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A Constructive Proof of Beurling-Lax Theorem*
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Abstract This paper deals with an alternative proof of Beurling-Lax theorem by adopt-
ing a constructive approach instead of the isomorphism technique which was used in the
original proof.
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1 Introduction

In 1948, Beurling [2] first investigated the shift-operator-invariant subspace M in Hardy
space H?(D) in the unit disc context for the shift operator defined by

S*f(z) =zf(z), ze€D.
Here a subspace M in H?(D) is said to be a shift-operator-invariant-subspace if
S*M C M.

The following celebrated result is called Beurling theorem.

Theorem 1.1 Suppose that M is a non-zero closed subspace of H?(D). Then M is a

shift-operator-invariant space if and only if
M = IH?*(D),

where I is an inner function in H>*(D).

Here we say a function f € H*(ID) is an inner function if |f| = 1 almost everywhere on
the boundary dD. Similarly, a function f € H*(C") is an inner function if |f| = 1 almost
everywhere on the real line R.

As a consequence of this theorem, a subspace is a backward-shift-invariant space (SM C M)
if and only if (see [3])

M = H?(D) N TH%(D),
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where the backward-shift operator is defined by

The Beurling theorem was extended to the upper-half complex plane by Lax in 1959, which
is now named the Beurling-Lax theorem (see [7]). In the upper-half plane case, by using the

same notation, the shift operator and the backward-shift operator are defined, respectively, by

S*f(w) =™ f(w), Sf(w)=e f(w), A>0, weCT,

Theorem 1.2 Let M be a non-zero closed subspace of H*>(CT). Then M is a shift-operator-
invariant subspace if and only if there exists an inner function F € H®(C") such that M =
FH?(CH).

There is a large number of documents for the studies of forward shift and backward-shift
invariant subspaces (see [1, 3-5]) mainly in theoretical aspects. As an important tool, the shift
invariant subspace is useful in bandwidth keeping and phase retrieval, which are two topics
in optical and signal processing (see [6]). Recently, Tan and Qian used techniques of forward
and backward operators to solve some questions in the theory of analytic signals, especially the
characterization of Bedrosian identity. We will offer a survey in Section 2 about Tan and Qian’s
results. We are inspired to revisit the proof of the Beurling-Lax theorem.

We remark that, in the unit disc case, Beurling’s proof is constructive for the choice of an
inner function for any invariant subspace, which is important for the calculation and charac-
terization of analytic signals from the Bedrosian identity. But in the upper half plane case,
the proof of the Beurling-Lax theorem (see [5, 7]) is complicated by involving the technique of
isomorphism between H?(D) and H?(CT). Many applications are dependent on the concrete
form of the factor inner function inducing the shift invariant subspace. In this note, we choose
the special function f € H?*(C*) and use its orthogonal projection into M to construct the

inner function F' appearing in Theorem 1.2.

2 Preliminaries and Surveys

Related to the Hardy space in the unit disc, we say f € H?(D), if

s

1 i
sup = [ 17(re)Pa0 = £ty < o0

for p € (0,00). When p = oo, we say f € H®(D) if f is a bounded analytic function on D and
we write

11| zr ) = sup | f(2)
zeD

In the upper half plane case, we say f € HP(CT) if f is analytic on C* and

sg/ (@ + )Pz = | £ er) < o
y — 00
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When p = oo, we write f € H>®(CT) for the bounded analytic functions on C*, and we give
H*(C*) the norm || f|[gr=(c+) = sup |f(w)].
weCt

In the case p = 2, as Hilbert spaces, H?(D) and H?(C") are equipped with the inner product

(Fgo = 5= [ $E50a0, 1.9 € HD)
and -

(ho)er = [ f00a, fge BT,
respectively.

The linear mapping which takes a function f € HP(CT) to its non-tangential boundary
limit function f € LP(R) is an isometric isomorphism from H?(C") onto a closed subspace of
LP(R) which we shall denote by H?(R).

For any function f € HP(C"), by the well-known Nevanlinna factorization theorem, f can
be factorized as

f(z) =04 (2)Is(2), ze€CH,

where
(1) Oy, the outer factor of f, is given by

i /°° 1+tzln|f(t)|dt)

O;(2) = exp (-
7(2) = exp ) o z—t 1+1¢2

)

(2) Iy, the inner factor of f, can be further factorized into
If(2) = @ By (2) S5 (2),

where
(i) b is a real number and «a is a nonnegative number;
(ii) By is the Blaschke product formed with the zero sequence Ey = {ay} of f in C* (the

zeros repeat according to their respective multiples) which can be represented by

la? + 1|z — ay,
Bf(z) = H 2 p—
v ap +1 z—ay
|og+1]
aiJrl
(iii) Sy, the singular inner function, is given by

s = e (2 [ T au),

T) oo t—2

where is understood whenever oy = i;

where p is a real, bounded, increasing function with derivative p/(¢) = 0 almost everywhere on
R.

Two classical problems of long interest in a number of practical areas, including optics,
antenna theory and physics, are formulated as follows: The first is to find all functions g such
that Band(fg) C Band(f); the second is to find all-pass filters e!(!) such that Band(fel?) C
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Band(f). Here, Band(f) is the support of the bandlimited signal f € L?(R) whose Fourier
transform has compact support. The Lebesgue measure of Band( f) is called the bandwidth of f.
They are referred to as the band keeping problem and the phase retrieval problem, respectively.
Obviously, the phase retrieval problem is closely related to the band keeping problem. In [10],
the authors give a characterization of function g such that Band(fg) C Band(f).

Proposition 2.1 Suppose that f,g are nonzero functions, f € L*(R) is bandlimited with
Band(f) = [0, 4] and g € HP(R), p € [1,00]. Then fg € L*(R) is bandlimited with Band(fg) =
[0, A] if and only if g € HP(R) N I;HP(R), where Iy is the inner factor of f which does not

contain the singular inner function.

Noting that HP(R) N Iy HP(R) is a backward-shift invariant subspace, the authors in [10]

offer a characterization of this subspace.

Proposition 2.2 Suppose that {au}72 is a sequence in Ct which can define a Blaschke
product

or la? + 1]z — ay
B(Z): .
kl;[l o2 +1 z—ag

Then for p € (1,00),
HP(R) N BH?(R) = (BH"' )+ = span{e,}>°,,

where the closure Span? is in the LP topology, p' = %, (BHPI)J‘ ={feHP:(f,Bg)=0,Vge

H?'Y and the Takenaka-Malmquist (TM, for short) system {e,}22, is defined by

Moreover, in [8], the authors prove the following result.

Proposition 2.3 The TM system {e,} is a Schauder basis in Span’{e,},1 < p < occ. In

other words, for any f € span*{e,}, we have

f= Z(f, en)en in the HP(OD)-norm sense.
n=1
It consequently concludes that the TM system {e,} is a Schauder basis of HP(R) if {ay}

can not form a Blaschke product.

3 A Constructive Proof of Lax’s Theorem

The sufficiency is trivial since F'H?(C7) is an invariant subspace under the multiplication by
e, Now we show the necessity. Suppose that M is a non-zero closed subspace of H2(C"). Let
G € H%(C™) be the orthogonal projection of the function wLJrl € H?(C™") onto M. Therefore,

1
w+1i

! —G(w)—i—(

wHi

~ G(w)),



A Constructive Proof of Beurling-Lax Theorem 145

where G € M and w+1
Now we prove that |G(t) 1+t2
G is in M, we know that ¢**G is in M for any A > 0 due to the invariance of M under the

— G, we have

— G(w) is orthogonal to M.
2 =

for t € R, where C is some positive constant. Since

multiplication by . By the orthogonality between M and - +1

/OO (L -Gt )) HMG(t)dt =0, A > 0.

t—

It follows that

/ (B)2eMar — 2T L / © NG
N 21 \/2m 27 S t—1 ’

Since ¢**G(z) is analytic on the upper half plane when A > 0, we apply Cauchy’s formula to

get that

N / (t)|?eMdt = V2riG(i)e ™

By noting the Hermitian property of the Fourier transform of a real function, using the

00 +iXt
Laplace integral / tQ—l——th = Ee—y\kl7 y > 0 (see [10]) and utilizing the uniqueness of
—oo Y Y
Fourier transform of function in L?, we obtain that
21G(i)
GH)|? =", teR.
R =123,

Since G € H?*(C"), by Nevanlinna factorization theorem, we have G = IOg with Ig €
H®°(C*) and Og € H?(C*) being inner function and outer function, respectively. Now we
define the subspace M of H2(CT) by

M = IgH?(CH).

Obviously, M is an invariant subspace under the multiplication by e** for any A > 0. We
observe that G is also in M since Og € H2(CT). By using the density of {e'* : A > 0} in
H?(OC*) and the invariance of Ml under multiplication by e**  we conclude that M C M.

Finally, we want to show that M = M. To this end, it suffices to show that the conditions
feMand f L M imply that f = 0. On the one hand, from the invariance of M under
multiplication by e and f L I\7JI, we have

/Oo fOGH)e Mdt =0, X>0. (3.1)

On the other hand, from the facts that — G L M and the invariance of M under the

iAw

w+1

multiplication by e'*", we obtain that

| (i - cm)a—o

which is equivalent to

/oo FOG(t)eMdt = 27if(i)e >, A >0. (3.2)

— 00
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Setting A = 0 in Equations (3.1)-(3.2), we conclude that f(i) = 0. Therefore, (3.1)-(3.2)
indicate that the Fourier transform of fG is zero. Thus fG = 0. Noting that we have already

shown G # 0, we therefore conclude f = 0. The proof of this theorem is completed.
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