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1 Introduction

Let Mn be an n-dimensional C∞-manifold with torsion-free connection ∇, CT (Mn) be

its cotangent bundle, and π be the natural projection CT (Mn) → Mn. A system of local

coordinates (U, xi), i = 1, · · · , n in Mn induces on CT (Mn) a system of local coordinates

(π−1(U), xi, xi = pi), i = n + i = n + 1, · · · , 2n, where xi = pi are components of covectors p

in each cotangent space CTx(Mn), x ∈ U with respect to the natural coframe {dxi}.
We denote by �r

s(Mn)(�r
s(CT (Mn))) the module over F (Mn)(F (CT (Mn))) of C∞ tensor

fields of type (r, s), where F (Mn)(F (CT (Mn))) is the ring of real-valued C∞ functions on

Mn(CT (Mn)).

Let X = X i∂i and ξ = ξidxi be the local expressions in U ⊂ Mn of vector and covector (1-

form) fields X ∈ �1
0(Mn) and ξ ∈ �0

1(Mn), respectively. Then the complete and horizontal lifts
CX, HX ∈ �1

0(
CT (Mn)) of X ∈ �1

0(Mn) and the vertical lift V ξ ∈ �1
0(

CT (Mn)) of ξ ∈ �0
1(Mn)

are given, respectively, by

CX = X i∂i −
∑

i

ph∂iX
h∂i, (1.1)

HX = X i∂i +
∑

i

phΓh
ijX

j∂i, (1.2)

V ξ =
∑

i

ξi∂i (1.3)

Manuscript received September 17, 2013.
1Department of Mathematics, Ataturk University, Erzurum 25240, Turkey.
E-mail: asalimov@atauni.edu.tr rabia.cakan@atauni.edu.tr

∗This work was supported by the Scientific and Technological Research Council of Turkey (MFAG-1001,
No. 112T111).



346 A. Salimov and R. Cakan

with respect to the natural frame {∂i, ∂i}, where Γh
ij are components of the torsion-free con-

nection ∇ on Mn.

A new (pseudo) Riemannian metric ∇g ∈ �0
2(

CT (Mn)) on CT (Mn) is defined by the equation

(see [7, p. 268])
∇g(CX, CY ) = −γ(∇XY + ∇Y X)

for any X, Y ∈ �1
0(Mn), where γ(∇XY +∇Y X) is a function in π−1(U) ⊂ CT (Mn) with a local

expression γ(∇XY + ∇Y X) = ph(X i∇iY
h + Y i∇iX

h). We call ∇g the Riemannian extension

of the symmetric connection ∇ to CT (Mn). The Riemannian extension ∇g has components of

the form

∇g = (∇gIJ) =
(−2pmΓm

ij δj
i

δi
j 0

)
(1.4)

with respect to the natural frame {∂i, ∂i}, where δi
j is the Kronecker delta.

On the other hand, the vector fields HX and V ξ span the module �1
0(

CT (Mn)). Hence the

tensor field ∇g is also determined by its action of HX and V ξ. From (1.2)–(1.4), we have

∇g(V ξ, V θ) = 0, (1.5)
∇g(V ξ, HX) =V (ξ(X)) = (ξ(X)) ◦ π, (1.6)
∇g(HX,H Y ) = 0 (1.7)

for any X, Y ∈ �1
0(Mn) and ξ, θ ∈ �0

1(Mn). Thus ∇g is completely determined by the conditions

(1.5)–(1.7).

It is well known that CT (Mn) has a canonical symplectic structure ω = dp, where p is a

basic 1-form in π−1 (U) ⊂ CT (Mn). The symplectic 2-form has components of the form

ω = (ωIJ) =
(

0 δi
j

−δj
i 0

)
(1.8)

with respect to the natural frame {∂i, ∂i}, where I = (i, i), J = (j, j) and I, J = 1, · · · , 2n.

2 The Metric ∇g as a Pullback of Cg

Let now Mn be a Riemannian manifold with metric g and ∇ = ∇g be the Levi-Civita

connection of g. We denote by T (Mn) the tangent bundle over Mn with local coordinates

(xi, x̃i) = (xi, yi), where yx = yi∂i ∈ Tx(Mn), ∀x ∈ Mn. Let Cg be a complete lift of a

Riemannian metric g to T (Mn) with components

Cg = (CgIJ) =
(

ys∂sgij gij

gij 0

)
. (2.1)

A very important feature of any Riemannian metric g is that it provides a musical (natural)

isomorphism g� : CT (Mn) → T (Mn) between the cotangent and tangent bundles. The musical
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isomorphism g� is expressed by g� : xK = (xk, pk) → x̃I = (xi, x̃i) = (xi, yi = gisps) with

respect to the local coordinates. The Jacobian matrix of g� is given by

(AI
K) =

( ∂x̃I

∂xK

)
=
(

δi
k 0

ps∂kgis gik

)
. (2.2)

Using (2.1)–(2.2) we see that the pullback of Cg by g� is the (0, 2)-tensor field (g�)∗ Cg on
CT (Mn) and has components

(((g�)∗ Cg)KL) = (AI
KAJ

L
CgIJ)

=

(
Ai

kAj
l
Cgi j + Ai

kAj
l
Cgij + Ai

kAj
l
Cgi j Ai

kAj

l
Cgi j

Ai
k
Aj

l
Cgi j 0

)

=
(

δi
kδj

l y
s∂sgij + ps(∂kgis)δj

l gi j + δi
kps(∂lg

js)gi j δl
k

gikδj
l gi j 0

)
=
(

ys∂sgkl + ps((∂kgis)gi l + (∂lg
js)gk j) δl

k

δk
l 0

)
=
(

ptg
st∂sgkl − ps(gis∂kgi l + gjs∂lgk j) δl

k

δk
l 0

)
=
(−psg

ts(∂lgtk + ∂kglt − ∂tgkl) δl
k

δk
l 0

)
=
(−2psΓs

kl δl
k

δk
l 0

)
. (2.3)

Thus, from (1.4) and (2.3), we have (g�)∗ Cg = ∇g, i.e., the Riemannian extension ∇g ∈
�0

2(CT (Mn)) should be considered as a pullback of the complete lift Cg ∈ �0
2(T (Mn)).

3 The Deformed Metrics in the Cotangent Bundle

It is well known that the deformed complete lift of Riemannian metric g to the tangent

bundle is defined by
Syng = Cg + V a,

where a is a symmetric tensor field on Mn, and V a ∈ �0
2(T (Mn)) has components

V a = (V aIJ ) =
(

aij 0
0 0

)
with respect to the natural frame in π−1(U) ⊂ T (Mn). Lifts of this kind have also been studied

under the name: The synectic lift of metrics (see [1, 4, p. 88, 5, 6, p. 165]). Also we note that, if

(Mn, g) is flat, then (T (Mn), Syng) is not necessarily flat, but (T (Mn), Cg) is necessarily flat.

If a = g, then we have Syng = Cg + V g. The metric Cg + V g is called a metric of type I + II.

The metric I + II was used by Yano and Ishihara [7] to study the geometry of tangent bundles.

The pullback of V a has components

(g�)∗ V a = (((g�)∗ V a)IJ ) =
(

aij 0
0 0

)
. (3.1)
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Using (1.8), (2.3) and (3.1) we have

(g�)∗ (Cg + V a) = (((g�)∗ (Cg + V a)IJ ) =
(−2psΓs

kl + akl δl
k

δk
l 0

)
= ∇g +

(
akl 0
0 0

)
= ∇g + (ωIKωJL

V aIJ) = ∇g + (V a••
KL) = ∇g + V a••,

where
V a = (V aJL) =

(
0 0
0 aij

)
is a tensor field of type (2, 0) in π−1 (U) ⊂ CT (Mn) (see [7, p. 230]). The tensor field

(g�)∗ (Cg + V a) = ∇g + V a••

is non-singular and can be regarded as a new metric on the cotangent bundle CT (Mn).

4 The Deformed Metrics of Type ∇g + V G••

Let (Mn, J) be a 2n-dimensional almost complex manifold, where J denotes its almost

complex structure. A semi-Riemannian metric g of the natural signature (n, n) is a Norden

(anti-Hermitian) metric if (see [3])

g(JX, Y ) = g(X, JY )

for any X, Y ∈ �1
0(Mn) . An almost complex manifold (Mn, J) with a Norden metric is referred

to as an almost Norden manifold. Structures of this kind have also been studied under the name:

Almost complex structures with pure (or B-) metrics. A Kähler-Norden (anti-Kähler) manifold

can be defined as a triple (Mn, g, J) which consists of a smooth manifold Mn endowed with an

almost complex structure J and a Norden metric g such that ∇J = 0, where ∇ is the Levi-Civita

connection of g. It is well known that the condition ∇J = 0 is equivalent to C-holomorphicity

(analyticity) of the Norden metric g (see [4]), i.e., ΦJg = 0, where (ΦJg)(X, Y, Z) = (LJXg −
LXG)(Y, Z) and G(Y, Z) = (g ◦ J)(Y, Z) = g(JY, Z) is the twin Norden metric. It is a

remarkable fact that (Mn, g, J) is Kähler-Norden if and only if the twin Norden structure

(Mn, G, J) is Kähler-Norden. This is of special significance for Kähler-Norden metrics since in

such case g and G share the same Levi-Civita connection (∇g = ∇G = 0). Since in dimension

2, a Kähler-Norden manifold is flat, we assume in the sequel that dimM ≥ 4.

Let now (Mn, g, J) be an almost Norden manifold. If a = G (see Section 3), where G is a

twin Norden metric, then we have a metric

(g�)∗ (Cg + V G) = ∇g + V G••.

The metric ∇g + V G•• = g̃ has components

(g̃IJ) =
(−2psΓs

ij + Gij δj
i

δi
j 0

)
(4.1)
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with respect to the induced coordinates (xi, pi).

The main purpose of the next sections is to study the metric ∇g + V G•• in the cotangent

bundle and also the metric connection with respect to this metric.

The line element of (4.1) is given by

ds2 = g̃IJdxIdxJ = g̃ijdxidxj + g̃i jdxidxj + g̃i jdxidxj + g̃i jdxidxj

= (−2psΓs
ij + Gij)dxidxj + δi

jdpidxj + δj
i dxidpj = Gijdxidxj + 2dxiδpi ,

where δpj = dpj − psΓs
ijdxi. From here, we have the following theorem.

Theorem 4.1 Let (Mn, g, J) be an almost Norden manifold. Then the fibre represented

by dxi = 0 is a null submanifold in CT (Mn) with a deformed Riemann extension metric
∇g + V G••, but the horizontal distribution defined by δpi = 0 is not null.

Let C∇ be the Levi-Civita connection determined by ∇g, i.e., C∇(∇g) = 0 (C∇ is called

the complete lift of ∇g to CT (Mn)). The components of C∇ in π−1(U) ⊂ CT (Mn) are given

by

CΓh
ji = Γh

ji,
CΓh

j i
= CΓh

ji
= CΓh

ji
= 0, CΓh

ji
= Γi

jh,

CΓh
ij = pa(∂hΓa

ji − ∂jΓa
ih − ∂iΓa

jh + 2Γa
htΓ

t
ji)

(4.2)

with respect to induced coordinates in π−1(U) ⊂ CT (Mn). If (Mn, g, J) is Kähler-Norden

(∇g = ∇G = 0), then using the expression

V G•• =
(

Gkl 0
0 0

)
,

from (1.1) and (4.2) we find C∇CX
V G•• = V (∇XG)•• = 0 for any X ∈ �1

0 (Mn). Then we

have
C∇CX(∇g + V G••) = 0.

On the other hand, C∇ is torsion-free, so we have the following theorem.

Theorem 4.2 Let (Mn, J, g) be a Kähler-Norden manifold. Then the Levi-Civita connection

of ∇g coincides with the Levi-Civita connection of ∇g + V G••.

Using (1.1) and (4.1), we easily see that the inner product of the complete lifts CX and CY

of vector fields X, Y ∈ Mn with respect to the metric ∇g + V G•• is given by

(∇g + V G••)(CX, CY ) = G(X, Y ) − γ(∇XY + ∇Y X).

From this equation, we have the following theorem.

Theorem 4.3 Let (Mn, J, g) be a Kähler-Norden manifold. Then the complete lifts CX, CY

of two vector fields X, Y to CT (Mn) with a metric ∇g + V G•• are orthogonal if X, Y are

orthogonal with respect to G and are parallel.
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5 The Metric Connection with Respect to ∇g + V G••

Let ∇g be the Levi-Civita connection on Mn. In U ⊂ Mn, we put

X(i) =
∂

∂xi
, θ(i) = dxi, i = 1, · · · , n.

Then from (1.2)–(1.3), we see that HX(i) and V θ(i) have respectively local expressions of the

form

HX(i) =
∂

∂xi
+
∑

h

paΓa
hi

∂

∂xh
, (5.1)

V θ(i) =
∂

∂xi
. (5.2)

We call the set {HX(i),
V θ(i)} = {ẽ(i), ẽ(i)} = {ẽ(α)} the frame adapted to the connection ∇g.

The indices α, β, γ, · · · = 1, · · · , 2n indicate the indices with respect to the adapted frame.

From equations (1.2)–(1.3) and (5.1)–(5.2), we see that the lifts HX and V ω have respectively

components

HX = X iẽ(i),
HX =

(
X i

0

)
, (5.3)

V ξ =
∑

i

ξiẽ(i),
V ξ =

(
0
ξi

)
(5.4)

with respect to the adapted frame {ẽ(α)}, where X ∈ �1
0(Mn), ξ ∈ �0

1(Mn), and X i and ωi are

local components of X and ω, respectively. Also from (1.5)–(1.7), we see that

∇g(V ξ(i), V θ(j)) = ∇g(ẽ(i), ẽ(j)) = ∇g̃ij = 0,

∇g(HX(i),
HY(j)) = ∇g(ẽ(i), ẽ(j)) = ∇g̃ij = 0,

∇g(V ξ(i), HX(j)) = ∇g(ẽ(i), ẽ(j)) = ∇g̃ij = ∇g̃ji = (dxi)
( ∂

∂xj

)
= δi

j ,

∇g(HX(i),
V ξ(j)) = ∇g(ẽ(i), ẽ(j)) = ∇g̃ij = ∇g̃ji = (dxj)

( ∂

∂xi

)
= δj

i ,

i.e., ∇g has components

∇g = (∇g̃βα) =
(∇g̃ji

∇g̃ji
∇g̃ji

∇g̃ji

)
=
(

0 δi
j

δj
i 0

)
(5.5)

with respect to the adapted frame
{
ẽ(α)

}
.

Using (5.1)–(5.2), we now consider local vector fields ẽβ and 1-forms ξ̃α in π−1(U) ⊂ CT (Mn)

defined by

ẽβ = Aβ
A ∂A, ξ̃α = A

α

B dxB,

where

A = (AA
β ) =

(
Aj

i Aj
i

Aj
i Aj

i

)
=
(

δi
j 0

paΓa
ij δj

i

)
, (5.6)
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A−1 = (A
α

B) =

(
A

i

j A
i

j

A
i

j A
i

j

)
=
(

δi
j 0

−paΓa
ij δj

i

)
. (5.7)

We easily see that the set {ξ̃ α} is the coframe dual to the adapted frame {ẽβ}, i.e., ξ̃αẽβ =

A
α

BAB
β = δα

β .

Using (3.1) and (5.6), we see that V G•• has components

((V G••)βα) =
(

Gji 0
0 0

)
with respect to the adapted frame {ẽα}. Thus ∇g + V G•• has components

((∇g + V G••)βα) =
(

Gji δi
j

δj
i 0

)
(5.8)

with respect to the adapted frame {ẽα}.
Since the adapted frame {ẽβ} is non-holonomic, we put

[ẽγ , ẽβ] = Ωα
γβ ẽα

from which we have

Ωα
γβ =

(
ẽγAA

β − ẽβAA
γ

)
A

α

A.

According to (4.2), (5.1) and (5.6)–(5.7), the components of the non-holonomic object Ωα
γβ are

given by {
Ωi

lj
= −Ωi

jl
= −Γj

li,

Ωi
lj = paRa

lji,
(5.9)

all the others being zero, where Rh
ijk are local components of the curvature tensor R of ∇.

Let now (Mn, J, g) be a Kähler-Norden manifold, and let C∇ be the Levi-Civita connection

determined by the Riemannian extension ∇g or by the deformed Riemannian extension ∇g +
V G•• (see Theorem 4.2). We put

C∇ẽγ
ẽβ = CΓα

γβ ẽα.

From C∇X̃ Ỹ − C∇Ỹ X̃ = [X̃, Ỹ ], ∀X̃, Ỹ ∈ �1
0(

CT (Mn)), we have

CΓα
γβ − CΓα

βγ = Ωα
γβ . (5.10)

The equation (C∇X̃
∇g)(Ỹ , Z̃) = 0 has the form

ẽδ
∇gγβ − CΓε

δγ
∇gεβ − CΓε

δβ
∇gγε = 0 (5.11)

with respect to the adapted frame {ẽβ}. We have from (5.10)–(5.11) that

CΓα
γβ =

1
2

∇gαε(ẽγ
∇gεβ + ẽβ

∇gγε − ẽε
∇gγβ) +

1
2

(Ωα
γβ + Ωα

γβ + Ωα
βγ),
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where Ωα
γβ = ∇gαε ∇gδβΩδ

εγ and (∇gαε) =
(

0 δi
m

δm
i 0

)
.

Taking account of (5.3)–(5.5) and (5.9), we obtain (see [2])⎧⎪⎪⎨⎪⎪⎩
CΓi

kj
= CΓi

kj
= CΓi

kj
= CΓi

kj
= CΓi

kj
= 0,

CΓi
kj = Γi

kj ,
CΓi

kj
= −Γj

ki,

CΓi
kj =

1
2
pa(Ra

kji − Ra
jik + Ra

ikj)

with respect to the adapted frame {ẽβ}.
Untill now, we have given the metric ∇g + V G•• to the cotangent bundle CT (Mn) and

considered the Levi-Civita connectionC∇ of ∇g + V G••. This is the unique connection which

satisfies C∇(∇g + V G••) = 0, and has no torsion. But there exists another connection ∇̃ which

satisfies ∇̃(∇g + V G••) = 0, and has the non-trivial torsion tensor. We call this connection the

metric connection of ∇g + V G••.

The horizontal lift H∇ of the torsion-free connection ∇ to the cotangent bundle CT (Mn) is

defined by {
H∇V θ

V ω = 0, H∇V θ
HY = 0,

H∇HX
V ω = V (∇Xω), H∇H

HXY = H(∇XY )
(5.12)

for any X, Y ∈ �1
0(Mn) and ω, θ ∈ �0

1(Mn).

We now put H∇α = H∇ẽ(α) , where {ẽ(α)} = {ẽ(i), ẽ(i)}-adapted frame. Then taking account

of C∇αẽ(β) = HΓγ
αβ ẽ(γ) and writing H Γ̃γ

αβ for the different indices, from (5.12) we have⎧⎨⎩
H Γ̃k

ij = Γk
ij ,

H Γ̃k
ij

= −Γj
ik,

H Γ̃k
ij

= H Γ̃k
ij

= H Γ̃k
ij

= H Γ̃k
ij

= H Γ̃k
ij = H Γ̃k

ij
= 0.

(5.13)

Let T be the torsion tensor of the horizontal lift H∇. Then T is the skew-symmetric tensor

field of type (1, 2) in CT (Mn) determined by [7, p. 287]

T (V ω,V θ) = 0, T (HX,V θ) = 0, T (HX,H Y ) = −γR(X, Y ),

where R is the curvature tensor of ∇ and γR(X, Y ) =
∑
i

phRh
kliX

kY l ∂
∂xi

. Thus the connection

H∇ has non-trivial torsion even for Levi-Civita connection ∇ = ∇g determined by g, unless g

is locally flat.

Since ∇g = ∇G = 0, by virtue of (1.5)–(1.7) and (5.8), we have

(
H∇V ω(∇g + V G••))(V θ,V ε) = 0,

(
H∇HX(∇g + V G••))(V θ,V ε)

= −(∇g + V G••)(V (∇Xθ),V ε) − (∇g + V G••)(V θ,V (∇Xε)) = 0,

(
H∇V ω(∇g + V G••))(V θ,H Z) = V ω V (θ(Z)) = 0,

(
H∇HX(∇g + V G••))(V θ,H Z)
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= HX V (θ(Z)) − (∇g + V G••)(V (∇Xθ),H Z) − (∇g + V G••)(V θ,H (∇XZ))

= V (∇Xθ(Z) − (∇Xθ)Z − θ∇XZ) = 0,

(
H∇V ω(∇g + V G••))(HY,V ε) = V ω V (ε(Y )) = 0,

(
H∇HX(∇g + V G••))(HY, V ε)

= HX V (ε(Y )) − (∇g +VG••)(V (∇XY ), V ε) − (∇g + V G••)(HY, V (∇Xε))

= V (∇Xε(Y ) − ε(∇XY ) − (∇Xε)Y ) = 0,

(
H∇V ω(∇g + V G••))(HY, HZ) = V ωV (G(Y, Z)) = 0,

(
H∇HX(∇g + V G••))(HY, HZ) = V ((∇XG)(Y, Z)) = 0

for any X, Y, Z ∈ �1
0(Mn) and ω, θ, ε ∈ �0

1(Mn), i.e., the horizontal lift H(∇g) is a metric

connection of ∇g + V G••. Thus we have the following theorem.

Theorem 5.1 Let (Mn, J, g) be a Kähler-Norden manifold, and let ∇g be the Levi-Civita

connection of g. Then the horizontal lift H(∇g) is a metric connection of the deformed Rie-

mannian extension ∇g + V G••.

Let now HR be a curvature tensor field of H(∇g). The curvature tensor HR of the metric

connection H(∇g) has components

HR̃
α

δγβ = ẽH
(δ)Γ̃

α
γβ − ẽH

(γ)Γ̃
α
δβ + H Γ̃α

δε
H Γ̃ε

γβ − H Γ̃α
γε

H Γ̃ε
δβ − Ωε

δγ
H Γ̃α

εβ (5.14)

with respect to the adapted frame. Using (5.3)–(5.4), (5.9), (5.13)–(5.14) and computing com-

ponents of the contracted curvature tensor field (the Ricci tensor field) HR̃γβ = HR̃α
αγβ, we

obtain {
HR̃kj = HR̃α

αkj = HR̃i
ikj + HR̃i

ikj
= Ri

ikj = Rkj ,
HR̃k j = 0, HR̃k j = 0, HR̃k j = 0,

(5.15)

where Rkj is the Ricci tensor field of ∇g in Mn.

By virtue of (5.15), for the scalar curvature r̃ of CT (Mn) with the metric connection H(∇g),

we have

r̃ = (∇g + V G••)γβ HR̃γβ = 0,

where

((∇g + V G••) γβ) =
(

0 δk
j

δj
k −Gjk

)
.

Thus we have the following theorem.

Theorem 5.2 Let (Mn, J, g) be a Kähler-Norden manifold. Then the cotangent bundle
CT (Mn) with the metric connection H(∇g) has vanishing scalar curvature with respect to the

deformed Riemannian extension ∇g + V G••.
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