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Geometric Property (T)*

Rufus WILLETT! Guoliang YU?

Abstract This paper discusses “geometric property (T)”. This is a property of metric
spaces introduced in earlier works of the authors for its applications to K-theory. Geometric
property (T) is a strong form of “expansion property”, in particular, for a sequence (X,)
of bounded degree finite graphs, it is strictly stronger than (X,) being an expander in the
sense that the Cheeger constants h(X,) are bounded below.

In this paper, the authors show that geometric property (T) is a coarse invariant,
i.e., it depends only on the large-scale geometry of a metric space X. The authors also
discuss how geometric property (T) interacts with amenability, property (T) for groups,
and coarse geometric notions of a-T-menability. In particular, it is shown that property
(T) for a residually finite group is characterised by geometric property (T) for its finite
quotients.
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1 Introduction

In [18, Section 7], the current authors introduced geometric property (T): This is a patho-
logical property of metric spaces designed to be an obstruction to the maximal version (see [8])
of the coarse Baum-Connes conjecture in K-theory and higher index theory. The treatment in
[18] was quite brief; moreover, we expect that geometric property (T) will see some applications
outside of K-theory and higher index theory. It is the purpose of this paper to develop the
theory more fully.

Throughout we will work with discrete metric spaces X of bounded geometry: This means
that if B(x;r) denotes the ball of radius r at = € X, then the quantity sup |B(x;r)]| is finite for

zeX

all 7. We allow our metrics to take infinite distances. For applications, the two most interesting
examples of such spaces are: The vertex set of a graph equipped with the edge metric (for
example, the Cayley graph of a finitely generated group); and the disjoint union of a sequence
(X,) of finite graphs, where each X,, has the edge metric, and the distance between different
graphs is infinity (the coarse geometry of such a space is essentially the “asymptotic geometry”
of the sequence). The bounded geometry assumption amounts to the existence of an absolute
bound on the degree of all vertices in either case.
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Geometric property (T) for a discrete metric space X says that unitary representations of
the Gromov-Roe translation algebra C,[X] (see [9, p. 262] and [13, Chapter 4]) that have
almost invariant vectors must have invariant vectors (see Definition 3.4 below). This is a direct
analogue of property (T) for a (discrete) group I', which says that any unitary representation of
the group algebra C[I'] having almost invariant vectors actually has invariant vectors. In order
to make sense of “invariant” and “almost invariant” in the case of metric spaces one has to do
a little work, but the basic idea is the same as in the group case.

Geometric property (T) can also be characterised (see Proposition 5.2 below) in terms of
a spectral gap property for a Laplacian operator A in C,[X], much as was done by Valette
for groups [16, Theorem 3.2]. In the case that X is a graph (or is built from a sequence of
graphs), A simply is the graph Laplacian. This was our original definition in [18, Section 7],
but we found the version based on almost invariant vectors more convenient to work with in
the current paper.

In this paper we establish the machinery needed to make rigorous sense of the above defini-
tions. We then prove the following results.

Theorem 1.1 (1) Geometric property (T) is a coarse invariant (Theorem 4.1).

(2) Geometric property (T') for a sequence of finite graphs implies that the sequence is an
expander (Corollary 5.2), but is strictly stronger than this (Corollary 7.1).

(3) An infinite connected graph X has geometric property (T') if and only if it is not amenable
(Corollary 6.1).

(4) Let T be a finitely generated discrete group, and T’ =To>T'1>--- be a sequence of finite
index normal subgroups such that NI, is the trivial subgroup. Then T' has property (T') if and
only if the sequence (I'/T'y,) of finite Cayley graphs' has geometric property (T') ( Theorem 7.1).

(5) A sequence of finite graphs (X,,) with geometric property (T') can not admit a fibered
coarse embedding into Hilbert space [5], or have the boundary Haagerup property [7], unless
sup,, | Xn| is finite (Theorem 8.1).

A few remarks are in order. Points (2) and (3) together suggest that geometric property (T)
is not interesting for a single connected graph, but it has serious content for a sequence of finite
graphs. Points (1) and (4) have the following consequence, which is perhaps surprising: for a
residually finite group, property (T) can be characterised by the geometry of the finite quotients
of the group; this contrasts with the well-known fact that property (T) for the group itself is
not a geometric invariant (see [1, Section 3.6]). Property (5) is a strong analogue in coarse
geometry of the well-known incompatibility of property (T) and a-T-menability for groups.

Outline To facilitate algebraic computations involving C,[X], we use the language of
abstract coarse structures (see [13]), rather than the metric space language of the introduction,
throughout the body of this paper; Section 2 recalls the basic definitions of coarse structures
and proves some combinatorial lemmas. Section 3 introduces the translation algebra C,[X],
the notion of invariant vectors in its representations, and geometric property (T). Section 4
proves that geometric property (T) is a coarse invariant; we could not find a short proof of
this result and this is probably the most technical part of the paper. Section 5 defines general
combinatorial Laplacian operators, and characterises invariant vectors and geometric property

IDefined with respect to some fixed generating of T'.
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(T) in terms of them.

Having established the basic properties of geometric property (T), the next three sections
discuss the relationship between geometric property (T) and some other properties. Section
6 discusses the relationship of representations of C,[X] with amenability, and uses this to
characterise geometric property (T) for spaces as in part (3) of Theorem 1.1. Section 7 studies
the relationship with property (T) for groups, proving part (4) of Theorem 1.1. Section 8
discusses the relationship with the coarse a-T-menability properties in part (5) of Theorem 1.1.

We conclude the paper with some natural open questions in Section 9.

2 Coarse Structures and Some Combinatorics

In this section we first recall the definition of a coarse structure on a set X. We then recall
the definition of partial translation, and prove some combinatorial lemmas about decomposing
general controlled sets into partial translations.

If X is a set and E, F are subsets of X x X, then the composition of F and F', denoted by
FE o F, is the set

EoF :={(x,y) € X x X | there exists z such that (z,z) € F and (z,y) € F'}

and the inverse of F is
E'i={(z,y) e X x X | (y,x) € E}.

For n > 1, we use the shorthand
F°":=Fo---0F.
—_—
n

Finally, we will write diag(E) for the “diagonal part” of F, that is
diag(E) :=EN{(z,z) e X x X |z € X}.

Definition 2.1 Let X be a set. A coarse structure on X consists of a collection € of subsets
of X x X such that

(1) the diagonal {(z,r) € X x X | x € X} is in &;?

(2)ifE€& and F CE, then F € &;

(3)if E,F €&, then EoF € &;

(4) if E€E, then E=1 € €.
The members of £ are called controlled sets for the coarse structure.

A set X equipped with a coarse structure is called a coarse space.

The motivating example comes when X is a metric space, and a set is controlled if and only
if it is a subset of a “tube” {(z,y) € X x X | d(z,y) < r} for some r > 0.
The following definition lists some additional properties of controlled sets and coarse spaces

that we will need.

Definition 2.2 Let X be a coarse space, and E be the coarse structure on X.
(1) A controlled set E is called symmetric if E = E~L.

2This condition is not always assumed: coarse structures satisfying this condition are sometimes called unital.
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(2) The coarse structure is said to have bounded geometry if for any controlled set E, there
is a bound M = M(E) such that for any x € X,

{ye X | (v,y) € BUET} < M.

(3) A controlled set E is said to be generating if for any controlled set F', there exists n such
that F C E°™. A coarse space is said to be monogenic if there exists a generating controlled set
for the coarse structure.

(4) Two elements x,y of X are in the same coarse component of X if the set {(x,y)} is
controlled. “Being in the same coarse component” defines an equivalence relation on X, and
the equivalence classes are called coarse components. If there is only a single coarse component,
X is said to be coarsely connected.

(5) If Y is a subset of X, it is itself a coarse space with the controlled sets being the inter-
section of the controlled sets for X with' Y XY . This is called the induced coarse structure, and
will be used implicitly many times below.

Definition 2.3 We will say that X is a space as an abbreviation for “X is a bounded
geometry, monogenic coarse space, with at most countably many coarse components”.

Note that spaces are automatically countable; this and being monogenic implies that the
coarse structure on a space always comes from a metric (see [13, Section 2.5]), with possibly
infinite distances. Nonetheless, the language of abstract coarse structures is more convenient
for the computations in this paper.

The reader will probably find it useful to keep the following example in mind.

Example 2.1 Let X be the vertex set of an undirected graph, and E be the set of edges,
which we consider as a symmetric subset of X x X. The coarse structure generated by the set
FE is monogenic, and is bounded geometry if and only if there is a uniform bound on the degrees
of all vertices in X. The coarse components of X are exactly the (vertex sets of the) connected
components of the underlying graph. The coarse structure above is the same as that defined
by the edge metric, which sets the distance between two vertices to be the shortest number of
edges in a path between them, and infinity if no such path exists.

Particularly important classes of examples are Cayley graphs of discrete groups, and dis-
cretisations of Riemannian manifolds. Another important example for us is obtained when X
is a disjoint union X = UX,, of finite connected graphs: Examples of this form are important
in coarse geometry as they are relatively easy to analyse, and as questions about general spaces
can often be reduced to questions about spaces of this form.

Remark 2.1 Let X = UX,, be a disjoint union of finite connected graphs as in Example 2.1
above. It is common in coarse geometry (in order to avoid infinite-valued metrics) to metrize
such spaces with any metric that restricts to the edge metric on the individual X,, and satisfies
d(X,, X \ X,,) — o0 as n — oco. The corresponding coarse structure is not monogenic, but is
“weakly monogenic” in the following sense. A controlled set E is said to be a weak generating
set for the coarse structure if for any controlled set F, there exists n € N such that F'\ E°"
is finite. A coarse space is said to be weakly monogenic if there is a weak generating set for
the coarse structure. Most of the results of this paper hold for weakly monogenic spaces, up to
minor adjustments (see Remark 3.1 below), so can be applied to such spaces directly.
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The following definition is based on [3, Definition 8].

Definition 2.4 Let X be a space. A partial translation on X consists of the following data:
subsets A and B of X and a bijection t : A — B such that the graph® of t

graph(t) == {(t(z),z) e X x X | x € A}

1s controlled. The subset A is called the support of t, and B its range. The inverse of a partial
translation t : A — B is the partial translation t=' : B — A defined by inverting the bijection t.

A controlled set F is called elementary if there exists a (necessarily unique) partial transla-
tion t : A — B such that E = graph(t). An elementary controlled set is called antisymmetric
if the domain and range of the corresponding partial translation do not intersect?.

In the remainder of this section, we prove some combinatorial lemmas about decomposing
controlled sets into partial translations; these will be useful for algebraic computations later in
the paper.

The following very general lemma is probably well-known.

Lemma 2.1 Let A be a set, and B and C be subsets of A. Lett: B — C be a bijection
such that t(a) # a for all a € B. Then there exists a decomposition

B = Byl B; U By
of B into (at most) three disjoint subsets such that t(B;) N B; = @ for all i € {0,1,2}.

The example A = B = C = {1,2,3}, ¢ is a cyclic permutation, shows that one can not get
away with less than three subsets.

Proof of Lamma 2.1 Let s : C — B be any bijection which is the identity on C' N B.
Replacing t with s o t, it is not difficult to see that it suffices to prove the following statement:
If Bis aset and ¢t : B — B is a bijection such that ¢(b) # b for all b € B, then there exists a
decomposition B = By LI By L By such that ¢(B;) N B; = & for all ¢ € {0,1,2}. We now prove
this.

The bijection t : B — B gives rise to an action of Z, which partitions B into orbits. As
t(b) # b for all b € B, each orbit for this action has one of the following forms.

(1) {-,t72(b),t=1(b),b = t°(b), t(b),t%(b), - - - } (going on infinitely in both directions) for
some b € B.

(2) {b=12(b),t(b), -~ ,t"(b)} for some n > 1 and b € B such that ¢"*1(b) = b.

Define subsets By, By and Bs of B as follows. For each orbit, fix once and for all a
representation of one of the types above. For an orbit of type (2) with n even and ¢ = n, put
ti(b) into By. In all other cases, put t(b) into B; mod 2 (Where i mod 2 is always construed as
0 or 1). A routine case-by-case analysis shows that this works.

Lemma 2.2 Let E C F be symmetric controlled sets on a space X. Then there exist

elementary controlled sets F,--- , E, such that F is the disjoint union
n
F=Eudag(F\E)U | |(E;UE;").
i=1

3We have defined the graph of ¢ the “wrong way round” to better match matrix multiplication later.
4Equivalently, the images of the two coordinate projections are disjoint when restricted to E.



766 R. Willett and G. L. Yu
We may assume moreover that each E; is antisymmetric.

Proof Inductively define Fy = E and E;;; to be any maximal elementary subset of
F\(EUdiag(F\E)U (EyUE; ) U---U(E;UE; "))

such that E;41 N Ezq_ll = 0.

Assume that F;11 is not empty, and assume that (z,y) is in F;;1, noting that this forces
x # y. Then maximality of each E; forces the existence of distinct yo, - - - ,y; such that (z,y;)
is in E; U Ej_1 for each 7 =0, --- ,4i. In particular,

{zeX | (z,2)e F}| >i+2,

which is impossible for ¢ suitably large by the bounded geometry condition. Thus F' = F U
diag(F\E)U (B, UE;")---U(E, U E; ") for some n.

Finally, note that Lemma 2.1 applied to the partial translation underlying each E; decom-
poses E; into three antisymmetric parts. Decomposing further, we may thus assume that each

FE; is antisymmetric.

Lemma 2.3 Lett: A— B be a partial translation on a space X and E be a controlled set
for X. Assume that
E°™ D graph(t)

for somen > 1.

Then there exists a decomposition A = Ay L---1 A, such that if t; is the restriction of t to
A; then there exist partial translations {s! Vizy j2y such that

(1) ti =s; 0 o8l

(2) graph(s!) CE foralli=1,--- ,mandj=1,---,n;

3) for each i and each j=1,--- ,n—1, the range o ) is equal to the domain o st
3

7 ’

(4) for each i and j =1,--- ,n, either sZ is the identity map, or the range of sZ is disjoint
from its support.

Proof For each z € A the pair (¢(z), z) is contained in E°", whence we may choose points
z =ro(x),m (), - ,rn(x) = t(x) such that for each j = 1,--- ,n, the pair (r;(z),rj—1(z)) is
in E. In this way, we define functions r; : A — X.

Note that the bounded geometry assumption and the fact that the graph of r; is contained
in F imply that there exists N; such that A decomposes into N; sets Af, - ,A}Vl such that
the following hold:

e 7 is a bijection restricted to each A%;

e cither r1(x) = ro(x) for all x € A}, or r1(A}) Nro(A}) = @.

Similarly, as the graph of r, is contained in £°2, there exists Ny such that each A} decomposes
into at most Ny sets A?j,

either ro(z) = r1(x) for all z € A7,

decomposition A = Ay, .-+, A, where m is at most N1 N5 --- N, such that

for which the restriction of r9 to each Afj is a bijection, and such that
or r(A7;) Nr1(A;) = @. Continuing in this way, we get a

(1) each r; is a bijection when restricted to each A;;
(2) for each i, j either rj(z) =r;j_1(x) for all z € A;, or r;(A4;) Nrj_1(A;) = @.
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Define for each ¢ = 1,--- ,m, a function sz :1j—1(Ai) — 7;(A;) by the stipulation

st (rj—1(z)) = rj(x);

as each 7; is injective on each A;, this is well-defined and bijective. It is not difficult to see that
these functions s] have the right properties.

3 Translation Algebras and Geometric Property (T)

In this section we introduce translation algebras and define geometric property (T) in terms
of their (unitary) representation theory.
Throughout this section, X denotes a space in the sense of Definition 2.3.

Definition 3.1 The translation algebra, or algebraic uniform Roe algebra of X, denoted by
Cu[X], is the collection of all X -by-X indexed matrices T = (Tyy)zyex with entires in C such
that

sup [Tyl
z,yeX

is finite, and such that for any T € C,[X] the support of T defined by
supp(T) = {(z,y) € X x X | Ty # 0}

is a controlled set. The usual matriz operations and adjoint make C,[X]| into a x-algebra.

Note that the collection of matrices in C,[X] supported on the diagonal constitutes a copy
of [*°(X) inside C,[X].

Partial translations give rise to operators in C,[X] in the following way. Let t : A — B be
a partial translation. Then ¢ gives rise to an operator v € C,[X] defined by setting

o Ly =x,
Y710, otherwise.

An operator arising in this way is called a partial translation; note that ¢ and v determine each
other uniquely, so there should not be any confusion caused by the repeated terminology. It
is immediate from the definitions that if v is a partial translation operator corresponding to
t: A — B, then v is a partial isometry, with v* the partial translation operator corresponding to
t—!. Moreover, the support and range projections v*v and vv* are the characteristic functions
of A, and B respectively, considered as elements of the diagonal #-subalgebra [°°(X), and the
support of v is the graph of .

Definition 3.2 A representation of C,[X] is a unital x-homomorphism m : C,[X] — B(H)
from C,[X] to the C*-algebra of bounded operators on some Hilbert space H. We will usually
leave w implicit, saying just that H is a representation of C,[X], and writing T, for the image
of an element & of H under n(T).

The assumption that representations are unital in the above is not very important, and it
does not significantly reduce generality but streamlines some arguments slightly. In contrast,
the assumption that all representations are *-preserving is crucial; such representations should
be thought of as the analogues of unitary representations of a group.
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Definition 3.3 Let H be a representation of C,[X]. A vector & € H is said to be invariant,
or constant, if v€ = vv*& for all partial translations v.
The constant elements form a closed subspace® of H, which we denote H...

Example 3.1 If X = 1UX, is a disjoint union of finite connected graphs as in Example 2.1,
then the constant vectors in [?(X) are exactly those square-summable functions on X that are
constant on each coarse component X,,.

Geometric property (T) says that for any representation H of C,[X], vectors in H;- can not
be “too close” to constants. Here is the formal definition.

Definition 3.4 A space X has geometric property (T') if for any controlled generating set
E, there exists a constant ¢ = c¢(E) > 0 such that for any representation H and & € HE, there
exists a partial translation v in C,[X] with support in E such that

[(vo™ = v)¢]| = cl[€]l-

The reader should compare this to the following definition of property (T) for a discrete
group (compare [1, Section 1.1]). For a unitary representation of a finitely generated group T',
let H. denote the constant vectors: Those £ € H for which g¢ = £ for all g € T'. A finitely
generated® group I' then has property (T), if for any finite generating set E of I, there exists a
constant ¢ = ¢(E) > 0 such that for any unitary representation H of I' and any ¢ € H., there
exists g € E with

1(9g™ = 9)&ll = cli€ll-

Remark 3.1 A representation of C,[X] is called a boundary representation, if it contains
the ideal
Cy[X] :={T € C,[X] | Ty # 0 for only finitely many z,y}

in its kernel. Geometric property (T) can be weakened to boundary property (T) by requiring
that the property in Definition 3.4 above holds only for all boundary representations. This no-
tion is more appropriate for weakly monogenic coarse spaces as discussed in Remark 2.1. Indeed,
the results in this paper all continue to hold for weakly monogenic bounded geometry coarse
spaces (with obvious minor variations), if “generating” is replaced by “weakly generating”,
“representation” by “boundary representation” and “geometric property (T)” by “boundary
property (T)” everywhere.

In the remainder of this section, we give some equivalent formulations of geometric property
(T) that will be useful later.
Define a linear map ® : C,[X] — [*°(X) by

O(T) x> Tuy (3.1)
yeX

The map ® can be used to characterise constant vectors as follows.

Lemma 3.1 Let & be a vector in a representation H of C,[X]. Then the following are
equivalent:

51t is not a subrepresentation in general.
6Property (T) forces finite generation on a discrete group, so there is no harm assuming this.
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(1) For all T € C,[X], T, = ®(T)E.
(2) For all partial translations v in C,[X], vv*& = v€.

Proof For a partial translation v, ®(v) = vv*, so clearly (1) implies (2). Assume that £
satisfies (2), and let T be an element of C,[X]. We may write T as a finite sum

n
T = Z fivia
i=1
where each v; is a partial translation, and each f; is the element of [*°(X) defined by

filw) = {Txya (Vi)ay =1,

0, otherwise.

Noting that fiv;v] = f; for all 7, we then have
TE=> fwil =Y fowj{=Y_ fi& =T,
i=1 i=1 i=1

as required.
Here then is the promised equivalent formulation of geometric property (T).

Proposition 3.1 The following are equivalent:

(1) X has geometric property (T).

(2) There exists a controlled generating set E and a constant ¢ > 0 such that for any
representation H and & € HE, there evists a partial translation v in C,[X] with support in E
such that

[(vo™ —v)¢]| = cll&]l-

(3) For any controlled generating set E, there exists a constant ¢ = ¢(E) > 0 such that for
any representation H and & € HE, there exists an operator T € C,[X] with support in E such
that

(T = @(T))¢]| > csup Ty llIE]l-

(4) There exists a controlled generating set E and a constant ¢ > 0 such thal for any
representation H and & € HE, there exists an operator T € C,[X] with support in E such that

(T = @(T))¢]| > csup Ty llIE]l-

Proof Tt is clear that the implication (1) implies (2). For the converse, assume that E and
¢ >0 are as in (2), and let F' be any controlled generating set for the coarse structure. As F
is generating, there exists n such that F°" contains F, and thus property (2) holds with F°"
replacing E. Now, let H be a representation of C,[X], and ¢ be a unit vector in H}. Using
property (2) for F°", there exists a partial translation ¢ : A — B with graph contained in F°"
such that if v is the corresponding operator, then ||[vv*¢ — v€|| > c.

Now, using Lemma 2.3, there exist partial translations vy, - , v, such that v = vy - -v,, so
that supp(v;) C F for each ¢, and so that v;v] = v} jv;_y for all i = 2,--- ,n. We then have
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that
¢ < [[(vv* = v)¢]|

= [(vy - Vvt 0T — g€

= ||U1...Un_1v;;_1 ...U:T _Ul...vn)EH

< (01 vpr V0T =01 v )El 4 (| (V1 - Oy — 01 - o )E]|
< [(vree vn—1vp g 0] — v vpm )€+ ([ (Vn—1 = vn—10n)E]|

= [[(v1+ - vn—1vp_g 0] =01 vn— )€+ [(On—10nvy, — vi_1vn )|
< (o1 vp—1vpq 07 — o1 vp—)El + [[(vnvy, — vn )€l

Continuing in this way, we may conclude that

C<Z|| (vivy —vi)&ll,
c

whence for some i = 1,--- ,n, |[(v;v; —v;)§]| > =. We may thus take c(F) = £.
We will now show that (2) and (4) are equivalent; the proof that (1) and (3) are equivalent
is analogous. Noting as in the proof of Lemma 3.1 that for a partial translation v, ®(v) = vv*,
it is clear that (2) implies (4), so it suffices to show that (4) implies (2).
Let then E and ¢ > 0 be as in the statement of (4). Let H be a representation of C,[X],
let € be an element of Ht, and let T € C,[X] be as in the statement of (4) for this £. We may

write T' = E fiv; as in the proof of Lemma 3.1, where n depends only on E (not on T, H or &)

and each fz has norm at most sup |Ty,| as an element of [*°(X). As s-representations of the
z,yeX
C*-algebra [*°(X) are contractive, each f; also has norm at most sup |T},| when considered
z,ycX
as an operator on H. We have then that

¢ sup | Ty [[[€]] < [(T" = 2(T))E|| < ZII fivi = )¢l = ZII fivi = fivivy )|

z,yeX
n
< D Iillllwr = v )El| < sup [Ty Z [[(vi = viv?)E]-
i=1 zyeX i=1
Hence for some 4, ||(v; — viv])E|| > (5)[[€]]; as n depends only on E, this implies (2).

4 Coarse Invariance

In this section we show that geometric property (T) is a coarse invariant, i.e. , it is invariant
under coarse equivalences as in the following definition.

Definition 4.1 A function f : X — Y between two spaces is uniformly expansive if for any
controlled set E for X, the set

{(f(z1), f(22)) €Y XY | (21, 22) € E}

is controlled for Y. Two functions f,g: X — Y between two spaces are close if the set

{(f(2),9(2)) [ © € X}
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1s controlled for 'Y .
Two spaces X andY are coarsely equivalent if there exist uniformly expansive functions

f:X=Y g¢g:VY—-X

such that the compositions f o g and go [ are close to the identities on 'Y and X respectively.
The following example will be important in the proofs that follow.
Example 4.1 A subset Y of a space X (with the inherited coarse structure) is coarsely
dense if there is a controlled set E for X such that the set
{yeY |(z,y) € E} (4.1)

is non-empty for all x € X. It is not difficult to see that Y is coarsely dense if and only if the
inclusion 7 : Y — X is a coarse equivalence, with “the inverse-up-to-closeness” given by any
function p : X — Y that takes each € X to any y in the set in (4.1) above.

Our main goal in this section then is to prove the following result: We stated that we
expected this to be true in [18, Section 7], but did not have a complete proof at that time.

Theorem 4.1 Let X andY be coarsely equivalent spaces. Then X has geometric property
(T) if and only if Y does.

We start with a well-known “structural result” about coarse equivalences.

Lemma 4.1 Let f : X — Y be a coarse equivalence. Then there exist coarsely dense
subspaces X' of X and Y' of Y such that f restricts to a bijection [’ : X' — Y'. In other
words, for any coarse equivalence f: X — Y, there is a factorization

X_f>y

P

X/$Y/

where p : X — X' is an inverse-up-to-closeness of the inclusion of X' in X, g is a bijective

coarse equivalence, and i : Y' —'Y is the inclusion of a coarsely dense subset.

Proof Let Y’ = f(X). For each y € Y’, choose z(y) € f~'(y), and define X’ = {z(y) €
X |y € Y}. Tt is not difficult to check that X’ and Y’ have the required properties.

To prove Theorem 4.1, it will thus suffice to prove the following two results.

Lemma 4.2 Let f : X — Y be a bijective coarse equivalence. Then X has geometric
property (T) if and only if Y does.

Proposition 4.1 Let Y be a coarsely dense subspace of a space X. Then Y has geometric

property (T) if and only if X does.

Proof of Lemma 4.2 Define a function f*: C,[Y] — Cy[X] by f*(T)z,2, := Tt(z1)f(xs)-
It is not difficult to see that f* is a x-isomorphism that restricts to a bijection between the
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collections of partial translations in C,[Y] and C,[X]. The result follows immediately from
this.

The proof of Proposition 4.1 is more involved. For the benefit of those readers who know
about Morita equivalence, we explain the basic idea as follows. We will define a projection
A € C,[X] such that

A(Cu[X]Ag(Cu[Y]a (Cu[X]A(Cu[X] = (Cu[X]a

so A is a full projection, implementing a “x-algebra Morita equivalence” between C,[X] and
Cu[Y]. This Morita equivalence implements a bijective correspondence between the sets of
representations of C,[X] and C,[Y] roughly defined by

Rep(Cu[X]) — Rep(Cu[Y]), Rep(Cu[Y]) — Rep(Cu[X]),

H o A, H o CuXAsepH. Y

The projection A = xy, the characteristic function of Y in [°°(X), has the above properties,
but it does not behave well with respect to constant vectors. We will thus take A to be a sort
of “averaging operator”: This has the crucial property that the correspondences in (4.2) above
almost take constant vectors to constant vectors.

Now for the details. We require some notational preliminaries. Fix a decomposition X =

Ll Uy of X into subsets U, parametrized by Y such that for each y € Y, U, contains y and so
yey
that there is a controlled set E such that U, x U, C E for all y (and in particular, max |Uy| is
ye
finite); it is not difficult to see that coarse denseness of Y in X implies that such a decomposition
exists. For z € X, write y(x) for the (unique) y € Y such that x is in U,. For y € Y, define
n(y) = |Uy|. For z in X, we also define

n(z) = Uy = n(y(z)), N(z):=n(z)?. (4.3)

We will think of N as an (invertible) element of I*°(X) C C,[X].

Define now an operator A in C,[X] by the formula

@ () = (),
vz 0, otherwise.

The operator A can be thought of as an “averaging operator”: As an operator on [?(X), it is
the orthogonal projection onto the subspace of functions that are constant on each U,. Note
that A commutes with N.

The proof of Proposition 4.1 now proceeds via a series of (mainly algebraic) lemmas.

Lemma 4.3 The following hold for the operator A:

(1) If ® : Cy[X] — I°(X) is as in (3.1) above, then ®(A) is the constant function 1.

(2) If H is any representation of C,[X], then the constant vectors are a subspace of A -H.

(3) An element T of C,[X] is in AC,[X]A if and only if Ty, 2, = Tr,z, whenever y(z1) =
y(x2) and y(z1) = y(z2).

(4) The maps a: AC,[X]A — C,[Y] and B : C,[Y] — AC,[X]A defined by

AT )yrye = n(y1) Fn(y2) "2 > Ti, (4.4)

€Uy
2€Uy,
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and
B(T)e = n(x) " Fn(2) " E 0y (o) (4.5)

are mutually inverse x-isomorphisms between AC,[X]A and C,[Y].
(5) The set {TAS € C,[X] | T,S € C,[X]} spans C,[X].

Proof For (1), we clearly have

2€Uy ()

Part (2) follows from part (1) and Lemma 3.1.
For (3), let T' be an element of C,[X] and z,z € X. Then
(TA)pz = Y TowAuz =n(2)"" Y Tou, (TA)po=n(x)™ Y T
ueX u€Uy(z) wu€Uy(2)
The claim follows from these formulas. We will often implicitly use these formulas from now

on.
For (4), note that « is clearly linear and #-preserving. Note also that for S,T € AC,[X]A,

a(TS)y1y2 = n(yl)ién(yQ)ié Z Z TxuSuz

2€Uy; u€X
Z€Uy,

=ny) *ny2) 2 D Y Y TeuSus

rE€Uyy yeY uely,

ZEUy2
_1 _1 _
:n(yl) 2”(2!2) 2 Z Zn(y) ! Z TzuS'uza
z€Uy; yeY u,veUy,
z€Uyqy

where the third equality uses part (3). This, however, is equal to

> (n(yl)_%n(y)_% > Txu) (n(yz)‘%n(y)‘% > SUZ)

yeyY €Uy vEUyy
ueUy veUy

= Z AUT)y,y(S)yy, = (a(T)(S))yyys-
yey
This implies that « is a *-homomorphism. The fact that § defines the inverse for o now follows
from more direct computations” of matrix coefficients, completing the proof of this part.
Finally, for (5), let T' be an element of C,[X] such that for each y € Y, there is at most one
x such that y(x) = y and {T,, | z € X} is not {0}, and similarly there is at most one z such
that y(z) =y and {T,, | v € X} is not {0}. Define C, D € C,[X] by

o _ 1, y(x) =y(z) and Ty, # 0 for some 2/,
27710, otherwise,
and
Z Tz y(.l?) = y(z),
D, =1 erex
0, otherwise

"From now on in this section, to keep the length controlled, we will leave such matrix coefficient computations
to the reader.
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(note that the sum defining D has at most one non-zero element). A direct computation shows
that T'= CAD. As any operator in C,[X] can be written as a finite sum of operators T" with
the properties above, this completes the proof.

Lemma 4.4 For any non-degenerate representation H of C,[Y], there is a canonically
associated non-degenerate representation HX of C,[X] with the following properties.

(1) The representation A-H™ of AC,[X]A identifies canonically with the representation of
CulY] on H wia the isomorphisms in Lemma 4.3(4).

(2) If H' is any non-degenerate representation of C,[X] giving rise to a representation
A-H' of AC,[X]A = C,[Y], we have that H' and (A -H')X are canonically isomorphic as
Cu[X] representations.

Proof Given H as in the statement, let C,[X]® H denote the algebraic tensor product of
H and C,[X], taken over C. Define a form on this tensor product by the formula

(SOETOmyx = (€ a(AS"TA)n)n (4.6)

on elementary tensors, and extending to finite sums of elementary tensors by linearity in the
second variable, and conjugate linearity in the first. This form is clearly linear in the second
variable, and conjugate linear in the first. It is also positive semi-definite. Indeed, note that for

any element > S; ©&; of C,[X] ® H, we have
=1

1=

(Yo8:06,) Si0&) = 3 (€ a(AS;S;A)).
i=1 i=1

i,j=1

To show that this is non-negative, it suffices to show that the matrix (AS} SjA)ijl is equal to
a finite sum of matrices of the form B*B with B in M, (AC,[X]A).

For each y € Y, then, temporarily write the elements of U, as y1,y2, "+ ,yn(y). For each
ie{l,--,n}and ke {1, 7gleag;(n(y)}, define S¥ by

(S)ys = (Si)zz, x = yi for some y €Y,
L0, otherwise,

and note that

max n(y)
S; = E Sf.
k=1

Note moreover that for any i,j € {1,--- ,n} and k,l € {1, e ,ma;/(n(y)}, (Sf)*(S;) = 0 unless
ye

k =1, whence

maxn
macx (y)

AS;SfA= Y A(SF)"SFA.

k=1
It thus suffices to show that for each k € {1,--- , Iax n(y)}, the matrix (A(SF)*SFA);_; is of
" :
the form B*B for some B € M, (AC,[X]A), which we will now do. Set

RF:= ANSFA € AC,[X]A.
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Then one checks that (RF)*REF = A(SF)* S- )A, whence the matrix (A(Sf)”‘(Sv'j’?)A)Zj:1 is equal
to .

RE ... RM\" /RF ... R

o ... O o ... O

o ... 0 o ... 0

in AC,[X]A; this is of the desired form.

Now let H¥ be the corresponding separated completion of H @ C,,[X] for the semi-definite
inner product in (4.6) above. Let H{ denote the image of C,[X]® H in this Hilbert space and
write [S ® €] for the class of an element S ® ¢ € C,[X] ® H in Hg. For T € C,[X], define an
operator 7(T) on Hg by the formula

n n

m(T): Z[Sz ® &)~ Z[Tsi ® &l.

i=1 i=1

A similar argument to that used above for positivity shows that 7(7) is bounded, and thus
extends to all of H*X. The map 7 : C,[X] — B(HY) is then clearly a unital *-homomorphism,
so this gives the desired representation. We now look at properties (1) and (2).

For property (1), define a linear map L : A - H{ — H by the formula

L: zn:[ASi © &) — zn:a AS; A, (4.7)
i=1

i=1

and note that

<zn:[Asi@@ ,zn:AS o).,
1=1 i=1

M:

(€i, a(AS7AAS; A)Ej)m

1

4,J

((AS; A)Gi, a(AS;A)E;)

S

&
Il
—

I
iM:

n

o(AS; )6, Y a(ASi A )

1 i=1

I

o
Il

This implies that L as in (4.7) is an isometry from A - Hg to H, thus extending to an iso-
metric map, which is clearly onto by non-degeneracy. It is also clear that L intertwines the
representations of AC,[X]|A = C,[Y].

Finally, we look at property (2). Define a map M : (A -H')g — H' by the formula

i=1

1=1
Computing
(YIsi@ 48], > [si © ¢ > peyx = D (6 B(a(AS]S;A))E e
i=1 i=1 i,j=1

= < z": SiALi, z”: SiA€i>Hl
i=1 =1
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This implies that M again extends to an isometric linear map, and Lemma 4.3(5) and non-
degeneracy imply that this is onto. Again, it clearly intertwines the representations of C,[X],
so the proof is complete.

It follows from the lemma above that non-degenerate C,[X] and C,[Y] = AC,[X]A repre-
sentations come canonically in pairs (H~,HY) such that A - H* = HY. We will make these
assumptions (and use this notation) throughout the rest of the proof of Proposition 4.1.

Our next task is to study the relationship between the constant vectors HX and HY in the
spaces above. Note that Lemma 4.3 (1) implies that 72X is a subspace of HY (and that H} is
a subspace of HY by definition). Let ®x : C,[X] — [°°(X) and ®y : C,[Y] — [*°(X) be the
linear maps defined in (3.1) above and define

Uy :=fodPyoa: AC,[X]A — B(I™°(Y)) C AC,[X]A. (4.8)

Note that Lemma 3.1 implies that a vector & € HY is in HY if and only if Uy (AT A)¢ = AT AE
for all T € C,[X]. The following computations contain the bulk of the rest of the proof of
Proposition 4.1.

Lemma 4.5 The following hold:
(1) For any partial translation v € C,[Y],

‘I)X(Nﬁ(v)N_l)A = B(vv™)A.
(2) For any partial translation v € C,[X] such that for ally € Y,
{zeUy, | (v0")pe =1} <1 and {z€ U, | (v'v),, =1} <1, (4.9)

we have the formula
Uy (N TAvAN) = Avv* A,

(3) The operator N from (4.3) above on HX restricts to an isomorphism
N:HY — HX.

(4) For any & € (X)X N'HY, if we decompose N™1¢ = &1 + &, where & € HY and & is in
(HY)L, then
€]l
1€ = :
V14 (IN[IIN-1])?2

(5) For any € € (HY)t N'HY, if we decompose N& = &1 + &, where & € HX and & is in
(HX)*L, then
€]
&2l = .
VI+ (NN

Proof For part (1), direct computations show that for any z,z € X, the corresponding
matrix coefficients are given by

(Bv")A)az = (Px(NBW)NT)A)p = n(2) ™
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if y(z) = y(2) and (vv*)y(2)yz) = 1, and zero otherwise. For part (2), a direct computation
using the formulas in (3.1), (4.4)—(4.5) shows that for any T' € AC, [X]A, the matrix coefficients
of Uy (T') are given by

(Uy(T))a- = n(x)ig Z Z n(zl)féTx/zz.

YEY /€Uy (4
z/eUy
From here, more direct computation shows that the matrix coefficients of the operators in the
statement are given by

(Avv*A),. = (Uy (N TAvAN)),. = n(x) 2

if y(x) = y(z) and there exists 2’ € Uy(,) such that (vv*),/, = 1, and zero otherwise.

For part (3), assume first that ¢ is an element of 12X, we want to show that N~1¢ is in HY
and thus N - HY is a superspace of HX. Let v € C,[Y] be an arbitrary partial translation, we
want to show that B(v)N~1¢ = B(vv*)N~1E. Then using the fact that ¢ is in HX C HY, we
have

NB)N~'E = @x(NF(v)N )€ = @x (NB(v)N )AL

Using part (1), this is equal to
B(ov*) A€ = NB(w" )N ¢

using the fact that N commutes with B(vv*). Hence NB(v)N ¢ = NB(vv*)N~1¢ and can-
celling the N gives the desired conclusion.
Conversely, assume that ¢ is an element of HY; we want to show that N¢ is in HX and

thus N - HY is a subspace of HX. Let v € C,[X] be a partial translation; we want to show
vo*NE = vNE. Splitting v up as a finite sum of at most (ma;(( n(x))? elements, we may assume
e

that v satisfies the conditions in (4.9) for any y € Y. Now let C' € C,[X] be defined by

0, otherwise

C,. = {(U'U*):cm y(x) = y(2), (4.10)

(roughly speaking, C' collapses each U, that intersects the range of v into the single point in
which it intersects the range of v). Note that N commutes with C. We then have the formula
CAv = v. Now,

N 'WN¢ = N"'CAuNE = CN PAvANE = CUy (N P AvAN)E,

where the last equality uses the fact that ¢ is in HY. Continuing to use part (2), this is equal
to
CAvv* A¢ = vv*¢é = N~ low* NE,

where the second equality uses the fact that N commutes with vv* by the assumption in (4.9).
Hence N~ 'vv*N¢é = N~1wNE, so vv* NE = vNE as required.
For part (4), note that if ¢ = N& + N& and N¢; is in HX by part (3). Hence taking the
inner product with N&; gives
0= [IN& | + (N&, Néa),
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whence
IN&* = [(N&, Néo)| < [IN&||NE||
and so (assuming as we may that N& # 0) |[N&|| < [|N&||. This in turn implies that

&l
[N=Hl

<[ING < [IN&| < ([Nl

S0
lExll < INTINTHHE]-
This combined with the fact that ||&1]|% + [|&2]|? = ||€]|?, forces

€202+ AINTINTHD?) > €l
from which the claimed inequality follows. Part (5) is analogous, and we are done.

We are now finally ready to complete the proof of Proposition 4.1, and thus also that of
Theorem 4.1.

Proof of Proposition 4.1 Assume first that ¥ has geometric property (T). Let F' be a
generating controlled set for the coarse structure on Y, and let £ be any generating controlled set
for the coarse structure on X that contains F', the controlled set {(x,2) € X x X | y(z) = y(z)}
for X x X, and the composition of these two. Using Proposition 3.1, it will suffice to show
that there exists some constant ¢ > 0 depending only on F' and the cover {U,} such that for
any unit vector £ € (HX)%, there exists T € C,[X] supported in E with matrix coefficients
bounded by a number depending only on {U,} and F, and with |[(T — ®(T))¢|| > e.

Let ¢ € (0,1) be a constant, which will be chosen later in a way that depends only on the
cover {Uy} of X and F. Note that if ||(1 — A){|| > ¢, then we are done, as $(A) = 1. Then
assume that

(1= A)[ < e (4.11)

Now, by part (4) of Lemma 4.5 (and the fact that A preserves (HX)'), we may write
N7YAE = & + &, where & is in HY, & is in (HY)*, and ||&]| > c1|A€|| for some ¢; > 0
depending only on the cover {U,}. Using geometric (T) for Y (and the fact that & is in HY),
there exists a partial translation v € C,[Y] supported in F' and a constant ¢o > 0 depending
only on F' such that

1(8(v) = Blov*)NTHAE[ = [[(B(v) = Blvv*))&z]l = c2lléall > caca] AE].

Hence e
IN(B(w) = B )N ALl 2 =y 14ell

Now, using Lemma 4.5(1) and the fact that N commutes with S(vv*), this implies that
INB()NT = Ox(NB(0)NT1)) ALl > es]| A€,
where ¢z > 0 depends only on {U,} and F' again. Finally, this forces
INB)NT! = @x(NB)N K]
>3 — [NB)N™! = @x(NB(0)N~H))(1 — A)]|
> c3 = [[NB)NT = @x(NBw)N)|e,



Geometric Property (T') 779

where ¢ is as in (4.11). Noting that
INB)NT = @x (NBu)N~H)| = IN(B(v) — Blov™)N~H| < 2| N[N,
and setting ¢ = W, we see that
INBu)N™! = @x(NB(u)NTHE| = -

Note that NB(v)N 1 is supported in Fo {(z,2) € X x X | y(x) = y(2)}.
In summary, we have shown the desired conclusion with e = min{c, € }: if [[(1 — A)¢|| > ¢,
we may take T' = A, and otherwise we may take T'= N3(v)N 1.

For the converse implication, assume that X has geometric property (T), and let F' be a
controlled generating set for X. Let E be any controlled set for X that contains a generating
set for Y and such that

Fof(,z) e X x X [ y(z) = y(2)}-

4

Using Proposition 3.1 and the isomorphism AC,[X]A = C,[Y] from Lemma 4.3(4), it will
suffice to show that there exists some constant ¢ > 0 depending only on F and the cover {U,}
such that for any unit vector ¢ € (HY)t, there exists T € AC,[X]A supported in E with
matrix coefficients bounded by some number depending only on F' and {U,}, and such that
|7~ D(T))e] = e.

Let £ be a unit vector in (HY )+ N'HY. Using Lemma 4.5(5) we may write N¢ = & + &,
where & is in HY, & is in (HX)L and ||&]| > c1]|€]| for some ¢; > 0 depending only on the
cover {Uy}.

Using geometric property (T), there exists a partial translation v € C,[X] supported in F
and ¢ > 0 depending only on F' such that

[[(vv™ = V) NE|| = [[(vv™ = v)&all = c2ll&all = crca.

We may split v up as a finite sum of at most ma))(cn(a:)Q partial translations satisfying the
TE

support condition in (4.9), and thus assume that
[[(vv™ — V) NE|| > e, (4.12)

where c3 = #ﬁx)g and v satisfies the support condition in (4.9).
zeX

Now, let C' be the “collapsing” operator defined as in (4.10) above for this v. Using that
CAv =v and A§ = A, we see that

(0" = 0)NE|| = | C(Avv* — Av)NE| = [[C(Ave" A — AvA)NE]|.
As A¢ = £ and N commutes with A, C' and vv*, this implies that

|C(Avw* A — N"'AvAN)¢|| > ﬁ
Hence by Lemma 4.5(2), we see that

|C(Ty (NP AvAN) — N"*AvAN)¢|| > ﬁ
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so, as A commutes with N,

- - C2
[(Uy (ANT'oNA) — AN PONA)E| > ———r
NI
As ||C|| admits an upper bound ¢3 depending only on the cover {U,}, this completes the proof:
Take € = rF— and T = AN~yNA.

The following corollary gives our first examples of spaces with geometric property (T); in
some sense, these could be considered “trivial” examples.

Lemma 4.6 Let X be a space which splits into coarse components X = UX,, such that
ma§(|Xn| is finite. Then X has geometric property (T).
ne

Proof If each X, is a single point, then for any representation H of C,[X], we have H = H,,
so geometric property (T) is trivially satisfied. Any space X as in the statement is coarsely
equivalent to such a space where each X, is a single point, however.

5 Laplacians

In this section, we define Laplacian operators, and use them to give another characterisation
of geometric property (T). This characterisation in terms of Laplacians was our original defini-
tion of geometric property (T) in [18, Section 7], and is more closely connected to K-theory. It
also lets us relate geometric property (T) to expanding graphs.

Throughout this section, X denotes a space as in Definition 2.3.

Definition 5.1 Let E be a controlled set for X. The Laplacian associated to E, denoted by
AFE | is the element of C,[X] with matriz coefficients defined by

-1, (z,y) € (EUE~Y)\ diag(E),
AL ={H{ze X | (2,2) € (EUE)\diag(E)}|, ==y,
0, otherwise.

Note that A only depends on (E U E~Y)\diag(E). Also note that if E is empty, or is a
subset of the diagonal, then AF is 0.

Example 5.1 Suppose that X is the vertex set of an undirected graph, with the coarse
structure generated by the subset E' of X x X consisting of all the edges as in Example 2.1.
The (un-normalised) combinatorial Laplacian of X in the sense of spectral graph theory (see
[11, Section 4.2]) is then the same as our AZ. This is the motivating example.

The next two lemmas record some basic properties of Laplacians associated to antisymmetric
elementary controlled sets (see Definition 2.4 for the terminology).

Lemma 5.1 Let E be an antisymmetric elementary controlled set, and AP be the corre-
sponding Laplacian. Let t : A — B be the partial translation® such that E = graph(t) and v be
the partial translation operator corresponding to t.

(1) AP and v are related by the equation

AP = v +v'v — v — v,

8Recall that F being antisymmetric means that AN B = @.
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(2) The image of AF in any representation is a positive operator.
(3) If H is any representation of C,[X]|, then the kernel of AF consists precisely of those
vectors & € H such that

v€ = ™€ (equivalently, such that v*E§ = v vE).

Proof For the first part, one checks directly that for both operators A and vv* + v*v —

v —v*, the (x,y)"™ matrix coefficient is equal to

—1, x # vy, and either t(z) =y or t(y) = =,
1, z=y, andz € AUB,

0, otherwise.

The second and third parts both follow from the formula
AF = pu* +v*v —v — 0" = (v0* —v)* (" — ).
Corollary 5.1 Let E be an elementary controlled set such that
(ENE™Y)\ diag(F) = @.

Let v be the corresponding partial translation operator, and AP be the corresponding Laplacian.
Then in any representation H of C,[X], the kernel of AF consists precisely of those vectors
& € H such that

v€ = vu*€ (equivalently, such that v*& = v*VE).

Proof Lett: A — B be the partial translation underlying F. Using Lemma 2.1, we may
decompose
A:A0|_|A1 |_|A2L|A3,

such that for i € {0,1,2}, t(4;) N A; = &, and so that the restriction of ¢ to As is the identity.
Write ¢; for the restriction of ¢ to A;, E; for the graph of ¢;, and v; for the corresponding partial
translation operator. The condition

(ENE~Y)\ diag(F) = @
on F implies that we have a disjoint union
(EUE Y\ diag(E) = (BEo UE, ") U (ByUE; ) U (By U Ey) ™,
which implies by a direct computation of matrix coeflicients that
AP = AP0 4 AP 4 A2

Lemma 5.1(2) implies that all the operators AFi are positive, and combining this with Lemma
5.1(3), we have that in any x-representation H of C,[X],

2
Kernel(AF) = ﬂ Kernel(AF?) = {¢ € H | v;€ = viv}€ for all i € {0,1,2}}.
=0
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On the other hand, the facts that vg, v1, v2, v3 have mutually orthogonal domains and mutually
orthogonal ranges, and that vvs = v; = vs imply that

v=19+v; +v2+vs and v = vv] + v1v] + vavs + v3V3,
and moreover that the condition “v;§ = v;v}¢ for all i € {0,1,2}” on vectors in H is equivalent
to “vu*€ = v€”, so we are done.

Lemma 5.2 If E C F are controlled sets, then there exist antisymmetric elementary con-
trolled sets En,--- , E, such that

n
AT = AP 43 AF
i=1
In particular, in any x-representation of C,[X], we have the operator inequality

AF > AF > .

Proof Lemma 2.2 implies that there exist antisymmetric elementary controlled sets Ey, - -- , Ey,
such that (F'U F~1)\diag(F) can be written as the disjoint union

[ =

(FUF~)\diag(F) = (EU E~")\diag(E)) U |_|(B; WE; ).

i=1

It follows by a direct computation of matrix coefficients that
n
AT = AP 43 AR
i=1

The operator inequality A" > AP now follows from positivity of each AFi as in Lemma 5.1(2).
The fact that A¥ > 0 for any controlled set E follows from the special case inclusion @ C E.

Proposition 5.1 Let E be a controlled set and H be a representation of C,[X]. The
constant vectors H. in H are contained in the kernel of A¥. If moreover, E is generating, then
the kernel of A is precisely equal to H,.

Proof Assume first that F is a general controlled set. Lemma 5.2 implies that there are
antisymmetric elementary controlled sets Eq,--- , F,, such that

AEzﬁéA&.
i=1

Letting v; be the partial translation operator corresponding to E;, Lemma 5.1(3) implies that
the kernel of APi consists precisely of those ¢ € H such that v;¢ = v;v}¢, and thus contains
H.. On the other hand,

n

Kernel(AF) = ﬂ Kernel(AF?),

i=1

whence Kernel(AF) D H,.
Now assume that F is generating and that AP¢ = 0. Let v be a partial translation operator;

we must show that v€ = vv*€. Suppose that v corresponds to the partial translation ¢ : A — B.
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As F is generating, there exists n such that E°" contains graph(t), whence Lemma 2.2 implies
that there exists m and a decomposition A = A; U --- U A,, such that if t; :=¢
exist partial translations s}, --- , s such that

(1) ti = s 005k

(2) graph(s!) C Eforalli=1,--- ;mand j=1,--- ,n;

(3) for each i and each j =1,--- ,n — 1, the range of sZ is equal to the domain of s

A;, then there

Jj+1,
3 I
(4) for each i and each j = 1,--- ,n — 1, either s/ is the identity map, or the range of si“
is disjoint from its support.

Let v] be the operator corresponding to s, and v; be the operator corresponding to ¢;. For
fixed 1, 7, let

F = graph(s]).

Then 0 < AF < AF by Lemma 5.2 whence AF¢ = 0. Corollary 5.1 then implies that vff =

v!

7 (v])*¢ (and this is true for all 7, j, as the choice of indices is arbitrary).

To complete the proof, assume inductively for some ¢ and j = 1,--- ,n — 1 that if u :=
Jj—1 j+1
It

va --v}, then uu*é = u€. Then as the support of w :=v]" " is the range of u, we have

wué = wuu*f = wE = ww ¢ = (wu)(wu)*E,
whence by induction v;§ = v;v;¢ for each . Finally, note that
VE = (v1 4+ V)€ = (V0] + -+ a0 )Es

this, however, is equal to vv*£ using that the operators v; all have orthogonal ranges, and we
are done.

Definition 5.2 Let T be an element of C,[X] and H be a representation of C,[X]. Define
on(T) to be the spectrum of T considered as an operator on H via this representation.

Define the maximal spectrum of T, omax(T) to be the union of all the sets op(T) as H
ranges over all representations of C,[X].

We are now ready to relate geometric property (T) to Laplacians.

Proposition 5.2 The following are equivalent:

(1) X has geometric property (T).

(2) For any controlled set E, there exists ¢ = ¢(E) > 0 such that omax(AF) C {0} U e, 00).
(3) For some controlled set E, there exists ¢ > 0 such that omax(AF) C {0} U [e,00).

Proof We will only prove that (1) and (2) are equivalent: One can show that (3) is
equivalent to conditions (2) and (4) from Proposition 3.1 analogously.

Assume first that X satisfies condition (2). Noting that ®(A¥) = 0 for any controlled set
E and using Proposition 5.1, it is clear that X then satisfies condition (3) from Proposition 3.1
with T = AP,

Assume conversely that X has geometric property (T), and let E be a controlled set, and
¢ = ¢(E) > 0 be as in the definition of geometric property (T). Let H be a representation of
C.[X], and ¢ € H} be a unit vector. Let v be a partial translation with support in E such
that [|(vv* —v)&|| > ¢, which exists by geometric property (T). Lemma 2.1 implies that we may
write v = vg 4+ v1 + v3, where each v; is a partial translation corresponding to an antisymmetric
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elementary controlled set, and the v; have mutually orthogonal ranges. It follows that from the
orthogonality of the ranges that

2

D lwiof —w)él® = [|(v0” —0)€)? = &,

=0

whence for some 4, ||(v;v] —v;)¢|| > ~5- In particular, on altering the constant ¢ and replacing
v by one of the v;, we may assume that v comes from an antisymmetric elementary set.

Now by Lemmas 5.1-5.2, we may write
n
AF = Zvivf +vjv; — v — vy,
i=1

where v; = v, and the other v; are partial translations with support in E. Using Lemma 5.1
again (and its proof), it follows that

(& AFE) > (& (0" + 0™ —v = v)€) = [|(v" = v)¢|* >

as ¢ is an arbitrary element of M}, and H is itself arbitrary, this shows that opay(AF) is

c

contained in {0} U[c?, 00), so we are done.

Our work on Laplacians allows us to give an easy proof of the following consequence of
geometric property (T) for sequences of graphs: It implies that the sequence of graphs is an
expander in the sense of the following condition.

Definition 5.3 Let (X,,) be a sequence of (vertex sets of) finite connected graphs. The
sequence (Xy,) is an expander if the following hold:

(i) the cardinalities | X, | tend to infinity;

(i) there is a uniform bound on the degrees of all vertices in each X, ;

(iii) there exists some ¢ > 0 such that if A,, is the graph Laplacian on 1*(X,,) as in Ezample
5.1, then the spectrum of A, is contained in {0} U [, 00).

Expanders have applications in several areas of pure mathematics, as well as computer
science and information theory (see [11] for more information).

Corollary 5.2 Let X be a space that decomposes into coarse components as X = UX,,
and assume that | X, | is finite and that | X,,| tends to infinity. Let E be a symmetric generating
set for the coarse structure. Define a (connected) graph structure on each X,, by decreeing that
ENn (X, x X,) is the edge set, and call the corresponding graph G,.

Then the sequence (X,,) is an expander.

Proof Let A, be the graph Laplacian on each X,,. Then (X,,) is an expander if and only
if the operator
A=A, € B(@il*(X,))

has a spectrum contained in some set of the form {0} U [¢,00). This follows, however, as A
identifies with AF acting on 1?(X), so the spectrum of A is equal to O'ZQ(X)(AE), which is
contained in opax(AF), and is a subset of {0} L [¢,0) by geometric property (T).
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Remark 5.1 The methods of Section 4 can be used to show that “being an expander”
is a coarse invariant of a sequence of graphs in the obvious sense. Although known to some
experts?, this does not seem to have been observed in the literature before.

6 Relationship with Amenability

In this section we discuss the relationship between geometric property (T) and amenability.
Throughout the section, X denotes a space.

The main result is Proposition 6.1; phrased slightly differently, it says that C,[X] admits
a representation H where the space H. of constant vectors is non-zero, if and only if X is
amenable. It follows (Corollary 6.1) that for coarsely connected spaces, geometric property T
is equivalent to non-amenability.

We start with a lemma. Variants of this are very well-known, but we include a proof for the
readers’ convenience, as we could not find exactly what we needed in the literature.

Lemma 6.1 The following are equivalent:
(1) There exists an invariant mean on X, a positive unital linear functional

¢ 1°(X) - C

such that if f € 1°(X), and t : A — B is any partial translation such that B contains the
support of f, then

o(f) = o(f o).

(2) There exists a net (&)ier of unit vectors in 12(X) such that for any partial translation
v)

lim [[v&; — vv™& || = 0.
el

Proof Assume first condition (1). Fix a finite set {v1,---,v,,} of partial translations. Tt
suffices to show that there exists a sequence of unit vectors (&,) in 2(X) such that

lim [|vi&n — vivi&nl| =0
n—oo

forall i =1,--- ,m. Let P(X) denote the space of finitely supported probability measures on
X (asubset of I1 (X)), which identifies with a weak-* dense subset of the space of positive unital
linear functionals on [°°(X) via the standard pairing between [* and [>°. Let (¢;)jcs be a net
in P(X) that converges weak- to ¢, and for each ¢ = 1,--- ;m, let t; : A; — B; be the partial
bijection corresponding to v;. Then for each i and any f € [*°(B;), we have

lim(6 () = 6;(F 0 £)) = 0,

or in other words,

bl — (¢j0t;")

converges weakly to zero in I1(X), whence 0 is in the weak closure of the convex set

Ai

m

{Pw

i=1

Ba‘,_(wotiil)

A) € éll(X) | v e P(x)}.

91t also admits a rather easier proof, as pointed out to us by Romain Tessera.
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The Hahn-Banach theorem thus implies that it is in the norm closure, i.e., there is a sequence
(¢n) of elements of P(X) such that

B; — (¢n Oti_l)

lim |6, Al =0 (6.1)

for i =1,---,m. Set &, () = \/¢n(x) for each n and © € X, so each &, is a unit vector in
I12(X). For any i = 1,--- ,m, we have

B — (¢noti_1)

2 < 2H¢n

H'Ui§n - Uﬂ];ﬁnHQ = ||(€n o ti_l) Ai T En B; Aillls

which tends to zero as n tends to infinity.
For the converse, let (§;) be a net with the properties given. Then it is not difficult to check
that any weak-* limit point of the functionals

Gi 2 f (&, f&)
will have the desired properties.

Definition 6.1 A space X is amenable if it satisfies the conditions in Lemma 6.1.

It is not difficult to see that this is equivalent to the definitions of amenability in [2, Section
3] or [13, Sections 3.3-3.6]

The equivalence of the first and third conditions in the proposition below is fairly well-known;
the main point is that this equivalence still holds if one takes the “maximal spectrum”.

Proposition 6.1 Let E be a generating controlled set for X. With notation as in Section
5, the following are equivalent:

(1) 0 is in Ulz(X)(AE);

(2) 0 is in Omas (AF);

(3) X is amenable.

Proof It is clear that (1) implies (2).

To see that (2) implies (3), assume that 0 is an element of oyax (AF). This is equivalent to 0
being an element of the spectrum of A¥ in the C*-algebra C; .. (X) defined as the completion
of C,[X] for the norm

| T'|| max := sup{[|7(T) ||z | 7 : Cu[X] — B(H) a representation}

(the arguments of [8, Section 3] show that this supremum is finite for each T' € C,[X]). Any
point in the spectrum of a positive operator in a C*-algebra can be realized as an eigenvalue
in some representation, whence there exists a representation H of Cy; .. (X) (equivalently, of

C,[X]) in which 0 is an eigenvalue of A®. Proposition 5.1 then implies that this representation

contains non-zero constant vectors. Let £ be any norm-one constant vector, and let
¢:Cu[X] = C, ar (£ af)

be the corresponding vector state. We will show that the restriction of ¢ to [°°(X) is an

invariant mean.
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Indeed, let f be an element of {*°(X), let ¢t : A — B be a partial translation such that B
contains the support of f, and let v be the operator corresponding to t. Then fot = v*fv and
v* f = fov* = f, so the fact that & is constant implies that

P(fot) = ¢p(v™ fv) = (v&, fv€) = (vv7, fov™§) = (€, &) = o(f).

To see that (3) implies (1), let (&;) be a net of functions in [?(X) with the properties in
Lemma 6.1(2). Using Lemmas 5.1-5.2, we may write

N
_E % Koy oy oy
= UV} —|—vjvj Uj — U,
Jj=1

for some partial translations vy, --- ,vy. For any &;, we then have that
N
fza AE& = Z gza v;v ] - vj)£z> <£ia (U;Uj - Uj)£z>v
7j=1

which tends to zero in the limit over i. As AF is a positive operator on [2(X), this implies that
its spectrum contains zero.

In particular, note that whether or not 0 is in the above variations of the spectrum of A¥
is a property not of E, but of the coarse space X.
We now turn to the relationship between geometric property (T) and amenability.

Lemma 6.2 Let X be a coarsely connected amenable space. Then for any generating con-
trolled set E, 0 is a non-isolated point of the spectrum of omax(AF).

Proof Using Proposition 6.1, 0 is also in 012(X)(AE); it suffices to show that 0 is not an
isolated point in Up(x)(AE). If it were, then 0 would be an eigenvector of A for its action on
I12(X). Let £ be an eigenvector, and note that Proposition 5.1 implies that £ is a fixed vector.
Let ¢ be a point in the support of £, and note that as X is infinite, coarsely connected and
monogenic, there exists a sequence

To, L1, L2, "

of distinct points in X such that (z;,2;41) is in E for all . Let v be the partial translation
operator corresponding to the partial translation defined by

t:{an | n>1y = {2, | n >0}, 2z, — zp_1.
Then as £ is a fixed vector, we have

(v§)(zn) = (0" &) (2n—1)

for all n, and thus by induction all the values £(x,,) are non-zero and equal. This contradicts
the fact that & is in 2(X).

Finally, here is the characterization of coarsely connected spaces with geometric property
(T).

Corollary 6.1 Let X be an infinite coarsely connected space. Then X has geometric prop-
erty (T'), if and only if it is not amenable.
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The special case of this result when X is a group was proved in [18, Lemma 7.2].

Proof of Corollary 6.1 If X is amenable, then by Lemma 6.2, 0 is a non-isolated point in
Omax (AF) for any generating set E for the coarse structure, and this contradicts geometric (T).
Conversely, if X is not amenable, then 0 is not in the spectrum of op,ax (AF) for any generating
set E by Proposition 6.1. As the spectrum is closed and AF is positive, it is contained in a set
of the form [e, 00) for some ¢ > 0, and this, in particular, implies geometric property (T).

This says that geometric property (T) is not very interesting for coarsely connected spaces!
In the next section, we will finally look at a class of interesting examples of spaces with geometric

property (T).

7 Relationship with Property (T) Groups

In this section, we give some non-trivial examples of spaces with geometric property (T). Up
to trivial adjustments, these are the only examples we know. Most of this material is contained
in [18, Section 7], but fairly sketchily; we provide more detail here for the readers’ convenience.

It will be very convenient to use some C*-algebraic machinery in this section, mainly as
the following C*-algebras are useful to organize certain arguments. This material was already
briefly used in the proof of Proposition 6.1.

Definition 7.1 Let X be a space. The uniform Roe algebra of X, denoted by C(X), is the
completion of C,[X] for its natural x-representation on [*(X).
The mazximal uniform Roe algebra of X, denoted C; .. (X), is the completion of C,[X] for

the norm
||| := sup{||7(T)|| s | 7: Cu[X] — B(H) a *-representation}

(see [8, Section 3] for a proof that this norm is finite).

Using the notation from Definition 5.2, note that for any T' € C,[X], 0p2(x)(T) is the
spectrum of T considered as an element of Cf(X), and omax(T) is the spectrum of T' considered
as an element of C*  (X).

u,max

Definition 7.2 Let I' be an infinite finitely generated discrete group with a fized finite
generating set S. Assume that S = S~™'. Let

F=rol1 Bl

be a nested sequence of finite index normal subgroups of I' such that NI, = {e}. For each n,
set X,, =T'/T,,, and set
X =] X,

neN
Set
E, = {(l‘,y) c X, xX, | xily € S}

and
FE=UF, C X x X.

Finally, equip X with the monogenic coarse structure generated by F.
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The following theorem characterizes when a space built from a group as above has geometric
property (T).

Theorem 7.1 Let X be a space built from data (T, (I'y,)) as above. Then X has geometric
property (T), if and only if T' has property (T).

In order to prove this, we need a lemma. Let C[I'] denote the complex group algebra of T',
and note that the right actions of I on the various X,, give rise to a *-homomorphism

L+ C[[] — Cy[X]. (7.1)

This *-homomorphism is injective as N,,I",, = {e}. Moreover, if C .
of C[T'] for the norm

H Z zggH = sup { H (Z zgw(g)) HB(H) ‘ m: ' — H a unitary representation},
ger g€er

(T") denotes the completion

then ¢ also induces a *-homomorphism ¢ : C}:  (T') — C .. (X) by the universal property of

u,max
(O
max

(T"). We have the following injectivity result, which is stronger than the statement that
the map in (7.1) is injective.

Lemma 7.1 The x-homomorphism ¢ : Cy . (T') — C% (X)) is injective.

u,max

Proof Note that the algebraic direct sum @,,C,[X,] is an ideal in C,[X]; let T denote its
closure in C | (X). It follows from the argument of [12, Proposition 2.8] that

u,max

O ma(X)/T 2 (1°(X)/Co(X)) e T

u,max

where the right-hand side denotes the maximal crossed product defined by using the action of
I' on [*°(X)/Cy(X) induced by the right action on X. It suffices to prove that the composed
map

o

max

(T) = Cf max(X) = (I%°(X)/Co(X)) Xmax T

u,max

is an injection.

Now, for each n, let &, be the normalised characteristic function of X,, in I2(X), and let

be the corresponding vector state. Let ¢ be any cluster point of the sequence (¢,,) of vector
states on [*°(X), and note that ¢ descends to a state on [*°(X)/Cy(X). It is T-invariant, as all
the ¢, are. Finally, consider the maps

C Lo (X)/0o(X) 2 C,

where the first map is the unit inclusion which is split by the ucp map ¢. As maximal crossed
products are functorial for ucp maps (see [4, Exercise 4.1.4]), this gives rise to maps

Chrax(T) = (19(X)/Co(X)) Hmax T' = Cp (T

whose composition is the identity; the first map is thus injective.
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Remark 7.1 The above proof is a disguised version of the following fact: We guess this
is known, but do not know if it appears in the literature. Let G be a locally compact group
acting on a compact Hausdorff topological space X. Then the canonical *-homomorphism

Chnax(G) = C(X) Xmax G

is injective, if and only if there is an invariant measure on X.

Proof of Theorem 7.1 Consider the element

Ap:=) 1-[s]€C[T]
ses
of the group algebra of I', and let E be the controlled set appearing in the definition of a box
space (Definition 7.2). Then the image of Ar under ¢ is the Laplacian A¥ associated to E. As
¢ is injective on the level of maximal completions (and injective maps of C*-algebras preserve
spectra) it follows that the spectrum of Ar in C, (T) is equal to omax(AF). However, it is

max

well-known that I" has property (T), if and only if the spectrum of Ap in C

* (D) is contained

in a set of the form {0} L [¢, 00) for some ¢ > 0 (see [16, Theorem 3.2]); as E is generating (and
using Proposition 3.1), this is equivalent to geometric property (T) for X.

Corollary 7.1 For spaces built from sequences of quotients as above, having geometric
property (T) is a strictly stronger property that being an expander.

Proof A space associated to the pair (T, (T';,)) is an expander, if and only if the pair has
property (7) (see [11, Theorem 4.3.2]). The result now follows as there are many pairs (T, (T'y,)),
for example, with T" a free group, which have property (7), where I" does not have property (T).

Also note that whether a space as above has property (T) depends only on the ambient
group I, instead of the given sequence of subgroups; on the other hand, whether or not such a
space is an expander in general does depend on the choice of sequence of subgroups.

8 Geometric Property (T) and Coarse a-T-Menability Properties

It follows from Lemma 4.6 and Corollary 6.1 that geometric property (T) is only really
interesting when a space X admits a decomposition

X=1]xn
neN
into non-empty finite coarse components such that |X,,| tends to infinity. We assume for
simplicity!'® throughout this section that we are dealing with a space of this form.

Given such a space, we define its box space [JX to be the set X equipped with the coarse
structure generated by the original coarse structure on X, and all the singletons {(z,y)}, as z
and y vary across X (note that this coarse structure is never monogenic).

Our goal in this section is to show that geometric property (T) is incompatible with the
following notions of “coarse a-T-menability” for X: X admits a coarse embedding into Hilbert

10Slightly more general results, for example, allowing, index sets other than N, or only assuming that |X,,|
is unbounded, are certainly possible, but we did not think that the extra messiness this would force on the
statements is worthwhile.
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space (see [19]); X admits a fibered coarse embedding into Hilbert space (see [5]); the restriction
of the coarse groupoid of X to its boundary is a-T-menable (see [7]).

Theorem 8.1 Assume that X = UX,, splits into finite coarse components such that | X,
tends to infinity as above, and X has geometric property (T'). Then the following are impossible:

(1) OX admits a coarse embedding into Hilbert space;

(2) OX admits a fibered coarse embedding into Hilbert space;

(3) the restriction of the coarse groupoid of X (or OX) to its boundary is a-T-menable.

Natural examples satisfying conditions (2) and (3) are sequences of finite quotients of a-T-
menable groups, and sequences of graphs (X,,) such that the girth!! of X,, tends to infinity
(see [5, Examples 2.4 and 2.5]). It follows from the theorem that such spaces can not have
geometric property (T). On the other hand, note that there are many expander sequences with
girth tending to infinity; this gives another difference between geometric property (T) and
general sequences of expanding graphs.

Special cases of this theorem follow from known results in K-theory (see [5-7, 12, 17-18]),
but the proof we give here is more direct and a little more general. The theorem is definitely
not true for coarsely connected spaces, this follows from Corollary 6.1.

The basic idea of the proof is to show that any of the coarse a-T-menability properties
appearing in the statement allow one to construct representations of C,[X] that contradict
geometric property (T). Unfortunately, properties (2) and (3) from the above theorem are
quite technical, and are not stated anywhere in the literature in a form that is particularly
well-suited for our purposes; as a result, in order to keep the proof of Theorem 8.1 reasonably
short and self-contained, we have had to be a little ad-hoc in some constructions below.

In order to cover part (3) of the above theorem, we must use the language of the Stone-Cech
compactification of X; we thus start by recalling the relevant facts. Let Y be a discrete topo-
logical space. The Stone-Cech compactification of Y, denoted by 4Y, is a compact Hausdorff
space containing Y as a dense open subset. It is determined by the following universal property:
For any compact Hausdorff space K and any function f : Y — K, there is a unique continuous
extension f : BY — K. We write Y := Y \ 'Y for the associated Stone-Cech corona. Note
that the universal property implies that for any A C Y, the inclusion map A — Y extends to
an injection SA — (Y’ in particular, the closure of A in BY is canonically identified with GA.

Now let £ denote the coarse structure on X x X. For each controlled set E € &, let E
denote its closure in X x 3X. Define also OF to be the intersection £ N (90X x dX). Define

BeX = U E.

Ee&

We think of this space as a subset of X x 38X (and correspondingly write elements as pairs
(w1,ws2)), but equip it with the (weak) topology determined by the following condition: A subset
U of B¢ X is open, if and only if its intersection with each F is open in X x $X. Set

0:X = | J oF,
Eec&

equipped with the subspace topology from (g X.

11 e., length of shortest non-trivial cycle.
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With this topology, B¢ X is a locally compact Hausdorff space, and 0g X is a closed subspace:
Be X actually identifies as a topological space with the coarse groupoid G(X), and d¢ X with
the “restriction to the boundary” of G(X). We will not use this, but see [14] or [13, Chapter
10] for more information.

The following definition is easily seen to be equivalent to the property in part (3) of Theorem
8.1; we state it in this form to avoid having to introduce a lot of groupoid language.

Definition 8.1 The space X is boundary a-T-menable if there exists a continuous function
k:0sX — Ry such that the following hold:
(1) The function k is normalized: k(w,w) =0 for all pairs (w,w) € 0gX.
(2) The function k is symmetric: k(wy,w2) = k(wa,w1) for all (wi,ws) € 0gX.
(3) The function k is negative type: for any finite subset {w1, - ,w,} of 0X such that all
the pairs (w;,w;) belong to 0c¢ X and any finite subset {z1,-- -, z,} of C such that > z; =0, we
i=1
have .
Z Z_iij(wi,w]‘) <0.
ij=1
(4) The function k is proper: If

cg = inf{k(wr,w2) | (w1,ws2) € 0cX \ OF},
then the limit over the directed set of controlled sets (ordered by inclusion) }smé cg 18 infinity.
€

The main result which we want to prove in this section is as follows.

Theorem 8.2 Assume that X = UX,, splits into finite coarse components such that | X,|
tends to infinity, and X is boundary a-T-menable. Then X does not have geometric property

(T).
Before we prove this, we show how it implies Theorem 8.1.

Proof of Theorem 8.1 As already remarked, given the definition of the coarse groupoid
G(X) (see [14] or [13, Chapter 10]), it is clear that X is boundary a-T-menable in our sense if
and only if the restriction of G(X) to its boundary is a-T-menable in the sense of [15, Section
3] (see also [14, Section 5] and [7]). The result of [6, Corollary 20] thus implies that if X
admits a fibered coarse embedding into Hilbert space in the sense of [5] (and in particular if
00X admits a coarse embedding into Hilbert space in the sense of [19]). Then X is boundary
a-T-menable. Theorem 8.1 follows.

The remainder of this section is devoted to the proof of Theorem 8.2. We assume from now
on that X is as in the statement of Theorem 8.2, and assume that & : 9¢ X — C is as in the
definition of boundary a-T-menability.

For each t > 0, define a function k; : ¢ X — [0, 1] by

ket (wi,wo) s e thlwrwn), (8.1)

Lemma 8.1 The functions ki from (8.1) have the following properties:
(1) They are normalized: ki(w,w) =1 for all w € 0X.
(2) They are symmetric: ki(wi,w2) = ki(we,wr) for all (wi,ws) € 0 X.
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(3) They are positive type: For any finite subset {w1, -+ ,wy} of 0X such that all the pairs
(wi,wj) are in g X, and any finite subset {z1,--- ,2zn} of C,

n
Z ziz_jk;t(wi,wj) Z 0.

4,J=1

Proof Parts (1) and (2) are obvious. Part (3) is essentially a version of a well-known
theorem of Schoenberg (see [1, Theorem C.3.2]): It follows from the statement of [1, Theorem
C.3.2] by applying that result separately to each finite subset {w1,--+ ,w,} of 0X such that
(wi,wj) € 9 X for all 4, j.

We will now use the functions k; to construct representations of C,[X]. First, extend!? the
functions k; : 9¢ X — [0,1] to continuous functions k; : S¢X — [0,1]; we may assume that
ki(x,2) =1 for all z € X. Define a form

(G0 CulX] x Cu[X] = I7(X) = C(6X)

via the formula

(S, T))i(x) = Z S—waZkt(y,z);

(y,2)EX XX

as X has bounded geometry, the sum contains uniformly finitely many terms for each x, so this
is well-defined.

In order to use these functions to build representations of C,[X], we need some preliminaries.
First, we have the following lemma about elementary controlled sets.

Lemma 8.2 Let E be an elementary controlled set on X which is the graph of a partial
translation t : A — B. Lett: A — B denote the extension of t to the Stone-Cech compactifica-
tions. Then the closure E of E in X x 3X is the set

{(t(w),w) | w e A},

which identifies homeomorphically with SE.

Proof Denote by g : A — X x X the “graph bijection” g : x + (t(z),x) with image E.
Consider the maps
A% X x pX 5 BX,

where 7 is the projection onto the second factor. The composition of these maps is just the
inclusion of A into SX. Now, the universal property of the Stone-Cech compactification gives
rise to maps

A% 68X x X 5 BX,

where the image of g is £. Uniqueness of the extension g implies that it must be equal to
the map w — (f(w),w), which gives the characterization of E. On the other hand, 7 o g is
the identity inclusion BA = A — BX (by uniqueness again), which implies that g is injective.
Hence E identifies canonically with A, and so with SE.

12The exact extensions we use will not affect the representations we build; however, we will make slightly
refined choices of extension below in order to analyze properties of the representations.
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Now, let f: X x X — C be a bounded function with support in a controlled set E. Using
Lemma 2.2, we may write £ = FEj U --- U E,, where each F; is elementary. Say E; is the
graph of the partial translation ¢; : A; — B;. For each i = 1,--- n, define g; : A; — C by
gi(x) = fi(t:(z),z), and extend g; to A;. The extension of f|g, to E; = E; must be given by

(t(w),w) = g(w)

by uniqueness. This formula then extends f to all of E = E; U---U E,,. Using subdivisions,
it is not difficult to see that this extension does not depend on the choice of decomposition
E=FEU---UFE,.

If T is any operator in C,[X] supported in a controlled set E, and (w1,ws) is an element of
OF, we define T,,,,, by using the extension process above applied to the function from E to C
defined by (z,y) +— Tyy.

For a controlled set F, we also define

N(E) :=max|{y € X | (v,y) e EUE}] (82)
and for an element T of C,,[X], define
N(T):=N({(z,y) € X x X | Ty # 0}). (8.3)
Lemma 8.3 For each t > 0, the form
((.))e : CulX] x Cu[X] — 1°°(X) = C(BX)

has the following properties:
(1) The form ({,))+ is linear in the second variable and conjugate linear in the first.
(2) For any S, T € C,[X] the I°°-norm of ({(S,T))¢ is bounded by

(S, T))ell < sup [Toy| sup [Say|N(T)N(S).
z,yeX z,yeX

(3) The restriction of ((S,T))¢ to 0X is given by the formula

<<Sv T>>t(w) = Z mTwwzkt(wl;W2)~

(wl,wg)eagX

(4) For any S in C,[X], the restriction of ((S,S)): to 0X only takes non-negative values.

Proof Part (1) is clear. Part (2) follows from the fact that k; takes values in [0, 1] and the
triangle inequality.
For part (3), note that any S € C,[X] is a finite sum of operators with the property that

{(x,y) | Sxy 7£ O}

is elementary. Using part (1), it suffices to assume that S and T have this property. Assuming
this, let s : Ay — Bs be the partial translation corresponding to S, and define f : A, — C
by f(x) = Sy(),. Similarly, define g : Ay — C by g(x) = Ty(y)s, where t : Ay — By is the



Geometric Property (T') 795

partial translation corresponding to 7. Then for any fixed w € 0.X, we have via the discussion
preceding this lemma, that

g, _ f(s7Y(w)), w € By and w=s(w'),
@’ 70, otherwise

and similarly for 7. We thus have

Z Swwl Twa ky (w17w2)

(w1,w2)€0e X

- {f(S‘l(w))g(t‘l(W))kt(S‘l(w),t‘l(w» w € BN B,

0, otherwise.

On the other hand, for any x € X,

(S Te(x) = D SoyTuske(y, 2)

(y,2)EX XX
_ [F(s7H(@)g(t (@) k(5™ (@), tH(2)), @€ ByN By,
~ o, otherwise.

The claimed formula follows.
Part (4) follows from part (3) and Lemma 8.1.

Now, for each n, define a state on [°°(X) by the formula
1
on (X)) = C, [y D (@),
Xl &

Let ¢ be any cluster point of the sequence (¢, ) in the state space of [*°(X). Note that ¢
descends to a state on the quotient {°°(X)/Cy(X), which naturally identifies with C'(0X).
For each t > 0, we may thus define a form on C,[X] by

<Sa T>t = ¢(<<Sa T>>t>-

Using Lemma 8.3(1)—(2), and that ¢ is a state, each form (,); is linear in the second variable,
conjugate linear in the first, and positive semi-definite. Separation and completion thus define
a Hilbert space H; for each ¢t > 0. An element S € C,[X] gives rise to an equivalence class [S]
in this Hilbert space. Provisionally define a representation m; of C,[X] on H; via the formula

m(T) : [S] — [T'S].

Lemma 8.3(3), and that ¢ has norm one, imply that each operator m(T) extends to a bounded
linear operator on H;, and thus we have a well-defined map

7+ Cou[X] — B(Hy). (8.4)

Lemma 8.4 The map m in (8.4) above is a x-representation. It does not depend on the
choice of extension of k.
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Proof Linearity and multiplicativity of m; are clear, so to show that m; is a *-representation
it suffices to check that it preserves adjoints.
As ¢ is cluster point of the functionals ¢,, it suffices to show that

¢n(<<R*Sa T>>t) = ¢n(<<sa RT>>t)

for all n and all R, S,T € C,[X]. Computing

On(((R*S,T))

(y,2)

uytxz
zeX,L Y,2€Xn u€Xy

1 -
z,y,2,u€X
;cEX,, y,ze€X,, ueX,

The fact that m, does not depend on the choice of extension of k; follows from Lemma 8.3(3)
and that ¢ only depends on the restriction of a function in C(8X) to 9X.

Our eventual goal is to preclude geometric property (T) by showing that the representations
H; “come close” to containing constant vectors for small ¢ > 0, although none of them actually
does contain constant vectors. The following lemma is the next step.

Lemma 8.5 For anyt > 0, the x-representation m : C,[X]| — B(H¢) contains no constant
vectors.

In order to prove this, we need a combinatorial lemma.

Lemma 8.6 Let E be a symmetric generating set for the coarse structure on X that contains
the diagonal, and fix v € N. Then there exist s, N € N such that for all n > N, there exists a
bijective partial translation t,, : X, — X,, such that

graph(t,) C E°®\ E°".

Proof Let r be given, and let s be so large that |s/3| —r > N(E°"), where N(E°") is as
n (8.2). As |X,| tends to infinity, and using the bounded geometry assumption, there exists
N such that for all n > N and all points « € X,,, there is a point y = y(z) € X,, such that
(x,y) & E°ls/3] . Fix n > N, and let G be the graph with vertex set X,, where two vertices
x,y are connected by an edge if and only if (x,y) is in E°®\ E°". It suffices to show that there
is a bijection o : X,, — X, such that (z,0(z)) is an edge in G for all x € X,,. It suffices by
Tutte’s 2-matching theorem (see [10, Proposition 2]) to show that if C' is a subset of X,,, no
two vertices of which are connected by an edge in G, and if we set

d(C) ={x € X,, | there exists y € X,, such that (z,y) is an edge of G},

then |d(C)| > |C|.
Fix such a set C, and define a relation on C' by x ~ y, if and only if (z,y) € E°". This
is an equivalence relation: It is symmetric and reflexive as F is symmetric and contains the
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diagonal. It is transitive, as if  ~ y and y ~ z then (z, 2) is in E°?"; as x, z are in C, they are
not connected by an edge in G, and so this is impossible unless (z, z) is actually in E°". Fix
a subset Cy of C' containing one representative of each equivalence class, and for each z € Cp,
define

Cp:={yeC| (x,y) € E"}
to be its equivalence class, which has at most N(E°") members. For each € Cy, define
Dy i={y € X, | (z,y) € E°L*/3\ BT}

The choice of N implies that there exists y € X,, such that (z,y) ¢ E°l*/3]. As E is generating,
it follows that there is m > |s/3| and a sequence of distinct points

T =2T0,L1," " yTm =Y
such that (z;,2;41) isin E for i =0,--- ,m—1, and (z,2;) ¢ E°~! fori =1,--- ,m. Hence in
particular, z, 11, ,x|/3) are in D, and thus

|Dz| > [s/3] —r > N(E®") 2 |Csl,

where the central inequality follows by choice of s. Finally, note that if x and y are distinct
points in Cjp, then (z,y) is not an edge and (x,y) ¢ E°". It follows by the definition of G that
(x,y) & E°° and in particular, D, N D, = @&. Moreover, each D, is contained in d(C) whence

) = | U pa| = 3 10ad 2 Y Il =l

z€Co z€Co ze€Co

thus completing the proof.

Proof of Lemma 8.5 Fix ¢t > 0, and assume for contradiction that & € H; is a constant
vector of norm one. Let [T] € H; be an element of norm one coming from T € C,[X] such that
|[T] = €|ln, < 3. Let E be a symmetric generating set for the coarse structure that contains

the diagonal. Let K € N such that Ty, = 0 whenever (z,y) ¢ E°K and define 7:= sup |Ty,|.
z,yeX

Let r > 2K be so large such that whenever (wq,ws) & OE°("=2K) we have that

1

< _
kt((&)l,(UQ) = 4N(T)27_2)

where N(T) is as in (8.3) (such an r exists by properness of k). Adjusting the extensions of k;
to Bg X if necessary, we may assume that this estimate holds in the stronger form:

1

o(r—2K
for all (y,2) ¢ E ( ), ki(y,2) < AN(T)272

(8.5)

Let N and s be as in Lemma 8.6 for r as above, and let ¢,, : X,, — X, be the bijective partial
translation given by that lemma for n > N, and be the empty partial translation otherwise.
Let v € C,[X] be the partial translation that is defined by using ¢, on each X,,. As all but
finitely many of the ¢,, are bijections, m;(v) is a unitary operator on H;.
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Now, for any n > N and x € X,,,

(y,2)eX XX u€X

If the term Ty, T}~ ~1(4), is non-zero, then (z,y) and (t-(z),2) are in E°K. As (z,t;1(x)) is
not in E°7, however this forces (y,2) ¢ E°"=2K) and thus by line (8.5), k¢(z,y) < W.
Hence for all z € X,

=~ =

[(ToT)e@) < Y [Tyl Ty gyalbe(y, 2) <
(y,2)EX XX

for all z € X, whence ¢, ({(T,vT));) < 1 for all n and so

(8.6)

]

([T], me(0)[T])e] <

On the other hand, the facts that m;(v) is unitary, £ is constant, [T] and ¢ have norm one,
and ||[T] — £|| < § together imply that

(T, 7t (0)[T)el = 1€ mi(0)€)e] — ([T, me(v)(€ = [T))e| = K[T] = & mi(v)€)e

This contradicts (8.6), so we are done.
The following lemma completes the proof of Theorem 8.2.

Lemma 8.7 Let A¥ be a Laplacian operator in C,[X], and let ¢ > 0. Then for all suitably
small t > 0, the spectrum of m,(AF) contains points from [0, €.

Proof Let I be the identity operator in C,[X]. Then for any x € X, we have the formula

<<IvAEI>>t(x) = Z Izyszkt Y,z ZAa:zkt :L' Z

(y,2)EX XX

whence

On(((I, AD)); Z Agyki(z,y). (8.7)

| n! z,yEXn

Now, by boundedness of k on OF, there exists ¢ > 0 such that

sup |1 — ki(wi,we)| < :
(w1,w2)€0E N(E)2

We may assume without loss of generality that the extension of k; to X x X satisfies

sup |1 —ki(z,y)| < .
e (T
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Looking back at (8.7), we have

|on (1, ApI)))| <

s X An- kG|

ol
_- oy
|Xn| z,y€ z,y€Xn

Xn

A simple computation shows that the first term on the right-hand side is zero, whence, however

1
|6n ({1, ApI))e)| < =~ N(E)|Xa] sup [Auy(1 = ki(z,y))| <e
| nl z,y€EN(X xXp)
Finally, as ¢ is a cluster point of the sequence (¢y,), it follows from this and the fact that

7 (AF) is a positive operator that ([I], m;(AF)[I]); is in [0, €]; as the set of values

{(&m(AP)E): | € € Hy}

is contained in the convex hull of the spectrum of m;(A¥), this completes the proof.

9 Questions and Comments
We conclude the paper with some open questions and comments.

Questions 9.1 (1) Does a “generic” sequence of graphs have geometric property (T)? This
is a strengthening of the well-known fact that a generic sequence of graphs is an expander (see
[11, Proposition 1.2.1]). It is also possibly connected to the fact that a “generic” hyperbolic
group has property (T) (see [20]).

(2) Are there useful necessary and/or sufficient conditions for geometric property (T) that
can be stated purely in terms of graph theoretic properties? To answer question (1), it is
probably necessary to answer this question first.

(3) Similarly, are there useful necessary and/or sufficient conditions for conditions (2) and/or
(3) from Theorem 8.2 that can be stated purely in terms of graph theoretic properties, other
than the known condition using girth?

(4) We suspect that the results of Section 8 are really part of a general result about groupoids.
Precisely, treating C,,[X] as the convolution *-algebra C.(G(X)) of the coarse groupoid G(X), it
is not too difficult to extrapolate the ideas of this paper to define a “topological property (T)” for
this groupoid, and indeed any “reasonable” locally compact groupoid. We then suspect that the
results of Section 8 say that this “topological property (T)” is incompatible with a-T-menability
in the presence of an invariant measure on the unit space of the groupoid (the existence of an
invariant measure corresponds to the amenability of the space in the assumptions of Theorem
8.1). It might be interesting to develop this further: For example, Theorem 4.1 naturally
corresponds to a statement about Morita invariance of the general “topological property (T)”;
but we have no idea if the corresponding general result would be true.

(5) Our version of geometric property (T) only really has good properties for disjoint unions
of finite metric spaces; in the language of point (4) above, the issue is the presence of an invariant
measure on the unit space of the groupoid. Is there a property that has more interesting
consequences in the context of more general metric spaces, e.g. including Cayley graphs of
infinite groups? Compare for example (see [13, Section 11.4.3]).

Acknowledgements We would like to thank Erik Guentner, Jén Spakula, and Romain
Tessera for useful discussions on aspects of this work. We would also like to thank Jintao Deng



800

R. Willett and G. L. Yu

for pointing out some algebraic errors in an earlier version. The first author would like to thank

the Shanghai Center for Mathematical Sciences for its hospitality during part of the work on

this paper.

References

(1]
(2]
(3]
(4]
(5]

[6]

(10]

(11]
(12]

(13]
[14]

(15]
(16]

(17]
18]
19]

20]

Bekka, B., de la Harpe, P. and Valette, A., Kazhdan’s Property (T), Cambridge University Press, Cam-
bridge, 2008.

Block, J. and Weinberger, S., Aperiodic tilings, positive scalar curvature and amenability of spaces, J.
Amer. Math. Soc., 5(4), 1992, 907-918.

Brodzki, J., Niblo, G. and Wright, N., Property A, partial translation structures and uniform embeddings
in groups, J. London Math. Soc., 76(2), 2007, 479-497.

Brown, N. and Ozawa, N., C*-Algebras and Finite-Dimensional Approximations, Graduate Studies in
Mathematics, Vol. 88, American Mathematical Society, Providence, 2008.

Chen, X., Wang, Q. and Yu, G., The maximal coarse Baum-Connes conjecture for spaces which admit a
fibred coarse embedding into Hilbert space, Adv. Math., 249(130), 2013, 88-130.

Finn-Sell, M., Fibred coarse embeddings, a-T-menability and the coarse analogue of the Novikov conjecture,
arXiv:1304.3348v2.

Finn-Sell, M. and Wright, N., Spaces of graphs, boundary groupoids and the coarse Baum-Connes conjec-
ture, arXiv:1208.4237v2.

Gong, G., Wang, Q. and Yu, G., Geometrization of the strong Novikov conjecture for residually finite
groups, J. Reine Angew. Math., 621, 2008, 159-189.

Gromov, M., Asymptotic Invariants of Infinite Groups, Niblo G., Roller M. (eds.), Geometric Group
Theory, Vol. 2, Cambridge University Press, Cambridge, 1993.

Levine, L., Hall’s marriage theorem and Hamiltonian cycles and graphs, http://www.math.cornell.edu/
~levine/hallsthm.pdf.

Lubotzky, A., Discrete Groups, Expanding Graphs and Invariant Measures, Birkhauser, Basel, 1994.

Oyono-Oyono, H. and Yu, G., K-theory for the maximal Roe algebra of certain expanders, J. Funct. Anal.,
257(10), 2009, 3239-3292.

Roe, J., Lectures on Coarse Geometry, University Lecture Series, Vol. 31, American Mathematical Society,
Providence, 2003.

Skandalis, G., Tu, J. L. and Yu, G., The coarse Baum-Connes conjecture and groupoids, Topology, 41,
2002, 807-834.

Tu, J. L., La conjecture de Baum-Connes pour les feuilletages moyennables, K-theory, 17, 1999, 215-264.

Valette, A., Minimal projections, integrable representations and property (T), Arch. Math. (Basel), 43
(5), 1984, 397-406.

Willett, R. and Yu, G., Higher index theory for certain expanders and Gromov monster groups I, Adv.
Math., 229(3), 2012, 1380-1416.

Willett, R. and Yu, G., Higher index theory for certain expanders and Gromov monster groups II, Adv.
Math., 229(3), 2012, 1762-1803.

Yu, G., The coarse Baum-Connes conjecture for spaces which admit a uniform embedding into Hilbert
space, Invent. Math., 139(1), 2000, 201-240.

Zuk, A., Property (T) and Kazhdan constants for discrete groups, Geom. Funct. Anal., 13(3), 2003,
643-670.



