential dos43[x,] € ES

From the long exact sequence (3.3), we have a commutative diagram

- -

3 (2

5 i
= HBP(K 1) — = HB (K1 [ Kpyo) ——= HB T (K o) ——

i* i*

5 .
s HB(Ky) —— = HE (K K1) — = Hp T (Kt —— (6.1)

i* i*

o HY (1) o HY (1 [ K) — s BB ()

- -

3 (2

in which any sequence consisting of a vertical map i* followed by two horizontal maps j* and
6 and then a vertical map ¢* followed again by j*, §, and iteration of this is exact. From this

diagram, there is a spectral sequence, in which EV'? = H2 (K, /K, 1) and for r > 2, BP9 is
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defined to be the quotient ZP9/BP:%, where

Zviqu — 671(i*r71H%+q+1(Kp+r))’

6.2
BP4 = j*(ker[i*"1 : H%Jrq(Kp) — H%Jrq(Kp,rJrl)]). (6.2)

We also have a sequence of inclusions
Byfc...cBMMcCcBY, C-.-czbficzi .. czpt. (6.3)

By [6-7], the E}*-term defined above is the same as the one in the spectral sequence (1.2). A
similar argument about a homology spectral sequence is given in [15, p. 472-473].

r—1
(=

Theorem 6.1 Let H = > Hait1 and [x,], € EP? (r > 3). Then the indeterminacy of
i=1
[x,] € ES'T =~ HP(M) is the following normal subgroup of HP (M) :

im[g : H%+q71(Kpfr+1/Kp) - H%Jrq(Kp/Kerl)]
im[d : QP—1(M) — QP (M)] ’

where d is just the exterior differentiation, and & is the connecting homomorphism of the long

exact sequence induced by the short exact sequence of cochain complezes

0 — Kp/Kpi1 - Kpri1/Kpsa o Kpri1/Kp — 0.

Proof From the above tower (6.3), we get a tower of subgroups of E%"?

BY1/BYM c...c B»/BYY C .. C ZP1/BE1
C Zéh(]/Bgﬂl C Zg7Q/B§7(I — qu-

Note
P = (22 BY ) /(B BYY).

It follows that the indeterminacy of [x,] is the normal subgroup BF?/BE? of HP(M).

From the short exact sequences of cochain complexes
0— K, - Kp—rt1 - Kp—ri1/Kp — 0,
0— Kp/Kpi1 — Kp—rt1/Kpt1 -+ Kpri1/Kp — 0,
we can get the following long exact sequence of cohomology groups:

6/ s VA s L s 5/
T HD(K;D) — HD(KpfrJrl) 2 HD(KpfrJrl/Kp) — (6.4)

s i s i ) 5
s Hp(Kp/Kpr1) — Hp(Kp—ri1/Kpy1) < Hp(Kp—ri1/Kp) — -+,

where ¢’ and § are the connecting homomorphisms.
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Combining (3.3) and (6.4), we have the following commutative diagram of long exact se-

quences:

_ 6/ A
H/%Jrq I(KpfrJrl/Kp) H%—HI(KP) - ’ H%+Q(Kp—r+1)

H/%+q(Kp/Kp+1) (6-5)
A
H%Jqurl(Kerl) H%Jrq(KpfrJrl/Kerl)

Using the above commutative diagram and the fact that = *, we have

T

B = (ker[i* s HB(K,) — HE Ky pin)])

= j*(ker[ " : HBMI(K,) — HE Ky py1)])

= (im0’ B (K [ Ky) — HBT(K))
imd : HS (K1 /Kp) — HEY (I, Kpy)).

174

When r = 2, from (6.5), we have
§=03" HY YK, 1/Ky) — HOM(Ky/Kpyin).
From (3.4), it follows that ¢ = d;. By Proposition 3.2, § = d. Thus, we have
By = i[5 s HY (K1 /Ky) — HY (K Koyt
>~ im[d : QP (M) — QP(M)).
The desired result follows.
By Theorem 6.1, we obtain the following corollary.
Corollary 6.1 In Theorem 1.1, for doiys[zploits € E§;2§+3’q‘2t‘2, we have that the inde-

terminacy of dagi3[zp] is a normal subgroup of HPT243(M)

im[8 : HY (K1 /Kprorrs) = HoM ™ (Kprarys/ Kprorta)]
fm[d : QP22 (0]) — (PR (A])] !

where d is just the exterior differentiation, and & is the connecting homomorphism of the long

exact sequence induced by the short exact sequence of cochain complezes
i Jj
0 — Kpioess/Kproera = Kpi1/Kprorra = Kpi1/Kpiarss — 0.

Proof In Theorem 6.1, r,p and q are replaced by 2t+3, p+2t+3 and ¢— 2t — 2, respectively.
Then the desired result follows.
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