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Schur Convexity for Two Classes of Symmetric Functions
and Their Applications*

Mingbao SUN'  Nanbo CHEN! Songhua LI' Yinghui ZHANG!

Abstract For z = (z1,72, - ,2,) € R} UR”, the symmetric functions Fy(z,r) and
Gn(z,r) are defined by
Sl
Fy —F, e mir) = ;
en=ine = | 3
1<iy <ig<-<ip<n j=1 J
and
Gn(z,1) = Gp(x1,22, -+ ,&Tn;7) = Z ﬁlimij
n 5 n 5 9 ybny . ' . J o ,
1<i1 <ig < <ip<n j=1 J
respectively, where r = 1,2,--- ,n, and 1,42, - ,i, are positive integers. In this paper,

the Schur convexity of F,(z,r) and G, (z,r) are discussed. As applications, by a bijective
transformation of independent variable for a Schur convex function, the authors obtain
Schur convexity for some other symmetric functions, which subsumes the main results in
recent literature; and by use of the theory of majorization establish some inequalities. In
particular, the authors derive from the results of this paper the Weierstrass inequalities and
the Ky Fan’s inequality, and give a generalization of Safta’s conjecture in the n-dimensional
space and others.

Keywords Symmetric function, Schur convexity, Inequality
2000 MR Subject Classification 05E05, 26B25, 52A40

1 Introduction

We use the following notations throughout this paper: Let R™ denote the n-dimensional
Euclidean space over the field of real numbers (n > 2), R = {z = (21,22, -+ ,2,) € R" 1 2; >
0,i=1,2,---,n}, R” ={x = (21,22, ,2p) ER" 1 2; < 0,i=1,2,--- ,n}, R = (—00,+00)
and N = {1,2,---,n,---}. For z = (21,22, -+ ,2,) € R", y = (y1,¥2,+* ,yn) € R™ and
a € R, we denote by

T4y = (1 +y1, T2+ Y2, Tn +Yn),

Yy = (xlyla T2Yy2, - 7xnyn)7
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ar = (axy, e, -+, QLy),
1 (1 1 1)
T
x 1 T Tn

Schur in [1] gave the definition of the Schur convex function as in Definition 1.1, which can
be found in [2].

Definition 1.1 Let Q C R"™ be a set, a real-valued function f on Q is said to be Schur
convezx if

f(l‘l,xQ,"' axn) S f(yhyQa"' 7yn)

for each pair of n-tuples © = (x1,2z2, -+ ,&n) and y = (Yy1,Y2, - s Yn) in Q, such that x < y,
that is

k k
Zx[z]ézy[z]v k=1,2,--- ,n—1
i=1 i=1

and

Z T = Z Yrigs
i=1 i=1

where x[;) denotes the i-th largest component of x. f is called Schur concave if —f is Schur

CONVET.

The above Schur convexity has many important applications in analytic inequalities (see
[3-13]), linear regression (see [14]), combinatorial optimization (see [15]), graphs and matrices
(see [16]), gamma and digamma functions (see [17]), reliability and availability (see [18]) and
other related fields. Hardy, Littlewood, and Polya were also interested in some inequalities that
are related to the Schur convex functions (see [19]).

Recently, Schur convexity of the some symmetric functions and their applications have been
investigated by many authors, see for instance (see [3, 20-24]) and the references therein.

In [3], Guan defined the following symmetric functions:

r
Kn({E,T') = Kn(l'lax% e axn;r) = Z H 1 fz; (11)
i

1<i1 <ip << <n j=1

for ¢ = (1, -+ ,z,) € [0,1)" = {z = (z1,29, - ,2,) € R" : 0 < x; < 1,4 = 1,2,--- ,n},
r € N and r < n, where iy,i9,--- ,4, are positive integers. The Schur convexity and Schur
geometric convexity for K, (z,r) were discussed and some inequalities were established by use
of the theory of majorization in [3].

In [20], Chu et al. had a further discussion on the Schur comvexity of K, (z,r), in particular,
solved an open problem proposed by Guan in [3].

Xia and Chu in [21-22] defined the symmetric functions M, (z,r) and N, (z,r) as follows:

1 +£L'ij
My(z,r) = My(z1,22, -+, Tn57) = > Hﬁ’ (1.2)
1<iy <ig < <ip<n j=1 v
i
11—y,
Noer) = Nofovanoaar) = Y ] 13

1<iy <ip <<, <n j=1
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for x = (z1, -+ ,2) € (0,1)", r € N and r < n, where i1,149, - , i, are positive integers. Xia
et al. [23] defined the symmetric function

T
:L'ij
Tn(xar) - Tn($1,$2, e axTL?T) - ‘ Z A H 1 +xz (14)
1<i1 <2< <ip<n j=1 J
for x = (21, -+ ,2,) € R%, r € N and r < n, where iy,i2,--- ,4, are positive integers. In

[21-23], they discussed the Schur convexity, Schur multiplicative convexity and Schur harmonic
convexity for My, (z,r), Ny (z,r) and T, (x,r), respectively, and established some inequalities.

In this paper, motivated by ideas in [3, 20-23], we define the following symmetric functions:

LA Y
Fn(fE,T) = Fn(xlax%' o ,LCn;T) = Z H T%7 (15)
v

1<i1 <2< <ir<n j=1

Tl —
Go(z,r) =Gp(x1, 20, ,Tp57) = — 1.6
) et 1§i1<i2<§~:~~<irgnj];[1 Ti; o)
for x = (21,--- ,2,) € RT UR?, r € N and r < n, where iy,is,--- i, are positive integers.
The main purpose of this paper is to discuss the Schur convexity for the symmetric function
F,(z,7), As applications, by a bijective transformation of independent variable for a Schur
convex function, we obtain the Schur convexity of G, (z,r) and the Schur convexity for the
symmetric functions M, (z,7), Ny (z,r) and T, (z,r), which subsumes the main results in [3,
20-23]; establish some inequalities by use of the theory of majorization. In particular, we derive
from our results the Weierstrass inequalities (see [25, P. 260]) and the Ky Fan’s inequality (see
[26]), and give a generalization of Safta’s conjecture (see [27-28]) in the n-dimensional space
and others.
This paper, except for the introduction, is divided into three sections. In Section 2, we
introduce and establish some lemmas. By using the results of Section 2, we will give the main
results in Section 3. Finally, some applications are given by use of the theory of majorization.

2 Some Lemmas

In this section, we introduce and establish some lemmas, which will be used in the proof of
our main results.

Lemma 2.1 Let Q C R™ be a symmetric convexr set with nonempty interior intQ, and
f:Q — R be a Schur convex (or concave, respectively) function on Q. If the transformation
T:Q — Q defined by x = ay+b (a #0) fory € Q' ,a,b € R is bijective, put p(y) = f(ay+b) =
f(x), then ¢ : Q¥ — R is a Schur convex (or concave, respectively) function on Q. Here ) is a
symmetric set which means that x € Q) implies Px € Q for any n X n permutation matriz P.

Proof We give only the proof in the case of ¢ being Schur convex on €', since the proof in
the others case is similar.

It is easy to derive that €)' is a symmetric convex set with nonempty interior. For any
y',y" € Q.y < y”, since T is bijective, there exist only point 2/, 2" € Q such that 2’ =
ay +0, 2 =ay” +band 2’ = ay’ +b < ay” +b = 2”. Noting that f is Schur convex on .
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We have f(a’) < f(z”). Further we obtain

e(y) = f@') < f@") = o(y").
Therefore, ¢ is Schur convex on ).

Lemma 2.2 (see [29]) Let Q C R™ be a symmetric convex set with nonempty interior int (2,
and f: Q — R be a continuous symmetry function on Q. If f is differentiable on int Q), then f
1s Schur convexr on € if and only if

Of(xz) 0f(x)
(a:z—xj)( 5o~ )zo (2.1)
forij =1,2,--+ . nand all x = (x1, -+ ,x,) € It Q. And f is Schur concave on  if and

only if the inequality (2.1) is reversed. Here f is a symmetric function in Q which means that
f(Px) = f(x) for any x € Q and any n X n permutation matriz P.

Remark 2.1 Since f is symmetric, the Schur’s condition in Lemma 2.2, i.e. (2.1) can be

For t = (t1,t2, -+ ,tn) € RT UR™(n > 2) and r € {1,2,---,n}, the r-th order elementary
symmetric function E, (¢,r) (see [30]) is defined as

reduced as

r
En(t,7) = En(ty,ta, - tn;7) = 1§i1<i2<~~~<ir§njl;[1tij7 re bR
1, r=0.
where 41,12, -+ , i, are positive integers.
Lemma 2.3 Let t = (t1,t2,--- ,t,) € R UR™. If1 <r <n—1, then
E2(t,r) > E,(t,r — 1)E,(t,7 +1).
Proof For t = (ti,t2,---,t,) € R, the proof of Lemma 2.3 can be found in [20, 31].

Applying the known results for t = (t1,%2,--- ,t,) € R’, we derive that Lemma 2.3 is valid for
t=(ty,ta, - ,tn) € R™.

Lemma 2.4 Letn>3,1<r <n-—1. Then the function

Fn(xhx%"' )xn7r+1)

2 $1,$27"'7$;r):
n( " Fn(xlvaa"' ,iCn;T)
is decreasing with respect to x; (i =1,2,---,n) on (—1,0).
Proof Since ¢, (21,72, -+ ,x,;7) is symmetric with respect to (w1, 2, ,1,) € (—1,0)",
we give only the proof in the case of ¢, (21,22, - ,Z,;7) being decreasing with respect to x;

on (—1,0). The proof is divided into three cases.
Case 1 If r =1, then

T T T g

n
14a S Lo, | ) (Atzi)(Atz;)
i=—2 2<i<j<n

@n(l‘l;an' o 7xn71) =

i
Z;
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and

2
- 1+xi) 4 (i) (1+a;)
8son(x1,x27... ,xn;]_) - (z; z; 2§i§§n T

<0.

81‘1 n 1 ) 2 —
i=1
Case 2 If r =n —1, then
n 14
T
il;ll o 1
San(xlax%"'vxn;n_l): n—1 =
1+CE¢7 T
H z: ) Z 1+z;
1<i1 <o <--<ip1<n j=1 =1
and 0 1 1
@n(xlaana'"waun_ ):_ _ . SO
x
1 [(1+x1) > o
i=1
Case3 If n>4and 2 <r <n— 2, then
( ) LB, (29,03, @n;7) + Fyo1 (2,23, -+ ;7 + 1)
on(T1, T2, JTp;7) =
e L, (w9, @3, @7 — 1) + Fuo1 (02,23, -+, @03 7)
and
a@n(xlvx%"' ,iCn;T)
5‘x1
 —Fr (wo,@3, @i 1) 4+ Fuoa (w0, @3, @i — 1) Fy 1 (20,23, @057 + 1)
= A7
_E%_l(tlvt%" : 7tn71;r) +En71(t17t27" : 7tn71;r_ ]-)Enfl(tlvt%" : ,tn,1;7“+ 1)
= A ,
(2.2)
where A = (1+$1)Fn,1($2,$3,"' y Iy T — ]-) + xan,1($2,$3,"' 7xn;r)7 t; = 1—;:{%; i =
1,2,---,n — 1. From Lemma 2.3 and (2.2), we have
awn(xlax%"' 7xn;r) <0.
oxy -
This completes the proof of Lemma 2.4.
n
Lemma 2.5 (see [10]) Let x = (z1,22, -+ ,2,) €ERY, and Y x; = s,. If ¢ > sy, then
i=1
c—x c—T1 C— X2 c—x
nc _ :(@_ » ne ,"',M_Y]L-)-4(.1?17,132,---,1‘”)233.
Sn Sn Sn Sn
From Lemma 2.5, we have the following lemma.
n
Lemma 2.6 Let © = (x1,22, -+ ,2,) ER™, and > x; = s,. If ¢ < sy, then
i=1
c—x (c—xl Cc— o c—xn)
= ) )" -<(£L'1,(L'2,~-~,£Cn):$.
O Tk - =



974 M. B. Sun, N. B. Chen, S. H. Li and Y. H. Zhang

Lemma 2.7 (see [10]) Let x = (x1,22, -+ ,2n) €ERY, and Y x; = s,. If ¢ >0, then
i=1

c+x (c—i—xl c+xo c+xn)_<( )
= ) P L1,X2, " ,Tn) = T.
%—1—1 %4—1 %4—1 %—Fl

From Lemma 2.7, we derive the following lemma.

n

Lemma 2.8 Let x = (z1,22, - &) € R™, and > x; = s,. If ¢ <0, then
i=1
c+x (c—l—a:l c+xo c—i—xn){( )
= ) y T T1,X2, ** ,Tp) = T.
e+l 1+ e+l

n
Lemma 2.9 (see [32]) Let x = (1,22, - ,2p) ER™, and > x; = s,. If 0 < A <1, then
i=1

Sp — AT (sn — AT1 Sp — ATo S — ATy

n—A\ n—X " n—-X_" ' n-2\ )<(x1’x2""’xn):$-

3 Main Results

Theorem 3.1 Forn > 2, the function F,(x,1) is Schur concave in R™, and Schur convex
in R .
Proof From (1.5), we have

n

1 .
Fn(l‘,l)zz +$z,

‘ X
1=1
OFa(1) 1 .,
Ox; z?’ T

When z = (21,29, ,x,) € R™, we derive

aFn(xa]-) o aFn(xv]-)) _ (xl —x2)2(x1 +£L‘2) <0.

0x1 0xo 23

(21— ) (

Applying Lemma 2.2 and Remark 2.1, we obtain that F,(x,1) is Schur concave in R".
Similarly, it is easy to see that F,(z,1) is Schur convex in R’}.

Theorem 3.2 Forn >2 and2 <r <n,

(1) if r is an even integer (or odd integer, respectively), then F,(x,r) is Schur convex (or

concave, respectively) in [— 25%;1;;,0)";

(2) if r is an even integer (or odd integer, respectively), then F,(x,r) is Schur concave (or

conver, respectively) in [ —-1,— é’é;ﬁ;ﬂn;

3) F(x,r) is Schur concave in (—oo, —1|", and Schur convez in R’} .
( ¥

Proof Here we give only the proof in the case of r» being an even integer, since the proof
in the case of r being an odd integer is similar.
(1) According to Lemma 2.2 and Remark 2.1, we only need to prove that

o= (Fnt - 252 20 @)
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for . = (z1, 22, ;) € ( — 22’2511)1,0)71.
To prove (3.1), we divide the proof into five cases.
Case 1 If n > 2, r = n, then from (1.5), we have

n

1+
Fo.(x,n) = E o (3.2)
By (3.2), we obtain
OF,(x,n) O0F,(z,n)\ _
(1‘1 B 332)( 8x1 B 8x2 ) - Al’ (33)

2
where Ay = (ii;ﬁ"&r;ﬁaﬂf;?Fn(x,n) When r is even integer and = € (— 3, O)n, we derive

Ay > 0. Therefore, from (3.3) we get that (3.1) holds.
Case 2 If n =3, r =2, then (1.5) yields

1 1 1 1 1 1
Fy(z,2) = (1+2z1)(1+ 22) N (1+2z1)(1+23) N (1 + z2)( +x3). (3.4)

Tr1T2 Tr1T3 23

From (3.4), we have
OF3(x,2)  OF3(x,2)\ (21— x2)
— LEmEAR ! = A 3.5
(1 xQ)( dx1 dxo ) i3 » (8:5)
where Ay = (z1 + 22+ 1)+ 1;:’3 (1 +2x2). When x € (— %, 0)”, we obtain % < —%. Hence,
1+
AQ:($1+$2+1)+ - 3($1+$2)
3

1
> (x1+22+1) — §(x1 + x2)

2
:1+§($1+$2)>0.

Therefore, from (3.5), we get that (3.1) holds.
Case 3 If n >4, r =2, then from (1.5) we have

(14 x1)(1 + x2) T4+a 14x\ o= 1+25 I+ z)(1+x,)
Fulw,2) = T +( x + x )Z x; -+ Z ;x = (3.6)
102 ! 2 733 Tt 3<i<y<n e

Hence, from (3.6), we get

OF,(z,2) OF,(z,2) (1 — 12)?2
- - - 3.7
(@1 xQ)( dxq Oxo ) 33 & (8.7)
n n
where Ay = (z1 + 22 + 1) + (21 + 22) > 122 When z € ( — %,O)n, we have ) 142 <
i=3 ' i=3
%. Thus

n—2  2n—3+(n—1)(r; + x2)

> 0.
2n — 3 2n —3 -

A3>(x1+x2+1)—(x1+x2)

Therefore, from (3.7) we derive that (3.1) is valid.
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Case 4 Ifn>4,r=n—1, from (1.5) we have

(14 z1)(1 + x2) "o 1421 14a9yya 1+

Fo(z,n—1) = [ n } , 3.8

( ) xr1To zz: 1+ €1 To z:HB €X; ( )
8Fn(x,n—1)_<_1+x2§": _i)ﬁ
0x1 n 3o pdl B w3 s
OF,(x,n—1) 1+ 1\
O0xo _(_ xlxgiz:l—i—xl_x_%)g

Hence, we obtain
OF,(z,n—1) O0F,(z,n— 1)) (1 — 12)?2
— — = A 3.9
(1'1 $2)( 8.131 8.1?2 JT%J)% 45 ( )

n n
where Ay = (3 2 ) ([T 22 [(21 + 22 + 1) + 22422 ] When 7 is an even integer and

i=3 i=3 > TTe;

,:]:

n 14z,
v € (= gy 0)" we have —n < 3 5% <0

s
Il
w

11%) [(fm +ao+1)— %(m +x2)}

%

A4>(i1+xz)(ﬁ

=3 1=3

103 112)(2 L) (0= 1)+ 22) 4] > 0

=3

Thus, from (3.9), we have that (3.1) holds.
Case 5 If n>5,3<r<n-—2, from (1.5), we have

(T4 21)(1 4+ 22)

Fn 3 = Fn* 3 )"ty Ing -2
(x,r) P 2(73, 24 Tnir —2)
14+ 1+
+ (—1 + 2)Fn,2($3,$4, e, Ty T ]-) + Fn,2($3,$4, e 7xn;r)7
X1 X9
OFy(x,r)  (14m)Fn o(xs, 4, xniT —2)  Fuoo(s, 24, xnir — 1)
dx1 329 x? ’
aFn(x; T) o (]- + xl)Fn72(x37x47 Ty T 2) Fn,2($3,$4, T T ]-)
Oxa x123 3 .
Hence, we obtain
OF,(x,r)  OF,(z,r) (11 — 12)?
— SRR ’ = A 3.10
(w1 = 22) ( Ox1 Oxs ) 223 % (3.10)

where Ay = Fy,_o(z3, 74, -, xn;r_g)[(x1+x2+1)+ n—2(r3,34," ..,xn;r:l) (x1+x2)] When 7

—2(z3,04, ,Tpi7—2)

is an even integer and x € ( 22’%71’"1)1 , 0) we have Fn,g(xg, Xay e, xp;r—2) > 0. From (1.5)

and Lemma 2.4, we derive

(772)! 11— 2n—r—1
r—1)!(n—r—1)! 2(n—1
As > Fy o(x3, 24, ,Tp37T — 2) [(atl g 1)+ 1()71(72)! Y anr,l) (z1 + 562)}

G—2)ltn—r)!  2(n—1)
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n—1

11 +1] 50
2n—7"—1(x1+x2>+ >0

= n_2($3,$4,"' axn7r_2)|:

Therefore, from (3.10), we derive that (3.1) is valid.
(2) By the notations in the proof of (1), from Lemma 2.2 and Remark 2.1, we only need to

prove that
OF,(x,r)  OF,(z,7)
_ _ < .].].
(x1 xg)( o1 g ) <0 (3.11)
f0r$:($17x27"';xn)6( 1 _227Enr1)1) .

To prove (3.11), using the discussion similar to that of (1), we also divide the proof into five
cases.

Case 1 If n > 2, r = n, then from (3.3) we derive A; <0 for x € (— 1, —%)n Therefore,
we obtain that (3.11) holds.

Case2 If n=3,r=2,and z € (— 1,—%)”, then —% < % < 0. Hence,

1+
x3

A2:($1+$2+1)+ 3($1+$2)

1 2
<($1+$2+1)—§($1+J)2):1+§($1+J)2)<O.

Therefore, from (3.5) we get that (3.11) holds.
Case 3 If n > 4, r = 2, then when = € (— 1,— 2(2 1))n, we get _”*_?_3 <> 1‘;?"’ < 0.
i=3

2n
Thus

R
Ag=(z1+a2+1)+ (21 +29) Y ——

i=3 ’

n—2 2n—3+ (n—1)(z1 + x2)

1) — = 0.
<(zrta2+1) = (21 +22)5— 5 3 <

Hence, from (3.7) we obtain that (3.11) is valid.

n

Case 4 Ifn24,r:n—1,andx6(—1,—2(n—”_1))n,then

1+x1
e < -n, H <0,

i=3 i—

M=

z; )<ﬁ1+xi)[(m+x2+1)+ xn1+xx2}

1+ s T

s (3

<(

Il
w

2

n

[

=3

M:

Il
w

2
n

( 1+ )(ﬁ +xz) [(n—1)(z1 + 2z2) +n] <O0.

=3

S|

Therefore, from (3.9), we have that (3.11) holds.
Caseb If n >5,3<r<n-—2,and x € ( 1 —22%’“1)1] then F,,_o(x3,24, ,xp;r—2) >
0. From (1.5) and Lemma 2.4, we derive

Fn_2($3,$4, Ty T — 1) (1‘1 + .1?2)

A . _2{ 1
5 = F_o(x3, 24, y Iy T ) (z1 + 22 + )"' Fo_o(x3, 04, ,xp;7 — 2)
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(?—2)! : 1— 2n—r—1
—D(n—r—1)! 2(n—1
S Fn,2($3,$4,"' ,(En;T—Q) |:(£L'1 -|—(E2+1)+ G ()n(iLQ)T ) _Qni?«_l) (xl +x2)i|
—2)I(n—7)! 2(n—1)
n—1
= Fh_o(xs, x4, ,xp;7 — 2) {m(m + x2) + 1} <0.

Therefore, from (3.10), we get that (3.11) is valid.

(3) According to Lemma 2.2 and Remark 2.1, from (3.3), (3.5), (3.7), (3.9)—(3.10), it is easy
to see that [, (x,r) is Schur concave in (—oo, —1]", and Schur convex in R’}

This completes the proof of Theorem 3.2.

Applying Lemma 2.1 to Theorems 3.1-3.2, we can derive the Schur convexity of the sym-
metric functions G, (x,r), M, (x,r), Ny(x,r) and T, (z,r) as follows.

Theorem 3.3 Forn > 2, the function Gy (x,1) is Schur concave in R™, and Schur convex
in R .

Proof By replacing z;; by —z;, in (1.5), we get

Fo(—z,7) = (=1)" > 11

1<ii<ig< - <ip,<n j=1

1=,
L = (_1)TGYL($7T)7

:L'ij

where G, (2, 7) is the symmetric function in (1.6). From Lemma 2.1 and Theorem 3.1 we obtain
that Theorem 3.3 is valid.

Similarly, by replacing x;; by —x;; in (1.5), from Lemma 2.1 and Theorem 3.2, we can derive
the following Theorem 3.4.

Theorem 3.4 Forn > 2, and 2 <r <n,

(1) Gy (z,7) is Schur convex in (07 22?7_;;”", and Schur concave in [22?7_;;)1, 1]";

(2) if r is an even integer (or odd integer, respectively), then G, (x,r) is Schur convez (or

concave, respectively) in R™ ;
(3) if r is an even integer (or odd integer, respectively), then G, (x,r) is schur concave (or
convez, respectively) in [1,00)™.

By substituting x;; by —1 +z;, in (1.5), we get

T
(El‘j
Fucttan =107 Y [ =K,
1<i1<ia< <t <n j=1 J
where K, (z,r) is the symmetric function in (1.1). From Lemma 2.1 and Theorems 3.1-3.2, we
can derive the following Corollaries 3.1-3.2.

Corollary 3.1 Forn > 2, the function K,(x,1) is Schur concave in (1,00)", and Schur
convez in (—oo, 1)™.

Corollary 3.2 Forn > 2, and 2 <r <n,

(1) the function K, (x,r) is Schur convez in [Q(Tn;_ll), 1)", and Schur concave in [0, 2&;_11)}”,

(2) if r is an even integer (or odd integer, respectively), then K, (z,r) is Schur convex (or
concave, respectively) in (1,00)";

(3) if r is an even integer (or odd integer, respectively), then K, (x,r) is Schur concave (or
convez, respectively) in (—oo,0]".
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Remark 3.1 It is easy to see that Corollaries 3.1-3.2 are the generalization of the Schur
convexity of K, (x,r) in (0,1)", which is obtained by Guan [3] and Chu et al. [20].

Replacing z;, by —1 — x;; in (1.5), we get

F.(-1—ua,r) = Z H iy = To(z,7),

1+ ;.
1<i1 <ig<-<ip<n j=1 T Ty

where T, (x,r) is the symmetric function in (1.4). From Lemma 2.1 and Theorems 3.1-3.2, we
can derive the following Corollaries 3.3-3.4.

Corollary 3.3 For n > 2, the function T, (x,1) is Schur concave in (—1,00)", and Schur
convez in (—oo, —1)™.

Corollary 3.4 Forn > 2, and 2 <r < n,

(1) if r is an even integer (or odd integer, respectively), then Ty (x,r) is Schur convex (or

concave, respectively) in ( -1, —2&;}1)}";
(2) if v is an even integer (or odd integer, respectively), then T, (xz,r) is Schur concave (or

convez, respectively) in [— 2&;_11),0]";

(3) T (z,7) is Schur convex in (—oo, —1)", and Schur concave in [0, 00)™.

Remark 3.2 It is easy to see that Corollaries 3.3-3.4 are the generalization of the Schur
convexity of T, (z,r) in R, which is obtained by Xia et al. [23].

By replacing w;; by _1—;%' in (1.5), from Lemma 2.1 and Theorems 3.1-3.2, we have the

following Corollaries 3.5-3.6.

Corollary 3.5 Forn > 2, the function M, (x,1) is Schur concave in (1,00)", and Schur
conver in (—oo, 1)™.

Corollary 3.6 Forn > 2, and 2 <r < n,

(1) My(z,r) is Schur conves in [==2, 1)", and Schur concave in [ —1,2=2]";

e
(2) if r is an even integer (or odd integer, respectively), then M, (x,r) is Schur convex (or
concave, respectively) in (1,00)";
(3) if r is an even integer (or odd integer, respectively), then My(x,r) is Schur concave (or
convez, respectively) in (—oo, —1]™.

Remark 3.3 It is easy to see that Corollaries 3.5-3.6 are the generalization of the Schur
convexity of My, (z,r) in (0,1)™, which is obtained by Xia and Chu [21].

_1;;% in (1.5), from Lemma 2.1 and Theorems 3.1-3.2, we get the

following Corollaries 3.7-3.8.

By replacing x;; by

Corollary 3.7 Forn > 2, the function N, (x,1) is Schur concave in (—oco, —1)", and Schur
convez in (—1,00)™.

Corollary 3.8 Forn > 2, and 2 <r < n,
()N, (x,r) is Schur convex in ( -1, %}n, and Schur concave in [%, 1]”;
(2) if r is an even integer (or odd integer, respectively), then Ny (z,r) is Schur convex (or

concave, respectively) in (—oo, —1)";
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(3) if r is an even integer (or odd integer, respectively), then Ny(x,r) is Schur concave (or
convez, respectively) in [1,00)™.

Remark 3.4 It is easy to see that Corollaries 3.7-3.8 are the generalization of the Schur
convexity of N, (z,r) in (0,1)", which is established by Xia and Chu [22].

Theorem 3.5 Forn > 2, and 1 < r < n, Gy(z,r) is Schur conver in D, = {x =
n
(1,29, yxp) |2 >0,> x; < 1},
i=1
Proof According to Lemma 2.2 and Remark 2.1, we only need to prove that

RIS R =

for x € D,,.
The proof is divided into seven cases.
Case 1 Ifn>2,r =1, from (1.6), we have

n

Gn(x,l):zlg—f’i.

i=1

Thus we derive

0G,(x,1)  0Gp(x,1) (71 — x2)2 (21 + 72)
(1‘1 B 1‘2)( 8x1 B 8x2 ) - 22

T3
Case 2 If n =2, r =2, then from (1.6), we have

Go(,2) = W

> 0.

Thus we get

> 0.

OGn(x,2)  0Gu(z, 2)) _ (11 — 22)2[1 — (71 + 22)]

2,2
O0x1 O riTs

(z1 — 372)(

Case 3 If n =3, r =2, then from (1.6) we have

Gal,2) = U _xgzi—m L a —56;3;13—%3) La —x;zi—xg).

Thus we obtain

8G3($, 2) 8G3(J), 2) - (331 — 332)2 1-— T3
(= xQ)( dry Oy ) 2222 [1 — (@t 22) + (21 + 22) x3 } 2 0.

Case 4 Ifn >4, r =n—1, then from (1.6) we have

Gl —1) = {(1—23;12—@)2": T; +1—x1+1—x2}ﬁ1;xi.

11— T T ;
i=3 g ! 2 o

Thus we derive

0Gp(z,n—1) 0G,(z,n—1)
(21— x2)< o0x1 - 0xo )
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n

1 — S — Ty €T
:( 222) 1—[1JU [(1—;51—252)2 —|—(x1+x2)]20,

iz ; 1— 2
2 =3 i= g

Case 5 If n >4, r =2, then from (1.6) we have

1—z)(1 - 1- 1- N 1—z)(1 -z
Gole,)=Em20 20 (dom  Lomynlon, 5 (Boodos)
1T T xTo i—3 i 3<i<j<n Tilj
Thus we get
0G,(2,2)  0G,(x,2) (11 — 12)2 N
J— —_— p— —_— > .
((El {E2)< 9y O ) x%m% [1 (1’1 + 1‘2) + (1‘1 + SCQ) 2 ; } >0
Case 6 If n > 3, r = n, then from (1.6), we have
Gn(z,n) = ﬁ 1—ai
n\4, o z; .
Thus we obtain
0G,(z,n)  O0G,(x,n) (11 — 22)2[1 — (71 + 22)]
_ _ = G > 0.
(21 xQ)( oxy Oxa ) x122(1 — 21)(1 — x2) n(@,n) 2
Case 7 If n > 5,3 <r <n— 2, then from (1.6), we have
1— 1—
Gn(x,r) = MG?L72($37$4; e, Ty T — 2)
12
11—z 1—x
+ ( I ! + Lo 2)Gn72($3,$4, e, Iy T — ]-) + Gn72($3,$4, e ,LCn;T).
Thus we derive
OG,(z,r)  OG,(x,r)
(21 = xQ)( or1 Oy )
_ @ m) g G 2
= W[( — a1 — 22)Gn2(T3, 4, Tn; T — 2)
123

+ (xl + l‘g)Gn72($3,x4, Ty T — 1)] Z 0.

Therefore, (3.12) follows from cases 1-7, and the proof of Theorem 3.5 is completed.

4 Applications

In this section, we establish some inequalities by use of Theorems 3.1-3.5 and the theory of
majorization.
Theorem 4.1 Ifn > 2, x = (z1,22, - ,Zn), and 8, = > x;, 0 < A <1, then
i=1
(1) Fu(x,1) < Fa(*423%,1) for x € R
(2) Fo(z,1) > F,(22=32 1) for z € R%.

n

Proof Theorem 4.1 follows from Theorem 3.1 and Lemma 2.9.

Taking A = 0 in Theorem 4.1, we have the following corollary.
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n
Corollary 4.1 Ifn>2, x = (z1,2Z2, -+ ,Tpn), Sn = Y X4, then
i=1

—
—
SN~—
—
s+
2

@
I
—

i +5sn .
L < L"ﬁ: ) for x € R"™;

‘ZM%:S”)J"OTJ:E]RQL_.

—
)
SN~—
—
2+
2

@
I
—

From Theorem 3.2 and Lemmas 2.5-2.6, we have the following result.

n
Theorem 4.2 Letn>2,2<r <mn, and x = (x1,x2, - ,Tpn) with s, = Y x;.

i=1

(1) Suppose that x € [— 252;2;;,0)" and ¢ < s,. If r is even, then

Fo(z,r) > Fn(ﬂr) (4.1)

while if r is odd, the inequality (4.1) is reversed.

(2) Suppose that x € [— 1, —22?;2;)1}” and ¢ < s,,. If r is even, then (4.1) is reversed, while
if r is odd, then (4.1) is holds.

(3) If € R and ¢ > s,, then (4.1) holds, while if x € (—oo, —1]" and ¢ < s,,, then (4.1)

s reversed.

Similarly, the following Theorems 4.3-4.5 can be derived from Theorem 3.2 and Lemmas
2.7-2.9 together with the fact that

Spn + A\x Sp + AxT1 S, + Ax2 sn—i—)\xn)
— , RN < s S, = T. 4.2
n+ A ( n+ A n+ A n-+ A (1,2 Tn) =@ (42)
n
Theorem 4.3 Letn>2,2<r <mn, and x = (x1,x2, - ,Tpn) with s, = > x;.

i=1

(1) Suppose that x € [— 25@1;;,0)" and ¢ < 0. If r is even, then

F,(x,r) ZFn( cre ),

E+1’r

Sn

(4.3)

while if v is odd, then (4.3) is reversed.

(2)Suppose that x € [— 1, _22,37_;;)1]71 and ¢ < 0. If r is even, then (4.3) is reversed, while
if r is odd, then (4.3) holds.

(3) If x € R, and ¢ > 0, then (4.3) holds, while if x € (—oo,—1]" and ¢ <0, then (4.3) is
reversed.

Theorem 4.4 Letn>2,2<r<n, x = (x1,22, - ,&y) with s, = Y x;, and 0 < X < 1.
i=1
(1) Suppose that x € [— %,O)n. If r is even, then
Sp — AT
Fu(w,r) = B (=55 r), 4.4
(0,0 > B (2225 (4.4)

while if r is odd, then (4.4) is reversed.

(2) Suppose that x € [— 1, —%]n If r is even, then (4.4) is reversed, while if r is odd,
then (4.4) holds.

(3) If x € R, then (4.4) holds, while if x € (—oo, —1]", then (4.4) is reversed.
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Theorem 4.5 Letn>2,2<r <n, x = (x1,22, - ,&y) with s, = > x;, and 0 < X < 1.
i=1
(1) Suppose that x € [— 22?7_;;)1,0)", If r is even, then
Sp + Az
Fy(z,7) > F, ( n 7 ) 45
(o) 2 By (20T (45)

while if v is odd, then (4.5) is reversed.

(2) Suppose that x € [— 1, —%?;fbl]n. If r is even, then (4.5) is reversed, while if r is odd,
then (4.5) holds.

(3) If x € R, then (4.5) holds, while if v € (—oo, —1]", then (4.5) is reversed.

Taking A = 0 in Theorem 4.4 or Theorem 4.5, we derive the following theorem.

n
Theorem 4.6 Letn>2,2<r <n,z= (1,29, ,&,), with A,(xz) = % > .
i=1

1) Suppose that z € [ — 22=2=L 0)". If r is even, then
2(n—1)

Sl n! Ap(1+2)7r
L > 4.6
: Z . H i r!(n—r)![ A () } ’ (4.6)
1<i1 << <1, <n j=1 J

while if v is odd, then (4.6) is reversed.

(2) Suppose that x € [— 1, —227;1])1]”. If r is even, then (4.6) is reversed, while if r is odd,
then (4.6) holds.

(3) If x € R, then (4.6) holds, while if x € (—oo, —1]", then (4.6) is reversed.

n
Remark 4.1 Taking » = n and ) x; = 1 in Theorem 4.6(3), we obtain the Weierstrass
i=1
inequality (see [25, p. 260])
n
1
(— + 1) > (n+ 1) (4.7)
=1 i
From Theorems 3.3-3.4, Lemmas 2.5-2.9, and (4.2), by an argument similar to that used in
the proof of Theorems 4.1-4.5, we have the following Theorems 4.7—4.11.

Theorem 4.7 Let n > 2, x = (x1,x9, ++ , &) with s, = > x;, and 0 < A< 1. Ifzx € R?,

i=1
then \
Sn — AT
Gn(x,l)an( " ,1), (4.8)
while if v € R, then (4.8) is reversed.
Taking A = 0 in Theorem 4.7, we have the following corollary.
n
Corollary 4.2 Letn > 2, x = (z1,22, * ,&y) With s, = > x;. If © € R™, then
i=1
n 1—xi§n(n—sn), (4.9)
T X Sn

i=1

while if v € R, then (4.9) is reversed.
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n
Theorem 4.8 Letn>2,2<r <n, z = (r1,22,  * ,&n) With s, = > x;.
i=1

(1) Suppose that ¢ > s,,. If x € (O, %]n, then

Gn(x,r) > Gn(%,r>, (4.10)

while if x € [%, 1]", then (4.10) is reversed.
(2) Suppose that x € R™ and ¢ < s,,. If r is even, then (4.10) holds, while if r is odd, then
(4.10) is reversed.
(3) Suppose that x € [1,400)™ and ¢ < sp,. If r is even, then (4.10) is reversed, while if r is

odd, then (4.10) holds.

n
Theorem 4.9 Letn>2,2<r <n, z = (r1,22, ,&n) With s, = > x;.
i=1

(1) Suppose that ¢ > 0. If x € (0, 22727_;;)1}", then

(4.11)

Gn(x,r) an( cre ),

M+1’T

Sn

while if x € [22'@1])1, ]n, then (4.11) is reversed.
(2) Suppose that x € R™ and ¢ < 0. If r is even, then (4.11) is holds, while if r is odd, then
(4.11) is reversed.
(3) Suppose that x € [1,400)™ and ¢ > 0. If r is even, then (4.11) is reversed, while if r is

odd, then (4.11) holds.

Theorem 4.10 Letn > 2,2 <r <n,x = (x1,Z2, ** ,&n) With s, = Y x;, and 0 < A < 1.
i=1
(1) Ifx € (O7 22?7_;;”", then
G )>G(S"_Mj ) (4.12)
n\Z,7) =2 n\———— "), .
n—A\

while if x € [22%_12;)1, ]n, then (4.12) is reversed.
(2) Suppose that x € R™. If r is even, then (4.12) holds, while if v is odd, then (4.12) is
reversed.
(3) Suppose that x € [1,4+00)™. If r is even, then (4.12) is reversed, while if r is odd, then

(4.12) holds.

n
Theorem 4.11 Letn > 2,2 <r <n,z = (x1,%2, * ,Zn) With s, = Y x;, and 0 < X < 1.
i=1
(1) If x € (0, 3=25t]", then
Spn + A\x
Gn(z,r) > Gn( Y ,r), (4.13)

while if x € [%, 1]", then (4.13) is reversed.
(2) Suppose that © € R™. If r is even, then (4.13) holds, while if v is odd, then (4.13) is
reversed,;
(3) Suppose that x € [1,4+00)™. If r is even, then (4.13) is reversed, while if r is odd, then

(4.13) holds.
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Taking A = 0 in Theorem 4.10 or Theorem 4.11, we derive the following theorem.

Theorem 4.12 Letn >2,2<r <n, z = (x1,z2, - ,2y), with A,(z) = % SN
i=1

(1) Ifx € (0 M} then

? 2(n—1
sz n! Ap(1—z)7r
Z H : = n—r)'[ A(n(x) )} ’ (4.14)

1<i1<ig< <, <n j=1

while if x € [%, 1] then (4.14) is reversed.

(2) Suppose that x € R™. If r is even, then (4.14) holds, while if v is odd, then (4.14) is
reversed.

(3) Suppose that x € [1,400)™. If r is even, then (4.14) is reversed, while if r is odd, then
(4.14) holds.

Remark 4.2 Taking r = n in Theorem 4.12(1), we have the Ky Fan’s inequality (see [26])

(ﬁ 1 flxz)l = A:l(ri(f)x) (4.15)

for z € (0, 3]™. Inequality (4.15) has evoked the interest of several mathematicians, and different

proofs as well as many extension, sharpenings, and variants have been published, see the survey
paper [33] and the references therein. It is easy to see that Theorem 4.12 is a generalizations
of the Ky Fan’s inequality (4.15).

n
Theorem 4.13 Letn>2, 2, >0 (i=1,2,---,n), with >, z; = 1. Then
i=1

> Hl‘%z (a1

1<i1<i9< <, <n j=1

Proof Theorem 4.13 follows from Theorem 3.5 and the following fact

11 1
(_7_a"' 7_) = (xlvx%"' ;xn)~
n n n

n
Remark 4.3 Taking » = n and >  a; = 1 in Theorem 4.13, we obtain the Weierstrass

i=1

H(——l)z (n—1)".

i=1
Theorem 4.14 Suppose that A € M,(C) (n > 2) is a complex matriz, and \y > Ag >
- > A\ are the eigenvalues of A. If A is a positive Hermitian matriz, then

T [ _2m=1)X L[ 2n(n-1)) .
(1) Z H [(271?7’71))1\1' - ]‘} = r'(: r)! [(2:7271)tr1A - 1] ’

1<i) <ig <<, <n j=1

inequality (see [25, p. 260])

. Aij ! rA T,
(2) Z H [2(7171))\1;(7"71))\1-].} < r!(r?fr)! [2n(n71);17(r71)trA] )

1<iy <ig < <ip<n j=1

(3) > H(A +1) > T(—i,,)g(l-Fﬁ)r;

1<i) <ig <<, <n j=1
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oAy ! trA .
) 1<i1<i2§~<i,.<njl;[1 H;"i = T!(gfr)!("ﬁtm) 7
r A is
(5) > 15552 > b (1)
1<is <ig<e<in<nj=1 riln=n)t

T otrA—\; n!
(6) ’D [[ ——>= r!(nll)!(n_l)r'

1<ty <ig<---<ip<n j=1 J

Proof It is easy to know that

(_(Qn—r—l)trA (@2n—r-DtrA _(2n—r—1)trA)
2n(n — 1)\ 2nn—1)N\ =7 2n(n — 1)\,
Cn—r—1A (2n—r—1)X 2n—r—1)\,
_ _ PN Gl 4.1
= ( 2n—1A 7 2= 77 2(n—-1)\ ) (4.16)
2n—r—1)\ 2n—1r—1 _
- - —1,2,-- 41
2(n— 1M\ © 2(n —1) ’0)’ e A e (4.17)
(_1 (r—DtrA (r—Dtrd B (r—1trd )
2n(n — 1)\’ 2n(n —1)A\" 2n(n — 1)\
(r—1M\ (r—1)A (r—1\,
B QI A S I G T | 41
=( o on e %n—UM)’ (4.18)
(r—1)\ 2n—r—1 )
S T 2 Y (P —1,2,- - 41
T om—n ( ’ 2@—1)) T hE T (4.19)
trA trA tr A
(T’T’W’T) < (A A2, An), (4.20)
(—1—E31—1—Eé,~,—r—9é)<(—L—m,4—A%~w—1—Aﬁ, (4.21)
n n n
11 1 A1 A An
Goaa) < Gaeawa) (4.22)

Therefore, Theorem 4.14(1) follows from (4.16)—(4.17) and Theorem 3.2(1). Theorem 4.14(2)
follows from (4.18)—(4.19) and Theorem 3.2(2). Theorem 4.14(3) and Theorem 4.14(4) follow
from (4.20) and (4.21) together with Theorem 3.2(3), respectively, while Theorem 4.14(5) and
Theorem 4.14(6) follow from (4.22) together with Theorem 3.2(3) and Theorem 3.5, respectively.

For the proofs of Theorem 4.14(1)and Theorem 4.14(2), the reader is also referred to [20].

In 1981, Safta [27-28] proposed the following conjecture:

Let AA;, BBy,CC1 be any Cevian lines in AABC|, where the points A;, By, Cy lie on sides
BC,CA, AB, respectively. If AA1 N B1C; = P,BB1NAC; =Q,CCiNAB; = R, then

AP  BQ CR
>3 42
A, Vo6, TRey 23 (4.23)

In [34], Zhang proved the inequality (4.23), and obtained a generalization and an improve-
ment of this conjecture in the n-dimensional space. In this paper we give a generalization of
Safta’s conjecture in the n-dimensional space, and obtain more extensive resuls than the main
results in [34].

Theorem 4.15 Let A = A1Ay--- Apy1 be an n-dimensional simples in R™ and P be an
arbitrary point in the interior of A. If B; is the intersection point of straight line A; P and
hyperplane > = A1Ag--+Aj_1Aip1--Appr (1= 1,2,--- ;n+ 1), and C; is the intersection

i
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point of straight line A; P and the hyperplane Q; = B1By -+ B;_1Bjt1++-Bpy1 (1 =1,2,-+- ;n+
1), then forr € {1,2,--- ,n+ 1},

A O !
> 11 =5 > (nt1) =1, (4.24)
1<iy <in < <ip<ntlj=1 ~ 47k ri(n —r+1)!
A B 1)!
S gy it (425)
1<i1 <ig <o <ip<nglj=1 474 rl(n —r+1)!
Proof Let (A1, A2, -+, A\n+1) be the barycentric coordinates of the point P. It is easy to
know that the barycentric coordinates of the point B; are B; (A1, A2, -+, Ai—1, 0, Xit1, -+ 5 Ang1)-

Suppose that ’ég =6; (i=1,2,--- ,n,n+1). Then we have that the barycentric coordi-

nates of the point C; are

C'l( 01 . A1 0i—1 .)\i—l 1 Oit1 ./\i+1 Ont1 .)\n+1)
N14+60, 1=XN" 1460, 1=X"14+60," 140,01 1-XN" 146, 1-X\/

Since the point C; lie on the hyperplane €2;, thus we have

0 X A3 --- i ce )\n+1
A 0 Az - i ce )\n+1

(i) A A A3 - 1;?‘1 D =0. (4.26)
A A2 Az e i R 0

Applying the property of determinant, we can derive

n—1 ]-_>\i

0; = L i=1,2 ,n+1. 4.27
- Nl n+ (4.27)
n+1
Noting that A\; > 0 and > A\; =1, from (4.27), Theorem 3.5 and the fact
i=1
1 1 1
= M. Ao A
(n+1an+1a 7n+1>'<(17 25 7n+1)a

we have that (4.24) holds.
From (4.27), and noting the obvious fact that

A;B; = A;C; + C;B;,

we have
AiBi 1/n—1 .
e 1) —1,2,-- ,n+1. 4.8
CiBi n( )\i * ’ ! ne ( )
Applying (4.28), Theorems 3.1-3.2 and the fact
( 1 1 1 ) < ( )\1 )\2 /\n+1 )
n?—1'n2-1" "'n2-1 n—-1"n-1  "n-1/)

we get that the inequality (4.25) holds.
This completes the proof of Theorem 4.15.
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Remark 4.4 It is easy to see that Safta’s conjecture is the special case of (4.24) with n = 2

and r = 1, while the case of r = n in Theorem 4.15 is the results of Theorems 1-2 in [34].

Thus we give a generalization of Safta’s conjecture in the n-dimensional space, and obtain more

extensive results than the main results in [34].

Theorem 4.16 Let A = A1 Ay--- Apy1 be an n-dimensional simples in R™ and P be an

arbitrary point in the interior of A. If B; is the intersection point of straight line A; P and
hyperplane > = A1 A+ Ai 1 Aipr - Appr (1=1,2,--- ,n+1), then forr € {1,2,--- ,n+1},
i

T

An—1)Ai; By, (n+1)! _r2(n’-1) r.
W i1<i i H [m B 1} 2 ri(n—r+1)! [27177”71 - 1} ;
1<iy <in < <ip<n+1 j=1 J
r PB;. (nt1)!
@ X 11 [2(n71)Ai B, —(—1)PE, = = ED @2 =r=T)7
1<i <in < <ip<n+1j=1 i1 j
T 2(n—1)A; B (n+1)! 2(n271) r
B 2 I [mmras — 1 2 st e — U
1<iy <in < <ip<n+1j=1 J
(4) o Z . H [Q(n—l)A,;,.B,‘U_J(r_l)PAiJ < 7"!(”—7“+1)!(2n2—m~+n_2
1<iy <in < <ip<n+1j=1 i i
T A Bi,+PB;, 1)1
(5) o 2 . : : PJB7 =2 ,«!((n_rj_l)!(n-l-Q)r;
1<y <io <+ <ip<n+1j=1 J
- PBi; (n+1)! 1

(6)

]

J
Ai;Bi;+PBi; rl(n—r+1)! (n+2)

1< <o < <ipr<n+1j=1

™)

)’

(7) 2 - wﬁfﬁﬁy (P5)"
1<iy <ia < <ip<n+1j=1 ‘i ’ ’
r PA;; | r
] L < (n+1)! n )
( ) 1§i1<i2<;<z}§n+1 i A,;J.B,,] +PA,,] rl(n—r+1)! (2n+1)
n+1
Proof It is easy to see that ; ZBBZ =1 and fi‘z”i =1- ZBB"’I_, 1=1,2,--- ;n+1, these
imply that
(_2n—r—1_2n—r—1 _2n—r—1)
2(n2—1)" 2(n2-1)" 7 2(n?2-1)
- (_ 2n—r—-1)PB1 (2n—r—-1)PB, (@n-r- 1)PBn+1) (4.29)
2(n — ].)AlBl ’ 2(n — ].)AQBQ ’ ’ 2(n — ].)AnJranJrl ’ '
(2n—r—1)PB; ( 2n—r—1 _
B e —7,0), =1,2,-,n+1, 4.30
2 —1)AB - 2(n—1) ! nt (4:30)
( m2—r—1 2n2—r-—1 2n2—r—1)
2(n?2—-1) "7 2(n2-1)"7 7~ 2(Mn2-1)
—1)PB —1)PB —1)PB
<(—ra U= DEB Ly G ZDPB gy o DPBe Yy
2(71 — 1)AlBl 2(n — ].)AQBQ 2(71 — 1)An+an+1
(r—1)PB; 2n—r—1 ,
I DI Gl e (—1,—7), — 1,2, n+1, 4.3
T DAB < 2(n — 1) ! ne (4.32)
(_2n2—nr—n _2n2—nr—n _2n2—nr—n)
2(n2-1) ° 2n2-1) 7 7 2(nz-1)
- (_ (2n—r—-1)PA; (2n—r—-1)PA _(Qn—r—l)PAnH) (4.33)
2(7’l - 1)14131 ’ 2(7’l - 1)14232 ’ 2(7’l - 1)An+1Bn+1 ’ '
(2n—r—1)PA; ( 2n—r—1 _
S —7,0), 1,2, n+1, 4.34
2 —1)AB 2(n — 1) ! nt (4:34)
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(_2n2—n(r—1)—2_2n2—n(r—1)—2 _2n2—n(r—1)—2)
2(n% —1) ’ 2(n% —1) o 2(n?2 —1)
(r—1)PA; (r—1)PA, (r—1)PA,+1
S I 7 I e | 4.35
( - DAB 2 —1)ABy T T am = 1)An+1Bn+1) (4.35)
(r—1)PA; 2n —r —1 .
14— -1, —— =1,2,--- 1 4.36
+2(n—1)AiBi (-1 2(n — 1) ), i=L2ontl, (4.36)
1 PBl PBQ PBn—i—l
.. 4.37
(TL+1 TL+1 ’n—i—l) (141317f12B27 7An+1Bn+1> ( )
(-1 T )
n—|—1 n+1" 7’ n+1
PBl PB2 PBn+1
~ - 1) 4.38
( A B1 AQBQ An+1Bn+1) ( )
n PAl PA2 PAn+1
.. 4.39
(TL 177’L+1 ’n—i—l) (141317f12B27 7An+1Bn+1> ( )
n n
(- B
n+1 n+1
PA1 PAs PA, 1
< (1o o222 o Sl ) 4.40
( A1B1 AQBQ An+1Bn+1 ) ( )

Therefore, Theorem 4.16(1) and Theorem 4.16(3) follow from (4.29)—(4.30) and (4.33)-
(4.34) together with Theorem 3.2(1), respectively, Theorem 4.16(2) and Theorem 4.16(4) follow
from (4.31)—(4.32) and (4.35)—(4.36) together with Theorem 3.2(2), respectively, while Theorem
4.16(5)—(8) follow from (4.37)-(4.40) and Theorem 3.2(3), respectively.

For the proofs of Theorem 4.16(1)—(4), the reader is also referred to [20], while the other
proofs of Theorem 4.16(6) and Theorem 4.16(8) can be found in [23].

Remark 4 5 Mitrinovi¢ et al. (see [27, pp. 473-479]) established a series of inequalities
Ai

A B (t=1,2,--- ,n,n+1). Obviously, our inequalities in Theorem 4.16(5) and
Theorem 4.16(7) are different from theirs.

Acknowledgement The authors would like to thank the referees for valuable comments
and suggestions.
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