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Derivations of the Even Part of Finite-Dimensional
Simple Modular Lie Superalgebra M*

Lili MA! Liangyun CHEN?

Abstract Let I be the underlying base field of characteristic p > 3 and denote by 9 the
even part of the finite-dimensional simple modular Lie superalgebra M. In this paper, the
generator sets of the Lie algebra 9t which will be heavily used to consider the derivation
algebra Der(901) are given. Furthermore, the derivation algebra of 9 is determined by
reducing derivations and a torus of 9, i.e.,

Der(9) = ad(9M) & span[F{ H ad(§r+1£l)} ® span]F{adxifad(xiﬁv) H ad(&g&)}.
! !

As a result, the derivation algebra of the even part of M does not equal the even part of
the derivation superalgebra of M.

Keywords Modular Lie superalgebra, Derivation algebra, Generator sets
2000 MR Subject Classification 17B50, 17B40

1 Introduction

In this paper, we pay our main attention to finite-dimensional Lie superalgebras over a
field of prime characteristic. As is well-known, the theory of Lie superalgebras over a field
of characteristic zero (see [1-4]) has experienced a vigorous development. For example, the
classification by Kac of finite-dimensional simple Lie superalgebras over algebraically closed
fields of characteristic zero was completely obtained (see [4]). However, that is not the case
for modular Lie superalgebras, that is, Lie superalgebras of prime characteristic. The early
work about modular Lie superalgebras was reported in [5]. Recently, eight families of finite-
dimensional Cartan-type modular Lie superalgebras X (m, n,t) were defined and the derivation
superalgebras of X (m,n,t) were discussed, where X = W, S, H, K, HO, KO, and T" (see [7—
8, 11, 13-17]). The finite-dimensional simple modular Lie superalgebra M and its derivation
superalgebra were investigated in [9]. This paper is a continuation of [9].
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Given a Lie superalgebra M = Mg ® My, it is clear that the derivation superalgebra of M
is still a Lie superalgebra, denoted by Der(M) = Derg(M) & Der;(M). An interesting question
naturally arises: Whether the derivation algebra of Lie algebra Mg equals the even part of
derivation superalgebra Der(M) or not, namely, Der(Mg) = Der(M)g? In this paper, this
question will be answered for the finite-dimensional simple modular Lie superalgebra M over
a field of prime characteristic.

Let 9 denote the even part of the Lie superalgebra M. Since 9 is a Lie algebra, one may
describe the derivation algebra Der(907) in a systematic way. However, in contrast to the case of
Lie superalgebra M, one can not obtain directly the structures of Der(90), since 9 is neither
transitive nor admissibly graded. [6, 12] may inspire our work on modular Lie algebra 9, the
even part of the Lie superalgebra M, in which the even parts of Lie superalgebras W, S, and
Q were discussed.

The organization of the rest of this paper is as follows. In Section 2, it is necessary to
recall notions concerning Lie algebras, Lie superalgebras and the modular Lie superalgebra
M. In Section 3, the generator sets of 9t are discussed in order to investigate the derivation
algebra Der(9). In Section 4, the derivation algebra Der(91) is explicitly described by using
the method of reduction on Z-gradations.

2 Preliminaries

Throughout, the ground field F is assumed to be of characteristic p > 3 and F is not equal
to its prime field II. Let N be the set of positive integers and Ny be the set of non-negative

integers. Given n € N, let » = 2n + 2. Suppose that puq, -+, pr—1 € F, such that g3 = 0,
Wi+ pnyj=1,7=2,--- ,n+1. Set M ={1,--- ,r—1}. Assume that s; € Ny, i =1,--- ,r—1,
and s = (s1+1, -+ ,8._1 + 1) € N'=1. We define a truncated polynomial algebra

A=Flz10, 211, 15y, Tr—1)0s Tr—1)15 " > Tr—1)s(o_ry s
such that

2’ =0, ieM, j=0,1,--,8;

For i € M, we let m; = p* 1 — 1. If k; € Ny such that 0 < k; < 7;, then k; can be uniquely
expressed in a p-adic form as follows:

ki =Y eu(ki)p’, where 0 < e, (ki) < p.

v=0
We set xi H xe“(k ). For 0 < ki, ki < m; and x H 6“( , it is easy to verify that

ki K, kitk;

e =, £0& eu(ki) +eo(kl) <p, v=0,1,---,s;.
Let Q = {(k1,-- k1) | 0 < k; <m0 € My, Ifk = (ky,--- ,k.—1) € Q, then let z¥ =
k}l kr—l
Ty Ty -

Given ¢ € N\ {1}. Let A(q) be the Grassmann superalgebra over F in ¢ variables {41, -,
&r+q. Denote the tensor product by ./\/l(r q,8) := A® A(q). For convenience, M(r, ¢ s s) will
be denoted by M. Let Zo = {0,1} denote the ring of integers modulo 2. Obviously, M is an
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associative superalgebra with a Zs-gradation induced by the trivial Zs-gradation of A and the
natural Zo-gradation of A(q) as follows:

Mg =A®rAa)g: My = A®s Ag)r.
If feA, ge A(g), then we simply write f ® g as fg. For k € {1,--- ,q}, we set

Br = {(i1,02,  ig) [ r+1<ip <ia < - <ip<r+gq}

and B(q) =

a
Bg, where By = 0. If w = (i1, ,ig) € By, we let |u| = k,{u} = {i1, - ,ir}
k=0

and £ =&, -+ &,. Put |0] =0 and €% = 1. Then {2"¢" | k € Q, u € B(q)} is an F-basis of M.
If L is a Lie superalgebra, then h(L) denotes the set of all Zs-homogeneous elements of L,
ie., h(L) = Lz U Ly. If |z| occurs in some expression in this paper, we always regard x as a
Zs-homogeneous element and |z| as the Zy-degree of x.
Set s=r+qgand T ={r+1,--- s} Put My ={2,---,r —1}. Define i = 0, if i € M;;
andi=1,ifieT.

Let
i+mn, if2<i<n41, 1, if2<i<n+1,
i'=qi—n, ifn+2<i<r—1, [i]j=<¢-1, ifn+2<i<r-—1,
1, ifr+1<i<s, 1, fr+1<i<s.

Put e; = (61, ,0i(p—1y)s i =1,--- ,r—1,and R = MUT. If i € R, then we let D; be the
linear transformations of M, such that

krak—eicw, if e M
(R euy — % “ ) ’
Di(27¢") {xk(%%), ifieT,
where k7 is the first nonzero number of g (k;),e1(ki), -+ ,€s,(ki). Then D; is an even derivation

of M for i € M, and Dj is an odd derivation for j € T'. Set

5 RIS o P
0=1 Zﬂjxjoaxjo 2 Zfﬂagj’

JEM; jeT

where I is the identity mapping of M.
For f € h(M), g € M, we define a bilinear operation [, ] in M, such that

/.91 = Di(/)3lg) — 3(f)Di(g) + > [(~1)VDy(f)Dur(g).

i€ M UT

Then M becomes a finite-dimensional Lie superalgebra for the operation [, | defined above.
Let x; = x} = 40,4 € M. Set m = (w1, -+ ,m—1). Define M = [MV,MV] If27lg—n—-2#0
(mod p), we obtain that M = M.

Recall that M is a Zs-graded Lie superalgebra: M = @ M, by M, = spang{zF¢" | k €

o €l
Q, u € B(q), |u] = a}.
For i € Z, we let

M; = spanF{xkgu

Zki+2k1+|u|—2:i}.

i€ My
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Then M = @ M;, where X = {-2,—1,--- ;7}and 7 = > m +2m +¢q— 2 is a Z-graded
€X 1€ My
Lie superalgebra. Let f € M. If f € M;, then f is called a Z-homogeneous element and 7 is

the Z-degree of f which is denoted by zd(f).

We shall obtain the following fact. The proof is straightforward and is therefore a simple
statement.

Let 9B := spanp{{" | v € B(q), |u|even}, and then B = Con(9M_1), the centralizer of M_
in 9. In fact, for any z¥¢% € Con(M_1), from [2%€%, 23] = 0, i € My, it follows that

ek [k g = (21)
From (2.1), this shows that
pgr kR —erteigu — (2.2)
k- o 2.3
According to (2.2)—(2.3), we have
Con (MM _1) = spang{&" | u € B(q), |u| even}.

Therefore, B is a Z-graded subalgebra of 9.
Put B, = B NM,; and

B) := P Bor, O(B) = P Bor 1.
i€Z i€z
Since [O(B),0(B)] = 0, O(B) is an ideal of M. It is easily seen that
BO/(B) ~ E(B) ~ M(q)q,

where M(q) C M satisfying M(q) = spang{¢; | j € T}, and M(q)y is the even part of M(q).
Let G = @ G, be a Z-graded Lie algebra. Recall that G is called transitive (with respect

q=-—r

to Z-gradation) provided that {z € G, | [z,G_1] = 0} = 0 for all ¢ € Ny. We say that G is
admissibly graded if Cg(G_1) = G_,.

By the remarks above, 91 is neither transitive nor admissibly graded. In particular, 91 is
not a simple Lie algebra.

3 Generator Sets of I

In this section, the generator sets of 91, which will be applied to determine the derivation
superalgebra of 9, are given.
Put

P = {zk i€ M},
Q= {331&«4_151 | l 75 r+1¢€ T}

For u,v € B(q) with uNv = @, define u + v to be w € B(g), such that w = v Uwv. If
maxu < minv, then we denote u & v = w.
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Theorem 3.1 9M is generated by P U Q.

Proof Let Y be the subalgebra of 9t generated by P U Q. We first prove the following
statements.

(i) Assert that z,&* €Y, " €Y for all i € M, u € B(q).

In fact, by computation, we know that for i € My,

&1 = py (2161 &, @)

If pir # 0, then z;&,41& € Y. Otherwise, if u;; = 0, observing that

wibrpr& = 27 ][, [w16r 1 & i),

we get x;&41& € Y. It follows that z;&,.11& € Y for i € M;.
Clearly, for t € T and i € My,

57’+1£t = [i/][xi/axifrdrlgt] eY.

For |u| =2,
2§18 = (261160, Er116t] €Y,

where i € M and [, t € T.

For |u| > 2, we can write u = v @ w, where v,w € B(q), such that |w| = 2. By the inductive
hypothesis, we know z;£¥ € Y and x;£" € Y for i € M.

Case 1 |[v]| Z 0 (mod p). For u; # 0, we get

i€ =[]~y [, [, [2i€”, 2 €] € Y.

For ;7 = 0, we have
€ = [ilJo] " [wi, [o], (23", 20 €] €.

Thus,
r € = [{]27 a2, 2p Y] €Y.

Moreover,
216" = —[i]|v| M2, [z:£7, 20 €V]] €Y.

Case 2 |v| =0 (mod p). For u; # 0, we obtain
2" = =27 2], €], 2] € Y.
For p; = 0, we can get x;&" € Y. Then
z; 6% =27 i) |22, xp Y] €Y.

It remains to show that
1" = —2_1[[x%,€“],$1€“’] cv.

In view of ;€% € Y for i € My, u € B(q) and |u| even, we get

¢ =[]z, zi"] €Y
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as desired.
(ii) Assert that xZ”xZLI eY form<m,m <my,i€ M.
Clearly,
e = [{((m+ 1)) 7 (' + 1)) e e Y

(iii) Assert that xi2,2, € Y for all i € M.
For uy # 0, it follows that z1x; = 2_1u;1[x%, x;) €Y. If uy =0, then

zyx; = 47 i)([27, 23, 2] — 2fai) €Y.

Thus, z1z; € Y for all i € M;.

If1— 2/.],11 75 0, then
Hey.

T1XT;Lq0 = (]. - 2#1")71([151551';551551"] - [Z](El

If 1 —2uy =0, then
wizizy = (2(1 = ) 7 (B — par)) " 2, o], 24])

(iv) Assert that 27z €Y for all i € M;.

T —1 Wi/—l] EY

Using (ii)—(iii), it is clear that
x;

T Tl g—1
xliay =37 [maixy, @]

(v) Assert that xy2,&% € Y for all i € My, u € B(q).
Case 1 |u| # 1 (mod p). For our purpose, by (i), we first show that
21" = (1= Jul) Mo, :1€"] € Y-

For p; # 1, we know
r12E = (2(1 — ) i, z) € Y-

For p; = 1, by (ii), we have
w2 = 27 )27 1€, wo], 2F) — [41€¥, 2fay]) €Y.

Case 2 |u| =1 (mod p).
Discussing just as in (iii), we obtain #2z; € Y. It is easy to verify the following fact

z13;€" = [af;, £ €Y.

(vi) Assert that :c]flfu cY for0<k <m.
For |u| = 2 (mod p), it follows that 2 ¢% = —[z%' 2,64 e V.
For |u| # 2 (mod p), k1 < m1, we get

(ks + D)) A =27 u]) " Hap €] € Y

x’flgu _

If k1 = 71, the following equation holds:

P = (27 ul = 2) T 2T ).
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For 27t u| —2 # 0 (mod p), it is easy to see that z7*¢% € Y. Suppose that 271 |u| —2 = 0 (mod
p), namely, |u| = 4 (mod p). In view of (iii) and 2% €% € Y for |u| # 2, k1 < 1, it follows that

x?l_lxixi{“ = [m’fl_lfu,xlximi/] cy.

Let p; # 0 (otherwise, p;s # 0, the proof is similar). By virtue of (v), we get
P " = g T mt] €.
Then
T = [i][aT 2", o] + [Tt aize £t €Y.

(vii) Let

prlh,u) = b€t pilhy,w) = o (T a3 )er,

j=2
where i > 2. Then p;(ki,u) € Y.
Let us complete the proof of (vii) by induction on i. Using (vi), it is clear that pi(k1,u) € Y.
For k1 < w1, we show that p;(k1,u) € Y by the inductive hypothesis and (iv). In fact,

pi(k1,u) = 2(k1 + 1)*) Hpim1 (kb1 + 1,u), 272" ] € Y.
Suppose that k1 = m;. We obtain
pi(m,u) =27+ 1 =27 ul) " ad, pi(m — 1, w)).

If i +1—2"Yu| # 0 (mod p), then p;(m,u) € Y. Let i + 1 — 27 u| = 0 (mod p), pti41 # 0
(otherwise, p;41 = 0, the proof is similar and is therefore omitted). It is easy to verify the
following equations:

pi(m, W)z = =27 2w, pi(m — Lu)] €Y,
pi(m1 — Lw)zip 1241y = [[Z12im12 G40y, 27 ], pi(0,u)] €Y,
pi(mr,w) = [0+ [ pi(m1, w) @iy, Tipry] + [0+ Upiprpi(m — Lu)Tip1 241y €Y.

Now, we prove the theorem by using (i)—(vii). Let z := 2¥¢ be any basis element of 1.

Set I.:= Y. m — Y. k;. We propose to prove that 2*¢* € Y by induction on I.. For I, = 0,
i€ My €My
it follows that z = pp41(k1,u) € Y. Let I, > 0. Then there is ¢ € My, such that k; < m;. By

the assumption of induction, we have 2’ := zFtei¢% € Y and g := aF~e1+¢ 2, €% € Y. Thus,

2 = [i]((ki + 1)) 72, zv] = Kipuag) €Y.

The induction is complete.

4 Derivations of 9t

In this section, we shall describe the structure of the derivation algebra of 9t. Since 90 is
not a simple modular Lie algebra, we can not obtain the corresponding conclusion for a simple
modular Lie superalgebra M directly. This observation motivates us to pay our attention to the
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gradation component of zero Z-degree. Then, using the generator sets of 9 which have been
obtained in Section 3, we decompose the derivations of nonzero Z-degree and zero Z-degree. As
the final results, the derivations of the even part for the simple modular Lie superalgebra M
are investigated.

Lemma 4.1 Let ¢ € Der(M), f € M. If p(x;) = ¢[f,z:] =0, Vi € My, then D;(p(f)) =
0,Vi € M, that is, p(f) = > au,&", where a,, € F, u € B(q).

Proof Noting that o(z;) = [f, z;] = 0, it yields that [p(f),z;] =0, Vi € M. Thus,

[Sp(f)v 1] - [Z][@(f), [x%xi']] = Oa Vi € M.

It follows that D1(p(f)) = 0 and D;(¢(f)) = [i][e(f), z#] =0, Vi € M;.
An element f of 9 is called 7(i)-truncated if DZ(Z)(f) =0, where

(6) = m, ifie M,
)1, ifieT.
For i € M, we define a linear mapping p;, such that
Pz(xkfu) _ ((kz + 1)*)711_]6*‘1'61'&'71,,
where z¥t¢ =0 for k +e; € Q.
From the definitions above, we can get the following result directly.

Lemma 4.2 The following statements hold:
(i) If f € M is 7(i)-truncated, then Dip;(f) = f for all i € M.
(i) Dip; = pjD;, where i # j € M.

Lemma 4.3 Let fi,, -+, fi, € M, where ty,--- ti, € M. If f; is 7(i)-truncated, i =
ti, -ty and D;i(f;) = D;(fi), i,j = ti,--- ,tx € M, then there exists f € M, such that
Di(f) = fi, i=t1,-- ,tr, € M.

Proof Induction on k. If & = 1, then let f = py, (ft,). In view of Lemma 4.2(i), we have
Dy, (f) = Depe,(ft,) = fr,. Assume that there exists g € 9, such that D,;(g9) = fi, i =
ti, - yte—1. Let f =g+ p,(fr, — D, (g9)). For i = t1,-- ,tx_1, utilizing Lemma 4.2(ii) and
the hypothesis of this lemma, we have

Di(f) = fi + Dips, (ft, — D, (9))
= fi + ptr (Di(ft,) — DiDy, (9))
= fi+ pt, (Dy, (fi) — Dy, Di(g))
= fi

Since fi, — Dy, (g) is 7(tx)-truncated, by virtue of Lemma 4.2, we have

Dy, (f) = Dy, (g) + Dy pr,, (ft, — D1, (9))
= Dtk(g) + ftk - Dtk(g)
= ftk-

Our assertion follows and this completes the proof.
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Lemma 4.4 Suppose that ¢ € Der(IM). Let f1 = ¢(1) and f; = [i]e(xi) — [i] pi frzi for
i € My. Then there exists [ € M, such that D;(f) = f; fori € M.

Proof Considering the definition of 7(¢;)-truncated, it is clear that f; (i € M) are 7(t;)-
truncated. It remains to verify that f; (i € M) satisfy the condition of Lemma 4.3, that is,

Dl(f]) = Dj(f’b)a Za] € M.
By the assumption, we have

@(xi/) = [Z]ft + pifrxy  foralli € M. (41)
Applying ¢ to the equation [1,z;/] = 0, we obtain that

o([L,zi]) = [f1, 2] + [1, [i] fi + [i] s frzar]
= Di(fi)piwi + [{]1Di(f1) — [i]D1(fi) — piD1(frzar)
= [i]Di(f1) — [i]D1(f:)
0,

that is, D;(f1) = D1(fi), ¢ € M;. Applying ¢ to the equation [z, x;/] = d;:[i], it follows that

o([zir, zy0]) = [I'105irp(1).

Moreover, D;(f;) = D;(fi), i,j € M;. Consequently, there exists f € 9, such that D;(f) = f,
1€ M.
Proposition 4.1 Let ¢ € Der(IM). Then there exists f € M, such that (p—ad f)(M_1) = 0.
Proof 1t is easily seen that 9_; = spanp{x; | i € M;}. Let f; be defined as in Lemma 4.4.

Then there exists f € M, such that D;(f) = f;, ¢ € M. Put ¢1 := ¢ — ad f. It follows from
(4.1) that

p1(z:i) = p(xi) — [f, wi]
= p(xi) = (D1(f)pirwi + [1Dir (f))
= () — (i fros + [i'] fir)
=0

)

where i € M.
Proposition 4.2 Let ¢ € Der(IM). If plom_, =0, then p(x;xy) =0, i € M;.

Proof Using Proposition 4.1, we have ¢(x;) = 0 for i € My, since x; € M_4. Applying ¢
to the following equations respectively:

[xv,zvxj] =0, [xf,xi/] = Q[Z]xlv
where j # i’ € My, we obtain that

p(laf,z) =0, (laf,zv]) = 2[ile(z:) = 0,
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where j # i’ € M. In view of Lemma 4.1, we know ¢(2?) = Y a,£%, where a,, € F, u € B(q).
u

Applying ¢ to the equation [27, 2%] = 4[i]z;x;r, it follows that

47 (a7, 73])
47 i ([ (), 23] + (27, @(23)])
0

)

p(zizy) =

as desired.

The following lemma is from [10, Proposition 8.4].

Lemma 4.5 Let G = @ G; be a Z-graded centerless Lie algebra, and let T C Gy be a

torus of G. If ¢ € Der(G) is homogeneous of Z-degree t, then there exists e € G;, such that
(p —ade)|z =0.

It is easily verified that 7 := spang{z1} is a torus of 9.

Lemma 4.6 Let ¢ € Der(9M), and suppose that o(9M_1) = 0. Then there exists g €
(Con(M_1))¢, such that (¢ —adg)|r = 0.

Proof Recall that
Can(M_y) = spang{€" | u € B(g), |uleven}.

Noting that z1 € My, we get [x1,M_1] C M_1. Thus, p(z1) € Con(M_1). By Lemma 4.5,
there is e € My, such that (¢ — ade)|r = 0. Thus, p(z1) = [e,z1] € (Con(M_1)):. Noticing
that [z1,£%] = (1 —27Yul)€Y, then there exists an element g € (Con(9M_1)):, such that (1) =
[, z1]. Consequently, (¢ —ad g)|r = 0.

Theorem 4.1 Let ¢ € Dery (M), t # 0. Then there exists f € M, such that ¢ = ad f.

Proof By Proposition 4.1, there exists f' € 9, such that (¢ —ad f/)(9M_1) = 0. In view
of Lemma 4.6, there exists g € (Con(9_1))s, such that (¢ —ad f’ — ad g)|r = 0. Recall that
7 = spang{x1}, and it follows that (¢ —ad f' —ad g)(z1) = 0.

Set

o:=¢p—adf —adg.

It is clear that o(9M_1) = 0.

In the following, recall that P = {z¥ ieM}and Q ={21& & |l #r+1€
T}, and we proceed in several steps to show that o(P) =0, 0(Q) = 0, respectively.

First, it will be proved that o(z¥) = 0 for all i € M, by induction on k;. For k; = 0, from
1 € M_5, o(1) = 0 holds. Using Proposition 4.2, we get o(x;z;) = 0. Suppose that k; > 0.
Then a(:cf"'_l) = 0 by the inductive hypothesis. Applying o to [z, :ck] = [i’]k;‘xf"’_l, we

obtain
[z, 0(x)] = [i']kfo () ~") =0,

In view of Lemma 4.1, we have D;(o(z¥)) = 0 for j € M. Applying o to
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it follows that o(z¥") = 0 (for i € My) from [z, 0(xF)] = [i|kFo(zF).

Next, we prove that U(J?lfl) = 0 for 0 < k1 < m by induction on k;. To do that, we
assert that o(z?) = 0, o(23) = 0. To simplify the proof, we only verify o(2?) = 0 as the proof
of o(x3) = 0 is similar. For this propose, we may assume that o(z?) := Y ax,2"¢", where

k,u
k€ Q, u € B(q). One may check that Di(c(2?)) = 0 by applying o to [#2,1] = 2z;. Similarly,

applying o to [22, ;2] = 0, we can obtain

> anal[ilk; + k)2 ¢ = 0.
k,u

For ay,, # 0, it is easily verified that k7 = kJ;. Applying o to the following equations:

[33171513%'] = —Hi'$?7
(@i, v12;] = —piwizy + [i']21,
[Lxlxi] = — Ty,

respectively, from Proposition 4.2, we have
[€i,0(z12:)] =0, [zy,0(x124)] =0, [1,0(x12;)] =0.
Moreover, the following equations hold by direct computations:
Di(o(z12;)) =0, Di(o(x12;)) =0, Di(o(z12;))=0.
Applying o to the equation [22, ;] = 2uyz12;, we get
[i'| Dyro(23) = 2uiro(x124). (4.2)

Using (4.2), we may obtain by comparing coefficients that kf =k} = 0. Then D;(c(z?)) = 0,
Vj € M. So far, we may assume that o(z?) = > a, "

u

In the following, we will show that o(§,41&) = 0, | € T. Using Lemma 4.1, it follows that
Di(0(&+1&)) =0, i € M. We may assume that o(&.11&) = > a,&¥, where a,, € F, u € B(q),
and |u| is even.

Noticing that zd(o(&41&)) = ¢ > 0 or zd(o(&+1&)) = t < —1 and applying o to
[£1,641&] = 0, we obtain d(0(£,41&)) = 0. Moreover, S a, (1 — 27 Hu|)¢* = 0. For a, # 0,

we get |u|] = 2. Note that zd(c(&41&)) = zd( Y au&") = 0 and zd(0(&-41&)) = t # 0. This
|u|=2
shows o (&,11£) = 0. Applying o to [2,&,11&] = 0, from (&, 41&) = 0, we have

[0(27), & +1&] = 0. (4.3)

(4.3) yields that o(2?) = ¢, ¢ € F. Applying o to [z, 21] = 22, we obtain (%) = 0.

Assume that k1 > 3. Applying o to the following equations:

[af, 27 7] = (3" — (k1 — 2))af", (4.4)

[of, 2 1 = (2 = (k1 — 1)),
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respectively, we get

o1, 0 (2 ] = (2° = (k1 = 1))o(a7"). (4.7)

For 2* — (k1 —1)* # 0 (mod p), by (4.7), it is clear that ¢(2"") = 0 holds. For 2* — (k; —1)* =
(mod p), that is, (k; —1)* = 2, we have 3 — (k1 — 2)* £ 0 (mod p). Using (4.6), we obtain
o(z¥) = 0. To sum up, o(z¥") = 0 holds.

Now, let us prove that o(x1&-41&) = 0, 1 € T. Apply o to [z;,24&+1&] = [i]&r+1& and
[j, zi&y1&] =0, # i € M. Using Lemma 4.1, we get D (0(z¢&+1&)) =0, j € M. Applying
o to

[Tiwy, xir&r1&] = [z ér &,

we have o(zy&-41&) = 0, 4 € M;. Noting that the following equation holds by a direct compu-
tation:

216118 = [{)([m126, T &1 &) — 47137 s 27, [0, 3060 4161])),

we have o(z1&,4+1&) = 0, 1 € T. The proof is complete.

Theorem 4.2 Let ¢ € Dery (M), t = 0. Then there exists f € M, such that

p=adf+ Y a,][ad&&)+ Y biadwyad (2:6°™) Had (&r1&),

|ul|=2 l |ul=4
where |v(u)| =2, uy # 0,4 € My, ay,b, €F, andl € T.

Proof In view of the proof of Theorem 4.1, there exists ¢ = p—ad f' —ad g, where [/ € I,
g € Con(M_4), such that o(M_1) =0, o(7) = 0.
We obtain the following results:

U(P) =0, U(Q) =0, U(f?"-i-lfl) = Z Cugua c, €F.

|u|=2

Set

o(x1&r41&) - Z ap,z"E. (4.8)
Applying o to [z, 21&§+1&] = 0, we obtain
[{]s (Z ap okl i e € “) ¥ [i’]xi(zak,uk;x“igﬂ =0. (4.9)
k,u k,u
For ay,, # 0, by (4.8)—(4.9), we have kf = k). Applying o to

1,2 11§] =0

and
[%’,J%fr.;.l@] =0, j# i’ € My,

we get

Dj(o(zi&r+1&)) =0, j#1i€ M. (4.10)
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Applying o to [z, 2:&11&] = [')r41&, it follows that

Di(0(zi&r1&1)) = 0(&4180)- (4.11)
Using (4.10)(4.11), we have
o(zi&r161) = 2io (&r11&1)- (4.12)
Applying o to [1, 21&r41&] = —&r41&1, we get
Di(o(z16r416)) = 0(&+1&)- (4.13)
Applying o to [z;, £1&,116] = —pir i€ &, it follows that
—pirxiD1(0(218r41&)) + [i] Dir (0(2164181)) = —pir 0 (Ti&r1180)- (4.14)

Moreover, k}; = kI = 0.
It is easily verified that each term x1£" is generated by some f,, € 9 and x1&,41&;. Conse-
quently, combining (4.12)—(4.14), we have

o(216r416) = 210 (61 &) + Y dul"

ful=4

= > am&+ Y dug"

|u|=2 |u|=4

=Y au< IT ad fm(u)(x1§r+1§z))

[u[=2 m(u)

+ Z by (adxizada:iﬁv(") H ad fn(u)(x1§T+1§l))7

|u|=4 n(u)
where ay, by, ¢y, dy € F, fm(u)a fn(u) € M.

Let
A:=0+ Z Qy, H ad fo(u) + Z bu, (adxifadxigv(u) H ad fn(u)>,

lu[=2  m(u) u[=4 n(u)
where a,, b, € F.
Noticing that the following equations hold by Theorem 3.1:

we have A = 0. Hence, there exists f € 9, such that

p=adf+ Y au]]ad (&) + Y buadayad (1:6°™) [[ad (§41),

|u|=2 l |u|=4 l
where |[v(u)| = 2,7 € My, 1l € T and ay, b, € F.

Theorem 4.3

Der(9) = ad (IM) @ spanF{ H ad (fr+1fl)} ® span]F{ad xyad (;€Y) H ad (§,«+1§Z)},
!

l

where i € My, 1 € T, and |v| = 2.
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Proof This is a direct consequence of Theorems 4.1-4.2.

Remark 4.1 Now we can answer the question mentioned in the introduction for the simple
modular Lie superalgebra M. By Theorem 4.3 and [9, Theorem 3|, it is easy to see that
the derivation algebra of the even part of M does not equal the even part of the derivation
superalgebra of M, that is, Der(Mg) # Der(M)g.
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