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Abstract The first cohomology group of generalized loop Virasoro algebras with coeffi-
cients in the tensor product of its adjoint module is shown to be trivial. The result is used
to prove that Lie bialgebra structures on generalized loop Virasoro algebras are coboundary
triangular. The authors generalize the results to generalized map Virasoro algebras.
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1 Introduction

As the universal central extension of the infinite-dimensional Lie algebra (namely, the Witt
algebra W) of the linear differential operators {f(t)< | f(t) € C[t,t~']} of the Laurent poly-
nomial algebra C[t,t~!], the well-known Virasoro algebra plays a very fundamental role in
conformal field theory, string theory, the theory of vertex operator algebras and the represen-
tation theory of Kac-Moody algebras as well as extended affine Lie algebras (see, e.g., [1,2,6]).
Various generalizations of the Virasoro algebra and other closely related algebras were objects
of intensive studies in literature (see, e.g., [7,9,12-17,21]). Among them, the one that naturally
occurs in extended affine Lie algebras is the (generalized) loop Virasoro algebra (and more
generally, the map Virasoro algebras), whose structure and representation theories are studied
in [7,9,17,21].

In this paper, we are interested in considering Lie bialgebra structures on generalized loop
Virasoro Lie algebras and generalized map Virasoro Lie algebras. Lie bialgebras as well as
their quantizations provide important tools in searching for solutions of quantum Yang-Baxter
equations and in producing new quantum groups (see, e.g., [3-4]). Thus, there are a number of
papers on Lie bialgebra structures in literature. For instance, Lie bialgebra structures on the
Witt, one-sided Witt and Virasoro algebras were shown in [8, 20] to be coboundary triangular,
which can be obtained from their nonabelian two dimensional Lie subalgebras. Moreover, Lie
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bialgebra structures on the one-sided Witt algebra were completely classified in [8]. Further-
more, Lie bialgebra structures on Lie algebras of generalized Witt type and Weyl type were
considered in [10,22].

We remark that the objects studied in this paper are I'-graded Lie algebras (see (3.1)),
however, they are not finitely I'-graded, and not finitely generated as Lie algebras in general,
in sharp contrast to the Witt, one-sided Witt and Virasoro algebras. Thus when we tackle
problems associated with such objects, as stated in [17,21], the classical techniques such as
that in [5] may not be directly applied to the situation here. Instead, some new techniques
or strategies must be employed as can be seen in the proof of Lemma 3.3. This is one of our
motivations. The main results presented in this paper are summarized in Theorems 3.1 and 4.1,
which state that all Lie bialgebra structures under consideration are coboundary triangular.
As predicted, the results are not surprising. However, a Lie bialgebra having a coboundary
triangular structure does not mean that it is not interesting, as one can see from [11] that
dualizing a coboundary triangular Lie bialgebra may produce new Lie algebras. This will be
persuaded in a sequel.

This paper proceeds as follows. In Section 2, the preliminaries of Lie bialgebras are recalled.
In Section 3, Lie bialgebra structures on generalized loop Virasoro algebras are proven to be
coboundary triangular. Then we generalize the results in Section 3 to the case of map Virasoro
algebras in Section 4.

2 Preliminaries

Let us recall some concepts related to Lie bialgebras now. Throughout this paper, F denotes
a field of characteristic zero and all the tensor products are taken over F. Let L be a vector
space over F. Denote by 7 the twist map of L ® L, namely,

T(r®y)=y®x, Vaz,y€lL. (2.1)
Denote by € the map which cyclically permutes the coordinates of L ® L ® L, i.e.,
e(r1 @y ®@a3) =22 Qa3 @1, Vi, xe,x3€ L. (2.2)

Then the definition of a Lie algebra can be stated as follows.

Definition 2.1 Let L be a vector space over F, and ¢ : L ® L — L be a linear map. The
pair (L, @) is called a Lie algebra, if the following conditions hold:

Ker(1®1—7) CKer¢ and ¢(12¢)(101@1+¢c+e?) =0,

where 1 denotes the identity map on L.

The operator ¢ is usually called the bracket of L. Dually, we get the definition of Lie
coalgebras.

Definition 2.2 Let L be a vector space over F and A : L — L ® L be a linear map. The
pair (L, A) is called a Lie coalgebra, if

ImA CIm(1®1—-7) and (1@1@1+e+e3)(1@A)A=0.
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The map A is called the cobracket of L. Combining the algebra and coalgebra structures
under some compatibility condition, we obtain the definition of a Lie bialgebra as follows.

Definition 2.3 A Lie bialgebra is a triple (L, ¢, A), where (L, ) is a Lie algebra, (L,A)
is a Lie coalgebra and

Aplr@y)=2-Ay—y-Ax, Va,ye L. (2.3)
Note that the compatibility condition (2.3) is equivalent to that A is a derivation.

Definition 2.4 A coboundary Lie bialgebra is an (L, ¢, A,r), where (L, p, A) is a Lie bial-
gebra and v € Im(1 ® 1 — 7), such that A is a coboundary of r, i.e., for arbitrary x € L,

Az)=x-r
Denote by U(L) the universal enveloping algebra of L and 1 the identity element of U(L).
For any 7 = Y. a; ® b; € L ® L, define '/ and ¢(r) to be the elements of U(L) ® U(L) ® U(L)
by '

7«12:2@1®bi®1, T13=Zai®1®bi, T23221®ai®bi

and
C(T) — [7“12, 7“13] T [7‘12,7“23] 4 [7"13, 7“23].

The following result is due to Drinfeld [4].
Theorem 2.1 Let (L,¢) be a Lie algebra. Then for some r € Im(1 — 1), A = A, endows

(L, ¢, A) with a Lie bialgebra structure if and only if r satisfies the following modified Yang-
Bazter equation (MYBE):

x-c(r)=0, YzelL.

Furthermore, one has the following definition.

Definition 2.5 A coboundary Lie bialgebra (L, ¢, A, r) is called triangular, if r satisfies the
following classical Yang-Bazxter equation (CY BE):

c(r)=0.

3 Lie Bialgebras of Generalized Loop Virasoro Algebras

Let I’ be an additive subgroup of F, and F[I'] be the group algebra of I" with basis {e* | a €
I'}. Denote #(I') = F[T']0 (where 0(e®) = ae®), which is usually referred to as the (generalized)
Witt algebra or (the generalized centerless) Virasoro algebra (see [19]). Since #/(I') = #/(IV),
if I 2T by [18], and for any 0 # « € T', we have I' & éf. Replacing T' by éf if necessary,
we always assume that 1 € I'. We denote #7,(T') = #/(I') ® F[t*1], which is referred to as a
(generalized) loop Witt algebra or a (generalized) loop (centerless) Virasoro algebra. We can
write #7,(T) as

#1,(T) = @ #iL(1),, 7)), =span{Lat' |i € Z}, Lyt'=e*0®t foraecl (3.1
a€el
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with brackets
[Lat', Lgt'] = (B — @) Laypt™, Va,fe€T, i,j€L (3:2)

We use the notation L ; 1= L, t" in the remainder of this section.
Denote by V the tensor product #7(I') @ #1(T"). Since #1(T") is a I'-graded Lie algebra,
V admits a natural I'-graded 77 (T')-module structure under the adjoint diagonal action of

#1(T). Precisely, V.= @ V,, where V,, is spanned by {Lg; ® Ly, | B+ = «, i,j € Z}.
ael
Denote by Der (#1(T"), V) and Inn (#7(T"), V) the vector spaces of all derivations and inner

derivations from #7,(T") to V, respectively. It is well-known that the first cohomology group
of #1,(T") with coefficients in the module V is isomorphic to Der (#4(T"), V)/Inn (#4(T'), V).
Denote by (Der (#1,(T'),V)). the space of derivations of degree a. Then we have the following
result through some arguments analogous to that in [10].

Lemma 3.1 The space Der(#1(T), V) can be decomposed into

DQI(WL(F), V) = @(DGY(WL(F)a V))Oza

acl
where (Der(#1,(I'),V))a C Inn(#(T'),V) for any o # 0.
We can also obtain the following result easily, which is useful in our paper.

Lemma 3.2 Let D € Der(#1(T'),V) be a derivation, such that D(Lgo) = 0. Then D €
(Der(#1,(I'),V))o.

Proof Let D act on the equation [Lg o, La,i] = aLq,;. We have [Lo o, D(Lq,)] = aD(La. ;).
So D(Lg,;) € Vo and the assertion follows.

Fix i and j, and let V; ; = span{L,; ® Lg;|a, 3 € I'} = span{(L, ® Lg)x'y’ |a, 3 € T'}.
Then V= @ V,;, which is a Z2-graded space. Consider the subalgebra % =span{L,o|a€l'}

i,j€EZ
of #1.(T). ]Tehen W is actually isomorphic to the generalized centerless Virasoro algebra and
Vi,j is a #/-module. It is easy to show that V; ; = # @ # as # -modules.

For the sake of computation, we will adopt the following description of V' in the rest of this
section. As a vector space, V = (# @ # ) QF[z,x 1, y,y ] = (W W )[x,x~,y,y 1], which is
actually the space of formal Laurant polynomials in two variables with coefficients in # @ #.
Explicitly, this isomorphism maps La,; ® Lg, ; to (Lo ® Lg)x'y?. Now the action of #7,(I') on
V is given by

Lo ((Lg @ Ly)2’y*) = (8 = a)(Latp ® Ly)a"™y* + (v = a)(Ls @ Lagy)2’y™". (3.3)

Then we have the following result.

Lemma 3.3 For D € Der(#1(I'),V), there is a vector v € V, such that (D — D,)(#) =0,
where D, is an inner derivation defined by Dy(Lq,i) = La,i-v for any a € T and i € Z.

Proof Consider the restriction of D to #', we have D|y € Der(#, V). We also denote D|y

by D for convenience. As a #-module, V.= @ V;,;. Then D = > D, (see [10]), where
i,jEL i jEL
D; ; € Dex(#,V; ;). We should remark that this formula holds in the sense that when D acts



Lie Bialgebras of Generalized Loop Virasoro Algebras 441

on a given vector, there exist only finite nonzero terms on the right side. Referring to [8] or [10],

one has HY(# , %W ® #) = 0. So there exists some v;j € Vij, such that D; ; = D,, ,, where

D,, ; is an inner derivation with respect to v; ;. We will show that the formula D = > D;;
52

is just a finite sum in the rest of the proof. Then we can deduce that D is an inner dezfji\E/ation.

If T is a finitely generated free abelian group (see, e.g., Z, Z?), # is finitely generated as a

Lie algebra. Then we can deduce that D(%#) is contained in a finite direct sum of V; ;’s. Thus

D= 3 D,;;is afinite sum and D = D, where v = »_ v; ;.
1,JEZL 4,jEZL
For an arbitrary group I', we have to use some completely different arguments. Consider
the finite set X = {(Z,j) | (LO,O S Vijs Ll,O S Vijs L270 . U@j) =+ (0, 0, O)} The complement of X in
ZxZis X ={(i,§) | Loo-vij = L1o-vij = Lag-v;; = 0}. Given a pair (i,j) € X, assume

vij = >, a(a,B)Lo ® Lgz'y?, where a(a, 3) € F. Since
a,B€eT

Loo-vij = Y (B+a)a(a,f)La ® Lgz'y’ =0,
a,B€r

we have (8 + a)a(a,8) = 0. Then it reduces to the case that v; ; = > a(y)L, ® L_,x'y’ for

ver

a(y) € F.

Since

Lio-vij =Y Ly ®Li4((—=y = Da(y) + (y = 2)a(y = 1)z'y’ =0,
yel’
we have
(v +Da(y) = (v = 2)aly - 1), (3.4)
va(y —1) = (v = 3)a(y - 2)

Similarly,

Loo-vig = Ly ® Ly (=7 = 2)a(y) + (v — 4)aly — 2))a'y’ =0,
yel’

and we obtain

(v +2)a() = (v = 4Haly - 2). (3.6)

From the linear equations (3.4)—(3.6), we have a(y) = 0. Then v; ; = 0 and {(4,7) |vi; #
0} Cc X. Thus D = % D, ;is afinite sum and D = D,,, wherev = Y v, ;. So Der(#,V) =
ijez ijEz
@ Der(#,V; ;) =Inn(#,V). This completes the proof.
ijEL
Lemma 3.4 Every derivation from #1(T) to V is inner, i.e., HY(#1(T'),V) = 0.

Proof Take a derivation D from #7,(T") to V. From Lemma 3.3, replacing D by D — D,, for
some v € V, we can assume D(#) = 0. Then we have D € (Der(#1(T"),V))o from Lemma 3.2.

Assume that D(La;) = Y. (Ly ® La—~) fainy, Where foi~ € Flz,271 y,y7! and fo,0., = 0.
~yel
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Letting D act on (3.2), we have

(B = Q) fassitin = (V= 2003 f5jy—a + (B — = V)Y f5,5~
- (’Y - zﬁ)mjfa,i,’v—ﬁ - (04 -B- ’Y)yjfa,i,'v- (3-7)

Setting 8 = —« in (3.7), we have
(=20) fo,i+jy = (v — 2a)xiffa,j,vfa + (20— ’Y)yiffa,jw
— (v +20)27 faira — 200 =Y faiy- (3.8)
Setting o = =0 in (3.7), we have
(@' =y ) fosn = (@ =y )7 fo.ir-
If v # 0, we have
(@ = y)fo,iy = (a' - yi)fO,l,'y- (3.9)

Setting 8 =0 and ¢ = 0 in (3.7), we have

—Qfajy = (7= 20)fojy—a + (=0 =) fo,j-

Substituting this formula into (3.8), we obtain that

(—20) fo,itjy = (v = 20)2" (v + @) fojr — (7 — 20) foj7—a)
+(=2a = 1)y (v + 20) fojrra — (v — @) fojy)
+ (v +20)27 (v — @) fo.iy — (v + 20) fo,iy+0)
+ 2a =)y (v = 20) foi—a — (v + @) foiy)- (3.10)

If a # v, o # —v and v # 0, multiplying  — y on both sides of the above equation, we have

2(v* = a®) fo1y = (7 +20) fora00 + (v = 20)% fo,19—a- (3.11)

Since D(Lo;) = > (Ly ® La—~)fo,i,, there are only finite nonzero terms on the right-hand
~el’

side. We can choose some «, such that v* —a?® # 0, fo.1,a4+ = 0 and fo.1,—o = 0. Then we
deduce that fy 1, = 0 if v # 0. Consequently, fo,;~, = 0 for any v # 0 from (3.9).

Now it reduces to the case that D(Lg ;) € (Lo ® Lo)[z, ™', y,y!]. Assume that D(Lg,;) =
Lo® Lo fi. Then D(Lq;) = Lo ® Lofi + Lo ® Ly f; for any o # 0 from (3.10). Setting v = v in
(3.8), we get

Hence we have f; =0 for any ¢ € Z. Thus D = 0.

Lemma 3.5 Suppose r € V, such that a -r € Im(1 ® 1 — 1) for all a € #1(T). Then
relm(l®l—r71).
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Proof Assume that r = >  r,. Since 1 ® 1 — 7 is a homogenous operator of degree 0,
acl
a-r€Im(l®1—7)implies a-r, € Im(1 ® 1 — 7). Since Lo - ro = arg, we can obtain

To € Im(1®1—7) for any @ # 0. Sor =19 = >, Lo ® L_oful(z,y), where fo(z,y) €
ael’
Flz,z7 %y, Y. And we have Lo, -7 = > aL, @ L_o(z' — y")fa(z,y) € Im(1® 1 — 7).
ael
Note that In(1® 1 —7) = Ker(1 ® 1 + 7) and 7(Lo ® Lgf(x,y)) = Lg ® Lof(y,x). Then

a(z —y) falz,y) — aly’ — ") foa(y,) = 0. So folx,y) + f-a(y,z) = 0 for any a # 0. Then
Lo ®L_gfa(z,y) + Lo ® Lof-o(r,y) € Im(1 ®1 —7) if o # 0. It reduces to the case that
r = Lo® Lofo(x,y). Then Ly -1 = —aly ® Lofo(z,y) — aLo ® Lo fo(z,y) € In(1®@ 1 — 7).
We have a(fo(x,y) + fo(y,x)) = 0 for any o € I'. Then we obtain r» € Im(1 ® 1 — 7). This
completes the proof.

Lemma 3.6 Suppose that a vector ¢ € #1(T') @ #1.(I') ® #1(T') satisfies a - ¢ = 0 for all
a € W(T). Then ¢ = 0.

Proof Assumec= . L,®Lg® L,fap~(2,y,z), where
a,B,yel

fa,[},'y(l‘, Y, Z) € F[xila yil, Zil]-

Choose an order on I' compatible with the group structure on I'. Then we have an induced
lexicographic order on I' x I" x I'. Let (v, So,70) = max{(a, 5,7) | La ® Lg ® Ly fo,3,4 7 0}.
Take a 6 € T'\ {0} such that § # ap. Then the maximal term of Lsgo - ¢ is (ag — §)Lag+s @
Lg, @ Lyy fao,80,70- Then fay 80,4 = 0. This completes the proof.

Theorem 3.1 FEvery Lie bialgebra structure on #1,(T') is a coboundary triangular Lie bial-
gebra.

Proof Suppose that (#7(T), ¢, A) is a Lie bialgebra structure on #7(I'). Then A = A,
for some r € #1(T') @ #1(T). Since ImA CIm(1®1—7), weget a-r € Im(1® 1 — 7) for all
a € #1(T). From Lemma 3.5, we have r € Im(1 ® 1 — 7), and ¢(r) = 0 from Lemma 3.6. Thus
(L, ¢, A) is a coboundary triangular Lie bialgebra.

4 Lie Bialgebras of Generalized Map Virasoro Algebras

In this section, we will generalize the results in Section 3 to the case of map Virasoro
algebras. Let A be a unital commutative associative algebra, such that A ® A is an integral
domain. We denote #4(I") = #(I') ® A, which is referred to as a (generalized) map Witt
algebra or a (generalized) map (centerless) Virasoro algebra. In the case A = F[t,t71], we get
the (generalized) loop Virasoro algebras. We can write #,4(T") as

Hal) = @ Wal),, where #,(I'),=span{L,z|a T,z e A} (4.1)
ael’

with relations
[Laz, Lﬁy] = (8- a)LaJrﬁxya Va,BeT, z,y € A (4.2)

Denote the twist map on A® A by t(z ®@y) =y ® x.
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For an element = € A, we denote the left action of z on A ® A by L, and the right action
of z on A® A by R,. Explicitly, L,(y ® z) = (zy) ® z and R,(y ® z) = y ® za. Then we get
two different A-module structures on A ® A.

Let V be the #4(T')-module #4(T") @ #4(T"). As a vector space, V= (# ¥ )@ (A® A).
Explicitly, this isomorphism maps Loz ® Lgy to (Lo ® Lg) ® (x®@y). Then the action of #7,(T)
on V is given by

Law - ((Lg ® Ly)(y @ 2)) = (B — a)(Latp @ Ly)(2y @ 2)

+ (v — a)(Lg ® Lay)(y ® z2). (4.3)

Given an element f € (A ® A),
Laow - (L ® Ly)f) = (B — @) (Lats ® Ly) (L f) + (v = ) (Lp @ Layy ) (Ra f)- (4.4)

The twist map of V is given by
T((Lp @ L) f) = (Ly & Lg)e(f). (4.5)

In a way similar to the loop case, we have the following result.

Lemma 4.1 (1) The space Der(#4(T"), V') can be decomposed into

Der(#4(I'),V) = @(DGY(WA () V))as

acl

where (Der(#a(T'),V))o C Inn(#4(T'),V) for any o # 0.
(2) For any D € Der(#4(T), V), such that D(Lg) =0, we have D € (Der(#4(T),V))o.

Suppose that {z;|i € I} is a basis of A. Then {z; ® x; |i,j € I} is a basis of A® A. By a
similar argument, we have the following lemma.

Lemma 4.2 For D € Der(#4(T"), V), there exists a vectorv € V, such that (D—D,)(#') =
0, where D, is defined by D,(Lox) = (Lax) - v.

Now we can prove the following result.
Lemma 4.3 Every derivation from #a(T') to V is inner, i.e., H*(#a(T'),V) = 0.

Proof Similarly, we take a derivation D € (Der(#4(I"),V))o, such that D(#') = 0. Assume

that D(Laz) = > Ly ® La—~ fa,z.~, Where fo 5~ € A® A. Obviously, fa,1,~ = 0. Applying D
yel’
to (4.2), one has

(B —a)farpayy = (v —20) Lo fayn—a+ (B —a—7)Rafpyy
- ('Y - Qﬁ)Lyfoz,:c,'y—B - (a - 08— 'Y)Ryfoz,:c,'y- (4'6)

Letting & = =0 in (4.6), we have
V(La = Ra) fo.yy = ¥(Ly — Ry)fo,2,7- (4.7)
Letting o+ = 0 in (4.6), we have

(_2a)f0,zy,“/ = (’Y - QQ)szfa,y,'yfa + (—204 - W)Rxffa,y,'y
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— (v +2a)Ly famnta — (20— )Ry fa,z,4- (4.8)

Letting # = 1 and =0 in (4.6), we have

fayy = v+ a)foyy— (v —2a)foyr—a- (4.9)

From (4.8)—(4.9), we obtain that

(_2042)f0,zy,”/ = (v = 2a) Lo ((v + @) foy,r — (v — 20) fo,y,7—a)
+ (=20 = V) Ra((v + 20) foy o — (Y = @) foyy)
+ (v +20) Ly ((v — @) fo,ey — (7 + 20) fo,2,4+0)
+ (2a = 7)Ry((v — 20) fo,z,y—a — (7 + @) fo,2,9)- (4.10)

fa#y,a#—y,7v#0and zy ® 1 — 1 ® xy # 0, applying L, — R, to the above equation, we
have

2(’72 - a2)f0,z,'y = (’Y + 2a)2f0,z,a+'y + ('Y - 2a)2f0,z,'y—a- (4-11)

Then fy, . = 0 for any v # 0.

Now we assume that D(Lgz) = Lo ® Lof, for some f, € A® A. Then D(L,z) = Lo ®
Lof.+ Lo ® Lo f for any o # 0. Letting D act on the equation [L_,, Lo2] = 2aLox, we have
fz =0. Thus D = 0. This completes the proof.

Lemma 4.4 Suppose r € V, such that a-r € Im(1 ® 1 — 7) for all a € #s(T). Then
relm(l®l—r71).
Proof In a way similar to the proof of Lemma 3.5, we can take r =19 = > Ly ® L_q fa,

acl
where fo € A® A. Let Y = {«a| fo # 0} and take some 3 not belonging to Y. Then Lg -1 =

S ((@=B)Lats®L_ofat(—a—B)La®@L_nypfa). Thus fo+i(f—a) =0andr € Im(1®1—7).
acYy
This completes the proof.

In a way similar to the loop case, we can obtain the following lemma.

Lemma 4.5 Suppose that ¢ € Wa(T) @ #a(L) @ #a(T) satisfies a-c =0 for all a € #4(T).
Then ¢ = 0.

Finally we get the main result in this section.

Theorem 4.1 Every Lie bialgebra structure on #4(T') is a coboundary triangular Lie bial-
gebra.

Proof This theorem follows from Lemmas 4.3-4.5 immediately.
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