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Abstract The main purpose of this paper is to study the deformed Riemannian extension
Vg+VG** in the cotangent bundle, where G is a twin Norden metric on the base manifold.
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1 Introduction

Let M, be an n-dimensional C°°-manifold with torsion-free connection V, “T(M,) be
its cotangent bundle, and 7 be the natural projection “T(M,) — M,. A system of local
coordinates (U,2%), i = 1,---,n in M, induces on “T(M,) a system of local coordinates
(r=Y(U), 7t = pi), i=n+i=n+1,---,2n, where 2¢ = p; are components of covectors p
in each cotangent space “T,,(M,), = € U with respect to the natural coframe {dz’}.

We denote by S7(M,,)(S%(CT(M,,))) the module over F(M,)(F(°T(M,))) of C> tensor
fields of type (r,s), where F(M,)(F(“T(M,))) is the ring of real-valued C* functions on
M, (°T(M,)).

Let X = X'9; and ¢ = &;dz’ be the local expressions in U C M,, of vector and covector (1-
form) fields X € S}(M,,) and € € S9(M,,), respectively. Then the complete and horizontal lifts
CX, HX € S{(CT(M,)) of X € S}(M,,) and the vertical lift V¢ € I§(CT(M,,)) of € € IV(M,,)

are given, respectively, by

CX = X9, — Zp,,,aix”/a;, (1.1)
X = X0+ palli X705, (1.2)
Ve=> o (1.3)
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with respect to the natural frame {0;, 0;}, where I‘?j are components of the torsion-free con-
nection V on M,,.
A new (pseudo) Riemannian metric Vg € S9(“T(M,,)) on “T(M,,) is defined by the equation
(see [7, p. 268])
Vg(OX,OY) = —y(VxY + Yy X)

for any X, Y € S4(M,,), where 4(VxY 4+ Vy X) is a function in 7= 1(U) € “T(M,,) with a local
expression 7(VxY + Vy X) = pp( X'V, Y" + YV, X"). We call Vg the Riemannian extension
of the symmetric connection V to “T(M,,). The Riemannian extension ¥ g has components of
the form
—op T §7
Vg=gr) = ( pgf “ 6) (1.4)
J
with respect to the natural frame {0;, 0;}, where 5} is the Kronecker delta.
On the other hand, the vector fields 7 X and V¢ span the module 34(“7T(M,,)). Hence the

tensor field Vg is also determined by its action of X and V¢. From (1.2)-(1.4), we have

Vg(Vg, Ve) =0, (15)
Vg(Ve, TX) =Y (£(X)) = (4(X)) o, (1.6)
Vg("x,"Y) =0 (1.7)

for any X, Y € S$(M,,) and €,0 € S9(M,,). Thus Vg is completely determined by the conditions
(1.5)—(1.7).
It is well known that ©7" (M,,) has a canonical symplectic structure w = dp, where p is a

basic 1-form in 7= (U) € T (M,,). The symplectic 2-form has components of the form
0 o
w=(wry) = (_55 6) (1.8)
with respect to the natural frame {9;,d:}, where I = (i,4), J = (j,j) and I,J =1,--- , 2n.

2 The Metric Vg as a Pullback of ©g

Let now M,, be a Riemannian manifold with metric g and V = V, be the Levi-Civita
connection of g. We denote by T'(M,,) the tangent bundle over M,, with local coordinates
(xi,fz) = (2%, 9"), where y, = y°0; € Ty(M,), Yo € M,. Let “g be a complete lift of a
Riemannian metric g to T'(M,,) with components

$SO.0rs s
Cg=(Cgrs)= (Y 994 ggf : (2.1)
gz]

A very important feature of any Riemannian metric g is that it provides a musical (natural)

isomorphism g* : “T'(M,,) — T(M,) between the cotangent and tangent bundles. The musical



On Deformed Riemannian Extensions Associated with Twin Norden Metrics 347

K I

isomorphism g% is expressed by g¢f : K = (2F pp) — ' = (xz,%;) = (2%, y" = ¢%p,) with

respect to the local coordinates. The Jacobian matrix of ¢* is given by

oz’ 5; 0
Iy (Z2) = ko ;
Using (2.1)-(2.2) we see that the pullback of “g by ¢ is the (0,2)-tensor field (g¥)* ©g on

T (M,) and has components
(((6)" “9)rr) = (A AL g15)

_ AL AlCgi; + A}A{Cg;j + AZA{CQH A?cA%CQiE
A%Agcg;] 0

_ <525zjysas9ij +s(069™)0] 915 + 6ps(D197°)gi 5 52)
9%6/9i 0
_ (v 0sgu + ps((Org"™)9i1 + (D197 )gr5) 3,
Sk 0
_ (19" 0591 — ps(9"Okgir + ¢7°Ougrj)
Sk 0
_ (59" (D1gek + Ogue — dega) G,
Sk 0
—2ps 52)
_ , 2.3)
( o; 0 (
Thus, from (1.4) and (2.3), we have (¢%)* g = Vg, i.e., the Riemannian extension Vg €

39(CT(M,,)) should be considered as a pullback of the complete lift ©g € SY(T(M,,)).

3 The Deformed Metrics in the Cotangent Bundle

It is well known that the deformed complete lift of Riemannian metric g to the tangent
bundle is defined by

Syng:Cg+Va’

where a is a symmetric tensor field on M,,, and Va € S§(T(M,,)) has components

Vi = (VaIJ) _ (aéj 8)
with respect to the natural frame in 7= (U) C T'(M,,). Lifts of this kind have also been studied
under the name: The synectic lift of metrics (see [1, 4, p. 88, 5, 6, p. 165]). Also we note that, if
(M, g) is flat, then (T'(M,), 5¥"g) is not necessarily flat, but (T'(M,), ©g) is necessarily flat.
If a = g, then we have 9¥"g = “g + V. The metric “g + Vg is called a metric of type I + II.
The metric I+ II was used by Yano and Ishihara [7] to study the geometry of tangent bundles.

The pullback of Va has components

@ Vo= (@ o = (Y 0): (3.1
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Using (1.8), (2.3) and (3.1) we have
. . —2psT3, + St
@ o+ V0 = (@ Co+ Vo) = (PTG

a 0 oo oo
=Yg+ ( o 0) =Yg+ (wrkwsrVa”) =Yg+ (Vagt) = Vg + Va®,

where

Vo= (Va't) = <0 0)

0 Qi

is a tensor field of type (2, 0) in 7= (U) € “T (M,,) (see [7, p. 230]). The tensor field
(g]j)* (Cg+Va) :Vg+Vaoo
is non-singular and can be regarded as a new metric on the cotangent bundle 7T (M,,).

4 The Deformed Metrics of Type Vg + VG**

Let (M,,J) be a 2n-dimensional almost complex manifold, where J denotes its almost
complex structure. A semi-Riemannian metric g of the natural signature (n,n) is a Norden

(anti-Hermitian) metric if (see [3])
9(JX,Y) = g(X, JY)

for any X,V € S}(M,,). An almost complex manifold (M,,, .J) with a Norden metric is referred
to as an almost Norden manifold. Structures of this kind have also been studied under the name:
Almost complex structures with pure (or B-) metrics. A Ké&hler-Norden (anti-Kéhler) manifold
can be defined as a triple (M, g, J) which consists of a smooth manifold M,, endowed with an
almost complex structure J and a Norden metric g such that VJ = 0, where V is the Levi-Civita
connection of g. It is well known that the condition VJ = 0 is equivalent to C-holomorphicity
(analyticity) of the Norden metric g (see [4]), i.e., ®yg = 0, where (®;9)(X,Y,Z) = (Lyxg —
LxG)(Y,Z) and G(Y,Z) = (9o J)(Y,Z) = ¢g(JY,Z) is the twin Norden metric. It is a
remarkable fact that (M,,g,J) is Kéhler-Norden if and only if the twin Norden structure
(M,, G, J) is Kéhler-Norden. This is of special significance for Kéhler-Norden metrics since in
such case g and G share the same Levi-Civita connection (Vg = VG = 0). Since in dimension
2, a Kdhler-Norden manifold is flat, we assume in the sequel that dimM > 4.

Let now (M,,g,J) be an almost Norden manifold. If a = G (see Section 3), where G is a

twin Norden metric, then we have a metric
(0) (“g+"G) =g+ "G
The metric Vg + Y G** = § has components

_ —2p, 0% + Gy 6
) = (7T o) (4.1)
J
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with respect to the induced coordinates (z°, p;).
The main purpose of the next sections is to study the metric Vg + Y'G*® in the cotangent
bundle and also the metric connection with respect to this metric.

The line element of (4.1) is given by
ds? = gryda'da’ = gijda‘da? + ﬁ;jdx;dxj + 'gvﬁdxidxj + 'gvgjdx{dxj
= (_2pstj + Gij)dxidxj + 5§dpida:j + 5fdxidpj = Gijdmidxj + 2dz'p;

where 0p; = dp; — psffjdxi. From here, we have the following theorem.

Theorem 4.1 Let (M,,g,J) be an almost Norden manifold. Then the fibre represented
by do® = 0 is a null submanifold in ©T (M,) with a deformed Riemann extension metric

Vg +VG**, but the horizontal distribution defined by dp; = 0 is not null.

Let “V be the Levi-Civita connection determined by Vg, i.e., *V(Vg) = 0 (“V is called
the complete lift of V, to ©T'(M,)). The components of “V in 7= 1(U) € “T (M,,) are given
by

Crh _ 1h Cph _ Cph _ Cph Cph _ 1
Fji_Fjiv FFi_ Fﬁ_ rﬁ_o, Fﬂ_l‘jh,

Tl = pa(OnT; — 0,15, — T, + 2T7, 1)

(4.2)

with respect to induced coordinates in 7=1(U) C T (M,). If (M,,g,J) is Kihler-Norden
(Vg = VG = 0), then using the expression

Gu O
V ee kl
=0 1)
from (1.1) and (4.2) we find “VeoxVG** = V(VxG)*® = 0 for any X € 34 (M,,). Then we
have
Vex(Vg+Va**) =o.
On the other hand, ¢V is torsion-free, so we have the following theorem.

Theorem 4.2 Let (M, J, g) be a Kdhler-Norden manifold. Then the Levi-Civita connection

of Vg coincides with the Levi-Civita connection of ¥ g+ YV G*®.
Using (1.1) and (4.1), we easily see that the inner product of the complete lifts “ X and “Y
of vector fields X, Y € M,, with respect to the metric Vg + V' G** is given by
Vg+VG"*)(?X,9Y) = G(X,Y) —y(VxY + VyX).
From this equation, we have the following theorem.

Theorem 4.3 Let (M, J,g) be a Kihler-Norden manifold. Then the complete lifts © X, €Y
of two wvector fields X,Y to CT(M,) with a metric Vg + VG*® are orthogonal if X,Y are

orthogonal with respect to G and are parallel.
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5 The Metric Connection with Respect to Vg + VG**

Let Vg be the Levi-Civita connection on M,,. In U C M,,, we put

9 , ,
Xy = oxi’ 00 =da’, i=1,---,n.
Then from (1.2)—(1.3), we see that HX(i) and V0" have respectively local expressions of the
form
0 0
H a
Xy = —— T8 5.1
W= 35T %:P hi 5 (5.1)
4 0
Vol = —. (5.2)
oxt
We call the set {HX Vi )} = {€), €3} = {€(a)} the frame adapted to the connection V.
The indices «, 3,7, -+ =1,---,2n indicate the indices with respect to the adapted frame.

From equations (1.2)—(1.3) and (5.1)—(5.2), we see that the lifts 7/ X and Vw have respectively

components

IX = X'e), ( (5.3)

)
Ve zz:gig@ ( ) (5.4)

with respect to the adapted frame {€(4)}, where X € S§(M,), & € S§(M,,), and X* and w; are

local components of X and w, respectively. Also from (1.5)—(1.7), we see that

Vg(VeW, Vo) = V9(€q.eq) =97 =0,
Va(" Xy, V) = YVa(ew, ) = Vgi; =0,

) ) o _ - , 0 .
Vo(VeW, X W) = Vg(@q),em) = Yoy = Vo5 = (dx’)(7> =%

- _ . (0 ;
Va(" Xy, VED) = Vglew,eg) = Va5 = Va5 = (dxj)(a ) =47,

i.e., Vg has components

v i
V.o _ (V= _ 9ji gji) _ <0' 6j> 55
0= = (+2 <) = (5 7 (5.5)
with respect to the adapted frame {g(a)}.
Using (5.1)—(5.2), we now consider local vector fields €3 and 1-forms € ina Y (U) c °T(M,)

defined by
ggZAgAaA, g“:ZE dl‘B,

At A 50
Ame (Aj i ) - <paF§‘j 53) ’ 56)

where
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o A A si 0
A= (A = (A —< ) ) 5.7
( B) (Zz Z;) _par% 55 ( )

J

We easily see that the set {EN“} is the coframe dual to the adapted frame {eg}, i.c., EGEB =
AR AL =05
Using (3.1) and (5.6), we see that V' G** has components

oo Gji 0
e = (G 0)
with respect to the adapted frame {€,}. Thus Vg + Y G** has components
. Gji 0}
(a+Vem = (G 7) 58)
i

with respect to the adapted frame {€,}.

Since the adapted frame {€z} is non-holonomic, we put
[y, €s] = QT gea

from which we have

0% = (6,44 —epA2) A7,
According to (4.2), (5.1) and (5.6)-(5.7), the components of the non-holonomic object Q5 are
given by

i Oi T
Q= =05 = T, (5.9)
Q?j = paR?jiv

all the others being zero, where Rfj . are local components of the curvature tensor R of V.

Let now (M, ., g) be a Kihler-Norden manifold, and let “V be the Levi-Civita connection
determined by the Riemannian extension Y g or by the deformed Riemannian extension Vg +
VG** (see Theorem 4.2). We put

“Ve e = Tpea-
From CV;(? - CV;)? = [X,Y], VX,Y € S(°T(M,)), we have
re,— °ry, =0%. (5.10)
The equation (°V ¢Vg) (Y, Z) = 0 has the form
5" gvs — T35,V gep — “T557 gre = 0 (5.11)
with respect to the adapted frame {€g}. We have from (5.10)—(5.11) that

1 - ~ ~ 1
Cr?)fﬂ = 5 Vgae(e'YVQEB + eﬁvg"/E - eevg'yﬁ) + 5 (Q(’?B + Q?Y(ﬂ + S‘z%,}/)7
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0
_v v s v =
where Q5 = Vg*¢ VgapQzy and (V9%) = ym '

Taking account of (5.3)—(5.5) and (5.9), we obtain (see [2])

Cri _Cpi _ Cri _ Cpi _ Cpi
= CTi = CTi = CTL = °TL =0,

cpi _ i cri_ i
L, =T T = T
CF?@j = 5pa( ki — R + Rigj)

with respect to the adapted frame {es}.

Untill now, we have given the metric Vg + VG*® to the cotangent bundle “T(M,) and
considered the Levi-Civita connection®V of Vg 4+ V' G*®. This is the unique connection which
satisfies “V(Vg+ Y G**) = 0, and has no torsion. But there exists another connection V which
satisfies V(Vg + VG**) = 0, and has the non-trivial torsion tensor. We call this connection the
metric connection of Vg 4+ VG*°.

The horizontal lift 7V of the torsion-free connection V to the cotangent bundle “T'(M,,) is
defined by

= | H Hy _
{ Vv"w =0, HVv,AY =0, (512)

"VaxVw="Y(Vxw), HVE.Y = H(VxY)
for any X,Y € S}(M,,) and w, 0 € S(M,,).
We now put 7V, = Vv

of Ve = HFZtﬁE(V) and writing Hfzﬁ for the different indices, from (5.12) we have

€(a)?

where {€()} = {€(;), €3 }-adapted frame. Then taking account

HTk _ 1k HTk _ J

I‘ij = Fij, Fﬁ =TI, (513)

HTk _ Hpk _ HTk _ H[k _ HTk '
ij ij ij ij

_ HTk _
i g = Fi_j_O.

Let T be the torsion tensor of the horizontal lift #V. Then T is the skew-symmetric tensor
field of type (1,2) in “T(M,,) determined by [7, p. 287]

T(Vwav 0) =0, T(HXaV 0) =0, T(HXvH Y) = —’YR(X, Y)a

-. Thus the connection

where R is the curvature tensor of V and yR(X,Y) = ?thZliXle a%_

HY has non-trivial torsion even for Levi-Civita connection V = V, determined by g, unless g
is locally flat.
Since Vg = VG = 0, by virtue of (1.5)—(1.7) and (5.8), we have

(Vv (Tg+VEr) (oY e) =0,
(Vax(Vg+VG) (V0. e)

=—(Tg+"G*)(V(Vx0).V &) = (Tg+VG**) (VY (Vxe)) =0,
Ve, (Vg+ VG (Vo 2)= VwV (0(2) =0,
("Vax(Tg+Vaer) (Ve z)
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= XV (0(2) - (Tg+ G (Vx0).,7 2) = (Vg +VG*) (V0. (Vx2))

V(Vx0(Z) = (Vx0)Z —6VxZ) =0,

(Vo (Vg +V Gy e) = Vu Vie(Y)) =0,

("Vax(Tg+Va)(My, Ve)

= X V() - (Vg +"G) (Y (VxY), Vo) = (Vg + V6 (MY, V(Vxe)

V(Vxe(Y) —e(VxY) - (Vxe)Y) =0,

(Vo (Vg +V Gy, T2) = VWY (G(Y, 2)) =0,

("Vux(Vg+VGNMY, 1 2) =V (VxG)(Y, 2)) =0

for any X,Y,Z € S§(M,) and w,0,e € SY(M,), i.e., the horizontal lift (V) is a metric

connection of Vg + V' G**. Thus we have the following theorem.

Theorem 5.1 Let (M,,J,g) be a Kihler-Norden manifold, and let V, be the Levi-Civita
connection of g. Then the horizontal lift (V) is a metric connection of the deformed Rie-

mannian extension ¥ g+ v G**.

Let now # R be a curvature tensor field of #(V,). The curvature tensor # R of the metric

connection (V) has components
Hp" ~H T ~H T Hpa HT: HTa H HT
Rsyp = €5)T5s —€mlap + "T5c T — "5 55 — 05,7 T'gg (5.14)

with respect to the adapted frame. Using (5.3)—(5.4), (5.9), (5.13)—(5.14) and computing com-
ponents of the contracted curvature tensor field (the Ricci tensor field) Evﬁ = Hf%gw, we

obtain

Hpi _ pi
fi akj = iki + ffi,w = R;;; = Ry,
HRge =0, HR,;=0, HRE-=0,

=

{HRkj — HRpa _ Hpi (515)

where Ry; is the Ricci tensor field of V, in M,,.
By virtue of (5.15), for the scalar curvature 7 of “T'(M,,) with the metric connection (V,,),

we have
=g+ VG R =0,
where
0 4
Cavvem = (g 5 ).
6. —Gik
Thus we have the following theorem.

Theorem 5.2 Let (M,,J,g) be a Kdihler-Norden manifold. Then the cotangent bundle
ST (M,) with the metric connection 2 (V) has vanishing scalar curvature with respect to the

deformed Riemannian extension ¥ g+ YV G*®.



354 A. Salimov and R. Cakan

References
[1] Aras, M., The metric connection with respect to the synectic metric, Hacet. J. Math. Stat., 41(2), 2012,
169-173.

[2] Aslanci, S., Kazimova, S. and Salimov, A. A., Some notes concerning Riemannian extensions, Ukrainian
Math. J., 62(5), 2010, 661-675.

[3] Bonome, A., Castro, R., Hervella, L. M. and Matsushita, Y., Construction of Norden structures on neutral
4-manifolds, JP J. Geom. Topol., 5(2), 2005, 121-140.

[4] Salimov, A., Tensor Operators and Their Applications, Nova Science Publishers, New York, 2012.

[5] Talantova, N. V. and Shirokov, A. P., A remark on a certain metric in the tangent bundle, Izv. Vys. Ucebn.
Zaved. Matematika, 157(6), 1975, 143-146.

[6] Vishnevskii, V. V., Shirokov, A. P. and Shurygin, V. V., Spaces over Algebras, Kazanskii Gosudarstvennyi
Universitet, Kazan, 1985.

[7] Yano, K. and Ishihara, S., Tangent and Cotangent Bundles, Mercel Dekker, Inc., New York, 1973.



