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The Cocycle Property of Stochastic Differential Equations
Driven by G-Brownian Motion*
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Abstract In this paper, solutions of the following non-Lipschitz stochastic differential
equations driven by G-Brownian motion:

t t t
X == +/ b(s,w, Xs)ds +/ h(s,w, Xs)d(B)s +/ o(s,w, Xs)dBs
0 0 0

are constructed. It is shown that they have the cocycle property. Moreover, under some
special non-Lipschitz conditions, they are bi-continuous with respect to t, x.
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1 Introduction

Let © denote the space of all R%-valued continuous paths w : [0, +00) 3 t + w; € R?, with
wop = 0, equipped with a uniform convergence topology. If a linear expectation Ep, which is
induced by the Wiener measure P, is given, the canonical process B;(w) is a d-dimensional
Brownian motion on the probability space (2, F,P). Here F stands for a Borel o-field of
Q. Now, if a sublinear expectation E is given, what is the canonical process Bi(w) on some
constructed probability space? It is a G-Brownian motion introduced in [7]. The stochastic
calculus with respect to the G-Brownian motion has been established (see [7-9]). Relative to
the Lévy theorem of the Brownian motion, a martingale characterization of G-Brownian motion
has been shown in [10]. The BDG inequality for G-stochastic integrals was also established (see
[6]). Moreover, the G-It6 formula in [8] was obtained and later Gao in [6] extended it by the
localization method.

Consider the following stochastic differential equation (SDE, for short) driven by G-Brownian

motion:

¢ ¢ ¢
X, ==z —|—/ b(s,w, Xs)ds —|—/ h(s,w, Xs)d(B), —|—/ o(s,w, Xs)dBs, (1.1)
0 0 0
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where z € R", b : Ry x Q x R™ — R"”, J:R+XQXR”HR”Xd,h:R+XQXR"»—>R"Xd2

with the following form:

1 1 1
h— hiv e hig hgy e hgg oo hgt oo hgy
I R T

and
<B> = (<Bl7Bl>7<BlaBQ>a"' 7<Blde>a"' 7<BdaBl>a<deBQ>7"' a<deBd>)T'

Here A" stands for the transposition of matrix A. The second and third integral on the right
side of (1.1) will be introduced in Section 2. If b, h and o satisfy Lipschitz conditions, Peng [8]
showed the existence and uniqueness of the solution to Equation (1.1) in the space MZ(0,T) (see
the definition in Section 2) by the contracting mapping theorem. Under the same conditions,
Gao defined the Picard iterative approximation sequence and obtained the unique solution to
(1.1) (see [6]). However, many coefficients do not satisfy the Lipschitz condition. Therefore
the extension to non-Lipschitz conditions is necessary. Here we do this. The unique solution
to (1.1) is constructed through successive approximation. It is worthwhile to mention that
non-Lipschitz conditions have been studied in [2]. But our assumption is more general than
theirs.

Moreover, we study a property of (1.1). Because the property is similar to the cocycle
property of SDEs driven by Brownian motion, we also call it the cocycle property. As we know,
it is the first time to mention the cocycle property of SDEs driven by G-Brownian motion.

Using the cocycle property, under some special non-Lipschitz conditions, we get a bi-
continuous modification of the solution with respect to ¢, x.

This paper is arranged as follows. In Section 2 we prepare some preliminaries to the readers’
convenience. In Section 3, the solution to (1.1) is constructed and its cocycle property is proved.
We consider its bi-continuity under some special non-Lipschitz conditions in Section 4.

The following conventions will be used throughout the paper: C with or without indices will
denote different positive constants (depending on the indices) whose values may change from

one place to another.

2 Preliminaries

First of all, we introduce G-expectation (see [5-6]).

S¢ denotes the space of d x d symmetric matrices. I' is a given nonempty, bounded and
closed subset of R¥*? which is the space of all d x d matrices. lip(R?) is the set of bounded
Lipschitz continuous functions on R%. |- | denotes the length of a vector in R™. || - || stands for
the Hilbert-Schmidt norm of a matrix.

For A € S¢, set

1
G(A) = 3 SIGIIE tr[yyT Al
gl
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For each ¢ € lip(R?), define
E(p) := u(1,0),

where wu(t, z) is the viscosity solution to the following G-heat equation:

ou 2\ d
E_G(D u) =0, (t,x)€[0,00)x R, 2.1)
u(0,z) = (),

and D?u = (8§ixju)§{j:1 (the existence and uniqueness of (2.1) in the sense of the viscosity

solution can be found in [4]). Then E : lip(R%) — R is a sublinear expectation, i.e.,

(1) X >, E[X] > E]Y],

(2) E[X +Y] < E[X] +E[Y],

(3) for all A > 0, E[AX] = AE[X],

(4) for all c e R, E[X + ¢] = E[X] +c.
This sublinear expectation is also called a G-normal distribution on R¢ and is denoted by
N(0,%), where ¥ := {yyT,v € T'}.

To well understand the sublinear expectation, we introduce another concept. Let F, :=
o(ws,s < t) and Af ., be the collection of all I-valued {F,¢ > 0}-adapted processes on the

interval [0, 00). For each 6 € Af ., we denote

t
BY? .— / 0, dws.
0

Py denotes the law of the process Bf"® under P. Define

C(A):= sup Py(A), AecF.
0EA]
Then C(-) is a Choquet capacity (see [5]). A set A is polar if C(A) = 0 and a property holds
“quasi-surely” (q.s., for short) if it holds outside a polar set. For each X € F such that Ep, X
exists for each 6 € Af . Set

EX := sup FEp, X
AL

and then for all X € L} (F) (introduced in the sequel)
EX =EX.

For its proof, refer to [5].
For each t > 0, set

Lip(Ft) := {f(wt,, wiy, -+ ywr, ) :m =1,
tr, -t €[0,8], f € lip(RT™)},

Lip(F) := | Lip(Fn) C Co().
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Let H be a vector lattice of real functions defined on €2 such that Lip(F) C H and if that
X1, -+, X, € H, then (X1, -+, X,,) € H for each g € lip(R™).

Let E : H — R be a sublinear expectation on H. A d-dimensional random vector X with
each component in H is said to be G-normal distributed under the sublinear expectation E[-] if
for each ¢ € lip(R9),

u(t,z) == E(p(z + VtX)), t>0, zcR?

is the viscosity solution of the G-heat equation (2.1).

E is called to be a G-expectation if the d-dimensional canonical process {B¢(w),t > 0} is a
G-Brownian motion under the sublinear expectation, that is,

(i) Bo = 0;

(ii) for any s,t > 0, By ~ Byys — Bs ~ N(0,tX);

(iii) for any m > 1,0 =tg < t; < -+ < t,, < 00, the increment B, — B,
of By, -+, By, ., ie., for each o € lip(R¥*™),

, is independent

m—

]E(SD(Bt17 T aBtm71 ) Btm - Btvnfl)) = E(w(Btn T )Btvnfl)))

where ¥(z1, -+, 2m—1) = E(p(x1,"+ ,Zm—1, Bi,, — Bt,, ,)). In particular, for any a € R¢, B2

m

d
= (a, By) := >_ a'Bj is a one-dimensional G-Brownian motion.
i=1
Next, we only introduce a stochastic integral about B for convenience of statement (see

[5-6]).

To the G-expectation E, the topological completion of Lip(F;) (resp. Lip(F)) under the
Banach norm E[| - [] is denoted by L& (F;) (resp. LE(F)). E[] can be extended uniquely to a
sublinear expectation on L{(F). The extension is also denoted by E.

ForTeRy, 0=ty <ti <---<ty=T. Let p>1 be fixed. Define

N
MEYO,T) = {mw) = 3§11, 10061 (@) € LE(F, )},
j=1
where LY(F;) = {¢€ € LL(F:); EI€]P < oo}. For n(w) € ME(0,T),
17 1<
T/o E(n)dt = T;E(fjfl)(tj —tj-1).
For each p > 1, M¥%(0,T) denotes the completion of Mg’o(O7 T) under the norm

e 1
Inllarz0.1) = T(/o E|nt|pdt) .

For each n € MCQ;’O(O, T), define

T N
I() = / n(s)AB2 = 3 & 1 (B2 — B2 ),
j=1
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and then we get a stochastic integral with respect to G-Brownian motion. Besides, the mapping
I:MZ°(0,T) — L%(Fr) can be continuously extended to I : MZ(0,T) — L%(Fr). For each
n € MZ(0,T), the stochastic integral is defined by

/0 n(s)dB2 =: ().

Let m¥ = {t)V,#V,--- N}, N =1,2,---  be a sequence of partitions of [0,¢] and
Ny — N _ 4N
plm) = max 17— 15

The quadratic variation process (B?), of the process B} is defined by
N t
(B%) =, i (B - By ! = (507 -2 | Brase.
For each fixed s > 0,
(B%) s = (B, = ((B*)%)y,

where Bj = Byys — Bs and (B®)? = (a, B}).
Define a mapping M5%(0,T) — LL(Fr) as follows:

T N
Qur(n) = [ n()ABY, = 306 (B, = (B),, ).

Then Qo,r can be uniquely extended to M} (0,7). We still denote this mapping by

T
/0 n(s)d(B2), = Qor(n), € ME(0.T).

The following two theorems from [6, Theorems 2.1-2.2] are BDG inequalities for the G-

stochastic integral.

Theorem 2.1 Forp > 2 and n € ME(0,T), set X, = fot n(s)dB2. Then there exists a
continuous modification X of X, i.e., for w €  C Q with C(Q°) = 0, X.(w) is continuous and
C(| Xy — X¢| #0) =0 for all t € [0,T), such that

— ~ ~ t L
B( sup [, - %) < CoB(( [ fnuPdu)”).

s<ut
where 0 < C(p,a) < oo is a constant only dependent on p and a.
Theorem 2.2 Let p > 1 and n € ME(0,T). Then there exists a continuous modification

Y2 of YA = fg nud(B?),, such that for any 0 < s <t < T,

u

t
E( sup [V~ V2pP) <Ot -9 [ Bl

s<u<lt
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3 SDEs Driven by G-Brownian Motion

Theorem 3.1 Suppose that for p > 2,

(1) there exists a function H(t,u) : Ry x Ry — Ry such that

(la) for fized t, H(t,u) is continuous nondecreasing with respect to u,
(1b) for T >0, any 0 <t < T and X, € LY,(F),

b(t, Xy), h(t, X),0(t,X;) € ME(O,T)

and
E[b(t, Xo)P +Ellh(t, X" +Ello(t, Xo)|” < H (1.E(sup| X, ) ).
r<t

(1c) for any constant K > 0, the differential equation

du
— =KH(t
dt (7u)

has a global solution for any initial value ug;
(2) there exists a function F(t,u) : Ry x Ry — Ry such that
(2a) for fixed t, F(t,u) is continuous nondecreasing in u and F(t,0) =0,
(2b) for T >0, any 0 <t < T and X;,Y; € LY,(Fy),
E|b(t, X1) — b(t, Yo)|” + E||h(t, X;) — h(t, YOI + Ello(t, X) — o(t, Y)|]P
<F(LE(sup|X, - Y,[)),

r<t

(2¢) for any constant K > 0, if a non-negative function ¢, satisfies

t
vt < K/ F(s,ps)ds
0

for allt € Ry, then ¢, = 0.

H. J. Qiao

Then (1.1) has a unique solution X which is continuous g.s. and X, € LY,(F;) for t > 0.

Remark 3.1 Fix 7" > 0 and assume that b, h and o satisfy, for all x,z1, 29 € R™,
(H1) [b(t,2)* + |h(t, 2)[? + [lo(t, )] < BE(t) + B3 (8)|2]*;

(H2) [b(t, 21) = b(t, z2)|* + ||t 21) = h(t, 22) |* + o (t, 21) — o (t, z2)||* < B2 (t)p(|x1 — w2f),
where 31 € MZ(0,T), 3,32 : [0,T] — R are square integrable and p : (0, +00) — (0, +0oc) is a

continuous, increasing and concave function so that

p(0+) =0, /0 % = +00

Under these conditions (H1) and (H2), Bai and Lin in [2, Theorem 3.1} showed the existence
and uniqueness of the solution to (1.1). If we choose H(t,u) = EB%(t) + B2(t)u and F(t,u) =
B%(t)p(u), it can be easily justified that (1a)—(1c) and (2a)—(2c) hold for p = 2. Therefore, our

result is more general than that in [2].
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We are now in a position to give the proof of Theorem 3.1.

Proof of Theorem 3.1 Let X? := x and for n € N,

t t t
X'i=g +/ b(s, X' 1)ds +/ h(s, X2 1)d(B), +/ o(s, X2 1)dB;
0 0 0
VT > 0. First of all, we show that for t < T and n € N,

X e LY (F) and E(sup|Xﬁ|p> < up < ur,

r<t
where u; satisfies
t
w = G Dlel? + Cu(pT) [ H(s, ),
0
and
Cy(p, T) = 471 (1 + C(p)T?™).
Suppose
X;nil S L%(./Tt)

and
(sup | X~ 1|”) Uy,

r<t
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(3.1)

which together with the definition of the G-stochastic integral and (1b) yield X" € L (Fy).

Secondly, by Theorems 2.1-2.2, the Holder inequality and (1a)—(1b), we get

E(sup |X717)
r<t

— T 2 —
< 4p*1<|x|p —|—E<sup / b(s,ngl)ds‘ ) —|—E(sup
r<t 0

r<t
[ oo xzan)

<G 1) (ol + [ Blp(s X2P)as+ [ E(InGs, X2 P)ds

+E[(/Ot ||a(s,X§’1)||2ds)%D

cl<p,T>(|x|p+ | B Xz as+ [ B, 1)

/ (s, X271 [7)ds)

|x|P 4+ /OtH(s E(iiI;'X?_l'p))dS)

p.7(
< Ci(p <|x|p tH (s us)ds)

0

[ #ts xiham),
0

+ E( sup
r<t

< wy

for all ¢ < T. By the induction method, (3.2) is proved.
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Next, we have, by the same deduction as above,

T

(b(s, X7 1) — b(S,Xsmfl))ds‘p)
)
)

E(sup | X — X;n|p) <3t (E(
r<t

r<t 0

supy/ h(s, X271) = h(s, X 1))d(B),

r<t

sup ‘ /
r<t

<@@IK/EWwW”%M&ﬂ%WMS
0

5, XY — (s, X™ 1))dB,

t
+/EM@X?U—Mwﬁ“%%s
0

t
+75 [ Blo(s, X7 = (s, X2 )ds)
0

- X7P) )ds

t
< C’g(p,T)/ F(s,E(sup|Xﬁ71
0

r<s
where Ca(p,T) := 3P"1(1 4+ C(p)TP~1). Let

Y, = limsupE<sup | Xt —

7n,mMm— 00 r<t

X)),

It follows from the Fatou lemma and (2a) that

Cy(p,T) /0 F(s,Ys)ds

By (2¢), we obtain that ¥; =0, i.e.,

lim IE( sup | X!
n,m— oo r<t

_ X,f”*1|P) —0

Then there exists a subsequence {X;"*} such that for any k > 1

_ PN & 1
sup |74+t — X7 | = (E( sup et - X24)")” < g
r<t p r<t 2
Thus
0o 0o N
[ supixiess = xeel], = swp (n (Ll - x))’
r<t AL <t

o=

P
< sup (Ep (sup|X”’“rl X"’“|) )
0€AL Z ’

sup | X — X0l <1
r<t p
which implies

X' < oo qs.

ZSHP X —

=1 'St

H. J. Qiao
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Set X; = X;" + Z (X" — X"™). Then X is q.s. defined on € for all t € [0, T] and continuous

||| < 0o, and
1 o .
(E(suplxye — )" < sup (Be, (X sup X7 - x1))")”
r<t GE.AE’OO 1=k r<t

e
n n
< E : Supler—l_Xrl'
I—k r<t

‘ p

Letting kK — oo and taking limits on both sides of the above inequality, we get

hm IE(sup|X"’c Xr|p> =0.

k—o0 r<t

Now by the Holder inequality, (2b) and Theorems 2.1-2.2, it holds that

sup}/ b(s, X'*)d s—/rb(s,Xs)ds‘p)
r<t 0

< Oy (p,T)/O F(s,E(iinfk —Xr|p))ds

)

E(sup

r<t

< Co(p,T) /OtF(S,E(iZI;'X:Lk - Xr|p>)ds
E(sup

/ o(s, X7*)dB; —/ o(s, Xy)
r<t 0 0
t
< Cg(p,T)/ F(S,E(supp(;“‘ - Xr|p>)ds
0 r<s

Taking limits on both sides of (3.1) in L{,(F;), we attain that X satisfies (1.1).
Next, let X and X’ be two solutions to (1.1), and then by the same way as above, we obtain

that

[ ns.xaim), - / " h(s, X.)d(B),
0 0

and

E(sup | X, — X,',|p) < Co(p,T) /t F(s,E(sup | X, — X;|p))ds
0

r<t r<s

for all t < T. We can apply (2¢) and deduce that E(sup | X, — X;|p) = 0, which implies that
r<t
X: = X/, t €[0,T] q.s. Thus the proof is completed.

Next assume that b, h and o are independent of ¢,w, and we study the cocycle property of
(1.1) under these conditions of Theorem 3.1. The method comes from [1].

For 0 < s <t < oo, consider the following equation:
t t
By y(2,w0) = o + / b( 4, ) ) + / h(®y (2, ))A(B),

+ / 0(Ps (2, w))dB,,. (3.3)

By Theorem 3.1 we know that (3.3) has a unique solution and denote it by ®s;(x,w).
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Lemma 3.1 For0<r<s<t< oo,

D,y (x,w) = P 1 (P s(z,w),w)  ¢.s. (3.4)

Proof Because @, ,(z,w) solves (3.3), it follows from the additive property of G-stochastic
integrals (see [7])

Orslr) =2t [ otz [ 0B,
v f (@ (2.))dB,
—z+ / b(®, (2, w))du + / h(®y o (7,w))d(B),
4 / (@, 0))dB, + / b, )
[ n@ate (), + [ 0@,
= 0ufr) [ @ [ H@)i),
+ /St (P y(z,w))dB,y,.

However,
t
D (P s(2,w),w) = Pp s(,w) —|—/ b(Ds o (Pr s(z,w), w))du
. S
+ / B( s (Brs (2, 0), ) )A( B,
t

+ / 0(Psu(Pr s(z,w),w))dB,.

S

By the uniqueness of the solution to (3.3), (3.4) is proved.

Before stating another lemma, we introduce a notation ®¢ ¢(x, &), which solves the following

equation:
t t
Qg (2, ) :x—i—/ b(@oyu(fc,@))du—k/ h(®o,y(z,0))d(B%),
0 0
t
+ / o(@0.4 (,3))dBS,
0

based on (B*), = (B),,, — (B), ~ (B),, B, = Bsyu — Bs ~ B, and Theorem 3.1.

S

Lemma 3.2 For 0 < s,t < oo,

Dy syi(z,w) = Do (z,@) g.s. (3.5)
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Proof Define ®) ., (z,w) =z, ®],(z,&) := z and for n € N,
s+t s+t
fow)imat [ W@ @)t [ RO @ w)d(B),
s+t
+ / 0(@27;1(56, w))dB,,
- t
B(0.2) =2+ [ WO @) du+ [ (@ 8B,
0 0
t
+ / U((I)g’;l(x,&}))dBZ.
0
Then @7 (., (z,w), ®F (2, W) are well defined by the proof of Theorem 3.1. First of all, we prove

q>?,s+t(x7w) = ¢6L,t(x7a) q.s. (36)

Assume that (3.6) holds for n—1. Taking a sequence of partitions of [0,¢]: ¥ = {tJ/,t]V,--- |

tN}, N =1,2,---, one gets by Proposition 5.3.5 in [9]
N s+t
SoUOL L @+ ) — s+ ) = [ b W) in L)
i=1 g ’

and by the definitions of G-stochastic integrals,

N s+t
D@ e @) (B = (Blapey ) — / B(@2 @,w)d(B), in LE(F),

<.
Il

] =

N
s,s+t].71

s+t
(@ Ly (@w)(Beyon — By ) — / o(@]5" (z,w))dBy in LE(F),
1 S

.
Il

as pu(m)) — 0. Thus, by (3.6), Proposition 5.3.5 in [9] and the definitions of G-stochastic

integrals,

N
Wonalew) = m o+ b@ e @w)((s+t) — (s+870)
j=1

w(m ) —0

j=1
N
+ZU( z;it;yil(xaw))(BertN Bs+t§\’_1)
j=1
N
BT [ b(@" L (2,0 (Y — V.
u(m}\’H)LO x"'; ( 0,tN 1(35 w))(t; 1)
N
+ Zh@g;;% (@ @)(B)y = (B%)y )
j=1
N
+Y 0@y (@0)(By — By )]
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t t
o+ [ b@G @ E)dut [ b @ )AB),
0 0

t
+ [ oty w.0)aB;
0
= (I)g,t(xva)a
where these limits hold in L} (F).

Finally, by the proof of Theorem 3.1 we know that @Y . ,(z,w), ®f,(z,&) converge to
s srt(z,w), Po(x, D) respectively in LZ(F). So, (3.5) is proved by taking the limit to (3.6).

Theorem 3.2 (Cocycle Property) For 0 < s,t < 0o,

XtJrs(xaw) = Xt(Xs(x)va) q.s.

Proof By (3.4)-(3.5), we have

XtJrS(xv w) = (I)O,Sth ((E, w) = @S7S+t(@075(x7 CU), w)

= (I)O,t(q)o,s(x;w);@) = Xt(XS(J?),ZU\) q.8.

4 A Special Case: F(t,u) = Cq(t)py,(u)

For 0 <n < %, we define a concave function as

ulogu™?!, u <N,
i) = { !

nlogn=' 4 (logn™' = 1)(u—n), u>n.

Then Cq(t)p,(u) satisfies (2a) and (2c), where ¢(t) is a strictly positive and integrable function
on Ry. In this section, we consider the special case: F(t,u) = Cq(t)py,(u).

Lemma 4.1 Suppose that b, h and o satisfy those conditions in Theorem 3.1 for F(t,u) =
Cq(t)py(u). Then for any T > 0, there are three positive constants Cs = C3(p,T), Cs =
Cu(p,T) and Cs = Cs5(p, T) such that for any x,y € R™ and any s,t € [0,T],

E(|Xs(2) = Xi(2)I7) < Csls —¢]%,

E((sup [ X:(x) = X(u)P) < Colar —yprevl= Ol o),
t<T

Its proof is similar to that of Theorem 3.1 and we omit it.

Proposition 4.1 Suppose that b, h and o satisfy those conditions in Theorem 3.1 for
F(t,u) = Cq(t)p,(u). Moreover, they are independent of t, w. Then the solution X.(z) to

(1.1) is bi-continuous with respect to t, x.

Proof In Lemma 4.1 we first choose p sufficiently large and secondly 1" =: T} sufficiently

small such that

p- exp{ —Cy /OTO q(s)ds} > d.



Cocycle Property of G-SDFEs 159

Then by Theorem 31 in [5]
[0,To) x R? 3 (t,2) — Xi(z,w) € R?

has a bi-continuous modification which is still denoted by X;(x).
For t € [T, 2T}], by Theorem 3.2 we have that for all s € [0, Tp],

o~

Xy (2,0) = Xo(Xn, (2,0),0), 5. (4.1)

where X,(z, 5) solves the following equation:
S S
Xs(z,0) = x+/ b(Xu(a:,@))du—i—/ h(Xy(z,0))d(B™),,
0 0
+ / o (X, (z,))dB.
0

Set

)Z'SJrTo(wi) = XS(XTo(xaw)aa)'
Since (s,z) — Xs(x,a) and z — Xg,(z,w) are continuous q.s., we obtain the continuity of
(s,3) — Xeir,(z,w) q.s5. We still denote the bi-continuous modification of Xy 7, (z,w) by

Xs+1, (z,w). By (4.1), we have

XS+TO($,W) = XSJrTo(wi)v q.8.

Then there is a set Q C Q with C(€ ) = 0 such that for all w € €,
Xor1y(2,0) = Xo(Xg, (2,0),8), Vs € [0, To].
In the same way as t € [Tp,2Tp], we get that X;(z) has a bi-continuous modification for
t e [ZTIQ7 3T0], [31’07 4T0], e
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