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Convolutions, Tensor Products and Multipliers of the
Orlicz-Lorentz Spaces*
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Abstract In this paper, the authors first give the properties of the convolutions of Orlicz-
Lorentz spaces Ay, ,w and A, on the locally compact abelian group. Secondly, the
authors obtain the concrete representation as function spaces for the tensor products of
Orlicz-Lorentz spaces Ay, ,w and Ay, ,w, and get the space of multipliers from the space
Mg, ,w to the space M, . Finally, the authors discuss the homogeneous properties for
the Orlicz-Lorentz space ALY,
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1 Introduction

The convolution operator has been studied for many years. The classical type, called Young
inequality, L? « LY — L" (1 < p,q,r < 00) is well known. Subsequently, the convolutions of
Lorentz spaces L% was studied in [1] by O’Neil and [2] by Yap. In [3], Kaminska and Musielak
got the sufficient and necessary conditions for embedding L, * Ly, = Ly, Ey, * By, — Ly,
E, xE,, — Ly, and Ly, * L,, — FE,,, where L,, are Orlicz spaces and E,, are their
subspaces consisting of all order continuous elements, some parts of which generalize the results
of Hewitt and Ross [4], Hudzik et al [5], O’Neil [6] and Zelazko [7]. In the present paper, we
will obtain the corresponding results on Orlicz-Lorentz spaces Ay, and use the conclusion of
the embedding on Orlicz-Lorentz spaces to get the representation of the tensor products and
multipliers on Orlicz-Lorentz spaces.

Let A be a Banach algebra. By a left (right) Banach A-module we mean (see [8]) a Banach
space V', which is a left (right) A-module in the algebraic sense, and for which

lavll < Ellall[[oll,  Vae€ A, veV,

where k is a constant independent of a, v.

If V and W are left (right) Banach A-modules, then Homy4(V, W) will denote the Ba-
nach space of all continuous A-module homomorphisms from V' to W with the operator norm.
Hom 4 (V, W), as a rule, is called the space of multipliers from V to W.
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The definition of the tensor product of Banach modules can be found in [8-9]. Let A be a
Banach algebra, and V and W be left and right Banach A-modules respectively. Suppose that
V ®, W denotes the projective tensor product (see [10]) of V and W as Banach spaces (7 is the
greatest crossnorm in [11], [12, p.36]). Let K be the closed linear subspace of V ®, W which
is spanned by all the elements of the form

aww-—vaw, acA veV, wel

Now the quotient Banach space V @, W/K is called the A-module tensor product V @4 W.
The following isomorphism

Homu(V,W*) = (Voa W)* (1.1)
was proved by Rieffel [8], where the notation W* is the dual of W. The linear functional on

[ee]
Hom 4 (V, W*), which corresponds to ¢t = Zvi Qw; €V ®4 W, has value
i=1

oo

(t,T)=> (w;,Tv;)
i=1

at T € Homa (V, W*). The topology on Hom4(V, W*) defined by the linear functional of this
form corresponds to the weak #-topology (V ®4 W)*, which is called ultraweak x-operators
topology (see [9, 13]).

In this paper, we get the concrete representation of the tensor products of the Orlicz-Lorentz
spaces Ay ., and obtain the multipliers of the Orlicz-Lorentz spaces by (1.1). For more details
about tensor products and multipliers, one can also refer to [14-18] and so on.

2 Preliminaries for Orlicz-Lorentz Spaces

Let M(G, ;1) be the class of all measurable and almost everywhere finite functions on (G, y).
For f € M(G, ), a non-increasing rearrangement of f, is a non-increasing function f* on
R; = (0,+00) which is equimeasurable with |f|. The rearrangement f* is defined by the
equality (see [19])

() =inf{s: Ap(s) <t}, 0<t<oo,
where
Af(s) =p{z e X o |f(x)] > s}, s>0.

We say ¢ : [0,00) — [0, 00) is a Young function if ¢ is non-decreasing and convex with ¢(0) = 0,
and lim ¢(z) = oo. The Young conjugate ¢, of the Young function ¢ is defined by

Tr—00

pi(x) = Sg}g{fcy -}, x>0

The Orlicz-Lorentz spaces Ay (G) (see [20-21]) associated to the Young function ¢ and a
weight w on R4 (nonnegative locally integrable functions in R ), are the set of f € M(G, )
such that for some A > 0, we have I, ,,(Af) < 0o, where

Loulf) = [ (Ot
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(we assume that the weight w vanishes in [u(G), 00)). Let

I fllA, w(@ = inf {6 >0: Lp,w(é) < 1}.

If there is no ambiguity, we indicate Ay . (G) = Ay w. If w(t) =1, then A, ,, = L¥ is an Orlicz
space (see [22-23]); if ¢(t) = ? (1 < p < o), then A, = AP(w) is a Lorentz space (see
[24-25]). Additionally, let

E«p,w = {f : Lp,w(/\f) < oo for all A > 0},

called the subspace of finite elements of A, .. If group G is discrete, the notations [, ., and
he,w are used instead of A, ., and E ..
Given an arbitrary function D : [0,00) — [0, 00), we say that D satisfies condition Ay in
symbol G € Ay when
D(2t)
20 D(?)
A Young function F is said to satisfy A’ condition in symbol F' € A’ if there exists C' > 0 such
that

F(zy) < CF(x)F(y), Va,y=0.

Clearly if F' € A’, then F' € Ag. By [26, Thm. 3.1], we know that if u(G) = oo, W €
Ay, W(oo) =00 or p(G) < oo, then

(Ago,w)* = Mtp*,w- (21)

There are many papers devoted to researching Hardy-type inequalities on monotone functions.
Let f be a nonnegative function on R™, the Hardy operator be

Sf@) =1 [ 10w e .00

and f | indicate that f is a nonnegative nonincreasing function in Ry. In [27, Thm. 2.3], the
author got that if ¢ € A’, then

/0 o(Sf(z))w(z)dr < C/O o(f(z))w(z)dz, Vf| (2.2)

if and only if there is a constant H > 0 such that
/oo ga(%)w(t)dt < Ho(b) / wt)dt, ¥r>0, b>0. (2.3)

r 0

Obviously, (2.2) implies that A, ., can be normable if ¢ € A’. If ¢ = ¢¥, then (2.3) implies that
w € By, (see [28-29]). If w, ¢ satisfy the inequality (2.2), we say w € B, and let

/mwwﬂmM@Mx
B,(w) = S}lf) 0 .
A o ())w(z)dz

As usual, f = g indicates the existence of a universal constant B > 0 (independent of all
parameters involved) so that (%) f < g < Bf. In the sequel, C' denotes a positive constant
which need not be the same at different occurrences. If w is a weight on R", we denote

W (t) = [5 w(s)ds.
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3 Convolutions of Orlicz-Lorentz Spaces

In the rest of this paper, G will be a unimodular locally compact abelian group, with Haar
measure p. Let ¢ be a Young function. A generalized inverse function ¢=! : [0, 00] — [0, 00] is
defined as

o ' (y) = inf{r >0,0(x) >y}, where inf() = occ.

It is said in [3] that ¢; (i = 1,2, 3) satisfy condition (+) for La. (s.a.) [a.a] if there exist k > 0,
6 > 0, such that
kuv < 1(u)pz” (92(0)) + @2(0)e5 " (o1 (w)),
when @1 (u) >0, p2(v) > 6§ (p1(u) < § and p2(v) < §) [u,v > 0]. Tt is said that ¢; (i =1,2,3)
satisfy condition (++) for La. (s.a.) [a.a], if for every o > 0, there exist k > 0, § > 0, such that
auv < @1 (u)py” (kpa(v)) + @2(v) 5 (kg (u),

when ¢1(u) > 9§, p2(v) > 9§ (p1(u) < 6 and p2(v) < ) [u,v > 0]. [3, Prop. 2] showed that
condition (+) for La. (s.a.) [a.a] is equivalent to the following one: There exist [,6 > 0, such
that

o1 (Wey () < lugy ™ (u),
ifu>06(u<d)u>0]
Since G is a unimodular locally compact group, by virtue of the definition of convolution
(see [1]), Hewitt and Ross [4, Ch. 5, Sec. 20] indicated that the operator

T(f,9)=fx*g

satisfies that
1T(f, )l < 1 fllullgll,

IT(f; 9lloe < [1f[11llglloe
IT(f; Plloe < [Iflocllgll2-

So such T is a convolution operator. Thus by [1],

(f % g)™(t) /f** g (u)du, t>0. (3.1)

Lemma 3.1 Let w € By, (i = 1,2) and w > 1. Suppose that ¢; (i = 1,2,3) satisfy
condition (+) for a.a. and I, (2 f) < m, Iy w(g) < m (or I, w(f) < m,
Iy w(%2g) < m), where k is the constant from (4), so then I,y (A f % g) < 1.

Proof By (3.1) we have

Tpso(A #g) = /w S * g)* (O)w(t)dt

g/o s /f** *(s)ds ) w(r)dt

<5 [ el [ B O O (sl
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Since ¢; (1 = 1,2, 3) satisfy condition (+) for a.a. and w(s) > 1, s > 0, the right hand of the

last inequality
[ el [k 3 00 6 () v
"o (17 5) ) wls)es (02007 (5)x(0.00) ()8 w(t)dt
(| alFro) )

%/000 ‘93(/000 ©2(9" ()X (1,00 (8))w(8)p5 (sol (2—]:\f**(s)>)ds)w(t)dt. (3.2)

_|_

Since

/OOO @1(%](**(5))11)(5)(% < ﬁ /OOO wl(%f*(s)>w(s)dt <1,
/0 T 2™ ()X 00y (5)0(5)ds < %w / " oa(g(s)us)ds < 1,

by Jensen’s inequality and 903(50;1(15)) <t, t >0, we get that the right part of (3.2)
L[ [ 22X, »
< 3 / / ¥1 (?f (8))10(5)502 (g (S)X(t,oo)(s))w(t)dsdt
o Jo
h 2A ok ’ Kok
/ P1 <?f (S))w(s)ds/ 02 (g™ (s))w(t)dt

0 0

[ e @)ues [ el i <1

Remark 3.1 If w > 1 is replaced by w > ¢ (¢ > 0 is a nonnegative constant) in the
preceding lemma, then the result also holds.

The next theorems give sufficient conditions for embedding of the spaces Ay, (w) * Ay, (w)
iy (W) # Ly (w)) int0 Ay (w) (L (w))-

Theorem 3.1 (I) Let G be nondiscrete, w € By, (i =1,2), w > ¢ (¢ > 0 be a nonnegative
constant) and ¢; (i = 1,2,3) satisfy condition (+) for l.a. if G is compact and (+) for a.a. if G
is noncompact. Then Ny, w* Ny w — Ngyw. If additionally s is finite, then Ey, % Epy w —
Eoyw-

(II) Let G be discrete, w € By, (i =1,2), and ¢; satisfy (+) for s.a. Then ly, w * Loy w —
logw and hg, w * Ny = Py -

Proof (I) By [3] it is sufficient to prove only inclusion. Let first G be noncompact and

(+) for a.a. Take f € Ay, . and g € A, . satisfying max(Ly, w(f), Lp,,w(g)) < lrgnQ (ﬁ)

Then applying Lemma 3.1 with A = %, we obtain Lps,w(%f * g) < 1, which means by [3, Thm.
1.2] that f*g € Ay, and Ay, w * Mgy = Agyw. If G is compact and ¢; (i = 1,2, 3) satisfy
condition (+) for La., then by [3, Lem. 5] there exist functions g, (i = 1,2,3) satisfying (+)
for a.a. and equivalent to ¢; for La., which implies that Ay, . = Ag, . Thus, the embedding
follows in the same way as the above.

To prove the inclusion Ey, w*Ey, w C Eps.w, take f € Eg, w, g € Ey, w. Let max(Iy, w(f),
I, w(g)) < min (1, m, ﬁ) For any ( > 0, suppose A = 2. Then by (3.1) it follows

w)
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that

Ty w(Bf * g) = ¢3w(2f*g)
/ ( ) (t)dt
/ (/ —f** g (S)X(t,oo)(s)ds)w(t)dt. (3.3)

Since w € By, and f € Ey, w,
/ LS (D) w(t)dt < oo,

Thus we can choose t; > 0 such that ftl 01 (%f**(t))w(t)dt < 1. Then the right side of (3.3)

<5 [T [ A s oas)utnar

+§Aw%(lfwwwmwwu@@wmﬂw@w

- %/0 @3( O 1 /\f**(S)g**(S)X(t,oo)(S)dS)w(t)dt + % (3.4)

Since f € E,, ., there exists a constant ug > 0, such that

T, 1 .
/0 301(?]( (S))w(s)ds < Bo (@)’ where Ty = p{z : |f(x)] > uo}.

Thus

Now we get

/0°° 90?,(/(;1 )\f**(s)g**(s)x(t,oo)(S)ds)w(t)dt
= /Ot1 803(/:1 )\f**(s)g**(s)ds)w(t)dt

s%A“%([nmfwmﬁ@maw@w+%Ah%(ﬂ?%f“ﬂﬁ“”ﬂw@“

1 1
=_1I —Is.
21+22

But since each function in A, (w) is locally integrable, we get f**(T}) < oo, ¢**(T}) < oo, and

thus
ty

i1 ty
I, < / 3 (2/\u0/ g**(s)ds)w(t)dt = 3 (2/\u0/ g**(s)ds)W(tl) < 00.
0 T1 Tl
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On the other hand, in view of the condition (+), (3.5), Ly, w(g) < min (1, ﬁ) and Jensen’s
v
inequality, we also know

b= [l [ 0 O s uoal

4\

= %/Otl ‘P?»(/OTl ®1 (?f**(s)) 8051(wz(g**(S)X(t,Tl)(S)))ds)w(t)dt

+
< [ ([ e (R e)ets (xm oas)uta

= [Ta(Bro)( [ et epww)as

< [Ta(@re)a( [ e o)

Now, we see that the right hand of (3.4) is less than infinity, which completes the proof.
(IT) For this case, using [3, Lem. 5], we can assume condition (+) for a.a., and get the

corresponding embedding by the same arguments as in (I).

Theorem 3.2  Let G be nondiscrete and ¢; (i = 1,2,3) satisfy condition (++) for l.a. if G
is compact and (++) for a.a. if G is noncompact. Let w € By, i =1,2 and W (t) > Cit, Y0 <
t < u(G), where Cy is a positive constant. If @3 is finite, then Ay, % Mgy 1w = Epg a0

Proof Suppose that G is compact. Take f € Ay, w, g € Ay, w such that I, ., (f) < Bc—l(w),
P11

Iy w(g) < Bil(w). Let G1 = {z : o1(|f(x)]) > 0}, G2 = {x : p2(|g(x)]) > 6}, where 0 is from
the condition (++) and @ = min(u(G1), #(G2)). Let A > 0. Then

w(@)
Loy w(Mf *g) = / s\ * 0)" (D)w(t)dt
n(G)
= /O ©3(A(fxa, * 9xas + [xane: * 9+ FXa, * 9Xa\a,) " (t)w(t)dt

< /OM(G) ©3 (A(fo1 * gXGa) " (é)
t
3

t

) +A(fxe * 9xa\G.)” (—

3))w(t)dt

+ AMfxe\a, *9)" (

" ©3 (?v\(f)cc;1 * gXGa)" (%) ) w(t)dt

/OH(G) ©3 (?M(fo\c;1 *g)" (%) ) w(t)dt

1 (G) L/t

g/o 503<3)\(fXG1 * gXG\Gs) (g))w(t)dt
1 1 1

S P A Y
31+32+33
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First check Is and Is.

w(G)
I, =3 ¢3(3A(fxa/a, * gxa2)" (8))w(3s)x g ue ) (s)ds
0
n(G)

<3 [ (30 0) [ lol)ws)xg,ue, (5)ds
0 G T3

< s (0670 [ 1) [ wtos < .

Analogously, I3 < co. On the other hand, if a = 0, then Iy = 0; if a # 0, then

u(G

I =3 / T oaBA e * 9xGa)" (5))w(3s)ds

=
2

<3 / T s BA xe * gxes)™ (5)w(3s)ds

w(G)

<3 / " (32 / Fx)"™ () (gx6,) (B ) w(3s)ds
0

<3 / 3 (67 / (Fxa.)™ (1) (gxc,)" (B Ju(3s)ds

23 [ ea(or [T (e o) (0t wias)as
n(G)

w3 [ 7 (3 [T (e o) (0 uias)ds

3
= §J1 + 5J2 + 3Js.

But (fx) (1) < 247 (gxan) (1) < 1517 50

/a (Fxen)™ (H)(gxa) ™ ( dt</ dt/ |f|/ 9] < oc.

Thus Jo < 00, likewise J3 < oo.
On the other hand, due to

e1((fxc,)™ (1) > p1((fxe.)* () >4,
©2((gxc.) ™ () = p1((gxe,) (1) > 6, Vte[0,a),

by the condition (4+4) we obtain

Jl < /Oa ¢3(6A/ga(fxgl)**( )(gXGz)**( )dt)w(?)s)ds
< %/0 503(/ 801((fXGl)**(t))<P§1(sz((gXGz)**(t)))dt)w(33)ds
+3 | ([ ealoxe 015 i ((fxn) ©))a)u(ss)ds

1 1
S PR
24+257
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where K is from the condition (+4) for a = 12A. Since W (t) > Cit, t € [0, u(G)], by Hardy
lemma (see [19]) we get

u(G)
$1

a n(G)
| et o [ agrma< g [T i oo

By (w) [*©)
<Zav) / o (FF(E)w(t)dt < 1. (3.6)

In the same way, fsa wa((gxa,)**(t))dt < 1. Thus, by Jensen’s inequality, (3.6), Hardy lemma,
and W € Ao,

s <K [ [ ol @)t s
<& [l @ues( [ el ma)as

< COK < o0,

which ends the proof.

Lemma 3.2 Let W € Ay. Then

(i) if w € LY(G), S is dense in Ay ., where S is the set of the simple functions in G;

(ii) if w & LY(G), Sy is dense in A, ., where Sy is the subset of S with support in a set of
finite measures.

Proof Similar to Theorem 2.3.11 and Theorem 2.3.12 of [30].

From now on, let the weight w in A, ., satisfy W € As.
Let fs(z) = f(x — s). Then we have the following result.

Proposition 3.1  If ¢ is finite, then for every f € Ay w, the mapping s — fs of G into
Ay is continuous.

Proof By Lemma 3.2, it is sufficient to show that for any simple function f, s — fs is

n n
continuous. Let f = > k;xpg,, and then fs = Y kixg,+s. Now
o~ A

i= =1

n

I, w(fs—f)= /000 ‘P([Zki(XE,;-i-s - XE,',)}

i=1

*

(t))w(t)dt

<o ( max k) {W(iA«Ej +9)0E))| =0 (s—0),

where A denotes the symmetric difference of sets. Then the following relation

Itpyw(fs - f) —-0& Hfs - f”A%w —0 (5 - 0)
derives the result.

Proposition 3.2 Let ¢, ¢ be two Young functions and hH%) @ > 0. Let w be a weight
u—

on R which satisfies W(t) > Ct, C >0, w e By, we Bg. Then there is an approximate
identity {aa} in Ag . such that [|aa||a,, =1 and f * ao — f for every f € Ay w.
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Proof Let {U,} be a decreasing neighborhood system at the origin in G. For each «, there
exists a non-negative continuous function a, with support in U, such that ||aq||a. , = 1. Thus
by the Hardy lemma (see [19]), the conditions W (¢) > Ct and 1in}) # > 0, we get a, € L1(G)

u—

u

and [|aq|/r1 (@) < C. Let f € Ay . Then by the condition lirr%) 2 () again and Theorem
U—
3.1, we get fxaq € Ay, and

I 00— Flse = | [ (50 = 1) eamiarw)]

Mg w

<c /G 1, = Flla.... aa(y)dA)

<Csup |Ify = flla, .-
yeUqy

This shows by Proposition 3.1 that

||f * 0o — fHAcp,w - 07

where the limit is taken over the net of «.

4 Tensor Products and Multipliers on Orlicz-Lorentz Spaces

In this section, we let G be a locally compact unimodular group (unless otherwise indicated).
Set f(a:) = f(x~1). If for two Young functions ¢; (i = 1,2) and a weight w on R* there exists
a Young function 3 which makes ¢; (i = 1,2, 3) satisfy condition (+) for La., if G is compact
and (+) for a.a., if G is noncompact, w € By, (i = 1,2), and w > ¢ (¢ > 0 is a nonnegative
constant), then in view of Theorem 3.1 we may define the bounded bilinear map d as

d(f,9) =f*g, fe€Apw 9€Np,uw,

which lifts to a linear map naturally, D, from Ay, w ®+ Ay, into Ay, . In addition, letting
w € Bz and ili% # > 0, by Theorem 3.1 again, we can get that Ay, ., Ap,w can be looked

as right Ag ,-modules.
Definition 4.1 The range of D, with the quotient norm, will be denoted by AL? (w).

According to the definition of V' @, W, A%2(w) consists of exactly those functions h, on G
(o)

at least one expansion of the form h = Zﬁ * g;, where f € Ay, w, 9 € Ay, w0, and

i=1
o0
S 1illas o glla, . < oo,
i=1

and for any h € A%?(w), the norm of h is

o0 (o)
Il = 0 {32l N9l i B = D TG £ € Aris 9°€ A}

i=1 i=1

It can be seen that A%?(w) is a Banach space of functions.
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Let K be the closed linear subspace of Ay, w ®~ Ay, « spanned by all elements of the form
(h*xfl®g—f® (E * g), where f € Ay, w, g € Ay, and h € Ag . Then the Ag ,-module
tensor product Ay, .w ®a, , Ap,.w is the quotient space (Ap, w @y Apyw)/K.

In the next, we need the following conditions for weight w on R" and Young functions

P1; P2, -
i) w > ¢ (¢ > 0 is a nonnegative constant).

(

(ii) w € By, (i=1,2).

(iii) w € B; and lim el p.

(iv) There exists a Young function ¢3 which makes ¢; (i = 1,2, 3) satisfy condition (+) for
La., if G is compact and (+) for a.a., if G is noncompact.

s (020 ()
(v) w € By, and ulir{; T 0.

Remark 4.1 By [6], if

—1 —1
EQZ{(x,y):xZO, Ogygw}
and E = convex closure of Fy, then Ey # first quadrant can deduce (iv).

Theorem 4.1 Let G be compact, weight w be nonincreasing and Young functions @1, @2,
¢ satisfy (1)-(iv). Then Ay, w ®@n, ,, Npsw 18 isomorphic to the space AZ? (w).

Proof It suffices to show that the kernel of D is exactly K. Since
D((h+f)®g)=(h+f)*g=fx(h+g)=D(f® (hxg)

(d is Ag -balanced), the kernel of D contains K.
On the contrary, suppose that t is an element of the kernel of D. Then

o0 oo
t=> fi®g with Y |filla,,.lgla,,. <o

i=1 i=1

and -
Z .]71 *gi = Oa
i=1

where the summation converges in Ay, .. Let {1, } be an approximate identity of Ag_,, satis-
fying the condition in Proposition 3.2. For each n, define ¢, € Ay, 1w ®~ Ay by

tn = Z(fz * wn) X gi-
=1

Then, from Proposition 3.2, f; * 1, converges to f; for each 7, and by this one can prove that

tn converges to ¢t in Ay, ®+ Ay, . Now given n, s, and € > 0, choose mg such that

m ~
H Z fi* gi
i=1

Choose m1 > mg so that

€

<—— Vm>mg.
Apg w 2Hwn”Am,w,

m

tn — Z(fz * wn) ® gi

i=1

€
<§, Ym > mg.
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We observe that the second term on the right side of the following equality

m m

Z(fz*wn ®gz an fz*gz Z[(fz*wn)(ggz_wn@(ﬁ*gz)]

i=1 =1

is in K and can be written
“X;wn@(ﬁ*gi) ;ﬁ*giA
1= 1=

by the definition of the cross norm. Let ¢(y) = sup[p2(zy) —ps(2)]. Since u(G) < 0o, 1 € Ay 4,
x>0

= lenlls,, .|

po,w

similar to proving the theorem of Ando [31, Thm. 4, 6, Thm. 2.3], we easily get
Apsw C Ay -

Thus

S OlYnllag, w

H iwn & (:fvz *gi)
i=1

m ~
Zfi * i
i=1

‘ Ce
< 2Mnllnge 2
< Clnllacs v g~ =3

p3,w

Then the distance from ¢,, to K is less than (14'2—0)6 for every € > 0, and so t,, € K. For K is
closed, t € K.

Lemma 4.1 Suppose that weight w is on R and Young functions o1, 02, @ satisfy (i)-(iii)
and (v). Let ¢ € Co(G) and define T, f = fx ¢ for f € Ay, . Then

T € Homl\¢ w (Atpl,wa (A<P2,w)*)'

Proof It is obvious that ¢ € Ay, with ¢ a Young function. By [26], since w > ¢ (¢ > 0 is
a nonnegative constant), there holds

(A<P2,UJ)* = M(P2*,UJ7 (41)

= ”S(f*)Hsz*,wv S(f) = fotf(s)ds. In view of lim M > 0 and a

where || f|ar W) oF 1 (W

P2y W

simple fact that the function
that

u(p2.) "' (u)
=1
1 (u

is increasing, there exists a Young function ¢ such
o1 (We () S uley) Hu), Yu=0,
ie., @1, @, 5 satisfy (+) a.a. So by Theorem 3.1 and (4.1), it follows that if f € Ay, ., then
fro€0py o CMpy w=Ngyw),
and T, is a bounded linear operator from Ay, . to (sz’w)*. On the other hand,
Tolg* )= (g f)xp=gx(frp)=gxTpf
for all f € Ay, and g € Ag ,, which ends the proof.

The above lemma induces the following concept.
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Definition 4.2 A locally compact unimodular group G is said to satisfy the property
Pgl"pz (w), if every element of Homy , (Ap, w, (Mg, w)*) can be approvimated in the ultraweak
«-operator topology by operators Ty, ¢ € Co(G).

Theorem 4.2 Let G be a locally compact unimodular group, w be a weight on RT and
Young functions @1, w2, @ satisfy (1)-(v). Then the following statements are equivalent:

(A) G satisfies the property PZ"%*(w).

(B) The kernel of D is K such that

o~ AP2
A<P1,w ®A¢,w Am,w = A<p1(w)'

Proof Suppose that G satisfies the property Pgl"pz (w). Since K C Ker D, to show that
Ker D = K, it is enough to show that Ker D C K. In other words, it suffices to show that by
the Banach theorem, any bounded linear functional on Ay, . ®a, , Ap,w Which annihilates K
also annihilates Ker D. By (1.1), we know

Homy, , (Apyws (Agy,w)™) = (Aprw @4g 0 Apsw)” (4.2)

It can be seen from this that if F' is a linear functional that annihilates K, there is an operator
T € Homy .

@, w

(Mg, w, (Mg, w)*) corresponding to F', such that

oo

(t,F)=> (9, Tf) (4.3)
i=1
forallt € Ay, @A Ay, With expansion
o0
tZZfi@Qi- (44)
i=1

Suppose that t € Ker D and has the form (4.4). Then

Zf.’i*gizoa
i=1

the summation converging in the norm of A, ,,. We will show that (¢, F') = 0, or equivalently,
by (4.3),

[e )

> (g Tf:) =0. (4.5)

i=1
Since G is assumed to satisfy the property Pgl"” (w), there is a net {¢; : j € I} of C.(G) such
that the operators Ty, converge to 1" in the ultraweak x-operator topology. Thus

> (g Tf:) = yg}ZQnijfi) = ?g}z@’ fix1j).
=1 i=1 =1

So, to check (4.5), it is enough to show that

[e )

Z@i,fi x1;) =0, VjelL

i=1
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Since ¥j € Ce(G) C (Agy,w)*, we deduce that

S otgi fin ) = D AT i) = (X Fixgity) =0
i=1 i=1 =1

This implies that
Apyw @0y, Ny w = AL2(GLw).

Suppose conversely that Ker D = K. To show that the operators of the form T, of p € C.(G)
are dense in

HomAq))w (Mg s Ny 0)™)

in the ultraweak x-operator topology, we only need to show that the corresponding functionals

are dense in (Ay, w ®a,, Apyw)” in the weak *-topology. Furthermore, it is sufficient to

show that if these functionals, say NN, are viewed as functionals on Ay, « ®~ Ag, w, then their
annihilators N+ = K. Since

AtPhw ®A¢,w Ath,w = (Alew Q- Atpzyw)/K
and
((As@hw ®“/ As@z,w)/K)* = KL

(see [32]), we have N € K+. So K C N+. Due to the assumption that Ker D = K, we only
need to prove that N+ C Ker D.

Now, let t € Nt. Then (¢, F) = 0 for all F € N and there exist f; € Aoy w, Gi € Mgy ws SO
that

) o
t=> fi2g, Y Ifillag,ulgllag,. < oo
i=1 i=1

For any F' € N, there is an operator T, € Homa_ , (Ap; w, (Ap,w)®) corresponding to F' such
that

oo

(t,F) = (t,Tp) =Y (9::Tpfi)

i=1
:i<ﬁ‘*gi;¢> = <§:ﬁ*gi7¢>:0.
i=1 i=1

It follows that
i=1

that is, N+ C Ker D. This proves the theorem.
Then by (4.1)—(4.2), we have the following result.

Corollary 4.1 Let G be a locally compact unimodular group, w be a weight on R, Young
functions o1, w2, ¢ satisfy (1)-(v), and G satisfy the property Pgl"pz (w). Then

Homy, , (Mg, ws Mo, w) = (AZH (G, w))" (4.6)
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In the following, we illustrate the convolutions, tensor products, multipliers of Orlicz-Lorentz
spaces A9, Let 0 < p,q < oo, w be a weight on R™ and ¢ be a Young function, and define
the Orlicz-Lorentz space as ALY, = Ay, w,, Where oo = o7, wo = W tw. Simultaneously, we
introduce a modular of M(G, ) as

Ouulh) = [ ol @)u(o)is,
0
and the modular space as
Fow={feM(G,u): 3X>0, such that O, ,,(A\f) < oo},

which induces

I fllr,., = inf {)\ >0: @%w(é) < 1},

Additionally, let ©L9,(f) = ©uw, (), TH%, = Lo uw,, Where oo = 7, wo = Wr .

pw
The next theorem needs a certain generalized Hardy-type inequality (see [33]). In [33, Thm.
1.7], Bloom and Kerman give the sufficient and necessary condition of establishing the weighted

integral inequality:

] 1( / ¢2<w(x)ITf<m)|)t<w>dx) < 30f1( / 1 (Cu(z)| f(a:)|)v(x)da:),

where ¢1, 2 are N-functions (an N-function ¢ is a continuous Young function such that ¢(x) =

0 if and only if x = 0 and lir% @ =0, lirr%) @ = +00) and 7' is a generalized Hardy operator.
xr— xr—

We need the special form of the above inequality:

/o
0
which holds if and only if there exists a positive constant D such that

¢ O Ny ¢*(y) s
5, N2 gy < o (Na~ %, Vo, A > 0. 4.8
/0 (%) (Dws(y)ﬁ> s We 2\ > (4.8)

[ sl s [ orcu@ngar (@7)

When ¢(t) =t, (4.7) is a classical Hardy inequality (see [19]) and it is obvious that (4.8) always
holds.
Now we have the following theorem.

Theorem 4.3 Let G be a unimodular locally compact group, T be a convolution operator
k= T(f,g) = f*g. Suppose that the following conditions hold: (ay) p% + p% > 1; (az)
w > ¢ > 0, where ¢; is a constant; (az) ¢(t) < cot, where ¢y is a constant, ¢ € A'; (ay)
e % are N-functions. Then there exists a constant C such that

O35 (k) < ClORI (F]™ [0 ()™=, Vf €T, g TR

p,w w,w

1 1 _ 1 s 4 s ; 1,1 1
wherep—l—l-p—Q—l—i—r,q1+q2—mcmdszlzsanumbersuchthatql—i—(nzsandthe

inequality (4.8) holds. In particular, if f € TR0, g € TP2:92, then k € T75,.

Proof Since (see [1-2])

(f %) (1) < / " g (w)du,
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we get
o < [ ([ s 0w e

For convenience, let f**¢** = h. Then

o < [T ([ noa) W tuw
:/Ooo‘ps[/woz(%)h(t)dt}%

o0 y
_ /0 o° [/0 h(W*(%)) u2w(wl1<l)) du} y‘;zl,
u
And by (4.8) it follows that the right part of the last inequality
A PO i
u
<o [To(w (3) — ] S

el )

Now letting y = % and noticing w(t) > ¢ > 0, ¢ € A’ and p(t) < Ct, we have

o (77 ) W @) i)

W) dx

o, (k) < C / (W2 @)h(x))?

< C/Ooo[w(f**(a?))@(g**(x))W(w)%“]S
s /°° (W (@) 7T (f (@))]* [W ()72 g™ (@))]*
0 W () mar W (z) o
By Holder inequality, it is easy to get that

o) < o [ AN )]

s

= ORI (N7 O™ (9)] 7.

On the other hand, we can get that I');#t C 'L and 9282 C T'P2;"% (one can take the
same method which is used for the proof of AZ™ (w) C Ag™ (w) if s1 < s2 (see [30])). Now the
lemma is proved.

Remark 4.2 In view of the above theorem, we obtain

P1,91 P2,92 7,8
Lo * T = T

if o, w, p1, P2, q1, q2, T, s satisfy the conditions in the above theorem. At the same time, if
there exists a constant Cy > 0 such that

0% (f) < Cold,(f)
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for any 0 < p, g < oo, where ID', (f) = Ly, (f), o = 97, wo = Wr'w and I, (f)is defined
in Section 2, then we get

A A2 AT (1.9)
and A9, is A, y-module. Especially, if ¢(t) =t, w(t) =1, 1 < p1,pa < 00, 1 < ¢q1,q2 < 0
(obviously they satisfy the preceding conditions), then (4.9) is

LAl g [P2:42 <y [T5S

Additionally, using (4.9) and the same method in Theorem 4.1, Theorem 4.3 and Corollary 4.1,
we can get the representations of the tensor products and multipliers on Ag’,‘{u, which contain
the result of [13].
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