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Abstract The inverse spectral problem for the Dirac operators defined on the interval
[0, ] with self-adjoint separated boundary conditions is considered. Some uniqueness re-
sults are obtained, which imply that the pair of potentials (p(z),r(z)) and a boundary
condition are uniquely determined even if only partial information is given on (p(z),r(x))
together with partial information on the spectral data, consisting of either one full spectrum
and a subset of norming constants, or a subset of pairs of eigenvalues and the correspond-
ing norming constants. Moreover, the authors are also concerned with the situation where
both p(x) and r(z) are C™-smoothness at some given point.
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1 Introduction

In this paper, we are concerned with the Dirac operator H := H (p(z),r(z); ., #) which is

HY = <_01 é) % + (p(()x> T(%) Y (z) (1.1)

for x € [0, x], subject to the self-adjoint separated boundary conditions

formulated as

cosayy(0) + sinayz(0) =0, (1.2)
cos By () + sin fyz(m) = 0. (1.3)

Here Y (z) = (y1(x),y2(2))T, o, € [0,7) and the potentials p(z),r(z) € L?[0, 7] are all real-
valued. It is known (see [1]) that the operator H is self-adjoint in L?[0, 7] x L?[0,7] and has
a real simple discrete spectrum, denoted by o(H) := {A\n}nez\ {0}, accumulating at —oo and
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It is well known (see [1-2]) that the potentials p and r of the Dirac operator H defined by

(1.1)—(1.3) are uniquely determined in terms of one of the following three sets of spectral data:

Ty = {An, an,n € Z\{0}}, (1.4)
[y = {/\na Kn,N € Z\{O}}7 (15)
T := {An, An,n € Z\{0}}, (1.6)

where )\, is the eigenvalue of the same problem as (1.1)~(1.3) but with 3 in (1.3) replaced
by B (5 # [3), Ky is called the terminal velocitie (or a norming constant) and c, is called a

normalized constant corresponding to eigenvalue \,,, which are defined as

o ul(ov >\n)
K = 7“1(777)\@ (1.7)
and -
ol = / ul(z, An) + u(x, \p)dz, (1.8)
0

respectively. Here (u1(x, 2),uz(z,2)) =: U(x, 2) is the solution of the Dirac equation H(Y) =

zY with the initial conditions
u1(0) = sin v, u2(0) = — cos a. (1.9)

The present paper will mainly investigate the uniqueness problem of the determination of
the potentials p and r under the circumstances, where only partial information of (p,r), the
eigenvalues {\, } ez {0} and the norming constants {ry, }nez\ {0} are available.

In 1996, Amour [3] proved the half-inverse theorem for the Dirac operators, which says
that the Dirichlet spectrum (that is « = 0 = 3 in (1.2)—(1.3)) determines the potentials (p, )
uniquely provided that the potentials (p,r) are given a priori on the half-left (or half-right) of
the interval [0, 7]. This result is a generation of Hochstadt and Lieberman’s theorem (see [4])
for Sturm-Liouville operators. Furthermore, in 2001, Delrio and Grbert [5] considered the case
where the potentials are a priori known on [a, 7] with 0 < a < 7 and proved that this together
with a part of two spectra determines the potentials (p,r) uniquely on [0, 7]. This result can
be viewed as a parallel one of Gesztesy and Simon’s theorems (see [6, Theorem 1.3]) for the
Sturm-Liouville problems.

For the question of uniqueness of the inverse Sturm-Liouville problems, Wei and Xu in
[7] showed that norming constants play an equal role as eigenvalues. They obtained some
uniqueness results for Sturm-Liouville problems, analogous to the theorems of Gesztesy-Simon
(see [6]) and Hochstadt-Lieberman (see [4]), which imply that the potential ¢ can be completely
determined even if partial information is given on g together with partial information on the
spectral data I'y or I's.

The main aim of the present paper is to generalize the results of [7] to the Dirac operators.
More specifically, we will show that the pair of potentials (p(z),r(x)) and a boundary condition

are uniquely determined even if only partial information is given on (p(x),r(x)) together with
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partial information on the spectral data, consisting of either one full spectrum and a subset of
norming constants, or a subset of pairs of eigenvalues and the corresponding norming constants.
Moreover, we also concern with the situation in which both p(z) and r(z) are C™-smoothness
at some given point.

Throughout this paper, for any S C o(H), the statement that the set S is almost symmetric
means that A\, € S for n € N imply A_,, € S with finitely many possible exceptions. For each

t > 0, we define
o1, >0,

0<n<t
An €S

N - > 1, t<o.

t<n<0
An€S

’I’Ls(t)

We state the main results of this paper through two cases. We first treat the case of one full
spectrum and a subset of norming constants to be known. The other case that the known

eigenvalues and norming constants are pairs will be treated in Theorem 1.2 below.

Theorem 1.1 Let a € (0,5), and p(x),r(z) € C"(a —€,a+¢€) for somen € N and £ > 0.
Let the subset S C o(H) be almost symmetric such that k; are known for \; € S. Suppose that

t
im 258 _ (1.10)
t—o00 t
exists, and for p; € R, tg > 0,
> (1= D)+ m+ (1-2) = (n+1), 21,
ns(t) 94 (1.11)
< —(1-22) = < —
<—(1- )t +m, t < —to

for all t € R. Then the potentials (p(x),r(x)) on [0,a] together with (p\9)(a),rV)(a)) (j =
1,2,---,n), k; corresponding to \; € S, and o(H) uniquely determine 8 and the potentials
(p(z),r(z)) on [0,7].

Let us mention that if p(z),r(x) € C"(a — e,a + €), then n values of norming constants
can be replaced by the values of (p)(a),r)(a)) (j = 1,2,---,n), that is, in the set S, n
norming constants can be missed. It should be noted that if a = 0 in the above theorem, that
is, the knowledge of the potentials (p(z), r(x)) is missing, then (p(x),r(z)) on [0, 7] are uniquely
determined by T'y := {\,,, kn,n € Z\{0}}.

The following theorem treats the case that the known eigenvalues and norming constants

are pairs.

Theorem 1.2 Let a € (0,7). Set the subset S C o(H) be almost symmetric such that k;
is known for \; € S. Suppose that
t
lim 258 _ (1.12)

t—oo t
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exists, and for ps € R, tog > 0, € > 0 being an arbitrary number,

- > (1 - %)[t] + pp + (1 - %) te, t=to, (1.13)

<-(1-2) -1+ 2, t < —to.
Y

Then the potentials (p(z),r(z)) on [0,a], \; € S and the corresponding norming constants k;

determine uniquely 5 and the potentials (p(z),r(x)) on [0,7].

s
2

the odd) of the full spectrum and the corresponding norming constants to uniquely determine

It is worth pointing out the special case where a = Z, we only need half (e.g. the even or
(p(x),r(x)) on [0,7] and B. In this situation, the problem reduces to Theorem 1 in [3], for which
one can see that the other half of the spectrum is replaced by half of the norming constants.

The method we use to obtain our results is based on the uniqueness theorem of Weyl-
Titchmarsh-m-function (see [8-9]). This approach has been employed skillfully by Del Rio,
Gesztesy and Simon in a series of papers (see [10-12]) to deal with inverse problems. The key
technique relies on the asymptotic expansion of an m-function.

The organization of this paper is as follows. In Section 2, we give some preliminaries to our

problems. The proofs of our theorems are presented in Section 3.

2 Preliminaries

We begin by recalling some classical results, which will be needed later. Let U(x,z) =

(u1(w, 2),uz(z, 2))T and V(z, 2) = (v1(x, 2),v2(x, 2))T denote the solutions of the equation

HY =2V (2.1)
for x € [0, x], with the initial conditions
u1(0,2) =sina, u2(0,2) = —cosa (2.2)
and
vi(m, z) =sinf, wva(m, z) = —cosp, (2.3)

respectively. It is known (see [1]) that, as |z| — oo in C, the following asymptotic formulae are

uniformly in x € [0, 7]:

. 1 re ol z[a
uy(z,2) = sin {zx ~3 /o [pir) +r(m)]dr + a} + O(Ttmz)l; -
ug(x,2) = — cos {zx - % /0 [p(7) + r(7)]dr + a} + O(%)
and
. L olTm 2| (r—2)
v1(z, z) = sin {Z(TF —x) — 3 /z [p(T) + r(7)|dT — B} + O(T)7 05

a(a2) = os {2tn =)~ 3 [Ioe) +riolar 8} + O( S

E
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As is well known, the eigenvalues {)\;};cz\ 0y of operator H have the asymptotic formula
v 1
/\j—j-f—;"‘O(;) (2'6)

as j — oo, where ¥ = 3 — a+ 1 [ (p(r) + r(7))dr. Note that U(z,);) and V(z, \;) are
eigenfunctions corresponding to the eigenvalue A;. From (1.2) we see that if sinasin 8 # 0,

then the norming constant «; associated with A; is

0, 0,A;
Ul( ’ J) =k = ul( ) J)’ (2.7)
Ul(ﬂ',)\j) ’U,l(ﬂ',)\j)
that is, k; = vls(i%’gj) = uls(i:fij); otherwise, ; can be represented by
’UQ(O,)\]') e — UQ(O, /\j)
’UQ(TF,)\]') J 'U;Q(T(,)\j).
Let us introduce the Weyl-Titchmarsh-m function (see [13]) for the operator H, which reads
as (.2)
vo(z, 2
= . 2.8
m(e.z) = 224 (2.9

Note that m(z, z) is the Herglotz function, that is, m : C; — Cj is analytic, and it has the
following asymptotic formula:

m(z,z) =1+ o(1), (2.9)
which is uniformly in 2 € [0, 7 — J] for 6 > 0, as |z| — oo in any sector € < Arg(z) < m — ¢ for

€ > 0. Furthermore, let w be a number from the interval %—ﬁ <w < 1, and let the set D C Z

be determined thus by
D={z+iyeD:|z|>1, klz|* <y < k|z|, k> 0}.

If the potentials p(z),r(z) belong to the class CN[0,6) for some § > 0, then, for all z € D, the
high-energy asymptotic expansion of the Weyl-Titchmarsh-m function holds (see [14]):

m(x,z)—i—ZN:bj(x) +o( ! ) (2.10)

zJ |Z|N+§

as z = x + iy(€ D) — oo, where § = 1 — (1 — w)(N + 3) and the functions bj(x) are given by

the recursive equalities:

n n—1
b () — ip(e) D by @) ().
j=1 J=1

With the above preliminaries out of way, in order to prove Theorem 1.1 and Theorem 1.2,

let (p(z),r(x)) be given on [0,a] and let (pi(x),r1(x)), (p2(x),r2(x)) be two candidates for
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(p(z),r(x)) extended to the interval [0, 7]. Denote by m;(x,z) the m-function corresponding
to operators H; := H((p;(z),r;(z)); e, 5;) for j =1, 2.
A similar statement of the Dirac operator to the uniqueness theorem of Marchenko (see [8])

is the following lemma.

Lemma 2.1 (see [8]) If mi(a,z) = ma(a, z), then p1(x) = p2(x),r1(x) = ro(z) on [a, ]
and tan 31 = tan 5.

Finally, for functions p(z),r(z) € L?[0,7], we introduce the Green’s formula associating

with (1.1) which reads as following:
(HY (z), Z(2)) = (Y (2), HZ ()
— [ wha izt = [ (st - gt
0 0
=[Y, Z]|g, (2.11)

where Y(2) = (y1(2),52(2))T, and Z(x) = (21(x), 22(x))". Particularly, if both Y(x) =
(y1(2),y2(x))T and Z(x) = (21(z), 22(z))T are solutions of (2.1), then [Y, Z](x) = [Y, Z](0)

is a constant for z € [0, 7].

3 Proof of Theorems

In this section we give the proofs of our main results. Let U; = (uj1(z,2),uj2(z,2))" and

Vi = (vj,1(z, 2),v;2(z,2))T for j = 1,2 be solutions of the equation

H;Y (z) = 2Y(z) (x € [0,7]) (3.1)
subject to the initial conditions
uj1(0,2) =sina, u;2(0,2) = —cosa (3.2)
and
vj1(m, z) =sin B, wvjo(m z) = —cos f;, (3.3)
respectively. Let
W;(z) =v;1(0,z) cosa + v;2(0, z) sin cv. (3.4)

Then the zeros of equations W;(z) = 0 coincide with the eigenvalues {Agf)}nez\{o} of the
operators H;, where W;(z) are called the characteristic functions of H;.

In virtue of (2.5), we infer that if z = iy with y € R, we have
1
o3 ()] = e (140( 1)),

[v2(a, iy)| = elI(T=) (1 * O(|_;|>)
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as y — oo. This together with (3.4) yields

W (i) =e‘y‘”(1+0(|—;}|))- (3.6)

For our purpose of this paper, we need the following Lemmas 3.1-3.4.

Lemma 3.1 (see [15]) Let z,, n > 1 be complex numbers with

lim ~ =beR.

n—oo Zn
Suppose further that for some ¢ >0, |z, — zm| > ¢|n — m|. Let
2

F(z) = ﬁ (1 - z—%) (3.7)

Then for any e > 0, as r = |z| — o0,
F(reiap) — O(ewbrlsincp\-i-er) (3.8)

and
1

F(rei)

) . 1
= O(efﬂbrls”““"‘Jr”)7 if |re'? —z,| > 3¢ (3.9)

Lemma 3.2 (see [16]) Let F(z) be an entire function of the zero exponential type, i.e.,

InM
lim sup w <0
r—00 T

L M(r) = MaX|F(rci?)).

If F(z) is bounded along a line, then F(z) is a constant. In particular, if F(z) — 0 when

|z| = oo along a line, then F(z) = 0.

Lemma 3.3 Let o(Hj) be the sets of eigenvalues of operators H; for j =1,2. If o(Hy) =
o(Hs), then the characteristic functions Wi (z) = Wa(z).

Proof Let {/\55)}"62\{0} be the eigenvalues of H; for j = 1,2. It is known that the
characteristic functions W;(z) of the operators H;, defined by (3.4), are entire functions in z
of order 1, and consequently by Hadamard’s factorization theorem (see [17, p. 289]), which are

uniquely determined up to a multiplicative constant by their zeros:

+N

z . z
W;(z) = Cj - p.v. H (1 — —(j)) =} ]\}ngo (1 — —(j)>, (3.10)
keZ\ {0} Al k=N As

where Cj is some constant. Furthermore, recalling Green’s formula (2.11) and (3.4), W;(z) =
cos Bju;1(m) + sin Bju; 2(m). It follows from (2.4) that

e|IInz\7r

W;(z) zsin(zw—ﬂj)—l—O(T), (3.11)
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where ¥ = 8; — a+ 3 [, (p;(7) + r;(7))dr. Consider the functions

Aj(z) :==sin(zm —¥;) = —sind, - p.v. H (1 - Zﬁ' ) (3.12)
kezZ\{0} k+ K3

These together with (3.10) yield

Wi __ G 1 k+2 29—,
Aj(z)  sind; oy N k+E -z
C; I (k+ %) =\
=———7"DV. H (.)” - p.v. H 1—+.
sind; Rz {0y M keZ\{0} [ bt -2
Since lim VAV éj)) =1, from (3.11) and (3.12), it follows that
ZgR
/\ECJ)

Cj=—sind;-pv. [] (3.13)

9
rezvfoy K T =

Since )\(1) = )\22), taking the asymptotic formulae of A, (D and )\(2) (see(2.6)) into account we
calculate ¥ = ¥2 and therefore C; = C3. This implies W1(z) = Wa(z) and completes the

proof.

Lemma 3.4 For j=1,2, let {)\g)}nez\{o} and {/@g)}nez\{o} be the eigenvalues and norming
constants of operators Hj, respectively. If )\%1) = )\%2) forn € Z\{0}, and nl(l) = /<;12) for 1 large
enough, then sin 31 = sin (5.

v]yl(or)‘[(j))

() _
Proof Taking (2.5) into x, = (e

(see (2.7)), we have

o _ 1 G g, — !
K n ﬁjsm()\ T —1; 04)—1—0(')\(])')

From the proof of Lemma 3.3, we know ¥; = dJ5. It follows from (2.6) that

lim A lim S%nﬁQ (1—!—0(%)) =1.

=00 ﬁ(2) l—o0 Sin (1

This shows sin 81 = sin 32 and completes the proof.
Basing on the above preliminaries, now we give the proofs of Theorems 1.1-1.2.

Proof of Theorem 1.1 Define

Gs(z)=pv. [] (1 - Ai) (3.14)
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From Lemma 3.1, for any ¢ > 0, we have

1

__—0 —mr|sin |+er
F*(relf) (e )

as r = |z| — o0, # = Argz. Note that the set S is almost symmetrical, which implies

1 1
‘G%(reie)‘ B ‘F+(rei9)F—(rei9)
— 0(6727rr|sin9\+267’),

that is,
(efﬂ'r|sin9\+6r) < Moefﬂr\sin0|+r6

1
]
This shows that Gg(z) is of locally uniform convergence and hence it is an entire function with
zeros { A, }.
Second, we give the estimation about the lower bound of |Gg(iy)|. From (3.14), for z =

T + iy,

2
=p.v. Z %m(l — i—i + %)

AnES
1 [t 2z |2)?
=2 /m 1n(1 -+ t—Q)dns(t). (3.15)

Integrating (3.15) by parts, we obtain

+oo 22 _ oz
In|Gs(2)| = / ns(t) ——trdt

This yields

-1 y2 +oo y2
= ng(t 7dt+/ ng(t) ————dt. 3.16
| s [ s (3.16)
It is noted that
+oo 2 1 2
t —|—t
/ [t] 2y i t+/ (-] 2y i
1 t ys+1 o bt oyt
_ ln‘ sin.(i7ry) ‘
iy

— wly| — Inly| + O(1), (3.17)
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because of the known formula

On the other hand, we have
“+oo y2 1 5
————dt = =1 1) =1 O(1 3.18
| it g+ 1) = alyl+ 0() (315)

from the relation )

2
t(y2y—|— Bl _%(%111(1 +))

Analogously, we obtain

~1 2
Y
———dt = -1 O(1). 3.19
it = b+ o) (319)
Taking the inequality (1.11) into (3.16) and using (3.18)-(3.19) and (3.23), we deduce that

tn[Gis(iy)] = (1= ) (elyl = olyl) + [ = (o + 1)+ (1= 22) mly] ~ gty + O(1)

a
T
= (7 —2a)|y| — (n + 1)Injy| + O(1).
It follows that
Gs(iy) > cre™ 2l =(n+1), (3.20)
Finally, we complete the proof. Let ‘7(33, 2) = (v1(w, 2), V2(z, 2))T be another solution of the

equation HoY = zY with the initial conditions
i(m,2) =sin B, Ta(m,z) = —cos 3,

where 3 € [0, 7] and B # (1, 2. It should be noted that, at the boundary x = , V(m,z)

satisfies
vy (m, 2) cosB—l— Ua(, 2) sinﬁ =0.

Consider the operator H (p2, 2; 5) It is easy to see that its eigenvalues, denoted by { s }nez {0}

are the zeros of the following equation:

W(0,z) :=v1(0, z) cosa + v2(0, z) sina = 0, (3.21)

and the eigenvalues are interlaced and disjoint to the eigenvalues of H (pa,ro;a, 3) (see [18]).

Define (0.2) (0.2)
V11U, 2 V2,1(Y, 2)\ =
F = ( - - : ) ) )
(2) sin 31 sin [ wi(0.2)
which implies that F'(u,) = 0 for all n € Z\{0}. Furthermore, we have F(A\;) =0 for all \; € S
because of “LilA) — Iﬁ:l(l) = Iﬁ:l(Q) = 22200) (g0 (2.7)). Noting that W (z) = Wa(z) and

sin 31 sin B2
sin §1 = sin f5 from Lemmas 3.3-3.4, by using the equations (3.4) and (3.21), we get
F(z) = {%Oﬁ’lz)@l (0,2) cosa + 02(0, 2) sin ) — vsli(nLvﬁj)Wl (z)}
’U271(0, Z) ~ ~ . 51(0, Z) :|
[ “n s (01(0, z) cos o + D2(0, ) sin «) S0 Wa(z)
- SinO{ ’[)171 51 . Sina ’[}271 51
~ sinf |12 Vo 0.2) sin By V2,2 U2 (072)'
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Since p1(z) = p2(z) and 1 (z) = ro(x) on [0,a], using the Green’s formulae (2.11) and (2.8),

we have
Oy I (S

sinfy |12 V2|, .y sinfy (V22 V2|,
sin o - -

— (a2 ) e, 2) — mia,2)

sin o - -
- sin B 1)271(0,, Z)Ul(av Z)(m(av Z) - m2(a7 Z))v
V2 (a,z)

where m(a, z) = T(as)
more, since pgj)(a) = péj)(a), r§j) (a) = réj) (a) for j =1,2,---,n, by using (2.10) and (3.5), we

infer that

is the Weyl m-function associating with the solution ‘N/(x, z). Further-

sin o

F <
)< o
sin o
sin ﬁg

< e2\y\<”*a>(1 + o(i))o(#). (3.22)

|y| yn+1+'é

[v1,1(a, 2)v1(a, 2)||m(a, 2) — mi(a, 2)]|

v2,1(a, 2)v1(a, 2)||[m(a, 2) —ma(a, 2)|

Let us define H(z) by

Gs(z)W(z)

The cross ratio F(z) vanishes at each point where Gg(z)W (z) vanishes, and also Gg(z)W (z)
necessarily has simple zeros since H (pa,72; v, f2) and H (pa, o; E) have simple spectra, re-
spectively, and their spectra are interlaced and disjointed. Thus H(z) is an entire function, and

from (3.6), (3.20) and (3.22), we have

[yl n+4140

e(mr—2a)ly| |y|7(n+1)e|y|ﬂ(1 + O(ﬁ))

O(L). (3.23)

yO

)| < o L+ Ol )OGrrr)

It turns out that |H (iy)] — 0 as y — co. By Lemma 3.2, we obtain H(z) =0 for all z € C. We
can multiply H(z) by Gg(z), which has isolated zeros, so we conclude that my(a, z) = ma(a, z).
From Lemma 2.1, we have 51 = (2 and pi(x) = pa(z), r1(x) = ro(x) on [a,n|. The proof is

completed.

Proof of Theorem 1.2 Set

/O7T Vi (z, 2)Q(x)V (z, z)dx, (3.24)

Fy(z) = (cot B2 — cot By)v1 (7, 2) + e

where Vi (z) = (v1 1(z),v1 2(2))7, V(z) = (01(z), 02(2))T and Q(z) = diag(py (z)—pa(x),r1 (z)—
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ro(x)). Then from the initial conditions (3.3), we have

Fy(z) = (R2m2)_ vaamiyg oy

/07T Vi (x, z)Q(a:)f/(a:, z)dx

sin 34 sin By sin (1
0 2(71’,2) UQQ(W,Z))~ 1 /77 ~
p— 2 —_— 2 d
( sinﬁl Sinﬁg 1)1(7T, Z) + sinﬁl o " {V1(£L‘, Z)v V({E, Z)}
1 _ 1 ~ 1 v o
_ _ IR L B 3.25
vl v1,102(T, 2) e V2,201 (T, 2) el PR AT (3.25)

where W{Vi(z, 2), ‘7(33, z)} is the Wronskian of Vi (z, z) and 17(33, z). Since
v1,1(m) = sin By, vo,1(m) = sin B,

by using the Green’s formula (2.11), we have

Fv(z) = ﬁvgl’ﬁg(ﬂ', Z) — ﬁvgygfﬁl(’fr, Z) — Sinlﬁl zi; %; o)
_ 1 V2,1 U1 1 V1,1 U1
Cosinf [v2e V2f, Csinfy |v12 D2 ©0,2)

1 1 ~

sin By V2.1~ sin (31 Y1 u

o 1 1 ~
sin By V22~ sin (31 Y1z V2 (0,2)
1 1 ~
1 sin 35 V2.1~ sin 3y UL
sin o 1 1 =

sinfo © sinfy v (0,2)

Note that if A; € S, then wa0A) /gl(l) = /<;§2> = 2210X) (see (2.7)). This shows that

sin (51 sin B2
Fy()j) = 0. Furthermore, since p1(x) = p2(z), and r1(z) = re(z) on [0,q], it follows from

(3.25) that

Fols) = <v1,2(7r,z) B UQ’Q(W’Z))%(W&) L 1 /a7r AW Vi (2, 2). T (. )}

sin f1 sin o sin [y
1 1 -
—— Vg1 — —— v
_ 1 sin By 21 sin 1 LA
sin a 77
. - —W W
sin 5 sin 3y (a,2)

Let Vp(z, 2) := V be the solution of the equation HoY = zY satisfying the initial conditions
V(a,z) = (0,1)T. Then

1
Fv,(z) = S,—v271(a,z) — vi1(a, 2).

in 3

sin 34

Defining
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by the hypothesis on S and the arguments of the proof of Theorem 1.1, we have
|Gs(iy)] = caeT=y|*

and

|Fy,, (iy)| < czelvl(m=o) (1 + O(|—;|)),

which yields
[Hp(iy)| = O(ly|™*) — 0

as y — oo. Hence Hp(z) = 0 and vls,i;(;},lz) = vi’i;(;’;) for all z € C.

Let Vi (2, 2) := V be the solution of the equation HyY = zY satisfying the initial conditions

V(a,z) = (1,0)T. We have

1 1
F = - . 2
e (2) = o taala,) - - vnale,s) (3.26)
Define ()
FV z
H =,
N(2) Gs(2)
Since vls’iln(g’lz) = UQS'iln(g’;) for all z € C, from (2.9), (3.5), (3.20) and (3.26), we have
|HN(1y)| _ |m2(a7 ly) — (Cl, ly)”ULl(aa ly)l

|Gs(iy)|[sin 1]
O(1)elvl(x—a) (1 + 0(‘—;‘))

e‘y‘(ﬂ'*a)|y|5
=0(ly[™") =0

<

as y — oo. This shows Hy(z) = 0, and vlsﬁl(;’lz) = vzs,izn(g;z) for all z € C. Thus we conclude

that mi(a, z) = ma(a, z). By Lemma 2.1, we have py(z) = pa(x), r1(z) = r2(z) on [0, 7], and

(1 = B2. The proof is completed.
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