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Abstract This paper deals with injective and projective right Hom-H-modules for a
Hom-algebra H. In particular, Baer Criterion of injective Hom-module is obtained, and
it is shown that HomModH is an Abelian category. Next, the authors define Hom-path
algebras and construct Hom-path algebras of some quivers.
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1 Introduction

A Hom-algebra structure is a multiplication on a vector space where the structure is twisted
by a homomorphism. Hom-Lie algebras and general quasi-Hom-Lie and quasi-Lie algebras were
introduced by Hartwig, Larsson and Silvestrov as algebras embracing Lie algebras, super and
color Lie algebras and their quasi-deformations by twisted derivations. Makhlouf and Silvestrov
introduced and studied Hom-associative, Hom-Leibniz and Hom-Lie admissible algebraic struc-
tures generalizing associative, Leibniz and Lie admissible algebras in [1]. At the same time, they
developed the theory of Hom-coalgebras and related structures in [2]. In [3-5], Yau constructed
enveloping algebras of Hom-Lie and Hom-Leibniz algebras, researched G-Hom-associative al-
gebras as deformations of G-associative algebras along algebra endomorphisms, and studied
Hom-bialgebras and objects admitting coactions by Hom-bialgebras.

In this paper, we extend Hom-modules and Hom-algebras to the category of modules and
the representation of quivers respectively, by using the ideas of [6-8]. This paper is organized
as follows. In Section 2, we summarize the definitions of Hom-algebra, Hom-module and path
algebra of quivers. In Section 3, we define right Hom- H-module for a Hom-algebra H and prove
that HomMod g is an Abelian category. For injective and projective right Hom- H-modules, we
research some of their essential properties and give the Baer Criterion of injective Hom-module.
In Section 4, we define the concept of Hom-path algebra and give the types of quivers whose
path algebras can be made into (nontrivial) Hom-path algebras.

2 Preliminaries

Throughout this paper, let K denote a field of characteristic 0. Firstly, we introduce the
definitions of Hom-algebra and Hom-module as follows.
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Definition 2.1 (see [3]) A Hom-algebra is a triple (H, pu, o, n) in which:

(1) H is a K-module;

(2) p: H®x H— H s a bilinear map;

(3) «: H— H is a linear endomorphism;

(4) n: K — H, the unit, is a linear map such that the following diagram commutes.

K®KHMH®K H&H@KK

7]

I

H
When there is no danger of confusion, we will denote a Hom-algebra (H, u,c,n) simply by H.

Definition 2.2 (see [3]) By a Hom-module, we mean a pair (V,a) consisting of

(1) a K-module V', and

(2) a linear endomorphism o :V — V.

A morphism f: (M,an) — (N,an) of Hom-modules is a linear map f : M — N such
that foapy =ano f.

Next, we recall some points about quivers and path (co)algebras. By a quiver @), we mean
a quadruple (Qo, @1, h, s), where Q) is the set of vertices (points), @1 is the set of arrows and
for each arrow a € Q1, the vertices h(a) and s(a) are the source (or start point) and the sink
(or end point) of a, respectively. If i and j are vertices in @), an (oriented) path in @ of length
m from i to j is a formal composition of arrows

P =am- a1,

where h(a1) =4, s(am) = j and s(ag—1) = h(ay), for k = 2,--- ;m. To any vertex i € Qo,
we attach a trivial path of length 0, say e;, starting and ending at i such that ae; = a (resp.
e;b =) for any arrow a (resp. b) with h(a) =i (resp. s(b) =i). We identify the set of vertices
and the set of trivial paths. An (oriented) cycle is a path in @ which starts and ends at the
same vertex. @ is said to be acyclic if there is no oriented cycle in Q.

Let K@ be the K-vector space generated by the set of all paths in Q. Then K@ can be
endowed with the structure of a (unnecessarily unitary) K-algebra with multiplication induced
by concatenation of paths, that is,

_ Jam---aza1by - baby, i s(bn) = h(a1),
(@m -+ a2a1) (b -+ baby) = {O, otherwise.
KQ is the path algebra of the quiver (). The algebra K@ can be graded by
KQ=KQdoKQ1® - ®KQyu®---,

where @, is the set of all paths of length m.

Following [9], the path algebra K@ can be viewed as a K-coalgebra with comultiplication
induced by the decomposition of path, that is, if p = a,, ---a; is a path from the vertex i to
the vertex 7, then A(p) = > n® 7 and for a stationary path e;, we have A(e;) = e; ® e;. The

nT=p
counit of K@ is defined by the formula

(a) = 1, ifa € Qo,
‘)= 0, if a is a path of length > 1.

The coalgebra (KQ, A, €) (shortly K@) is called the path coalgebra of the quiver Q.
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Definition 2.3 (see [10]) A relation subcoalgebra of a path coalgebra K@ is any subcoalgebra
S of KQ satisfying the following two conditions:
(a) The subcoalgebra KQ<1 = KQo ® KQ1 of KQ is a subcoalgebra of S;
(b) S= @ S(i,j4), where S(i,j) = SN KQ(i,7).
1,J€Q0

3 Injective and Projective Hom-Modules

The main purpose of this section is to study injective and projective Hom-modules and some
of their fundamental properties which are similar to those in the homological algebra. First we
need some preliminary concepts.

Definition 3.1 Let H be a Hom-algebra. By a right Hom-H-module, we mean a Hom-
module (M, ) equipped with a right H-action, ppr : M @ H — M (m & h — mh), such
that apr(mh) = apr(m)ap (h) form e M, h € H.

A morphism [ : (M,ayn) — (N,an) of right Hom-H-modules is a morphism of Hom-
modules such that f(mh) = f(m)h form e M, h € H.

Remark 3.1 The morphism f is well defined, that is, f o apsr(mh) = f(ap(m)a
flane(m))apn(h) = foan(m)an(h) = an o f(m)ay(h) = ay(f(m))an(h) = an(f(m
ano f(mh). We denote the set of morphisms of right Hom-H-modules from (M, o) to
by Hompg (M, anr), (N, an)).

All right Hom-H-modules and their morphisms form a category which is denoted by
HomModpg.

Definition 3.2 For a right Hom-H-module (M, ayp), we define that (U, ay) is a Hom-
submodule of (M, apr) if

(1) U C M is a K-submodule;

(2) ay = am|v, and ay(U) CU;

(3) pv = pumlv and py(U @ H) CU.

Definition 3.3 A (direct) product of a family of right Hom-H-modules (A;, ;) is (A, aa),
if there exist morphisms m; : (A, aa) — (A, aa,) such that for any (B,ap) and f; : (B,ap) —
(Ai,a,), there is a unique morphism f : B — A such that the following diagram commutes
for alli € I, where I is an index set.

/_7(A, a,)
f .7
z//’/ ﬂi
(B, ag)
f. (Awa/.\)
Remark 3.2 By the category of modules, we know A = [] A;. Define [] aa,(a) =
icl i€l
I @a;(a;) for a € A, a; € A;. Tt is easy to see that oy = [ aa,. Then (A, a4) is the (direct)
el el
product ( [T A;, [T aa,).
i€l el

Similarly, we can define the concept of coproduct.

Definition 3.4 A coproduct of a family of right Hom-H-modules (A;,aa,) is (A, car),
if there exist morphisms n; : (Ai,aa,) — (A',aar) such that for any (B,ap) and g; :
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(Ai,an;,) — (B,ap), there is a unique morphism g : A’ — B such that the following di-
agram commutes for all i € I.

(M)
g.-
1_/'/ 7;
(B,ag)
T~~(A.,)

Remark 3.3 In the category of modules, we know A’ = I_[ A; and I_[ A; C H A;.
Define avar = aalar and I_[ aq,(a) = Z ag,(a;) for a’ € A a; gIAi. It is zeeafsy to sezeEIthat
Qaar = I_[ a4,. Then (Af,E(IxA/) is the z:eoi)roduct (]_[ A, I_[ aAi). Normally, we also denote
(A, aA/l)E{by the direct sum ( Q}IAi, Q}IaAi). o

ic i€

Definition 3.5 Ifu: (A, aa) — (B,ap) is a morphism of right Hom-H-modules, then
its kernel Keru is a morphism i : (L,ar) — (A,aa) that satisfies the following universal
mapping property: ui = 0 and for every g : (X,ax) — (A4,aa) with ug = 0, there exists
a unique 0 : (X,ax) — (L,ar) with i@ = g. There is a dual definition for cokernel (the
morphism 7 in the diagram).

(X,ax) (A,OCA)U%(B,OCB)#(C,&C)
o g 5 7z
v %

(LvaL)iﬁ (AvaA)? (Baas) (Y,OlY)

Theorem 3.1 HomMody is an Abelian category.

Proof Firstly, let us show that HomMody is an additive category. For any fi,fo €
Hompg ((A, aa), (B, ap)), we define (f1 + f2)(a) = fi(a) + fa(a) for a € A, then

(fi + fo)(ar + a2) = fi(a1 + az) + fa(a1 + a2)
= fi(a1) + fi(az) + falar) + folaz) = (fi + f2)(a1) + (f1 + f2)(as2),
(fi + f2)(ah) = fi(ah) + f2(ah) = fi(a)h + f2(a)h = (f1 + f2)(a)h

for a;,a2 € A, h € H.

(fi+ fa)oas= fioaa+ faoas=apo fi+apo fo=apo(fi+ f2)

Thus, f1 + fo € Hompu((A4,a4), (B,ap)) and Hompg((A, a4), (B,ap)) is an additive Abelian
group; zero morphism is the zero element, and — f is the negative element of f. It is easy to see
that the distribution laws are established and any finite right Hom- H-module has a coproduct
(see Remark 3.3).

Next, we will show that the additive category HomMody is an Abelian category. Suppose
f € Hompy((A,aa), (B,ap)), and let

N={a€A| f(a) =0}, any=aaln,
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where f(an(a)) = foaa|n(a) = foaa(a) =apo f(a) = ap(f(a)) =0 for a € N, that is,
an(N) € N;

M = {b € B | there is an a in A, such that f(a) =b}, an = ap|m,

where ap(b) = ap|m(b) = ap(f(a)) = apo f(a) = foaa(a) = f(aa(a)) for b € M, that is,
apn (M) C M. Then (N, ay) is a Hom-submodule of (4, a4) and (M, aps) is a Hom-submodule
of (B,ap) because f(ah) = f(a)h = 0 and bh = f(a)h = f(ah). Note that (N,an) = Kerf
is the kernel of f. We denote (M, aps) = Imf and the cokernel of f is Cokf = (B/M, ap ),
where ap/y (b + M) = ap(b) + M, which is well defined. In fact, if b4 M = b’ 4+ M, then
b—V € M and ag(b—"V) € M, so ag(b)+ M = ag(t') + M, as desired.

If N =0, fis a monomorphism; if M = B, f is an epimorphism; and if M =0, f is a zero
morphism. We define

i:(N,an) — (A,aa), such that i(a) = a € N;
m: (A, aa) — (M, apn), such that w(a) = f(a) € M;
n: (M,an) — (B,ap), such that n(b) =b € B;
7' (B,ap) — (B/M,ap/y) is the natural epimorphism.
Then i and 1 are monomorphisms; 7 and 7’ are epimorphisms. Since f = nm, the following

diagram commutes.

M, )
7N
(N, &t )—L> (A @,) —> (B, aty ) —Z—> (B/ M, g )

Thus, i = Ker f = Kerm, and ' = Cok f = Cokn.

Definition 3.6 A covariant functor T is an exact functor if for every exact sequence
0— (4, a4) —= (B,ap) = (C,ac) — 0

in HomMody, the sequence

T(i) T(m)
0 — (T(A), ara)) — (T(B),arm)) — (T(C), arc)) — 0
is also exact.
A contravariant functor F' is an exact functor if there is always exactness of

F(r) F(i)
0 — (F(O),ar)) — (F(B),arm) — (F(A),apa)) — 0.

Definition 3.7 A right Hom-H-module (E, ag) is injective if, whenever i is an injection,
a dashed arrow exists such that the following diagram commutes.

(E.ae)

oo
S

f g
00— (Aa)—— (B,a,).

Remark 3.4 If (F,ag) is an injective right Hom- H-module, then E is an injective right
H-module.
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Proposition 3.1 A right Hom-H-module (E, ag) is injective if and only if
HOII]H(—, (Ea aE))

s an exact functor.

Proof If (E,ag) is injective, for an exact sequence of right Hom-H-modules

0 — (4, a4) —= (B,ap) = (C,ac) — 0,

we can get that

0 — Homp (C, E) ~— Hompg (B, E) ~— Homz (A, E) — 0

is an exact sequence. We must prove the exactness of

0 — Homp ((C,ac), (E,ar)) = Homgy (B, as), (E,ar))
N Hompy ((A,an),(E,ag)) — 0.

For f : (C,ac) — (E,ag), ie, f: C — E, foac = ago f, and f(ch') = f(c)h’
force C, b € H,let 7*(f) = fom, and then foroap = foaconm = ago fon and
fom(bh) = Fr(b)) = F(r ()R = f o n(b)I

For g : (A,aq) — (F,ag), ie,g9: A— E, goay = agog, and g(ah') = g(a)h’ for
a € A, I/ € H, there exists a map h : B — F, such that i*(h) = g = hoi. Since (E,ap) is
injective and 7 is an injection, by the definition, we obtain hoapg = agoh and h(bh') = ( VA
for b € B, h' € H. Therefore, Hompy(—, (E,ag)) is an exact functor.

For the converse, assume that Hompy(—,(E,ag)) is an exact functor. For any g €
Homp ((A, ), (E,ag)), there exists a morphism h € Hompg((B,ag),(E,ag)) such that
g = hoi, that is, (F, ag) is an injective right Hom-H-module.

Corollary 3.1 For any right Hom-H-module (M, apr), Hompy (—, (M, apr)) is a left exact
contravariant functor.

Proposition 3.2 If a right Hom-H-module (E,«ap) is injective, then every short exact
sequence

0— (E,ap) —— (B,ap) = (C,ac) — 0
splits.

Proof Since (F,ap) is injective, there exists a morphism g : (B,ap) — (E,ag) such
that the following diagram commutes,

(E, )

1 ~.9

(E.ag) Ml
0o——> (E, aE)—> (B og)
that is, goi = 1(gap)-
Theorem 3.2 (F,ap) = (H E;, H ag,) is injective if and only if every right Hom-H-
module (E;, ap,) is injective. e

Proof Consider the diagram
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(E. )

(A'a,)
e

If (E;, ag,) is injective, then there exists a morphism g; such that f; = g; 0j. Since (E, ag)
is the product of (E;,ap,), i € I, there is a unique morphism f such that m; o f = f; and a
unique morphism g such that m; 0 g = g;. So goj = f and (E,ag) is injective.

Conversely, if (E, ag) is injective, then there exists a morphism g such that go j = f. For
fi: (A,aa) — (E;, ag,), we must prove that there is a morphism g; such that g;0j = f;. Since
(E, ag) is the product of (E;, apg,), i € I, there is a unique morphism f such that m; o f = f;.
We set g; = m;0g. Then g;oap = mogoagp =moagog = ap, 0T 0g = ap, ©¢g; and
gi(bh) = m; 0 g(bh) = m;(g(b)h) = mi(9(b))h = m; 0 g(b)h = g;(b)h for b € B, h € H. Thus
gioj = fiand (E;,apg,) is injective.

Corollary 3.2 (1) Every direct summand of an injective right Hom-H-module (E,ag) is
injective.
(2) A finite direct sum of an injective right Hom-H-module is injective.

Proof (1) Assume that (E,ag) = (E1,ap,) ® (Eq,ag,), ¢ : (E1,ar,) — (E,ag) is the
inclusion and 7 : (E,ag) — (E1,apg,) is the projection. From the following diagram

i
(B ag ) ——(E, &)
T A

f) f Eg
0—>(A, aA)%j(B,IaB)

we can conclude that (Ey, ag, ) is injective. Similarly, (E2, ap,) is also injective.
(2) Let I be a finite set, and then @ E; = [] E;. So the conclusion holds.
iel iel
Definition 3.8 Let (M, anr) be a right Hom-H-module. A right Hom-H-module (E, ag)
containing (M, ), that is, M C FE and ag|y = o, is an injective envelope of (M, anr),
if (E,ag) is injective and there is no proper injective Hom-submodule (E',ag:) such that
(M, ) € (B, ap) € (B, ap).

Definition 3.9 (see [11]) Let H = (H, pu,«,n) be a Hom-algebra. A Hom-subalgebra S of
H is a triple (S, p|s, als,nls) in which:

(1) S C H is a K-submodule;

(2) pls : S®@K S — S is a bilinear map;

(3) al|s : S — S is a linear endomorphism;

(4) n|s : K — S is the unit.

Definition 3.10 (see [11]) Let H = (H,p,«,n) be a Hom-algebra. A right Hom-ideal D
of H is a triple (D, up,ap,np) in which:

(1) D C H is a K-submodule;

(2) pp = plp and pp(D @k H) C D;
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(3) Oé|D = Qap.

Theorem 3.3 (Baer Criterion of Injective Hom-Module) A right Hom-H-module (E, ag)
is injective if and only if every right Hom-H-module morphism f: (D,ap) — (E,ag), where
D is a right Hom-ideal of H, which can be extended to (H, ).

Proof Assume that (F,«ag) is injective, and there exists a morphism ¢ : (H,ay) —
(E, ag) such that go j = f.

S
~.
N
N
.
..
.

~

o—> (|,a.)ﬁ(HﬂH)

Conversely, consider the diagram
(E,a¢)

f
0 (Aveay)

(B, ag)

where (A, a4) is a Hom-submodule of (B, ap) such that aa = ap|a. Let X be the set of all
ordered pairs ((A;, @a,), gi), where A C A; C B, and ¢g; : (Ai,aa,) — (F,ag) extends f, that
is, gil(a,04) = [, gioaa, = apog; and gi(a;h) = gi(a;)h for a; € A;, h € H. Note that X # ()
because ((A4,a4), f) € X. The partial order on X is defined by

((Aia aAi)?.gi) < ((Ala aAl)?.gl)

in which A; C A, g; extends g; and aa,
element ((4,,aa,),g,) in X.

If A,, = B, we are done. Otherwise, we may assume that there is some b € B with b ¢ A,,.
Define

A; = aa,. By Zorn’s lemma, there exists a maximal

D={xeH:bxeA,}, ap=aylp.

It is easy to see that (D, ap) is a right Hom-ideal of (H,ay). In fact, for x € D, h € H,
bxh € A,, because (A,,a4,) is a Hom-submodule of (B,ap), we have zh € D. Define
q: (D,ap) — (E,ag) by q(z) = gn(bx) and bap(x) = aa, (bx). By the hypothesis, there
is a map ¢* : (H,ag) — (F,ap) extending q. We set A’ = A, + (b) and ¢’ : A’ — FE is
given by ¢'(a, + bx) = gn(an) + ¢*(1)z. Tt is easy to see that ¢’ is well defined by [6]. Clearly,
g’ (an) = gn(ay) for all a,, € A,,.

We set acar(an +bx) = aq, (an)+bap(x). Let us show that a4/ is well defined. If a,, +bx =
al, + bx', then b(z — ') = a), — a, € A, and  — 2/ € D. We have

aa,(ay, —an) = aa, (b(z —a')) = bap(z — 2').
Thus, aa, (al,) — aa, (an) = bap(x) —bap(z') and aa, (a,) +bap(a’) = aa, (an) +bap(z), as
desired.
g oaa(a, +bz) =g (aa,(an) +bap(x)) = gn(aa,(a,)) + ¢*(Dap(z),
ag o g'(an +bx) = ap(gn(an) + ¢ (1)7) = ap(gnan)) + ¢*(1)ap(z).
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So g'oasa = agog and ¢'((a, +bx)h) = gnlan)h+bap(x)h = ¢'(a, +bx)h. We conclude that
((An,@a,),9n) < ((A,aa),g"), contradicting the maximality of ((A,,aa,),gn). Therefore
A, = B, g, extends f and (E, apg) is injective.

Next we consider the projective right Hom-H-module which is dual to the injective right
Hom-H-module.

Definition 3.11 A right Hom-H-module (P,ap) is projective if, whenever m is surjective
and h is any map, there exists a map g such that the following diagram commutes.

(P.a,)
(4,a, )?(A", a,)—>0
Remark 3.5 If (P,ap) is a projective right Hom-H-module, then P is a projective right

H-module.
Proposition 3.3 A right Hom-H-module (P, ap) is projective if and only if

Hompy ((P,ap), —)

s an exact functor.

Proof Assume that there exists an exact sequence in HomMod g
0— (A, o) == (A, a4) = (A", axn) — 0.
Since P is projective, we have an exact sequence
0 — Homp (P, A') - Homp (P, A) = Homp (P, A") — 0.
We must prove the exactness of

0 — Hompy ((P,ap), (A", aar)) —>HomH((P,ap),(A,ozA))
L HomH((P, Ozp),( OzA//))
)

For a morphism f € Hompg ((P,ap), (A", aa/)), ie., f: P — A’ such that foap = ay o f,
fph') = f(p)W forpe P, W € H. Let i.(f) =io f. Thenio foap=ioaa of =cago0iof
and i o f(ph') = i(f (D)) = i(F ()W =i F(p)I

For a morphism g € Hompy ((P,ap), (A", aar)), i.e., g : P — A” such that goap = aarog
and g(ph’) = g(p)h/, there is a morphism h : P — A such that m o h = g. Since (P, ap) is
projective, we have h o ap = a4 o h and h(ph') = h(p)h'. So Homp((P,ap),—) is an exact
functor.

Conversely, assume that Hompy ((P,ap), —) is an exact functor. So m, is surjective: If
g € Hompy ((P,ap), (A”,aa)) and there exists a morphism h € Hompy ((P, ap), (A, o)) with
g=m«(h) =moh, hoap = asoh and h(ph') = h(p)h' for p € P, k' € H, then (P,ap) is a
projective right Hom- H-module.

Corollary 3.3 For any right Hom-H-module (N,ay), Homy ((N,an),—) is a covariant
left exact functor.

Corollary 3.4 A right Hom-H-module (P,ap) is projective, and then every short exact
sequence 0 — (A, ax) — (B,ap) —— (P,ap) — 0 splits.
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Dual to Theorem 3.2, we get the following theorem.

Theorem 3.4 (P,ap) = (@ P;, P ap,) is projective if and only if every right Hom-H-
i€l el
module (P;, ap,) is projective.

4 Hom-Path Algebras

The purpose of this section is to define the concept of Hom-path algebra and give the types
of quivers whose path algebras can be made into (nontrivial) Hom-path algebras.

Definition 4.1 A Hom-path algebra is a pair (KQ, «) in which:
(1) KQ is a path algebra of a quiver Q, and
(2) a: KQ — KQ is a linear endomorphism.

In the following, we consider the Hom-path algebras of some Dynkin diagrams and other
quiver diagrams.

1. A,-type

(1) Let @ be the quiver

and let K@ be the path algebra. o : KQ — K@ is an endomorphism. It is easy to see that
(KQ, ) is a Hom-path algebra if and only if o = Idg.

Remark 4.1 If the arrows are all reversed in the quiver ) above, the conclusion also holds.

(2) Let Q be the quiver

and let K@ be the path algebra. We construct a : K@Q — K@, the endomorphism of K@), by
ale1) = es, alea) = ea, alez) = e1, ala) = b and a(b) = a. Then (KQ,«a) is the nontrivial
Hom-path algebra and this case can be extended to all situations of centrosymmetry.

The indecomposable injective Hom-K @Q-modules are (E1, a|g, ), (E2,alg,) and (Es, a|g,),
where E7 has a K-basis {e1}, F2 has a K-basis {e3,a,b} and F3 has a K-basis {es}. The
indecomposable projective Hom-K @Q-modules are (P1,alp,), (P2, a|p,) and (Ps,a|p,), where
Py has a K-basis {e1,a}, P, has a K-basis {e2} and P; has a K-basis {es, b}.

2. D,-type

Let @ be the quiver

1,
R
OLO ————— 0%0
4 n-1 n
%
20
and let K@ be the path algebra. We set a: KQ — KQ by a(e1) = ea, alea) =e1, ales) =
es, -+, aley) = en, alar) = a2, alaz) = a1, alag) = as, ---, and a(a,—1) = ap—1. Thus
(K@), «) is the nontrivial Hom-path algebra.
3. Eg-type

Let @ be the quiver
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3
o

a,
o a1 o a2 a4 o a5 o
1 2 4 5 6
and let K@ be the path algebra. We set a : KQ — KQ by a(e1) = eg, ales) = e5, ales) =
e3, aleq) = ey, ales) = e, ales) = e1, alar1) = as, alaz) = a4, aaz) = a3, a(as) = az, and
afas) = a1. Thus (K@, «) is the nontrivial Hom-path algebra.

4. Type of A,, with cyclic paths
Let @ be the quiver

a

P —

1, 2
and let K@ be the path algebra. We set o : KQ — KQ by a(e1) = ea, alez) =e1, ala) =b,
and a(b) = a. Thus (KQ, «) is the nontrivial Hom-path algebra. This case can be extended to
the following situation.

2

o

L

e

1o
S~ — -1

o
n

Definition 4.2 (see [2]) A Hom-coalgebra is a triple (C, A, 3,€) in which:
(1) C is a K-comodule;

(2) A: C — C®K C is a bilinear map;

(3) p: C — C is a linear endomorphism;

(4) € : C — K, the counit, is a linear map.

Definition 4.3 By a Hom-comodule, we mean a pair (W, 3) consisting of

(1) a K-comodule W, and

(2) a linear endomorphism 3 : W — W.

A morphism f: (M, By) — (N, Bn) of Hom-comodules is a linear map f: M — N such
that fo By = Byo f.

Definition 4.4 A Hom-path coalgebra is a pair (KQ, ) in which:
(1) KQ is a path coalgebra of Q, and
(2) B: KQ — KQ is a linear endomorphism.

Remark 4.2 The Hom-path algebra can be viewed as a Hom-path coalgebra.

In fact, let @ be a quiver and let (K@, «) be a Hom-path algebra, that is, K@ is a path
algebra of Q and a : KQ — K@ is a linear endomorphism. First, we know that K@ can be
a path coalgebra of ), which is described in the preliminaries. Then, it is only to construct a
linear endomorphism (§: KQ — KQ of the path coalgebra K. We can see the case of (2) in
A,,-type on the 10th page where the endomorphism « of path algebra is also an endomorphism
of path coalgebra by
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Definition 4.5 A Hom-path coalgebra (S, Bs) is said to be a relation Hom-subcoalgebra of

a Hom-path Coalgebra (KQ,Brq) if S is a relation subcoalgebra of a path coalgebra KQ and
Brqls = Bs-

Example 4.1 Let @ be the quiver

1
2% 3
3

and let K@ be the path coalgebra. We define 8 : KQ — KQ by fB(e1) = ey, B(e2) =

€3,

Bles) = ez, Bles) = e, Blar) = az, Blaz) = a1, Blaz) = as, and B(as) = az. Let S

be generated by {e1,eq,es,e4,a1,a2,as,a4} as a K-basis. It is easy to see that S is a relation
subcoalgebra of K@Q. Then (S, 3|s) is a relation Hom-subcoalgebra.
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