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Eigenvalue Comparison Theorems on Finsler Manifolds*
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Abstract Cheng-type inequality, Cheeger-type inequality and Faber-Krahn-type inequal-
ity are generalized to Finsler manifolds. For a compact Finsler manifold with the weighted
Ricci curvature bounded from below by a negative constant, Li-Yau’s estimation of the
first eigenvalue is also given.

Keywords The first eigenvalue, Finsler-Laplacian, Ricci curvature, S-Curvature
2000 MR Subject Classification 53C60, 35P15

1 Introduction

In recent years, Finsler geometry has developed rapidly in its global and analytic aspects.
The present main work is to generalize and improve some famous theorems of Riemann geom-
etry to the Finsler setting. Among these issues, Finsler-Laplacian is one of the most important
and interesting projects. As is well-known, there are several definitions of Finsler-Laplacian
in Finsler geometry including nonlinear Laplacian, mean-value Laplacian and so on. With re-
gard to nonlinear Finsler-Laplacian, some Laplacian comparison theorems, volume comparison
theorems and various estimations on the first eigenvalue have been established (see [9, 12-13,
15]).

For a Riemannian n-manifold with Ric > (n—1)k, Cheng [5] gave an upper bound estimation
of the first Dirichlet eigenvalue of a geodesic ball. By using the weighted Ricci curvature
condition, we extend this result to Finsler manifolds in this article (see Theorem 3.1). Besides,
we also obtain an upper bound estimation of the first Neumann eigenvalue on a compact Finsler
manifold in terms of the reversibility, the diameter and the lower bound of the weighted Ricci
curvature (see Theorem 3.2). It is worth mentioning that in [12] and [4], Shen and Chen
discussed these problems under the condition of Ricci curvature and S-curvature. However, in
[12], the upper bound dose not have an explicit expression, and in [4] the result only focuses
on the manifolds with Ricci curvature Ric > (n — 1)k, k < 0, while in this paper we will give
an explicit expression of the upper bound on Finsler manifolds with weighted Ricci curvature
Ricy > (n — 1)k, Vk. Here Ricy is defined in Definition 2.1 below.

It is well-known that Cheeger’s constant is estimated from below by a positive constant
which depends only on the diameter and the lower bound of Ricci curvature of M. By defining
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Cheeger’s constant on Finsler manifolds, we generalize the Cheeger’s inequality into the Finsler
setting (see Theorem 4.1). As to the Faber-Krahn inequality, Shen extended it in [6] to the
domains in a Minkowski space. In the present paper, we will consider the Randers manifolds
with constant flag curvature and obtain another Finsler version of Faber-Krahn inequality (see
Theorem 4.2).

In the Riemannian case, by using the gradient estimate, Li and Yau [7] gave the lower bound
of the first eigenvalue of manifolds with Ricci curvature bounded from below by a negative
constant. Recently, Wang and Xia [14] generalized it to Finsler manifolds by the method of
one-dimensional model. To give an explicit expression of the lower bound, we should use some
weighted-linear operators. The technique is based on a comparison theorem on the gradient of
the eigenfunction. Then we follow step by step the work of Li and Yau to get the result (see
Theorem 4.3).

The contents of this paper are arranged as follows. In Section 2, some fundamental formulas
which are necessary for the present paper are given, where some lemmas are contained. In
Section 3, the upper bounds of the first eigenvalue of Finsler-Laplacian such as Cheng’s type
of inequalities are obtained. In Section 4, the lower bounds of the first eigenvalue of Finsler-
Laplacian such as Cheeger type inequality, Faber-Krahn type inequality and Li-Yau’s estimation
are shown.

2 Preliminaries

Let M be an n-dimensional smooth manifold and 7« : TM — M be the natural projection

from the tangent bundle TM. Let (z,y) be a point of TM with x € M, y € T, M, and let

z',y") be the local coordinates on TM with y = y*-2;. A Finsler metric on M is a function
ox

F:TM — [0, +00) satisfying the following properties:
(i) (Regularity) F'(z,y) is smooth in TM \ {0}.
(ii) (Positive homogeneity) F(z, \y) = AF(x,y) for A > 0.
(iii) (Strong convexity) The fundamental quadratic form

i j 1
g:=gij(x,y)da' @da?, g = 5[F2]yiyi

is positively definite.
Let X = X? 8?& be a vector field. Then the covariant derivative of X by v € T, M with
reference vector w € T, M\{0} is defined by (see [2])

0X?

w 0
Dy X (z) = {fu] 5

(&) + Djp(w)e? X (@) } =,

where I‘;k denote the coefficients of the Chern connection.
Given two linearly independent vectors V, W € T,, M\{0}, the flag curvature is defined by

gv(RY (V. W)W, V)
gv(V,V)gy (W, W) — gy (V,W)?’

K(V,W) :=

where RV is the Chern curvature:

RY(X,Y)Z = DxDy Z — DY DX Z — D{x y,Z.
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Then the Ricci curvature for (M, F') is defined as
n—1

Ric(V) = Y K(V,e)),
i=1

where e1,--- ,e,_1, % form an orthonormal basis of T, M with respect to gy .
For a given volume form dy = o(z)dz and a vector y € Tp,M\{0}, the distortion of
(M, F,dpu) is defined by

det(qg;;
(y) = In et(gi (y))
o
To measure the rate of changes of the distortion along geodesics, we define
d

Sy) = g [r(et)]e=o,

where ¢(t) is the geodesic with ¢(0) = y. S is called the S-curvature.
Now we introduce the weighted Ricci curvature on Finsler manifolds, which was defined by
Ohta. In the present paper, we reform it as follows.

Definition 2.1 (see [8]) Let (M, F,du) be a Finsler n-manifold with volume form du.
Given a vector V.€ T, M, let v : (—e,e) — M be a geodesic with v(0) = x and 4(0) = V.
Define

. _ d .
S(V) = F2 (V) [S(r(8), 4()]i=o,
where S(V) denotes the S-curvature at (z, V).

The weighted Ricci curvature of (M, F,du) is defined by
Ric(V) +S(V) for S(V) =0,
—00, otherwise,

S(v)?

(N =n)F(V)*’

Ric, (V) = {

Ricy (V) := Ric(V) 4+ S(V) —
Ricso (V) := Ric(V) + S(V).

VN € (n,00),

For a smooth function u : M — R, the gradient vector of v at x is defined as

y Ju 0
3 [

0, du(z) = 0.
Set My := {x € M | V(x) # 0} for a vector field V on M, and M, := My,. For a smooth
vector field V on M and = € My, we define VV(z) € T:M ® T, M by using the covariant
derivative as
VV(v):=DYV(z) € T,M, ve&T,M.
For a smooth function u: M — R and z € M,,, we set VZu(z) := V(Vu)(z). Let {e,}"_; be a
local orthonormal basis with respect to gv, on M, and put uq., = gvH(DZ’“Vu, ep). Then we
have
Ugh = Upa, Va,b.

Let V =V? 8‘2 be a C'*° vector field on M. The divergence of V' with respect to an arbitrary

volume form dy is defined by

divV = z:; (88‘;; + Vigj;),
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where dju = e®dz. Then the Finsler-Laplacian of u can be defined by
Au = div(Vu).
Given a vector field V' such that V' # 0 on M, the weighted gradient vector and the weighted
Laplacian on the weighted Riemannian manifold (M, gy) are defined by
v ou 0

\ARTEE g°( )@ o " M, AVy = div(VVu).
0 on M\M,,

We note thatVV%u = Vu, and AV%u = Au.
Let (M, F) be a Finsler manifold. Define the distance function by

1
dip.)i=nt [ FOAO)
0
where the infimum is taken over all differentiable curves v : [0,1] — M with (0) = p and

~(1) = gq. Define reversibility n = n(M, F) as

= sup F(_X)
77~ xermgoy F(X)

Obviously, n € [1,00), and n = 1 if and only if (M, F) is reversible.

Lemma 2.1 (see [9]) Let (M, F,du) be a Finsler manifold with volume form du. If its
weighted Ricci curvature satisfies Ricy > K, K € R, N € (n,0), then the Laplacian of the
distance function p(x) = d(p,x) from any given point p € M can be estimated as follows:

Ap < (N —1)et__(p)

N—-1

pointwise on M\({p} U Cut(p)) and in the sense of distributions on M\{z}, where
Ve cot(v/ep), c>0,
cte(p) = -, c=0,
V/—c-coth(y/—cp), ¢<0.

Lemma 2.2 (see [11]) Let (M, F,du) be a Finsler metric measure space with volume form
du. Let ¢ be a piecewise C* function on M such that every ¢~ '(t) is compact. Then for any
continuous function f on M,

[ rreaan= [~ ([ gav)a

Lemma 2.3 (see [8]) Let (M, F,du) be a Finsler n-manifold with volume form du. Given
u € C®(M), we have

Ia 2
AW(@) — D(Au)(Vu) = |Vul*Ricos (Var) + [V2ul3g )

pointwise on M,,, where |V2u|%{s(Vu) stands for the Hilbert-Schmidt norm with respect to gvy.-
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Lemma 2.4 (see [15]) Let (M, F,du) be a Finsler n-manifold with volume form du and
u: M — R be a smooth function. Then on M, we have

Au = trgg, (V2u) = S(Vu) =Y g — S(Vu),
a
where Ugq = gvu(V2u(eq), ea) and {e,}"_; is a local gv,-orthonormal basis on M,,.

3 The Upper Bound Estimation of the First Eigenvalue
For a positive number N, we denote by [N] the integer part of N. Then N is defined by

(3.1)

~_ [N, N eN,
TUN+1, NeRH\N.

Theorem 3.1 Let (M, F,du) be a complete Finsler n-manifold with volume form du. If
the weighted Ricci curvature satisfies Ricy > (N — 1)k, N € (n,00), then the first Dirichlet
eigenvalue

M (Bp(r)) < M (VE(k, ),

where V(k,r) denotes a geodesic ball with radius r in the N-dim simply connected space form
with sectional curvature k, and N is defined in (3.1).

Proof Let ¢ be the nonpositive first eigenfunction of Vi (k,r). Since all simply connected
space forms are two-point homogenous, ¢ is a radial function. Namely, ¢(x) = ¢(d(xo,x)),

where g is the center of V4 (k,r). Moreover, we have (see [5])

{Sﬁ"(t) + (N = Det(t)@' (t) + M (Vi (k, 7)) (t) = 0,
30(7') =0, Sal(t) >0, te (0,7’).

Let p(x) = dp(p,x) be the distance function of (M, F), u(z) = ¢(p(x)). Since du = ¢’dp and
¢ >0, we find Vu = ¢'Vp. Using Lemma 2.1 and noting that F'(Vp) = 1, we have
Au =div(VVPu) = div(VV?p(p(x))) = div(e'Vp) = ¢’ (0)Ap + V(') = " (p) + ¢ (p) Ap
<¢"(p) + (N = D)et, ()¢ (p) = =M (Vi (k, 7))
Note that u|p, () <0 and ulsp, () = 0. It follows that
/ (F*(du))?dp = / du(Vu)dp = —/ uAudp
By(r) By (1) Bp(r)

< M (Vi (k1)) /B L (3.2)

i, vy (F" (d))?dps
Thus, A (By(r)) < =#F—5g— < M(Vy(k,)).

Corollary 3.1 Let (M, F,du) be a complete Finsler n-manifold volume form dp. If the
Ricci curvature satisfies Ric > (n—1)k and S-curvature S = 0, then the first Dirichlet eigenvalue

A (Bp(r)) < M(Va(k, 7)),

where V,,(k,r) denotes a geodesic ball with radius r in the n-dim simply connected space form
with sectional curvature k.
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For a complete simply connected Finsler n-manifold with finite reversibility 7, the authors

obtained in [16]
n—1)>2
)\1(M) 2 %GQ

under the condition that S < 0 and K < —a? < 0. On the other hand, from Corollary 3.1 and
Cheng’s estimation on V;,(k, ), we have
(n — 1)2 2

C(n
M(By(r) < a4 €0

for k = —a?. By the discussion above, we can state the following result.

Corollary 3.2 Let (M, F,du) be a complete and simply connected reversible Finsler n-
manifold with volume form du. If S = 0 and the flag curvature K = —a?, then

M (M) = @a?

Remark 3.1 The result of Corollary 3.2 was also obtained by Chen [4].

Let (M, F,du) be a compact Finsler n-manifold with volume form du and boundary oM.
If there exists a function u € W?(M) satisfying

Au=—pu in M

with a boundary condition
Vu e T, (0M),

we call p1 the first Neumann eigenvalue of the Finsler-Laplacian (see also [14]).

Theorem 3.2 Let (M, F,du) be a compact Finsler n-manifold with volume form dp and the
finite reversibility n. Suppose that the weighted Ricci curvature satisfies Ricy > (N —1)k, N €
(n,00). Then the first Neumann or closed eigenvalue

i) < 7 (Vi (k75

where d denotes the diameter of M.

Proof Let p1,p2 € M so that dp(p1,p2) = d. Choosing r = %, then B, (1) N By, (r) = 0.
In fact, if there exists a point ¢ € B, (1) N By, (1), then

d=dr(p1,p2) <dr(p1,q) +dr(g,p2) < dr(p1,q) +ndr(p2,q) <r(l+n)=d,

which is a contradiction. Thus from (3.2) we conclude

J

where u; are defined as in the proof of Theorem 3.1. Extend u; to be zero outside Bpi(#'ln)
and take a1 = [}, uadp, ay = — [}, urdp. Then a; <0, az > 0 and

(F*(dus))2dp < A\ (Vﬁ(k:, ﬁdn)) /B Wdp, i=1,2,

d d

U= ajug + agug # 0, / udp = 0.
M
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Define n* :=  sup F*((_G) Then we know from [4] that n* = n. Hence,

9eT*M\{0}

2

i) [ s [ (@ =3 (F* (arddug))2dp

d
i=1 Bpi( 1+7;)
a1<0<az 9
= a’l
d
By, (157)

< 7722 /B (F*(duy))?dp

P1(1+7,

< 772)\1( ( Z /B u?dp

vi (715)

(sl o

This completes the proof.

(P (~dun)Pdpad [ (" ()

Bp, (155)

In [5], Cheng obtained the upper bound estimation of the first eigenvalue of a geodesic ball
in the space form (see also in [10]). Thus, we give the following proposition.

Proposition 3.1 Let (M, F,du) be a compact Finsler n-manifold with volume form du and
the finite reversibility n. If the weighted Ricci curvature satisfies Ricy > (N —1)k, N € (n, ),
then the first Neumann eigenvalue

n?(1+ n)*Nnr?

T ’ k=1,
N(N +4)(1 +n)*y

pr (M) < 5 , k=0,
N —1)%2 C(N)(1 4 n)%*n?
( 4) (—k) + ( )(d2 ) k<o

4 The Lower Bound Estimation of the First Eigenvalue

Let (M, F,du) be a compact Finsler n-manifold with volume form du and boundary 0M.
For any x € OM, there exist exactly two unit norm vectors n characterized by

TI(aM) = {V el M | gn(nv V) =0, gn(nvn) = 1}

We remark here that if n is a norm vector, then —n may not be a norm vector unless F' is
reversible. Denote by n (resp. n_) the normal vector that points outwards (resp. inwards)
OM. Then the induced volume forms of OM with respect to ny and n_ are

dvy =" (ny]dp) and drv- =i"(n_|du).

Consequently, the volumes of M with respect to n, and n_ are

vol (OM) = /8M dvy = /8M i*(ny |dp) and  vol_(OM) = /8M dv_ = /BM i*(n_ |du).

vol (OM) vol_ (8M)

Note that voly (OM) # vol_(0M) in general. In fact, the ratio ol (a0 OF vor(oar May be

very large (see [4] for details).
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In the Riemannian case, Cheeger [3] defined a constant and gave an original estimation on
the lower bound of the first eigenvalue. Now we define Cheeger constant h(£2) of €2 on Finsler
manifolds by

h(Q) = inf min{voly (9Q), vol_ (89’)}’
9% vol(Y)

where ' ranges over all open submanifolds of  with compact closure in €2 and smooth boundary
oY, vol(€') denotes the volume of €', and vol; (9€') and vol_(9€') denote the volumes of 9
with respect to outwards normal vectors and inwards normal vectors, respectively.

Theorem 4.1 Let (M, F,du) be a complete Finsler n-manifold with volume form du. For
any bounded domain 0 with a piecewise smooth boundary in M, the first Dirichlet eigenvalue
satisfies

A > =h(Q)2.

Proof By using Co-Area formula in Lemma 2.2, we have Vo € C(Q), provided that

¢la >0, ¢lag =0,
/|V<p|du:/ (/ du)dtz/ vol_(p = t)dt
Q 0 e—1(t) 0

*vol_(p=1t)
— R A— >
/0 ol 1) vol(p > t)dt

> nfw/ vol(p > t)dt
t vol(p >1) Jo

> h() /Q ldp.

Let f be the first eigenfunction with the Dirichlet boundary condition. Then from [12], we
know that f € CH*(Q). If £ > 0 in €, then let ¢ = f? and we have

[ V8= b@) [ P (1)
Q Q
On the other hand, it follows from Legendre transform that

Vf*=L@2fdf) =2fL(df) =2fV].

Using Hélder’s inequality, one gets

[rvstian=2 [ sosians<a( [ fan)'( [ vsran)’ (12)

Substituting (4.2) into (4.1), one has

ViPdp 1
a = ol VI 1y e
Jo F2du 4
If f <0in Q, we choose ¢ = —f2. Then by a similar argument as above, we have

[ Vet = @) [ Ioldn
Q Q
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In this case, dp = —2fdf, which yields
[ 97 Pz @) [
Q Q

Since VV/ 2 = 2fV f, a similar argument gives
Jo f2du

If f changes its sign in 2, then we can choose a domain Q C Q such that f>0in Q and
flog = 0. Define

> —h(Q)%

1
4

1= flg-
Then

Afl = —/\1f1 in ﬁ,
fi=0 on 9.

From the above formula we find that f; is the eigenfunction of Q and A; is an eigenvalue of
Q which implies Ay > A1(©2). On the other hand, since Q C €, A1(2) > A\ (2) = A\;. Thus

A1(€2) = A1. According to the discussion above, we have
N> Sh@)2 > 1n)
! =1 '
Combining three cases above, we complete the proof.

Using Zermelo’s navigation idea, we can express a Randers metric F' = « + [ in terms of a
Riemannian metric h = \/h;;(z)y’y7 and a vector field W = W* 8‘2 by

VARZ 4+ W2 .
po YRR T = Wy, (4.3)

A
where W; = hy; W* and
Ni=1-W,W"=1~-h(z, W)

Theorem 4.2 Let (M, F,du) be a Randers manifold with Busemann-Hausdorff volume form
and the finite reversibility n, where F' is expressed by (4.3) and has constant flag curvature. Let
Q C M be a domain and B be a geodesic ball of Riemannian manifold (M, h). If Vold”(Q) =
vold# (B), then the first Dirichlet eigenvalue satisfies

1
A (Q) > F)\l(B)’

where the equality holds if and only if ' = h and Q = B.

Proof Firstly we have that if (M, F') has constant flag curvature, then (M, h) has constant
sectional curvature (see [1]). Let f be the first Dirichlet eigenfunction corresponding to the first
eigenvalue \; in €, that is,

Af=-=M\f inQQ,
f=0 on 0f).
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When f > 01in Q, we set Q := {x € Q| f(x) >t} and Iy := {x € Q| f(x) = t}. Using a
symmetrization procedure, we construct the geodesic ball By in (M, k) such that vol(B,) =
vol¥(Q) for each ¢, and B = By. We define a function g : B — R such that g is a radially
decreasing function and 0B; = {x € B | g(x) = t}.

Notice the important fact that du = dV} where dV}, is the Riemaniann volume form of
(M, h) (see [1, p. 12]). Using Co-Area formula in Lemma 2.2, we have

|, au= /ooo / F(f;ﬂ drdt = /ooo 2( / F((i;tf) )

>~ ,d > d
=— /0 t2avold“(9t)dt=— /0 tQ&volth(Bt)dt

[e’] dAt oo 92
= t? / dt = / / —Z___dA,dt
/0 ( B, h(Wg)) o Jom, h(Vhg)

~ [ ghavi - / GV, (1.4)
B B

where dv; and dA; denote the volume elements on I'; and 0B, respectively, and V"¢ denotes
the gradient of g with respect to h. Here we have used the identity

_ dyy
r, F(Vf)

d
&Vold“ (Qt) =

From the discussion in [10, p. 28], we find
dA; = i*(thdﬂ) = gn(n; nh)tha

where n = % and n, = % denote the unit normal vector fields of 9€2; with respect to

F and h respectively. Since |[|[W]|y := sup WTy < by < 1, for an arbitrary vector X, one gets
yeT M

B (X))
CVARX)Z W (X)2 — W(X)

W(Xx)* W(X)
= () WXz TR JE(X)

. wg Wy
St (YA 52+ 52 P (45)

(1 = bo) F'(X).

h(X) F(X)

Y

v

Using Holder’s inequality, the isoperimetric inequality and (4.5), we obtain

Jrnae [z ([ o) = (], mmem)
>(1- W(/F aa,)’

t

>(1— b°)2</33,, dAt)Q,
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which yields

(Jp, dve)? ([5p, dAr)?
F(Vf)dv —t > (1-0b t—
r, (Vi) 2 — Lvol™ () = o)’ —Lvol™Vr(By)
2 (1 faBt (]_ — b0)2/ h(vhg)dAt (46)
de, h(wg) 9B;

Recall that the dual metric of (4.3) is
F* o= bt 4 W =\ Jhiigg + WiE,
where (h%7) = (h;;)~! and W = W;h%. Thus for a C* function f, we have
F(Vf)=F(df) = h*(df) + W'fi = H(V"f) + W' f;,
from which we conclude
(1= bo)A(V" ) < F(Vf) < (1 + bo) (V" f). (4.7)

From (4.6)—(4.7), we obtain

/QF(Vf)Qdu - /OOO (/F F(Vf)dz/t)dt > (1—by)? /Ooo (/BB h(th)dAt)dt

(=m0 [ WV gRav; > % | Fevoran (45)

By using (4.4) and (4.8), it follows that

(B
A(Q) > 1(2 ).
n
Here we have used the fact that n = }f—zg.

If the equality holds, then the above inequalities become equalities. In particular,

F(Vf)= (1 +bo)h(V"f),
V" f) = (1 =bo)F(V" f),
gn(n,np) = F(np).

The third formula implies h(V" )2 = F(V f)F(V" f), which together with the first two formulas
yields by = 0. In this case, F = h and ) = B.

When f<0in Q, weset Q :={z € Q| f(z) <t}and I'y := {x € Q| f(x) =t}. Then by
a similar argument as the above, we also give the conclusion.

When f changes its sign in 2, we can choose a domain Q C Q such that flg > 0 and
flsg = 0. Define

fi:=flg

Then f; is the first eigenfunction of Q corresponding to A\;. Using the conclusion of the first
case, we have

- 1 ~
A(Q) = F)\l(B)’
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where B C B is a geodesic ball of Riemannian manifold (M,h) with vol¥(Q) = vol™(B).

Since A1(2) = Ay and A (B) > A1 (B), we obtain
1
A(Q) > EAI(B).
Theorem 4.3 Let (M, F,du) be a compact Finsler n-manifold with volume form du, without

boundary. If the weighted Ricci curvature Ricy > (n— 1)(=k) for k>0 and N € (n,00), then
the first closed eigenvalue

_ 2+2y/T433m - H(N - )&k

1 (M) > a3 D) exp{—[1 + /1 +3.3(n — 1)(N — 1)d2k]},

where d denotes the diameter of M.

Proof Let u be the first eigenfunction of Finsler-Laplacian. Then [, udu = 0. Without
loss of generality, we assume that —m = infu < supu = 1, where m < 1. Let § > 1 be a real
number. We define the function

[Vul?
(B —u)*

Suppose that g is a maximum point on M. Then zq € M, and

G(z) == (4.9)

VViuG(z0) =0, AV"G(z0) <O0. (4.10)
From (4.9), we get
AVEG - (B —u)? 4 29vu (VVUG, VY (B — u)?) + GAVY(B — u)? = AVY|Vul?.

Then at zg we have
AV Vul> = GAVY(B —u)? <0.

Using Lemma 2.3, one gets
1
(92ulls ) + 9% (V7" Au, V) + [Vul*Ricoe (Vi) = SGLdiv(V (8 — u)?))] <0,

where

div(VV((B — u)?)) = 2div((u — 8)Vu) = 2(u — B)Au + 2|Vul?.
Since u is the eigenfunction of Laplacian, we have
1920l gy — 1Vl + [Vul?Ricoo (V) — Glrru(B — w) + [Vul?] <0, (4.11)
A direct calculation on the first formula of (4.10) yields

_|Vu|2

Vu.

V2u(Vu) =

Choosing a gv,-orthonormal basis at xg such that e; = ;—ﬁl, €9, ,€n, We have

_|Vu|2
B—u’ (4.12)
U1, =0, a>1.

Ul =
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By using the standard inequality and Lemma 2.4, one has for 0 < € < 1 that

Z ab>zuaa— il(zuaa)Q
a,b=2 a=2

1
— T (Au =y + S(Vu))?

n —

(Au — uqp)? B S(Vu)? n (N —n)(N-1) (Au—uu n S(Vu))2

N -1 N —n n—1 N -1 N —n
- (Au — ug1)? B S(Vu)?
- N -1 N —n
l-¢c , l—e 5, S(Vu)?
> - -2 :
SN-1M TN TN (4.13)

Using (4.11)—(4.13) and noting that Ricy > (n — 1)(—k), we obtain

1—¢ |Vult 1—¢
N—-1(6-u? eN-1)

2.2 _ 2 [Vul?
piu — (p1 4 (n — 1)k)|[Vul e <0. (4.14)

Set o := z*-. Then —1 <o < ﬁ Thus (4.14) can be changed into

G? (o) — L-c )/L%Oéz — (1 + (n =Dk + pa)G(xg) <0. (4.15)

N -1 e(N -1

Viewing (4.15) as a quadratic inequality and noting that |o| < max{1, 5= -1 < 5 7, we have

Glan) < gy o5 {20 + (0= D+ ) + 2yl
< (1; + %)(N—l)((n— 1k + 5“1_/31)
<33V - (= 1k + %)

Therefore, for an arbitrary point x € M, it is concluded that

w1
|Vu|§\/3.3(N—1)((n—1)k;+5 )(5 w).

Let z1,x2 be two points such that u(z;) = 0 and u(z2) = 1. Consider a regular minimal
geodesic 7(s) joining z7 and x2, and then

log — _1 /5 [y (UL

gvu(Vu, %)
= A 7w — " Zds <
< \/3.3(N - 1)((n 1k + B‘“_ﬁl) d,

where d is the diameter of M. Hence

2 651 {3.3(N1— 1)d2<1°g5€1)2_("_1)k}' (4.16)
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Let f(y) := yla(logy)? — b]. Then f(y) attains its maximum when y = exp (—1— /14 2).

Putting a = m, b=(n—1)kand y = % into (4.16), we have

2+2/1+3.3(n—1)(N —1)d2k
= 3.3(N — 1)d2

exp{—[1+ /1 +3.3(n — 1)(N — 1)d2k]}.
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