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1 Introduction

This paper is a note about Chen’s paper (see [1]). Using the same method as in [1], we obtain
Theorem 1.1, which extends the Schwarz-Pick lemma (see [1]) for planar harmonic mappings
to bounded complex-valued harmonic functions in the unit ball of R™. In addition, motivated
by [1] and this paper, we consider a Schwarz lemma for harmonic mappings between real unit
balls in another paper. Now we introduce some denotations and the background.

Let n be a positive integer greater than 1. R™ is the real space of dimension n. For
z= (21, ,an) € R, let & = (|1 |2+ + |zn]2)2. Let B® = {z € R™ : |z| < 1} be the unit
ball of R™. The unit sphere, i.e., the boundary of B" is denoted by S; the normalized surface-
area measure on S is denoted by o (so that o(S) = 1). Let ST denote the northern hemisphere
{r = (21, ,2,) €S : 2, >0} and S~ denote the southern hemisphere {z = (z1, -+ ,z,) €
S:x, <0}. N=(0,---,0,1) denotes the north pole of S. B, = {z € R" : |z| < r} is the
open ball centered at origin of radius 7; its closure is the closed ball B,. A twice continuously
differentiable, complex-valued function F' defined on B" is harmonic on B" if and only if AF = 0,
where A = D? +---+ D? and DJQ- denotes the second partial derivative with respect to the j-th
coordinate variable z;. By €, we denote the class of all complex-valued harmonic functions
F(z) on B" with |F(x)| < 1 for x € B™.

Let D be the unit disk in the complex plane C. Denote the disk {z € C: |z| < r} by D,; its
closure is the closed disk D,..

For a holomorphic function f from D into D, the classical Schwarz lemma says that if
f£(0) =0, then

If ()] < (1.1)
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holds for z € D. For 0 < r < 1, (1.1) may be written in the following form:
f(Dy) € D,. (1.2)

So the classical Schwarz lemma can be regarded as concerning the region of f(D,.). If the
condition f(0) = 0 is relaxed, then what the region of f(D,) is? The answer can be found in
the classical Schwarz-Pick lemma. By Schwarz-Pick lemma (see [2]), it is known that

[f(z1) = f(z2)l _ |21 — 2 (1.3)

11— f(z2)f(z1)| — 11 —222]

holds for z1, 29 € D. Using the notations

|21 — 2
RO

for the pseudo-distance between z1, zo € D, we know that

dp(f(21), f(22)) < dp(21, 22) (1.4)

for 21,20 € D by (1.3). Denote A(z,7) = {( €D :d,(¢,2) <r,2€D,0 < r < 1} for the closed
pseudo-disk with center at z and pseudo-radius r. Then (1.4) may be written in the following
form:

F(A(z,m) € A(f(2),7)
for €D and 0 < r < 1. Note that A(0,7) = D,. So for f without the assumption f(0) = 0,
we know

F(Dr) € A(f(0),7). (1.5)
When f(0) =0, (1.5) becomes (1.2).
For a complex-valued harmonic function F' on D such that F(D) C D and F(0) = 0, it is
known (see [3]) that

4
|F(2)| < ;arctan|z| (1.6)

holds for z € D. For 0 < r < 1, (1.6) may be written in the following form:

F(DT) C b% arctanr- (17)

If the condition F'(0) = 0 is relaxed, then what the region of F(D,) is? Unfortunately, the
composition f o F' of a harmonic function F' and a holomorphic function f do not need to be
harmonic, so it is a serious problem to seek the estimate corresponding to (1.5) for a harmonic
function F' without the assumption F'(0) = 0. Fortunately, Chen resolved this problem in [1]. In
[1], for any 0 < r < 1 and 0 < p < 1, the author constructs a closed domain E, ,, which contains
p and is symmetric to the real axis, with the following properties: Let z € D and w = pel®
be given. For every complex-valued harmonic function F' with F(D) C D and F(z) = w, the
author has F(A(z,r)) C €°E, , = {¢!“C : ( € E,,}; conversely, for every w’ € e®FE, ,, there
exists a complex-valued harmonic function F such that F(D) C D, F(z) = w and F(z') = v’ for
some z’ € OA(z,r). Obviously, by Chen’s result, we know that for a complex-valued harmonic
function F on D such that F(D) C D without the assumption F(0) = 0, if F(0) = pe'®, then

F(D,) C €°E,, (1.8)



A Note on Schwarz-Pick Lemma for Harmonic Functions 69

which is sharp. (1.8) is the estimate for complex-valued harmonic functions corresponding to
(1.5). Note that a complex-valued harmonic function F' on D such that F(D) C D can be seen
as F' € Q5. So it is natural to consider the same problem as in §2,,.

For F' € Q,, the harmonic Schwarz lemma (see [4]) says that if F'(0) = 0, then

|F ()| < U(Jz|N) (1.9)

holds for x € B", where U is the Poisson integral of the function that equals 1 on S™ and —1
on S™. For 0 < r < 1, (1.9) may be written in the following form:

F(B,) C Dy(-n)- (1.10)

If the condition F(0) = 0 is relaxed, then what the region of F(B,) is? This problem will be
solved in this paper.

In this paper, by the same method as in [1], we obtain the following theorem about the
region of F(B,). The result is sharp. When n = 2, our result is coincident with (1.8). And
when F(0) = 0, our result is coincident with (1.10). Note that in the following theorem, E, ,
is defined as (3.1).

Theorem 1.1 Let 0 < p <1, a € R and 0 < r < 1 be given. Then for every harmonic
function F with F(B") C D and F(0) = pe'®, we have F(B,) C e®E, , = {!%C : ( € E,,};
conversely, for every w' € ¢®E, ,, there exists a harmonic function F such that F(B") C D,
F(0) = pe'® and F(rN) = w'.

The theorem above will be proved in three steps as follows:

Step 1 Find the extremal line of F(B,) in the normal direction of €%, which is related to
the value of F'(0).

Step 2 Find the extremal line of F(B,) in the normal direction of a given direction. For
a given direction of /¥ with —7 < 3 < 7, construct a new harmonic function Fs = e #F
through rotating F(B,.) by an anti-clockwise rotation of angle 3. Using the result of Step 1, we
will have the the extremal line of F(B,.) in the normal direction of e”!, which is denoted by U
Note that F(B,) can be obtained from Fj(B,) by a clockwise rotation of angle 3. Then the
extremal line of F(B,) in the normal direction of e/#, which is denoted by lg, can be obtained
from l’ﬁ by a clockwise rotation of angle 3.

Step 3 Using the result of Step 2, we will obtain all the extremal lines of F(B,) in every
normal direction, with which we can wrap F(B,) and obtain the region of F(B,.).

Step 1 will be solved in Section 2. Step 2 and Step 3 will be solved in Section 3.

2 Some Lemmas

In this section, we will introduce some lemmas, which are important for the proof of Theorem
3.1. Lemma 2.1 will be used in Lemma 2.2. Lemma 2.2 will be used in Lemma 2.3. Lemmas
2.3-2.4 will be used in Theorem 3.1.

Now we give Lemma 2.1 first. Lemma 2.1 constructs a bijection (R,I) from R x RT onto
the upper half disk {(a,b) : a € R,b € R,a? + b* < 1,b > 0}, which will be used to construct
Uq,b,r in Lemma 2.2 for the case b > 0.

For 0 < r <1, u > 0 and a real number A, define

1 1
Ar,/\,p,(w) == ;(m — )\)7 w € S (21)
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and

R(r, A, p) :/ _ Auw) I(r, A, p) / ;da. (2.2)

\/1+A2)\y, 1+Ar)\,p,( )

The idea of the conformation of A, » ,(w), R(r, A, i) and I(r, A, i) originates from the needs of
(2.16) and (2.21).

Lemma 2.1 Let 0 <1 < 1 be fired. Then, there exists a unique pair of real functions A\ =
A(r,a,b) and = p(r,a,b) > 0, defined on the upper half disk {(a,b) : a®> +b* < 1, b > 0} and
analytic in the real sense, such that R(r, \(r,a,b), u(r,a,b)) = a and I(r, \(r,a,b), u(r,a,b)) =b
for any point (a,b) in the half disk.

Proof A simple calculation gives

OR(r, A\, pp) 1

1
- 7_;/ mda, (2.3)
OR( A p) 1 [ Apulw)
ph) /(1+Amu(w>>3d : (2.4)
oL(r hp) _ 1 [ Aplw) -
) _u/ s (1+ 42, (w ek =

aI(raAvu) l A72")\p,( ) P
on /<1+Aw< DER

Njw

It is easy to see that

(i) by (2.3), w < 0 for any A and g > 0, R(r, A\, p) is strictly decreasing as a function
of A for a fixed p;

(ii) by (2.2), for a fixed p, R(r, A\, u) — —1 or 1 according to A — +o00 or A — —o0;

(iii) by (2.3)—(2.6) and the convexity of the square function,

OR(r, A\, 1) OI(r, A, 1) B OR(r, A\, ) OI(r, A, 1)

o o o o 0

for any A and p > 0;

(iiif) by (2.2), 0 < I(r, A\, pu) < 1 for any A and p > 0.

By (i) and (ii), we know that for fixed p, R(r, A, 1) is strictly decreasing from 1 to —1 as A
increases from —oo to +0o. Then for any —1 < a < 1 and fixed pu, there exists a unique real
number \(u, a) such that

R(?“, A, ,u')|)\=)\(u,a) = a. (27)

Further, using the implicit function theorem, we have that the function A = A(u, a) defined on
{(pt;a) : 4 >0,—1 < a <1} is a continuous function and

%ﬁ;a) - _<8R(g:\’u)/aR(g/\>\’u)) ‘)\:)\(p,,a).
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Next, we consider the function I(r, A(i, a), ) for p > 0.
OL(r, M ), 1)

o
_ (8I(r,)\,u) O, a) n 8[(7“,)\,;1))‘
o\ ou o A=A(1,a)
_ ((8R(r, A ) OI(ry A, 1) B OR(r, A\, 1) 8I(r,>\,u))/8R(r, )\,u))‘
1)) ou ou O\ 132 A=A(a)

By (i) and (iii), we have %ﬁ’a)’”) > 0, which shows that I(r, A(1s, a), 1) is strictly increasing
as a function of p on (0, +00) for a fixed a. Note (iiii). Thus, for a fixed a, I(r, A(u, a), 1) has
a respectively finite limit as p — 0 and pu — “+oo.

For a fixed a, we claim that I(r, A(p,a), p) — 0 as p — 0, and I(r, A\(, a), n) — V1 —a? as
n— +00.

As p — 0, there exists a subsequence py — 0 such that A(ug,a) has a finite limit ¢ or tends
to oo. We only need to prove that I(r, A(ux,a), ux) — 0 as k — oo. Since I(r, A(pi, a), pir) =

Is 1 do, we only need to prove that | A, x(., a),u, (W)| — 400 almost everywhere
\/1+A7 Mg rayoneg, (@) :
on S. Note that

1 1

E |rN—w|" _A(Mkaa)

|A7"7>\(Hk7a)7uk (w)| =
and
1 - 1 < 1
1+r) = |rN—w|* = (1—r)"
If Mg, a) — t as k — oo, then m — Ak, @) is bounded and ﬁ —A(pi, @) # 0 almost
everywhere on S. Thus [A; x4, ,a),u (W)| — 400 almost everywhere on S. If A(ux,a) — oo as
k — oo, then it is obvious that [A; (.. .a),u, (W)| — 400 uniformly for w € S. The first claim is

proved.

As p — +o0 — 0 uniformly for w € S. If there exists a subsequence p; — 400

i 1
Vo |[rN—w|™

such that )‘(’;’Z’ 9 _, 50, then |4

— 0, a contradiction. This shows that

(w)| — o0 uniformly for w € S, and I(r, A(pr, @), pir)
Alp,a)
o

A (ke ,@) s ok
is bounded as g — 4oc0. Thus there exists a

subsequence i — 400 such that —W tends to a finite limit ¢. That is

A
lim — (e, a)

=1t. 2.8
Jim - (2.8)

We only need to prove that I(r, A(uk,a), ux) — V1 —a? as k — oco. Let
(A(w))k = AT,/\(uk,a),uk (w)
By (2.1), (2.8) and pj — —+00, we obtain

1
1 —_—
w) “k<|rN w|” — Al ))
lim = lim

k—oo /]_+ A k—o00 \/

2
Mk |7’N w|” A(ﬂka ))

~ Alprs a)

. t
e \/1+ (;&m)? Ve 29)

Pk




72 S. Y. Dai and Y. F. Pan

uniformly for w € S, and

. 1
khm = khm
—o0 /1 —o0 1 1 2
1+ —(——— -\
* Wi (|rN —w|? (,uk,a))
1 1
= lim = (2.10)
k—oo A(/J’]m a/) 2 \/1 + t2
14 (S22
Mk

uniformly for w € S. By the Lebesgue’s dominated convergence theorem, (2.2) and (2.9)—(2.10),
we have

(A(w))k
Jm B(r, Mk, a), ) = lim / V14 ((Aw))x)? )k)2d0
_/ lim 4 (w) : do
5 k=00 /14 ((A(w))k)?
:ﬁ (2.11)
and
- 1
i 1N, ) = i e
:/ lim s do
sk /T+ (AW)k)?
B \/11—752 (2.12)

Note that R(r, )\(Mk, a), pi) = a by (2.7), and (\/W)Q + (= )2 = 1. Then by (2.11) we

Vit
obtain that \/T = qa and ﬁ = /1 — a?. Consequently by (2.12),

klim I(ry Mpk, a), pr) = V1 —a?.
—00

The second claim is proved.

It is proved that I(r, \(g, a), i) is continuous and strictly increasing from 0 to v/1 — a? as u
increases from 0 to +oc. Thus, for any 0 < b < v/1 —a? and —1 < a < 1, there exists a unique
real number p(a,b) such that

I(r,AM(u(a,b),a), p(a,b)) = b. (2.13)

Further, using the implicit function theorem, we have that the function p(a,b) defined on
{(a,b) : a®> +b% < 1,b > 0} is a continuous function.

Denote A(p(a,b),a) by A(r,a,b). Denote p(a,b) by u(r,a,b). We have proved that there
exists a unique pair of functions A = A\(r,a,b) and p = u(r, a,b) such that

R(r,A\(r,a,b), u(r,a,b)) =a, I(r,\(r,a,b),u(r,a,b)) =>

on the upper half disk. The real analyticity of A = A(r,a,b) and u = pu(r,a,b) is asserted by
the implicit function theorem. The lemma is proved.
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Let a and b be two numbers such that 0 < b < 1, =1 < a < 1 and a2 4+ b*> < 1. Let Ua b
denote the class of real-valued functions u € L*°(9) satisfying the following conditions:

[ulloo <1, /Su(w)da =aq, /S V1—u?(w)de > 0. (2.14)

Every function u € L*°(S) defines a harmonic function

2
U(z) = / ﬂu(w)da for z € B".
s

|z —wl?

Let 0 < r < 1 and define a functional L, on L>°(S) by

1 —r2
L.(u)=U(rN) = ——u(w)do. 2.15
(w0 =N = [ ) (215)
Obviously, Uy p, is a closed set, and L, is a continuous functional on U, . Then there exists
an extremal function such that L, attains its maximum on U, at the extremal function. We
will claim in the following lemma that the extremal function is unique. In the proof of the
following lemma, we will construct a function ug first and then prove that ug is the unique

extremal function, which will be denoted by w4 p. -

Lemma 2.2 For any a, b and r satisfying the above conditions, there exists a unique ex-
tremal function uqp, € Uqp Such that L, attains its mazimum on U,y at Ugpr-

Proof Let a, b and r be fixed. First assume that b > 0. From Lemma 2.1, we have
A= A(r,a,b) and p = p(r,a,b) > 0 such that R(r, A\, u) = a and I(r, A\, u) = b. For the need of
(2.21), let

L)

1+ A%)\’M(w)

up(w) = (2.16)

where A,y ,(w) is defined as in (2.1). Then |Jug||os < 1 and by (2.2), and we know

/Suo(w)da = R(r,\,u) = a, /S \/1—ud(w)de = I(r,\,p) =b. (2.17)

This means that ug € Uy .
Let w € Uy p. By (2.14) and (2.17), we have

)\/S(uo(w) —u(w))do =0, (2.18)

u/s (1/1 —wd(w) — \/m)da <0. (2.19)

By the Taylor formula of the function v/1 — 22, we have

U \W)(Up(W) — ulw uw—uw2
T=EG - 1) — fole)tofe) — uw)) _ (o) - ufs)

1 —ug(w) 2(1—§2)%
up(w)(ug(w) — u(w))
1 - ug(w)

: (2.20)
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where £ is a real number between ug(w) and u(w). By (2.1) and (2.16), we have

! - mo(@) g (2.21)
TN — wl 1 —uf(w)

Then by (2.15) and (2.18)—(2.21), we obtain that
Lt = L) _ [ sole) =),
s

1—r2 [rN —w|®

>L%d A [ ()~ u()do = e [ (VI = /1= i)

S
[ By [ ) utaan

[ @) wol) —u(w) [ (o) —u(@)?
), T i f
up(w) — B o) — u(w))do — uo(w)(uo(w) —u(w)) , -
> [ e W 7= [ (o) =)o~ [ e
_ N )| C) R
= [[0) — ) (g A~ A=)

=0.

Thus L, (uo) > L, (u) with equality if and only if 1 [ %da = 0. Therefore L, (ug) >

L, (u) with equality if and only if u(w) = ug(w) almost everywhere. This shows that ug(w) is
the unique extremal function, which will be denoted by wg p, - (w).
Next we consider the case b = 0. For a real number d, let

Sq={zeS:|N—z|=d, (2.22)
St={reS:|N-z|<d}, (2.23)
—{ze€S:|N—z|>d. (2.24)

For a fixed real number a such that —1 < a < 1, there exists a unique real number d, such that
U(S;;) = 12 and a(Sg.) =

1, w € SIL,
U'O(w) =40, w e Sdu,’ (225)
-1, wes,.

We want to prove that ug is just the unique extremal function, which will be denoted by

Uq,0,r(W)-
It is obvious that ug € Ua0. Let u € U, 0. By (2.14) and (2.25), we have

/S (o (@) — u(w))do = 0, (2.26)
ug(w) —u(w) >0 forw e Sja, (2.27)
ug(w) —u(w) <0 forwe S, . (2.28)

Let
Jo = |rN — x|, where xo € Sy, . (2.29)
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Note that
IrN —w| < J, forweS;, (2.30)
PN —w[>J, forweS, . (2.31)
Then by (2.15) and (2.26)—(2.31), we obtain that

L, (up) — Ly(u)
1—172
[ up(w) —u(w) ”
7/5 [rN — w|? d

= /5 (m - Jig)(uo(w) —u(w))do

0.

Y

Thus L, (uo) > L, (u) with equality if and only if u(w) = ug(w) almost everywhere. The lemma
is proved.

Let a and b be two real numbers with a2 + 5% < 1and 0 < r < 1. If b > 0, Uq b, has been
defined in Lemma 2.2. Now, define

Vg pr(W) = /1 =2, (w) forwes (2.32)
and
1— |z
Ugpr(z) = / ————Uqg pr(w)do, (2.33
N ATETE )
1—|xf?
a,b,r = T 1, Ya,b,r d . 2.34
Viael@) = [ v (oo (2.34)
For b < 0, let
Uaybﬂ“(x) = Ua,*b,r(x)v Va,b,r(x) = _Va,fb,r(x) (235)

Then for any a € R, b € R and a? + b2 < 1, let
Fopr(x) =Uqpr(x) +iVap,r(z) for z € B". (2.36)

The harmonic function Fy p (2) = Ugpr(x) +1Vy s, () satisfies F p (0) = a+bi and F, ;. (B™)
C D, since we will show that |Uap(2)* + [Vapr(2)]? < 1. By the convexity of the square
function,

1— Jz?

U, (@)]* + [Vap,r (2)]* < A

(g (@) + 07 (w))do =1

with equality if and only if ug p - (w) and vg p»(w) are constants almost everywhere on S. How-
ever u,p(w) is not possible to be a constant almost everywhere on S. Thus |Ugp-(7)|? +
[V, (2)[* < 1.

The functions F, ; , are the extremal functions in the following lemma.



76 S. Y. Dai and Y. F. Pan

Lemma 2.3 Let F(z) = U(z) + iV (x) be a harmonic function such that F(B™) C D,
F(0)=a+bi. Then, for0<r <1 andw € S,

U(rw) < Ugqpr(rN)

with equality at some point rw if and only if F(x) = F,p,(zA), where A is an orthogonal
matriz such that rwA = rN, Ugyp, is defined as in (2.33) and (2.35), and F, . is defined as
n (2.36). Further, U(z) < Ugpr(rN) for |z| <.

Proof Step 1 First, the case rw = rN will be proved. Let 0 < 7 < 1 be fixed. Construct
a function

G(z) = F(fz) forzeB".
G(z) is harmonic on B" and G(0) = a + bi. Let G(z) = u(x) + iv(z). Then

ufloo < 1, /Su(w)daza, /Wd(»/w Jdo > ‘/ — . (2.37)

So by (2.14) we know that u € U, ;) and by Lemma 2.2, we have u(rN) < Uy p(rN) with
equality if and only if u(w) = ug|p|,»(w) almost everywhere on S. For ug |3 -(w), by (2.17) and

(2.25), we have
[3 JT— 2 (w)do = . (2.38)

If u(w) = uq |, (w) almost everywhere on S, then by (2.33) and (2.35), we have
u(w) = Uq p) r(7) = Ugpp,r(z) for z € B

and by (2.32), we have

Vg, |b],r =,/1 7|b\ =1 —-u?(w (2.39)

Note that by (2.37)—(2.39), we have

|b|=/va,|b‘ da>/|v J[do > ‘/ -

V(W) = Vg p|,r(w) almost everywhere on S when b > 0,

Then

v(w) = =g, p|,r(w) almost everywhere on S when b < 0.
So
v(z) =Vopr(x) forzeB™.
For G( ) = u(z) + iv(z), it is proved that u(rN) < Uy (rN) with equality if and only if
G(z) = Fapr(z). Now let 7 — 1. Note that

lim G(z) = lim F(ra) = F(z), limu(rN)=U(rN).

r—1 r—1 r—1

Then by the result for G(z), we have U(rN) < U, (rN) with equality if and only if F(z) =
Fa,b,r(x)~
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Step 2 Now we prove the case rw # rN. Construct a function
F(z) = F(zA™") for z € B",

where A is an orthogonal matrix such that rwA = rN and A~! is the inverse matrix of A.
By [4], we know that F(z) is also a harmonic function. Let F(z) = U(z) + iV (). Note that
F(0) = a + bi. Then by the result of Step 1, we have U(rN) < Uapr(rN) with equality if
and only if F(z) = F,p.(x). Note that U(rN) = U(rNA™Y) = U(rw) and F(z) = F(zA™Y).
Thus U(rw) < Uup(rN) with equality if and only if F(zA™') = F, . (z). It is just that
U(rw) < Uqpr(rN) with equality if and only if F'(z) = Fypr(zA).

Step 3 We will show that U(z) < Ugp,(rN) for |z] < r. By the result of Step 2 and
the maximum principle, we have U(z) < U,y (rN) for |z| < r. If the equality holds for
some xo with |zo| < 7, then U(z) must be equal to Uy, -(rN) identically for |x| < r. Note
that if U(rN) = Ugp,(rN), then by the result of Step 1, we have U(z) = Uy (). Thus
Uapr(x) = Uqspr(rN) for |z| <r. However, it is impossible since Uy p » is not a constant. The
proof of the lemma is complete.

Lemma 2.4 For fited 0 < r < 1 and x € B", Fy.,(x) is defined as in (2.36). Then
For(z), as a function of variables a and b, is analytic in the real sense on the open half disk
{(a,b) : b>0,a* +b> < 1} and is continuous to the real diameter.

Proof Let 0 < r < 1 and z € B” be fixed. It is obvious that F, ;. (x) is analytic in the
real sense on the open half disk, since it is determined there by the functions A(r,a,b) and
w(r,a,b) formulated in Lemma 2.1, which are analytic in the real sense on the open half disk
{(a,b) : b > 0,a* + b* < 1}. We only need to prove that Fy ; .(x) is continuous at the points
of the real diameter. Note (2.36). Then we only need to prove that U, -(x) and Vo -(x) are
continuous at the points of the real diameter.

Let —1 < ap < 1 be given. We want to prove that U, .(z) and V,p (z) are continuous
at (ap,0). It is just to prove that U, p r(2) — Uqg.0.r(x) and Vo p () — Vi 0.0 () as (a,b) —
(ao, 0)

Step 1 For the case (a,b) — (ag,0) with b = 0, by (2.33)-(2.34), we only need to prove
Ug,0,r (W) — Ugy,0,r(w) almost everywhere on S as (a,0) — (ap,0). Recall that

1, we S(L,
Ug,0,r(w) =< 0, w € Sy,
-1, wes,,

where S;'a, Sa, and Sy are defined as in (2.22)—(2.24). This shows that uq,0.,(w) = Uag,0,r (W)
almost everywhere on S as (a,0) — (ag,0).

Step 2 For the case (a,b) — (ag,0) with b > 0, by (2.33)—(2.34), we only need to prove
U br(W) = Ugy 0,r(w) for any w € S as (a,b) — (ap,0) with b > 0.

First we want to prove that p(r,a,b) — 0 as (a,b) — (ag,0) with b > 0, where p(r,a,b) is
defined as p(a,b) in (2.13). Assume that u(r,a,b) - 0 as (a,b) — (ap,0) with b > 0. Then
there exists a sequence (ak, bx) — (ag,0) with by > 0 such that pp = wu(r, ar,br) has a positive
lower bound since u(r, a,b) > 0. Then by (2.2) and (2.13), we have
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where A\, = A(r, ag, br), A(r,a,b) is defined as A\(p(a,b),a) in (2.13). Thus A\, — co. Assume
that A, — +o00. Then by (2.1) and (2.16)—(2.17), we obtain

£(|rNiw|" B /\k)

Uy, by r (W) = 1 1 N — —1
(oo M) )
O (T T

uniformly for w € S, and ay — —1, a contradiction.
Now, we want to prove that

1
Tt
as (a,b) — (ag,0) with b > 0, where J;' is defined as in (2.29). On the contrary, assume
that A(r,a,b) - Ao as (a,b) — (ap,0) with b > 0. Then there is a sequence (ag,br) — (ao,0)
with by > 0 such that Ay = A(r,ag,bp) — N # Ag. If M = oo, then, as above, |ag| — 1, a
contradiction. In the case that A’ is finite, by (2.1) and (2.16)—(2.17), we have

Arya,b) — N =

1
— =
bt ( 2( 1 N )2)% [rN — w|® ’
Hi [rN — w|? k
1
ak—/Suakybk7r(w)da—>~/ssgn{m—X}da
-1, N> ! ,
(L—mr)
1

=<1, N<—
- (%Jﬂ')"

a, N —1<d <1, a # ag.

This contradicts ay — ag.
It is proved that u(r,a,b) — 0 and \(r,a,b) — Ag as (a,b) — (ag,0) with b > 0. Thus,
1

) = vt
PN —w| 0 Uag,0,r (W)

Ug,p,r(W) — sgn{

Step 3 For the case that (a,b) — (ap,0) with b < 0, by the result of Step 2, we know
that Uy —pr(2) — Ugpor(x) and Vg _pr(2) — Vao0.-(x) as (a,—b) — (ag,0) with —b > 0.
Note that U, —p () = Ugpr(2), Va,—pr(x) = =Vapr(x) and Voy0,(z) = 0. Then we have
Uap.r(2) = Ugg0r(z) and Vg p r(x) = Vig.0.-(x) =0 as (a,b) — (ap,0) with b < 0.

It is proved that Uy pr(z) and Vg () are continuous at (ag,0). The lemma is proved.

3 Main Results

For —m < § < 7 and a real number 0, denote the straight line {((,0) and the closed half
plane P(3,9) by

1(8,0) = {w = u+iv : Re{fwe ™} = ucosf +vsin§ = 5}

and
P(f,0) = {w = u+iv : Re{fwe "} = ucos f +vsin§ < d},

respectively.
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Theorem 3.1 Let 0 <r <1 and 0 < p < 1. Denote

PB = P(ﬁ, UpCOSﬁ,—psinﬁ,T(TN))7 lﬁ = l(ﬁ; Upcosﬁ,—psinﬁ,r(TN)))v

and define

E.,= () Ps (3.1)

—r<p<n
Uy ={w:w= fr,(B8) = €’Fpeosp,—psinpr(rN), -7 < f < 7},

where Upcos 8,—psin g,r 15 defined as in (2.33) and (2.35), and F,cos8,—psin g,r 1S defined as in
(2.36). Then

(1) for any harmonic function F such that F(B") C D and F(0) = p, we have F(B,.) C E, ,;

(2) E,, is a closed convex domain and is symmetrical with respect to the real azxis, and p is
an interior point of E, ,;

(3) Ty, is a convex Jordan closed curve and OE, , =T, ,;

(4) for any w' € E, ,, there is a harmonic function F such that F(B") C D, F(0) = p and
F(rN) =w'.

Proof (1) Denote
Pj = P(0,Upcos ,—psin g,r(TN)), g = 10, Upcos 8,—psin g,r(rV)).

Ps and lg are obtained from Pé and l,’g by an anti-clockwise rotation of angle 3, respectively.

Let F' be a harmonic function such that F(B™) C D and F(0) = p. For —7n < 8 < 7,
let Fy = e #F. Then, F3(B") C D and Fj(0) = p(cos 3 — isinB). Using Lemma 2.3 to the
harmonic function Fs, we have Fjg(B,) C Pj and consequently, F(B,) C P. This shows (1).

(2) It is obvious that E, , is a closed convex set and is symmetrical with respect to the real
axis. We only need to prove that p is an interior point of E. ,.

First we want to prove that f,.,(8) € 0E,, for —w < 8 < w. f.,(8) € lg since
Fpcos,—psinp,r(rIN) € l’ﬁ. Let G(z) = eiﬁFp cos B,—psin 8,r(¢). The harmonic function G satisfies
the conditions G(B™) C D and G(0) = p. By (1), f,.,(8) = G(rN) € E, ,. Note that E, , C Pg,
lg = 0P and f, ,() € lg which was proved above. Then we have f, ,(8) € 0E, ,.

For f, ,(0), fr.p(m), fr,p(”) and f,,,p( — g), by Lemma 2.3, we have

2

frp(0) = Fp o (rN) = Upo,r(rN) > Up0,+(0) = p, (3.2)
fr,p(ﬂ—) = _Ffp,O,r(rN) = _Ufp,O,r(rN) < _Ufp,O,T(O) =P (33)
10frp(5) = U, (PN) = Ut e (rN) > Ui 0 (0) = 0,

frp( = 5) = ~Vopr ('N) < ~Uo,pr(0) = 0.

Then p is an interior point of E, , since E, , is a convex set.

(3) First we want to prove that I, , is a Jordan closed curve. I', , is close and continuous
by Lemma 2.4. Assume that there exist 0 < §; < f2 < 7 such that wo = f;,(81) = fr,p(52).
Then B — f1 < m and wy is the vertex of the angular domain P, N Pg,. Further, it is easy to
see that f, ,(8) = wo for /1 < B < P, since 3 N OE, , = wo and f, ,(8) € IgNOE, ,. fr., ()
is analytic on (0,7) in the real sense by Lemma 2.4. Then we have f, ,(8) =wo for 0 < 8 <
and by the continuity, f,,(0) = fr,(m) = wo. This is a contraction, since f, ,(0) > fr ,(7) by
(3.2)(3.3). This shows that I'} ) = {w = f, ,(8) : 0 < § < 7} is a Jordan curve. For the same
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reason, I',. ) = {w = f,. ,(8) : —=m < < 0} is also a Jordan curve. Then T’ , is a Jordan closed
curve.

For —m < 8 < m, it is proved in (2) that f, ,(8) € OE,,. Then I',, C OFE, ,. Note that
OE, , must be a convex Jordan closed curve. Thus 0F, , =1 ,.

(4) For w' € E, ,, draw a straight line [ passing through w’ and intersect JE, , at w; and
wo. Let w' = kjwi + kowo with ki,ko > 0 and k; + ko = 1. There are two real numbers
B1 and B such that f,,(81) = wi and f,,(82) = ws. Then the harmonic function F' =
k1€ Fy cos 81— psin gy ,r K262 Fy cos 8, — psin ga,r Satisfies F(B") C D, F(0) = pand F(rN) = w'.
The theorem is proved.

When p = 0, we have a corollary as follows, which is coincident with (1.10).

Corollary 3.1 Let 0 < r < 1. For any harmonic mapping F such that F(B") C D and
F(0) =0, we have
F(By) C Dy(rnys

where U is the Poisson integral of the function that equals 1 on ST and —1 on S™.

Proof By Theorem 3.1, we only need to prove that E,o = EU(TN). Further, by the
definition of E,. , in Theorem 3.1, we only need to prove that Uy .(rN) = U(rN). Note that
by (2.25),

1, west,
UO’O’T(W) = 0) w e ‘87
-1, wes™.

Then by (2.33) we know that Up (rN) = U(rN). The corollary is proved.

From Theorem 3.1, we obtain Theorem 1.1, which is the general version of the above The-
orem 3.1.
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