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Abstract This paper is concerned with the global existence and pointwise estimates of
solutions to the generalized Benjamin-Bona-Mahony equations in all space dimensions.
By using the energy method, Fourier analysis and pseudo-differential operators, the global
existence and pointwise convergence rates of the solution are obtained. The decay rate is
the same as that of the heat equation and one can see that the solution propagates along
the characteristic line.

Keywords Cauchy problem, Generalized Benjamin-Bona-Mahony equations, Multi
dimensions, Global existence, Pointwise estimates

2000 MR Subject Classification 35L05

1 Introduction

In this paper, we are interested in the global existence and time-asymptotic behavior of
solutions to generalized Benjamin-Bona-Mahony (GBBM) equations in all space dimensions.
The GBBM equation is defined as

∂tu −�∂tu − η�u + (β · �)u + div f(u) = 0, (1.1)

where u ∈ R
1, η is a positive constant, and β is a real constant vector. f(u)=(f1(u),· · ·, fn(u))T,

and fi(u) = u2, where n is the space dimension. In this paper, n ≥ 1. The initial data is given
by

u|t=0 = u0(x). (1.2)

The well-known Benjamin-Bona-Mahony (BBM) equation is of the form

ut − uxxt + ux + uux = 0, −∞ < x < ∞, t > 0. (1.3)

It was proposed and studied in [1] by Benjamin, Bona and Mahony for the special physical
situations in the long wave limit for nonlinear dispersive media. Since then, the existence
and uniqueness of solutions to various generalized BBM equaitons have been proved by many
authors (see [1–4]). The decays of solutions were also studied in [5–9]. However, most of these
studies are in low space dimensions and the decay estimates are in Lp norm. The aim of this
paper is to give the global existence and pointwise decay rates of solutions to Cauchy problems
of the GBBM equation in all space dimensions.
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First we introduce some notations. As usual, Fourier transformation to the variable x ∈ R
n

is
f̂(ξ, t) =

∫
Rn

f(x, t)e−ix·ξdx,

and the inverse Fourier transformation to the variable ξ is

f(x, t) = (2π)−n

∫
Rn

f̂(ξ, t)eix·ξdξ.

We also use F−1(f̂) to denote the inverse Fourier transformation of function f̂ . Dαf =
∂α1

x1
∂α2

x2
· · ·∂αn

xn
f for multi-index α = (α1, α2, · · · , αn). W s,p(Rn), s ∈ Z+, p ∈ [1,∞], denotes

the usual Sobelev space with the norm

‖f‖W s,p :=
s∑

|α|=0

‖Dαf‖Lp .

In particular, W s,2 = Hs. We denote the generic constant by C. All the convolutions are about
the spatial variable x in this paper.

We arrange this paper as follows. In Section 2, we derive the solution formula of the Cauchy
problem. We need many inequalities in our analysis. We list the inequalities and their proofs
in Section 3. We construct a solution sequence due to the solution formula of (1.1)–(1.2), and
then prove that the sequence is a Cauchy sequence in a Banach space. Thus it converges to
the solution of our problem. We leave these treatment processes to Section 4 and Section 5.
Finally, we give our conclusion in Section 6.

2 Solution Formula

The aim of this section is to derive the solution formula from the problem (1.1)–(1.2). The
linearized form of (1.1) is

∂tu −�∂tu − η�u + (β · �)u = 0. (2.1)

Taking Fourier transform to variable x of (2.1), we have

∂tû + ∂t|ξ|2û + η|ξ|2û + i(β · ξ)û = 0. (2.2)

The corresponding initial data is given by

û|t=0 = û0(ξ). (2.3)

The solution to the problem (2.2)–(2.3) is given by

û(ξ, t) = e−
η|ξ|2
1+|ξ|2 t− iβ·ξt

1+|ξ|2 û0. (2.4)

Set Ĝ(ξ, t) = e−
η|ξ|2
1+|ξ|2 t− iβ·ξt

1+|ξ|2 . By the Duhamel principle, we get the solution formula for (1.1)–
(1.2):

u(x, t) = G ∗ u0 −
∫ t

0

G(t − s) ∗ (I −�)−1divf(u)(s)ds.

Set Ĥ(ξ, t) = Ĝ
1+|ξ|2 . Then

u(x, t) = G ∗ u0 −
∫ t

0

H(t − s) ∗ div f(u)(s)ds. (2.5)
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Due to (2.5), we define a solution sequence {u(m)(x, t)} satisfying⎧⎪⎨
⎪⎩

u(m)(x, t) = G ∗ u0 −
∫ t

0

H(t − s) ∗ div f(u(m−1))(s)ds,

u(m)(x, 0) = u0(x), u(0)(x, t) = 0,

(2.6)

where m ≥ 1. Next we will prove that {u(m)(x, t)} is a Cauchy sequence in a Banach space,
and then it converges to the solution to (1.1)–(1.2). To do so, we shall need many inequalities.
We collect them in the following section.

3 Preliminaries

In order to estimate u(m)(x, t), we must analyse the decay property for G, H first. Set

χ1(ξ) =
{

1, |ξ| ≤ R,
0, |ξ| > R + 1,

χ2(ξ) =
{

1, |ξ| ≥ R + 1,
0, |ξ| < R,

where χ1, χ2 are smooth cut-off functions and χ1(ξ) + χ2(ξ) = 1.

Set Ĝi = χiĜ, Ĥi = χiĤ for i = 1, 2.
For G1, H1, we have the decay property as follows.

Lemma 3.1 There exists a constant CN,α depending on N, α such that

|Dα
xG1| ≤ CN,α(1 + t)−

|α|
2 −n

2
1

(1 + |x−βt|2
1+t )N

, (3.1)

|Dα
xH1| ≤ CN,α(1 + t)−

|α|
2 −n

2
1

(1 + |x−βt|2
1+t )N

, (3.2)

where N is a positive integer. Throughout this paper N > n
2 .

Conveniently, we next denote BN(x, t) = 1

(1+ |x|2
1+t )N

.

Proof When |ξ| is bounded, using the Taylor expansion, we have

− η|ξ|2
1 + |ξ|2 = −η|ξ|2 + O(|ξ|)4,

− iβ · ξ
1 + |ξ|2 = −iβ · ξ(1 − |ξ|2 + O(|ξ|4)).

Then

Ĝ1(ξ, t) = e−η|ξ|2t−iβ·ξt+O(|ξ|3)t, (3.3)

Ĥ1(ξ, t) = e−η|ξ|2t−iβ·ξt+O(|ξ|3)t(1 − |ξ|2 + O(|ξ|3)). (3.4)

We know that e−iβ·ξt is a parallel operator. It can not contribute to the decay factor, but it has
a physical meaning. So next we will not neglect the effect of the operator. From (3.3)–(3.4),
we get

|Dβ
ξ ξα(Ĝ1(ξ, t)eiβ·ξt)| ≤ C(|ξ|(|α|−|β|)+ + |ξ||α|t

|β|
2 )(1 + |ξ|2t)1+|β|e−η|ξ|2t,

|Dβ
ξ ξα(Ĥ1(ξ, t)eiβ·ξt)| ≤ C(|ξ|(|α|−|β|)+ + |ξ||α|t

|β|
2 )(1 + |ξ|2t)1+|β|e−η|ξ|2t,
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where (|α| − |β|)+ :=
{|α| − |β|, if |α| ≥ |β|,

0, if |α| < |β|. From [10, Lemma 3.1], we have

|Dα
xF−1(Ĝ1(ξ, t)eiβ·ξt)| ≤ C(1 + t)−

n+|α|
2 BN (x, t),

|Dα
xF−1(Ĥ1(ξ, t)eiβ·ξt)| ≤ C(1 + t)−

n+|α|
2 BN (x, t).

Then

|Dα
xG1(x, t)| = |Dα

xF−1(Ĝ1(ξ, t)eiβ·ξte−iβ·ξt)|
= |Dα

xF−1(Ĝ1(ξ, t)eiβ·ξt)|(x − βt, t)

≤ CN,α(1 + t)−
|α|
2 −n

2 BN (x − βt, t).

Similarly we get (3.2).
G2, H2 have the construction as follows.

Lemma 3.2 There exists a positive constant b and distributions gi
1(x), gi

2(x) for i = 1, 2
such that

|G2(x, t)| ≤ Ce−bt(g1
1(x) + g1

2(x) + C0δ(x)),

| � H2(x, t)| ≤ Ce−bt(g2
1(x) + g2

2(x) + C1δ(x)),

where δ(x) is Dirac function and

|Dα
xgi

1(x)| ≤ CN,α(1 + |x|2)−N , (3.5)

‖gi
2‖L1 ≤ C, supp gi

2(x) ⊂ {x, |x| < 2ε} (3.6)

with ε being sufficiently small.

Proof When |ξ| is large enough, using Taylor expansions, we have

− η|ξ|2
1 + |ξ|2 = −η

(
1 − 1

|ξ|2 + O
( 1
|ξ|4

))
,

iβ · ξ
1 + |ξ|2 = iβ · ξ 1

|ξ|2
(
1 − 1

|ξ|2 + O
( 1
|ξ|4

))
.

Thus we have

Ĝ2(ξ, t) = e−ηteη( 1
|ξ|2 +O( 1

|ξ|4 ))te−iβ·ξ 1
|ξ|2 (1− 1

|ξ|2 +O( 1
|ξ|4 ))t

, (3.7)

ξĤ2(ξ, t) = e−ηteη( 1
|ξ|2 +O( 1

|ξ|4 ))te−iβ·ξ 1
|ξ|2 (1− 1

|ξ|2 +O( 1
|ξ|4 ))t ξ

|ξ|2
(
1 − 1

|ξ|2 + O
( 1
|ξ|4

))
.

Then there exists a positive constant b such that

|Ĝ2(ξ, t)| ≤ C, |ξĤ2(ξ, t)| ≤ C,

|Dγ
ξ Ĝ2| ≤ C|ξ|−1−|γ|e−bt, |Dγ

ξ (ξĤ2)| ≤ C|ξ|−1−|γ|e−bt

with |γ| ≥ 1. From [10, Lemma 3.2], we get our results.
When dealing with the convolution with the nonlinearized part, we need the following four

lemmas.

Lemma 3.3 For positive constants b, N , when t is large enough, we have

e−bt(1 + |x|2)−N ≤ C(1 + t)−
n+|α|

2 BN (x − βt, t).
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Proof Noticing that |x − βt|2 ≤ 2|x|2 + 2(|β|t)2, if N, t are large enough, we have

BN (x − βt, t) ≥ C

(1 + |x|2+(|β|t)2
1+t )N

≥ C

(1 + |x|2 + |β|2t)N
≥ C(1 + |x|2)−N |β|−2N t−N .

Thus we get our lemma.

Lemma 3.4 When n1, n2 > n
2 and n3 = min{n1, n2}, we have∫

Rn

(
1 +

|x − y|2
1 + t

)−n1

(1 + |y|2)−n2dy ≤ C
(
1 +

|x|2
1 + t

)−n3

, (3.8)∫
Rn

(1 + |x − y|2)−n1(1 + |y|2)−n2dy ≤ C(1 + |x|2)−n3 . (3.9)

Proof We just prove (3.8). The proof of (3.9) is similar.
When |x − y| ≥ |x|

2 , (3.8) is easily got.
When |x − y| < |x|

2 , we have |y| ≥ |x|
2 . Thus

(1 + |y|2)−n2 ≤ C(1 + |x|2)−n3 .

If |x| ≤ √
t, we have Bn3(x, t) ≥ C. (3.8) is easily got.

If |x| >
√

t, we have
1 + |x|2
1 + t

≥ 1
2

1 + t + |x|2
1 + t

.

Thus (
1 +

|x − y|2
1 + t

)−n1

(1 + |y|2)−n2 ≤ C
(1 + |x − y|2

1 + t

)−n3

(1 + |x|2)−n2

≤ C(1 + |x − y|2)−n3(1 + t)n3(1 + |x|2)−n3

≤ C(1 + |x − y|2)−n3

(
1 +

|x|2
1 + t

)−n3

.

Then (3.8) is proved.
Set

θ = (1 + t − s)−
n+1

2 (1 + s)−n,

P = BN(x − y − β(t − s), t − s)B2[ n
2 ]+2(y − βs, s).

Lemma 3.5 ∫ t

0

[ ∫
Rn

θPdy
]
ds ≤ C(1 + t)−

n
2 B[ n

2 ]+1(x − βt, t).

Proof We divide the proof into two different cases.
Case 1 |x − βt| ≤ √

t.
In this case, B[ n

2 ]+1(x − βt, t) ≥ C. From [11, Lemma 5.2], we have

∫ t

0

∫
Rn

θPdyds ≤
∫ t

2

0

θ(1 + s)
n
2 ds +

∫ t

t
2

θ(1 + t − s)
n
2 ds

≤ C(1 + t)−
n
2

≤ C(1 + t)−
n
2 B[ n

2 ]+1(x − βt, t).

Case 2 |x − βt| ≥ √
t.
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We also divide the proof into two different cases.
Case 2.1 s ≤ t

2 .

If |y − βs| ≥ |x−βt|
2 , then

B2[ n
2 ]+2(y − βs, s) ≤ 1

( |y−βs)|2
1+s )2[

n
2 ]+2

≤ C
1

( |x−βt|2
1+t )[

n
2 ]+1

(1 + s

1 + t

)n
2

≤ CB[ n
2 ]+1(x − βt, t)

(1 + s

1 + t

) n
2
.

From [11, Lemma 5.2], we have

∫ t
2

0

∫
Rn

θPdyds ≤ C

∫ t
2

0

[θ(1 + t − s)
n
2 B[ n

2 ]+1(x − βt, t)]
(1 + s

1 + t

) n
2
ds

≤ C(1 + t)−
n
2 B[ n

2 ]+1(x − βt, t).

If |y − βs| ≤ |x−βt|
2 , then |x − y − β(t − s)| ≥ |x−βt|

2 . We have

∫ t
2

0

∫
Rn

θPdyds ≤ C

∫ t
2

0

[ ∫
Rn

θ(1 + s)
n
2 B[ n

2 ]+1(x − βt, t)dy
]
ds

≤ C(1 + t)−
n
2 B[ n

2 ]+1(x − βt, t).

Case 2.2 s ≥ t
2 .

The proof of this part is similar to that of Case 2.1, so we omit it here.

Lemma 3.6 There exists a constant depending only on n such that

Bn(x − βs, s) ≤ CBn(x − βt, t)(1 + t − s)n.

Proof Since |x − βt|2 ≤ 2(|x − βs|2 + |β|2(t − s)2), we have

Bn(x − βt, t) ≥ C
(
1 +

|x − βs|2 + |β|2(t − s)2

1 + t

)−n

≥ C
(
1 +

|x − βs|2
1 + t

+ |β|2(t − s)
)−n

≥ C min{(t − s)−n, 1}Bn(x − βs, s).

Thus we get our lemma.
We can now enter into the estimate of the sequence {u(m)(x, t)}.

4 Estimate of the Sequence

We first give an estimate for u(1)(x, t), and then use mathematical induction to get the
estimate for {u(m)(x, t)}.

Lemma 4.1 If u0 ∈ H l, l > 1 + [n
2 ], and ‖u0‖Hl = E, |u0| ≤ CE(1 + |x|2)−1−[ n

2 ] with E
small enough, then we have

|Dα
x u(1)(x, t)| ≤ CE(1 + t)−

n+|α|
2 B[ n

2 ]+1(x − βt, t) for |α| < l − 1 −
[n

2

]
.
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Proof From (2.6), we have

Dα
xu(1)(x, t) = Dα

xG1(x, t) ∗ u0 + Dα
xG2(x, t) ∗ u0. (4.1)

From (3.1) and Lemma 3.4, we have

|Dα
xG1(x, t) ∗ u0| ≤ CE

∫
(1 + t)−

n+|α|
2

1

(1 + |x−y−βt|2
1+t )N

(1 + |y|2)−[ n
2 ]−1dy

≤ CE(1 + t)−
n+|α|

2

(
1 +

|x − βt|2
1 + t

)−[ n
2 ]−1

. (4.2)

From (3.7), when |γ| > n
2 , we have

|xγDα
x G2(x, t) ∗ u0| ≤ C

∫
Rn∩{ξ;|ξ|>R}

|Dγ
ξ ξαĜ2û0|dξ

≤ Ce−
ηt
2

∫
Rn∩{ξ;|ξ|>R}

|ξ||α|−|γ||û0|dξ

≤ Ce−
ηt
2

( ∫
|ξ|2|α||û0|2dξ

) 1
2
(∫

|ξ|−2|γ|dξ
) 1

2

≤ CEe−
ηt
2 . (4.3)

If |α| < l − 1 − [
n
2

]
, we have

‖Dα
xu0‖L∞ ≤ C‖u0‖Hl . (4.4)

From Lemma 3.2 and (4.4), we have

|Dα
xG2(x, t) ∗ u0| = |G2 ∗ Dα

x u0| ≤ ‖G2‖L1‖Dα
xu0‖L∞

≤ Ce−bt‖Dα
xu0‖L∞ ≤ Ce−bt‖u0‖Hl . (4.5)

Taking |γ| = 2N in (4.3), from (4.3) and (4.5), we have

|Dα
x G2(x, t) ∗ u0| ≤ CEe−bt(1 + |x|2)−N .

From Lemma 3.3, we get

|Dα
xG2(x, t) ∗ u0| ≤ CE(1 + t)−

n+|α|
2 B[ n

2 ]+1(x − βt, t). (4.6)

From (4.2) and (4.6), we get our result.

Lemma 4.2 For m > 1, if

|Dα
x u(m−1)| ≤ CE(1 + t)−

n+|α|
2 B[ n

2 ]+1(x − βt, t),

then
|Dα

xu(m)| ≤ CE(1 + t)−
n+|α|

2 B[ n
2 ]+1(x − βt, t).

Proof Because fi(u) = u2, we have

|Dα
x fi(u(m−1))| ≤

∑
|α1|+|α2|=|α|

|Dα1
x u(m−1)Dα2

x u(m−1)|

≤ CE(1 + t)−n− |α|
2 B2[ n

2 ]+2(x − βt, t). (4.7)
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We still denote

θ = (1 + t − s)−
n+1

2 (1 + s)−n,

P = BN(x − y − β(t − s), t − s)B2[ n
2 ]+2(y − βs, s).

From Lemmas 3.1, 3.5 and (4.7), we have∣∣∣ ∫ t

0

Dα
xH1(t − s) ∗ divf(u(m−1))(s)ds

∣∣∣
≤

∣∣∣ ∫ t
2

0

∇Dα
xH1(t − s) ∗ f(u(m−1))(s)ds

∣∣∣ +
∣∣∣ ∫ t

t
2

∇H1(t − s) ∗ Dα
x f(u(m−1))(s)ds

∣∣∣
≤ CE

∣∣∣ ∫ t
2

0

θ(1 + t − s)−
|α|
2 Pds

∣∣∣ + CE
∣∣∣ ∫ t

t
2

θP (1 + s)−
|α|
2 ds

∣∣∣
≤ CE(1 + t)−

n+|α|
2 B[ n

2 ]+1(x − βt, t). (4.8)

From Lemma 3.2, we have∣∣∣ ∫ t

0

Dα
xH2(t − s) ∗ div f(u(m−1))(s)ds

∣∣∣
≤

∣∣∣ ∫ t

0

∇H2(t − s) ∗ Dα
xf(u(m−1))(s)ds

∣∣∣
≤

∣∣∣ ∫ t

0

e−b(t−s)(g2
1 + g2

2 + C1δ(x)) ∗ Dα
x f(u(m−1))(s)ds

∣∣∣
≤

∣∣∣ ∫ t

0

e−b(t−s)(g2
1 ∗ Dα

xf(u(m−1))(s) + g2
2 ∗ Dα

xf(u(m−1))(s)

+ C1D
α
xf(u(m−1))(x, s))ds

∣∣∣
:= R1 + R2 + R3. (4.9)

From Lemma 3.6 and (4.7), we have

R3 ≤
∫ t

0

e−b(t−s)(1 + s)−n− |α|
2 B2[ n

2 ]+2(x − βs, s)ds

≤ CE(1 + t)−
n+|α|

2 B[ n
2 ]+1(x − βt, t). (4.10)

From (3.5), (4.7), Lemmas 3.4 and 3.6, we have

R1 ≤
∫ t

0

∫
Rn

CEe−b(t−s)(1 + s)−n− |α|
2 (1 + |y|2)−NB2[ n

2 ]+2(x − y − βs, s)dyds

≤ CE

∫ t

0

e−b(t−s)(1 + s)−n− |α|
2 B[ n

2 ]+1(x − βs, s)ds

≤ CE(1 + t)−
n+|α|

2 B[ n
2 ]+1(x − βt, t). (4.11)

From (3.6), (4.7) and Lemma 3.6, we have

R2 ≤
∫ t

0

∫
{y;|y−x|≤2ε}

CEe−b(t−s)(1 + s)−n− |α|
2 g2

2(y)B2[ n
2 ]+2(x − y − βs, s)dyds

≤ CE

∫ t

0

e−b(t−s)(1 + s)−n− |α|
2 B[ n

2 ]+1(x − βs, s)‖g2
2‖L1ds

≤ CE(1 + t)−
n+|α|

2 B[ n
2 ]+1(x − βt, t). (4.12)
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Together with (4.9)–(4.12), we get∣∣∣ ∫ t

0

Dα
xH2(t − s) ∗ div f(u(m−1))(s)ds

∣∣∣
≤ CE(1 + t)−

n+|α|
2 B[ n

2 ]+1(x − βt, t). (4.13)

From (2.6), we know that

Dα
xu(m) = Dα

xu(1) −
∫ t

0

Dα
x H(t − s) ∗ div f(u(m−1))(s)ds. (4.14)

From (4.8), (4.13)–(4.14) and Lemma 4.1, we get our result.
From Lemmas 4.1 and 4.2, using mathematical induction, we know that for all m ≥ 1 and

|α| < l − 1 − n
2 ,

|Dα
x u(m)(x, t)| ≤ CE(1 + t)−

n+|α|
2 B[ n

2 ]+1(x − βt, t). (4.15)

5 Convergence of the Sequence

In this section, we will prove that {u(m)(x, t)} is a Cauchy sequence in a Banach space, and
thus it converges to the solution of (1.1)–(1.2).

From [11, Lemma 5.2], it follows that(∫
Rn

B2[ n
2 ]+2(x − βt, t)dx

) 1
2 ≤ C(1 + t)

n
4 . (5.1)

From (4.15) and (5.1), we know u(m)(x, t) ∈ L∞(0,∞; H l−2−[ n
2 ]). Thus {u(m)} is in a Banach

space. We next prove that it is a Cauchy sequence.

Lemma 5.1 {u(m)} is a Cauchy sequence in L∞(0,∞; H l−2−[ n
2 ]).

Proof From (2.6), {u(m)} satisfies the following equation

∂tu
(m) −�∂tu

(m) − η�u(m) + (β · �)u(m) = −div f(u(m−1)). (5.2)

Thus

∂tD
α
xu(m) −�∂tD

α
xu(m) − η�Dα

x u(m) + (β · �)Dα
x u(m) = −Dα

xdiv f(u(m−1)).

Set v(m)(x, t) = u(m)(x, t) − u(m−1)(x, t). Then

∂tD
α
xv(m) −�∂tD

α
xv(m) − η�Dα

xv(m) + (β · �)Dα
xv(m)

= −Dα
xdiv f(u(m−1)) + Dα

xdiv f(u(m−2)). (5.3)

Multiplying Dα
xv(m) in the two sides of (5.3) and integrating with respect to x in R

n, we get

1
2

∂

∂t
‖Dα

xv(m)‖2
L2

+
1
2

∂

∂t
‖Dα

x � v(m)‖2
L2

+ η‖ � Dα
x v(m)‖2

L2

= −
∫

Dα
x div (f(u(m−1)) − f(u(m−2)))Dα

x v(m)dx.

When m ≥ 2, from (2.6) we have v(m)(x, 0) = 0. Thus for m ≥ 3, we have

‖Dα
xv(m)‖2

L2
+ ‖Dα

x � v(m)‖2
L2

+
∫ t

0

η‖ � Dα
xv(m)‖2

L2
ds

≤
∑

|α1|+|α2|=|α|+1

∫ t

0

∫
Rn

|Dα1
x v(m−1)Dα2

x (u(m−1) + u(m−2))Dα
x v(m)|dxds

:= R.



668 H. M. Xu and Y. Liang

From (4.15), we know

R ≤ CE

∫ t

0

∫
Rn

(1 + s)−n− 1
2 B[ n

2 ]+1(x − βs, s)|Dα
xv(m)|dxds

≤ CE

∫ t

0

(1 + s)−n− 1
2 (1 + s)

n
4 ‖Dα

xv(m)‖L2ds

≤ CE‖v(m)‖
L∞(0,∞;Hl−2−[ n

2 ])
. (5.4)

If CE < 1, from (5.4) we know that {u(m)} is a Cauchy sequence in Banach space L∞(0,∞;
H l−2−[ n

2 ]), and thus it converges to the solution to (1.1)–(1.2).

6 Conclusion

Theorem 6.1 If ‖u0‖Hl = E, l > 1 +
[

n
2

]
, ‖u0‖L∞ ≤ CE(1 + |x|2)−1−[ n

2 ] with E small
enough, then (1.1)–(1.2) have a global solution in time u(x, t), for |α| ≤ l − [n

2 ] − 2, satisfying

|Dα
xu(x, t)| ≤ CE(1 + t)−

n+|α|
2 B[ n

2 ]+1(x − βt, t).

Remark 6.1 The solution has the same decay rate as the heat kernel, so our estimation
must be optimal.

Remark 6.2 The solution decays much faster away along the characteristic line x = βt,
so we can say that the solution propagates along the characteristic line. It coincides with the
physical phenomenon.
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