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A Result on the Quasi-periodic Solutions of Forced
Isochronous Oscillators at Resonance*

Bin LIU! Yingchao TANG?

Abstract In this paper, the authors are concerned with the forced isochronous oscillators
with a repulsive singularity and a bounded nonlinearity

" +V'(z) + g(x) = e(t,z, "),

where the assumptions on V', g and e are regular, described precisely in the introduction.
Using a variant of Moser’s twist theorem of invariant curves, the authors show the existence
of quasi-periodic solutions and boundedness of all solutions. This extends the result of Liu
to the case of the above system where e depends on the velocity.
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1 Introduction

In this paper, we consider the existence of quasi-periodic solutions and the boundedness of
all solutions for forced isochronous oscillators with a repulsive singularity. We also assume that
the equation we considered depends on the velocity.

Consider the second-order ordinary differential equation
2" +V'(z) =0,
in which the potential function V' is continuous. We call = 0 an isochronous center if
V'(0)=0, aV'(x) >0 forx#0,

and there is a fixed number 7" > 0 such that every solution is periodic with period T'. If x =0
is an isochronous center, we call the equation above an isochronous system. A typical example
of the isochronous system is

2 +w?r =0.
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It is easy to see that every solution of this equation is 2U’T—periodic in t. Another important class
of isochronous systems is the asymmetric equation

' +azt —bzr” =0,

where 27 = max(z,0), 2= = x —zT. This is because all solutions are periodic with the period
W(ﬁ + ib) In the above examples, the equations are both defined on the whole real line.

People also consider the system

g oo+l 1

1 4T+a)p

Obviously, all solutions are 2m-periodic. The difference between this equation and the first
two equations is that, this equation is not defined on R, and the potential tends to infinity as
x — —1. More information of isochronous centers can be found in [3].

In 1969, Lazer and Leach studied the equation

2" +m2x +g(x) =pt), mezr,

with a 2m-periodic function p. They showed in [12] that, if g(f+o00) = 1ir£ g(x) exists and
T— 00

2la(o) — g(-o0)| > | [ pma],

then this equation has at least one 2m-periodic solution. The above inequality is called the
Lazer-Landesman condition.
Since then, many mathematicians investigated the existence of periodic solutions for the

equations
2" +V'(z) + g(z) = p(t), (1.1)

where p is periodic with period 27 (see [4-5, 7-11] and the references therein). In their works,
they assumed the function V' to be of the form V'(z) = m?z or V/(z) = ax* — bx~. So the
equation (1.1) can be viewed as a perturbation of an isochronous system. They showed that
the type of Lazer-Landesman condition always plays a key role for the existence of periodic
solutions.

Bonheure, Fabry and Smets [1] studied the forced isochronous oscillators with jumping non-
linearities and a repulsive singularity. The Lazer-Landesman-type condition is a key assumption
to guarantee the existence of periodic solutions in their work. In the following, we briefly go
over their result.

Assume that the function g is smooth and bounded, and the function V' satisfies

i 2V _mt V(z) = 400, (1.2)

Tr——+00 .232 4 ’ T—ay

where m € Z*, a € (—00,0) and V is defined on (a,+00). We also assume that all solutions of

the unperturbed equation

" +V'(z) =0 (1.3)
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are %—periodic, that is, (1.3) is an isochronous oscillator with period Qm—” In this case, the
equation (1.1) is a bounded perturbation of isochronous oscillators at resonance. The second
condition in (1.2) means that the equation (1.3) has a repulsive singularity at a.

Let
() an ()

g*(p)=/02wg(p

Then (1.1) has at least one 2m-periodic solution if there is go € [g; , gi|, which is a regular value

sin (%t) ‘dt, p.(0) = /O%p(t +0)

of p., and the number of zeros of p, — go in [0, iq—”) is different from 2, where

g, = liminf g.(p), g = limsup g.(p).
p—+00 p——+oo

In particular, as a corollary, if the limit lirf g(z) = g* exists, then the condition of the
T— 100

Lazer-Landesman type
49" > Max p, (9) (1.4)

guarantees the existence of 2m-periodic solutions of (1.1).

n [17], Ortega considered the boundedness of solutions and the existence of quasi-periodic
solutions for asymmetric oscillators. Following his result, there are several results (see [14,
18-19] and the references therein) on the boundedness of solutions for (1.1). However, in these
works, the function V' is globally defined in R. That is, they do not include the case of the
oscillators with a singularity.

In [18], Ortega also proved a variant of Moser’s small twist theorem. Under some reasonable
assumptions, he showed that a C® small twist area-preserving mapping has invariant curves.
Moreover, he used the variant of Moser’s small twist theorem to obtain the boundedness of a
piecewise linear equation

2" 4+ n’z + hp(z) = p(t),

where p(t) is a 27-periodic function of class C®, hy(z) is of the following form:

L, ifzx>1,
hp(x) =4 Lz, if |z| <1,
—L, ifx<-—1,

and p(t) satisfies

1 [ , 2L
— the mMdt| < =—.
2m ‘/0 p(t)e s

In 2009, Capietto, Dambrosio and Liu [2] studied (1.1) with g(z) = 0 and

1 1
V=ca? 4 ——— — 1,
7+ T (1—a2)
where v is a positive integer. They showed the boundedness of solutions and the existence
of quasi-periodic solutions via Moser’s twist theorem. Here, V' has a singularity —1. As far
as we know, this is the first example of the boundedness of solutions for the equations with

singularities. However, this equation is not isochronous.
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In [15], Liu showed that, under the condition (1.4) and other regular assumptions on V, g and
p, the equation (1.1) has many quasi-periodic solutions and all solutions are bounded. It seems
that this is the first result on the existence of quasi-periodic solutions and the boundedness of
all solutions for isochronous oscillators with a singularity.

In this paper, we extend the results in [15] to the case of the equation where e depends on
the velocity. More precisely, we study the equation

2"+ Ve(z) + g(z) = e(t,z,2'), (1.5)
where the functions V', g and e satisfy the following assumptions:
(1) The function V is defined in the interval (—1,+oc0) and V(0) = V/(0) =0, V" (z) > 0

for x # 0, and the condition (1.2) holds.
(2) The function

W(a) = 22

=) (1.6)

is smooth in (=1, 00) and the limit lim1 W (z) exists. Furthermore, we assume that the follow-
T——

ing estimates hold: For each 1 < k < 6, there is a constant ¢y, such that
W (z)| < col+2z), [WH(@) < forze[-1,00).
(3) The positive function V is smooth and for 0 < k < 6,
|1+ 2)* V™) (2)| <V (z) for z € (=1, +00),

where ¢} is a positive constant.
(4) The function g is bounded on the interval [—1, +00) and g(z) > 0 for > 0. Moreover,
the following equalities hold:

k
lim (1+a:)k%g(a:)20 for k > 0.

T— 00

(5) Forx>0,let &(z) =V(z) — %2332, and the function ® satisfies

lim 2*720® (z) =0,

r——+00
for every positive integer k.
(6) There is a constant M > 0, such that |e(t,z,y)] < M, and for 1 < j+i+1<7,
. gititle(t
lim m’ylw
v—-+oo OtI Dxi Oyt

y— 00

= 0.

Furthermore, there exists a function €(t), such that

'1ir+n e(t,z,y) =e(t), Hlir+n ey(t,z,y) =€ (t).
y— o0 y— oo

Moreover, the function e is 27-periodic in ¢, and

6(_ta z, _y) = e(tv z, y)

Then we have the following theorem.
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Theorem 1.1  Under the hypotheses (1)-(6) above, for a smooth function e = e(t,z,y),
if the Lazer-Landesman-type condition

49T > mélxé* (9)

holds, where €.(0) = 027r e(t + 0)|sin (ZL)|dt, then all solutions of (1.5) are bounded, i.e., for
each solution x, we have

sup (|z(t)| + |2’ (¢)]) < +o0, inf z(t) > —1.
teR teR

Furthermore, in this case, the equation (1.5) has infinite many quasi-periodic solutions.

The idea for proving our theorem is that, under the hypothesis (1)—(6) of our theorem, we
can obtain that the Poincaré map of (1.5) satisfies the assumptions of a variant of Moser’s twist
theorem in [16]. These conditions are analogous to those in [13].

In the following, for simplicity and brevity, we assume that m = 1, i.e., the solutions of the
equation z” + V,(z) = 0 are 2m-periodic, and m = 1 in (1.2) and the assumption (5). The
proof of our statements for general m (the function e is also 27w-periodic in t) can be treated
analogously.

The paper is organized as follows. In Section 2, we introduce action and angle variables.
After that we state and prove some technical lemmas in Section 3, which are employed in the
proof of our main result. In Sections 4-6, we will give an asymptotic expression of the Poincaré
map and prove the main result by the twist theorem in [16].

2 Action and Angle Variables

The equation (1.5) can be written in the following form:
=y, Y =-V2)—glx)+el y) (2.1)

In order to introduce action and angle variables, we consider the auxiliary autonomous system
o=y, Yy =-V() (2.2)

From our assumptions, we know that all solutions of this system are 2w-periodic in ¢. For
every h > 0, we denote by I(h) the area enclosed by the (closed) curve 3y + V(z) = h. Let
—1 < —ap <0 < 0 be such that V(—ap) = V(06r) = h. Then by (1.2) it follows that

lim ap =1, lim [ = +o0.
h—+oco h—+oco

Moreover, it is easy to see that

I(h) = 2/6h V2(h—V(s)ds, Vh>0. (2.3)

—Qh

Let

0 1 Pn 1
T_(h) = 2/_% st, Ti(h) = 2/0 Tds. (2.4)
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Then
I'(h) = T_(h) + Ty (h).

Because all the solutions of the auxiliary equation (2.2) are 2z-periodic, we have
T_(h) + T4 (h) =2 (2.5)

which yields that I(h) = 2nh.
For every (x,y) € (—1,+00) x R, let us define the angle and action variables (6, I) by

* 1

sy o VDT el -
I ANC e o) R
I(z,y) =2 B V(A y) = V(s)ds, 27)
where
M) = 507 +V (@),
Obviously, we have
G|, =v-g@) + et.zp)

and
x(—&,])zx(@,]), y(_ng):_y(eaI)

In the new variables (0, 1), (2.1) becomes
0 =1+4+V(0,1,t), I'=Vy(0,1,t), (2.8)
where

—y(0,1)(g(x) — e(tvxvy))% /j \/ﬁds for y >0,
(0.0 ) —clte. ) [
qj?(gvlvt) = —27Ty(9,I)(g(£L'(9,I)) - e(tax(gvl)vy(gvl)))'

\Ijl(gvlvt) =
s for y <0,

We have used the equality

Br 1

2 ds = 2.
—an V2(M(z,y) = V(s))

Obviously, this equation is time-reversible with respect to the involution (6, I) — (—0,I).
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3 Some Technical Lemmas

The proof of the main theorem 1.1 is based on a variant of the small twist theorem in the
reversible system (see [16]). Therefore, we state it first and then give some technical estimates
which will be used in the next sections. More precisely, we may use these estimates to obtain
an asymptotic expression of the Poincaré map of (2.8).

3.1 A variant of the small twist theorem

In this subsection, we will state a variant of the small twist theorem (see [16]).
Let A =S! x [a,b] be a finite cylinder with a universal cover A = R x [a, b]. The coordinate
in A is denoted by (7,v). Consider a map

7:A-S xR
We assume that the map is reversible with respect to the involution G : (6,I) — (—0,I), that
is,
- ——1
GofoG=1f .
Suppose that f: A — R x R, (70,v0) — (71,v1) is a lift of f and it has the form

f : {Tl :TQ+2N7T+5l1(TQ,’U0)+5<p1(7’0,1}0,(5), (31)

v1 = vo + 6l2(70, v0) + 02 (70,0, 0),

where N is an integer, 0 € (0,1) is a parameter and Iy, s, o1 and @9 are functions satisfying

I
Iy € CO(A), 11(70,v0) > 0, ng(To,vo) >0, VY(r0,v0) € A, (3.2)
0

l2, 1,92 € C°(A),  ¢1(70,v0,0) = 0. (3.3)

In addition, we assume that there exists a function 7 : A — R satisfying

S CG(A), I(—’To,’l)o) = I(’To,’l)o), —881)1- (7’0,1)0) > 0, V(’To,’l)o) S A, (34)
0
0T 0T
11(70,v0) 75— (70, v0) + l2(70,v0) 57— (70, v0) = 0, V(70,v0) € A. (3.5)

019 Ovg

Define the functions

Tinax(v0) = maxZ(70,v0), Zmin(vo) = min Z (19, v9), vo € [a,b].
ToER To0ER

Small Twist Theorem (see [16, Theorem 2])  Let f be such that (3.1)-(3.3) hold. Assume
in addition that there exists a function T satisfying (3.4)-(3.5) and numbers a, b with

a<a< E < b, Imax(a) < Imin(a) < Imax(a) < Imin(b) < Imax(b) < Imin (b)

Then there exist € > 0 and A > 0 such that if § < A and |[¢1|lcsay + [[02llcsay < €, the map
f has an invariant curve I'. The constant € is independent of 6. Furthermore, if we denote by
w(T',8) € S' the rotation number of f, then

lim w(T,8) = 0.
lim (I, 8) = 0
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Remark 3.1 From the last inequality in (3.2), we know that 77 is increasing as vy increases.
This means that (3.1) is a twist map. By the proof in [16], one can see that the conclusions of
this theorem still hold if the condition (3.2) is replaced by

ol
Iy € C%(A), li(r0,v0) #0, 8—1);(7'0,110) #0, V(10,v0) € A.

Remark 3.2 Note that {1 (70,v9) = l1(—70,v0), and l2(70,v9) = —l2(—70,v0). If the func-
tion Z does not satisfy Z(—7p, vo) = Z (70, vo), we can choose J (19, vg) = %(I(T@, vo)+Z(—70,v0))
instead of Z (7o, vo).

3.2 Some technical lemmas

In order to obtain an asymptotic expression of the Poincaré map of (2.8), we must give some
estimates first. In this subsection, we will deal with some technical estimates. Throughout this
subsection, we suppose that the assumptions (1)—(5) stated in Section 1 hold.

Lemma 3.1 For every positive integer 0 < k < 6, there is a constant ¢y > 0, such that

AT (h)

‘h —— ‘ < eT-(h).

Proof According to [13], we know that
sy 2 [0 , 1 1
T ()= /_ah (W'(s)—5) N (et
Lo 2 P 1 1
T (h) = E/o (W (s) — 5) : md&

and here and in the rest of this subsection, the function W is defined by (1.6). By the assumption
(2) in Section 1, it follows that

(3.6)

1

/
/ < —
|h (h)| 2<Co+ B

0
1 1
————ds < (cog+ = )T_(h).

)/ah V2(h =V (s)) ( 0 2) ()
From (3.6) and the equality (the proof can be found in [13])

da [° 1 1% /d 1 1

— KSidSZ—/ —(W(s)K(s)) — =K (5) | ———=ds,

i ] KOst = [ (VOO 5K 0) s
where K is a smooth function, it follows that

W2T® () = —hT"(h) + 2/_(; ((W’(s) - %)2 + W"(S)W(s)) md

S,
which yields, by the assumption (2) in Section 1 and the estimate on T” , that

T (0] < (260 + % + (et %)Q)T_(h).

The general case can be obtained by an induction argument and a direct computation.
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Lemma 3.2  There is a constant co > 0 such that, for each positive integer k < 6,

1
TP ()] < ¢ - —=.

5

Proof Let
0
I_(h) = 2/_ V2(h =V (s))ds.

Then T_(h) = I’ (h). On the other hand, similar to the proof of (3.6), it is not difficult to see
that

I'(h) = %/0 (% + W’(s))\/mds.

—ap,

From the assumption (2) in Section 1, it follows that T_(h) < Cf/%l. By Lemma 3.1, we have,

for each positive integer k < 6,

’hk d*T_(h)

1
ETAE ’ <ci(eo+1)

Vi
The conclusion of this lemma follows from this inequality and the identity T (h)+ T4 (h) = 2.

Define a function F'

Fla, 1) - /_ a (W'(s) - %)mds (3.7)
and an operator £
e - LD =

where f = f(z,I), h = h(I) and b/} is the derivative of h with respect to I.
The proof of the following lemma can be found in [13].

Lemma 3.3  For every smooth function g(x,I), we have

a " 1
ol / VT T Ey

) — S VAL !

by |
—an 2(h(I) =V (s)) h \2(W(I) = V()

Next, we give an estimate of the derivatives of © = x(0,1) and y = y(6, I) with respect to

(3.9)

the action variable I.

Proposition 3.1  There is a constant C > 0 such that, for 1 <k <6,

o
oIk

Oy

P < ca+a, ‘I’“W‘SCM, (3.10)

where x = x(0,1) and y = y(0,1) are defined implicitly by (2.6) and (2.7), respectively.
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The idea of the proof of this proposition is similar to the corresponding one in [13]. A
complete proof can be found in the appendix of [15].

Note that —1 < —ay, < x < ), and the assumption (5) in Section 1, there is a constant
3 > 0 such that for I > 1, 8, < ¢v/I. Hence, by Proposition 3.1, we have

(6, 1)

‘Ikﬁk L 0%y (0,1)
oIk

oIk

‘ <eVT for 0< k<6, (3.11)

)

where ¢4 > 0 is a constant, not depending on I.

4 An Asymptotic Formula of x(0, I)

In this section, we will give an asymptotic expression of (6, I) when I > 1.
From the definition of 6 (cf. (2.6)), it follows that

1’9(9, I) = y(gv I)
Since %yQ +V(x)=h= %, combining with the above equality, we have

yo (0, 1) = —V" ().

That is, the function x(6, I) satisfies

ze9 +V'(2) =0
Let
1 T_(h)
x(@)f\/ﬁx(Q—i— ) ,1)
Then

#(0) =0, Tg(0) = 1.

Obviously, there is a § > 0 such that Z(6) > 0 for 6 € (0, ). By the assumption (5) in Section
1, we know that, if > 0, then it is the solution of

d?u 1
7 1 +\/—_<I> (V2hu) = 0. (4.1)

Let ©(I) be the subset of the interval [0, 27] such that for 6 € O, (1), (6,1) > 0.

Lemma 4.1 Forf ¢ é+(1), the function T has the following expression:
- .0 =
z(0,1) = 2sm§ +X(0,1),
where the function X satisfies

6 y:
8kX
. k o
Ihm kEO‘I —Ik ‘—0
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Proof In the following, we assume that 6 € ©,(I). Since Z is the solution of (4.1) with
the initial condition «(0) =0, «/(0) = 1, we have

0 o 1 -7
(0,1 :2sin——|—2/ ——®'(V2hz (7)) sin dr,
0.0 =2sing +2 [ —0/(VRE(r))
where h = % Hence, the function X is determined implicitly by
0

> 1 T = -7
X(0,1)=2 ——®'(V2h(2sin= 4+ X (7,1 i dr.
6,1) /0 N (\/ ( sin o + (T, )))sm T

From the hypothesis (5) in Section 1 and the Lebesgue dominated theorem, we have

lim X(0,1)=0.
I—+o00

Taking the derivative with respect to I in both sides of the above equality, one has

0X 0 s, en (o T 1, 0X b—7
—=(0.1) = 2/0 [(—(gh) 20/ 4 (20) 10 ~(251n§+X(T, 1)))%@ S (r, D) sin——dr.
By the hypothesis (5) in Section 1 and the Gronwall inequality, it follows that
0X
I ‘I— 0.1 ‘ —0.
The estimates for the derivatives of higher order can be obtained in a similar way.
By the definition of  and h = %, we have
B I . /60 T_(h) I T_(h)
and
6 k
. 1 O _ I . Q_T_(h) ‘_
R ol N CEE ) R

Now we turn to estimate the measure of the set é+(I ). By the definitions of 6 and =, we
know that
2(0,1)>0 < 0€ (0,T+(h)).

Hence, © (1) = (0, (h)). Because (1.3) is isochronous, we have, by Lemma 3.2, that
Ty (h) =27 —T_(h).

So
O, (I)=2r—T_(h) =2r — O %),

where 1 denotes the Lebesgue measure.
Let

5 T_(h) _
0+(1) = 0:(1) + == = (
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Then
1O, (I) =21 —T_(h) =21 — O %) (4.4)
and 0 € ©,(I) < z(0,I) > 0.

In the next section, we introduce a canonical transformation such that the transformed
system is a perturbation of an integrable system.

5 Another Set of Action and Angle Variables

Now we consider the system (2.8). Note that

o [ 1
—y(0,1 —e(t,z,y))=— ———ds f >0,
YO D6@) et ey [l fory
U(0,1,t) = 5 o )
0,1 —e(t,x,y))= ————ds f <0.
O Do) eltr)gy [ s fory
We have, by Lemma 3.3,
2(h =V (x))

(W10, 1, 0)] < (Ig(x)] + le(t, z, y)])

T 1 1
e BRUCRE |y = T

(lg(@)] + [e(t, =, y)])

+ Wi(x) W
. Bh 1 .
<(C(h 2 —ds+h" 2
( —an V2(h —v(s)) )
<Ch 2.

Hence, from (2.8), we know that

do
i 1+94(0,1,t) =1 as I — +oc.
Instead of (2.8), we will consider the following system:
dt 1 I U(6,1,1)

R S i Rk B 1
dg  1+9(0,1,t)" do 1+ W(0,1,1) (5.1)

The relation between (2.8) and (5.1) is that if (1(¢), 0(t)) is a solution of (2.8) and the inverse
function () of 0(t) exists, then (I(¢(0)),t(f)) is a solution of (5.1) and vice versa. Hence in
order to find quasi-periodic solutions of (2.8) and to obtain the boundedness of the solutions, it
is sufficient to prove the existence of quasi-periodic solutions and the boundedness of solutions
of (5.1). This trick was used in [13] in the proof of boundedness for superquadratic potentials.

From the definition of 8, we have, for y > 0,

x

1
= — ds.
—an V/2(h =V (s))

Since I = 2mh, take the derivative with respect to the action variable I in both sides of the

0

above equality (the angle variable 6 is independent of I), it follows that
x

0 1
70 N ey R

0,
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which yields that
Tp 8 ® 1

. =h @ _ = - ds.
2(h — V(2)) Oh J_a, \/2(h =V (s))

Hence, we obtain that

\Ill(gvjvt) = 27rx1(g(x(9,f)) - e(tax(gvl)vy(gvl)))'

Definition 5.1 We say a function g(t,p,0,€) € Or(1) if g is smooth in (t,p) and for
ki + ko < K,
HF1tk2

WQ(@P’&G)‘ <C

for some constant C' > 0 which is independent of the arguments t, p,0 and €. Similarly, we say
a function g(t, p,0,€) € or(1) if g is smooth in (t,p) and for ki + ko < k,

okrtke

lli% ‘ OtF1dph= g

(t,p,@,e)‘ =0, uniformly in (t,p,0).

Now we introduce a new action variable p € [1,2] and a parameter ¢ > 0 by I = e¢~2p. Then,
I>1 < 0<e< 1. Under this transformation, the system (5.1) is changed into the form

% =1—Uy(0,p,t,€) +e206(1),
d (5.2)
_z = Wy(0,p,t,€) + €206(1),

where

U0, p,t,€) = 2w (6, ¢ *p)(g(w(6, ¢ >p)) — e(t, 2(6,¢ >p), y(6, ¢ >p))),
E/2(97 pt, 6) = _27T€2y(9a 67210)(9(37(9) 672p)) - e(t7 33(9, 672p)a y(@, 67210)))'

Obviously, if € < 1, the solution (t(6, %o, po), p(0,t0, po)) of (5.2) with the initial data
(to. po) € R x [1,2] is defined in the interval 6 € [0, 27] and p(6, to, po) € [%,3]. So the Poincaré
map of (5.2) is well defined in the domain R x [1, 2].

Lemma 5.1  The Poincaré map of (5.2) is reversible with respect to the involution

By (4.4) and Lemma 3.1, we know that, there is a function n such that
1
T*(h) =T- <_7T) = 277(th £0; 97 6);
where 77 € €Og(1). By the definition of O and ©_, we have

O(I)=2r—-2n, O©_(I)=>2n. (5.3)
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6 Proof of the Main Result

In this section, firstly, using the estimates in Subsection 3.2, we will obtain an asymptotic
expression of the Poincaré map of (5.2) as e < 1. After that, we can prove the main result
using a variant of Moser’s small twist theorem in [16].

We make the ansatz that the solution of (5.2) with the initial condition (¢£(0), p(0)) = (to, po)
is of the form

t:t0+9+621(t0,p0,9;6), p:p0+622(t0,p0,9;6).

Then, the Poincaré map of (5.2) is
Pty :t0+27'r+621(t0,p0,271';6), P1 :p0+622(t0,p0,2ﬂ';6). (61)
The functions ¥; and Yo satisfy

0
o
Sy = —2me ! —(; (6,¢2p) (9(x(0,e%p)) — e(t,x,y)) A + €Og(1),
0

(4
Sy = —27re/0 y(0, € 2p)(g(x(0,e2p)) — e(t, 2,y))d0 + €O (1),

where p = pg + €39 and t =ty + 6 + €X5.
By Proposition 3.1 and the assumptions (1)—(5) in Section 1, we know that the terms in the
right-hand side of the above equations are bounded, so we have

|Z1] 4+ |X2| <cs, for 6 € [0,27] (6.3)

where cg > 0 is a constant. Hence, for py € [1,2], we may choose e sufficiently small such that

1
poteBs > B> 2 (6.4)

for (to,0) € [0,27] x [0, 27]. Similar to the proof in [6], one can obtain

21,22 c 06(]—) (65)

Lemma 6.1  The following estimates hold:

_ _ ) _ ) _
2(0,¢%p) — x(8, ¢ po) € Os(1), 8—?(9,6 2p)—a—"pj(f?,e %po) € 06(1).
Proof Let
1
Alto, po,0) == 2(0,¢ 2p) — (0, ¢ 2py) = / %(9, € 2po + se 1¥n)e ! Eads. (6.6)
0

By (3.11) and (6.4), we have
Cq4

\/ 672p0 + 867122

Taking the derivative with respect to po in the both sides of (6.6), we have

4 se0Z2
8A_/1 {8% O T 0x 9%, 1
0

= - —|ds.
Ipo

Al < ce teg < 2¢q0s.

aI? €2 e 0 0Opy €
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Using (3.11) and (6.5), one may find a constant ¢g > 0 such that

0A
‘— S C9.
dpo
Analogously, one may obtain, by a direct but cumbersome computation, that
OFIA ‘
7| < o
dp ot
. or,, _, or,, _, o o
The estimates for 5(9, € °p) — 5(9, € “pp) follow from a similar argument, and we omit it

here.

Now we turn to give an asymptotic expression of the Poincaré map of (5.2), that is, we
study the behavior of the functions ¥; and s at § = 27 as € — 0.

By (6.2) and Lemma 6.1, it follows that

2
Zl(t()a £0, 27T7 6) = _27T6_1 % : (g(.l?) - e(ta Zz, y)) do + 606(1)
0
2w or
= —2me ! - (9(x) —e(to+6,x,y))d0 + €Og(1)
0

0
= —27‘(’671/@ " a—? : (g(a?) - e(to +6,2,y))do
+

0
—27re’1/@ " a—i (g(x) —e(to+0,z,y)) df + €Og(1)

and
2m
Z2(t07 Lo, 2777 6) = _27T€/ Y- (g(.l?) - e(ta Zz, y))de + 606(1)
0
27
= —27re/ y-e(to+0,2,y)d0 + eOg(1)
0
= —27re/ y-e(to+0,z,y)d0
O.4(I)
—2776/ y-e(to+0,z,y)d0 + eOg(1)
o_(I)

with @ = 2(0, ¢ 2pg), y = y(0, e 2pp). Here we have used that y(—60, e 2pg) = —y(0, e 2pg) and
2(—0,e 2po) = x(0,e 2po). By Proposition 3.1, we know that when § € ©_ (1),

{E(Q, 672p0) € 06(]—); y(g, 672[)0) € 67106(1),

which yield that

0
Bilto.po.2m:0) = —2m ! [ S (o) —elto +0,2,) 40+ Ou(1),
+

22(t0;P0a27T;5) = _271—6/ ye(t0+9axay)d9+606(1)
O.4(I)

with 2 = x(0, ¢ ?po), y = y(0, ¢ *po).

Our next task is to estimate the above two integrals.
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Lemma 6.2 If hIJIrl g(x) = g* and the assumption (4) in Section 1 holds, then, for

any function f € og(1),

2m 00 0 0 2m 0
/ 9(2 Zetsin — —l—e_lf(po,to,e;e)) sin —df :/ g " sin =df + 0g(1) = 4g™ + 06(1).
o V7 2 2 0 2

2
Fo(pose) :/0 9(21/%6_1 sing) sin gd&.

Note that sing > 0 for 6 € (0,27), so by the Lebesgue dominated theorem, we have

Proof Let

2m
0
lim gy (pos €) = / gTsin —df = 4g™.
e—0 0 2

o (po; 1 [ / 0 / 0 0
7890(/)0’ €) = / [g' (2 @e’l sin —) -2 @e’l sin —} - sin =d#,
8p0 2p0 0 ™ 2 ™ 2 2

by the assumption (4) in Section 1 and the Lebesgue dominated theorem, it follows that

Since

lim 970 (po; €)

=0.
e—0 apo

The estimates for the derivatives of higher order can be obtained in a similar way. Hence, we
have proved the conclusion when f = 0. In the general case, let

2
.0 _ )
ﬁf(Po,to;ﬁ):/o 9(2\/%671811154'6 lf(Povtoag;E)) Sm§d9~

Then

27 1
/ .0 _ _ 0
gf—yoz/o /0 g'(2 %e_lslni—l—se 1f(p0,t0,9;6))6 1f(,00,t0,9;6)81n§d8d9.

The conclusion follows from the Lebesgue dominated theorem and the assumption (4) in Section
1.

Lemma 6.3  If the assumption (6) holds, then, for any function f1, fa € 06(1),

27
/ e(to +6,2,/ PO -1 sinQ + et fi(posto, 0;€), 4/ PO -1 COSQ + e falpo, to, 0; e)) sin Qd@
0 s 2 s 2 2

27
= / @(to-f—g) Singd9+06(1)~
0

Proof Let

2
/ 0 | 0 0
Eo(to,po;e):/ e(t0+9,2 @eflsin—, @eflcos—)sin—d&
0 T 2 T 2 2

Note that sing > 0 for 0 € (0,27), so by Lebesgue dominated theorem, we have

27
0
lim €y (to, po; €) = / e(to + 0) sin —d#f.
e—0 0 2
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Since

2o (to, po; Lo / 0 |/ 0 / 0 0
M = —/ [e; (to +6,2 Po -1 sin —, PO ~1 cog —) 2, /P2 1gin —} - sin =d#f
dpo 200 Jo T 2 T 2 T 2 2
1o / 0 |/ 0
+ 50 ). [e; (to +6,2 %6_1 sin 3 %6_1 cos 5)
/ 0 0
. @671 cos —} - sin —d#,
0 2 2
deo(to, po; o / 0 |/ 0 0
760(51;:0’ J = /0 ey (to +6,2 %e_l sin 3 %e_l cos 5) sin Ede,

by the assumption (6) in Section 1 and the Lebesgue dominated theorem, it follows that

lim deo(to, po; €) ~0, lim 0eo(to, pos €)

=0.
e—0 apo e—0 ato

The estimates for the derivatives of higher order can be obtained in a similar way. Hence, we
have proved the conclusion when f; = fo = 0. In the general case, let

27
/ 0 / 0 0
Ef(to,po;e)z/ e<t0+9,2 @eflsin——i—e*lfl, @eflcos——l—e*lfg) sin —d6.
0 Y 2 Y 2 2
Then
27 1
fpo _1 . 0
éf—éoz/o /0 [e;(to—i—@,Q %e 1smi

+ se_lfl, v/ @6_1 cosg + 6_1f2) . e_lfl} sin std@
T 2 2

27 1
! PO 1 Q po -1 Q -1 -1 . Q
+/0 /0 [6y(to+9,21/ € sing,y /e cos g + se fg) € f2:| Sln2dsd9,

The conclusion follows from the Lebesgue dominated theorem and the assumption (6) in Section
1.

Similarly, we have the following Lemma.

Lemma 6.4  If the assumption (6) in Section 1 holds, then

2w 2m
/ ej(to+0,2(0,¢ 2p0), y(0, ¢ 2po)) singdG = / € (to + 0) sin gd9+06(1),
0 0

Ox

.0
@(9, € 2po) sin §d9 =o06(1),

2w
[ ettto+ 0,50, 00), 400, 0)
0

o / -2 -2 dy -2 .0

; ey(to +0,2(0,6 “po),y(0, € po))%(&e po)sm§d9:06(1).

From these lemmas, we have the following lemma.

Lemma 6.5  The following estimates hold:

2
1 (to, po,2m;€) = —2, /pl/ (g7 —2(to + 0)) sin gd@ + o06(1),
0 Jo

2m
0
o (to, po, 2m; €) = 4y/Tpo / € (to + 0) sin §d9 + og(1).
0
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Proof By (4.2)-(4.3), the definition of ©4 and (5.3), it follows that

E1 (th P0, 27T; 6)

Ox ox
= —27T6’1/ 5(9, ¢ 2po) - g(a(6,e % po))dd — 27{1/ 57 (0-¢ o)
eI O.4(I)

(to +6,2(0,¢ 2po), (0, e 2po)))db + €O (1)

(e
o .0
= _2\//)70/941) z(0,¢ 2po)) — elto + 0, 2(0, ¢ 2 po), y(0, e 2po))) sin §d9 +06(1)

__2\/;0 /— / - / g(ff(@ae_QPo))Singdg_Q\/g( /— /- /)

“(—e(to+0,2(0,¢ “po),y(f,e “po)))sin gd@-f—o(;(l)
27 0
= -2, /,0 / 0, %pg)) —e(to+0,2(0,e %po),y(d,e 2po)))sin 5d9+06(1)
0
27 0
=-2,/— / e(to + 0)) sin —d9—|—06(1),
Po
Z2 th Po; 2m; 6

9
= 271'6/9 0 7_‘_52 5 g (to +0,x(0,¢ 2p0)’y(9,672p0))d9+06(1)
+

= 27re/ ,/—Qs to+9 z(0,¢ 2 po),y(6, e 2po))dl + 06(1)
oI me 2

Oe
= 4/Tpo sin ) 20 (to +0,2(0,¢ 2po), y(0, ¢ 2po))db + 06(1)
e.(I)
2w 0
= 4/Tpo / / /2 to—i—f) z(0,¢ 2p0),y(0, ¢ %po)) sin 5d9+06(1)

27r
.0
= 4«/7rp0/0 %(to +0,2(0, e %po),y(0, ¢ 2po)) sin §d9 +06(1)

2w
Ox _ dy _ .0
= 4,/7rp0/0 {e,’: +el - @(97 € 2po) + e, - @(97 € 2po)| sin §d9 +o06(1)

27
0
= 4,/7rp0/ € (to + 0) sin 5d9 + 06(1).
0

Let

2
to,po = -2, ,po / t0+9)) sin gde,
2 0
Uy (to, po) = 4/Tpo / € (to + 0) sin §d9.
0

Then there are two functions ¢; and ¢o, such that the Poincaré map of (5.2), given by (6.1), is
of the form

Oty =to+ 21w+ eWi(to, po) + €p1(to, poi€),  p1 = po+ e€Wa(to, po) + €pa(to, pose€),

where ¢1, ¢2 € 06(1).
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Note that, by the Lazer-Landesman condition 497 > maxy €. (0), we know that

v
T,y <0, AT
dpo
Let
-1
L(t(), po) = or pO 0 .
/ (g7 —@(to + 6))sin —do
O 2
Then
oL

oL
a—to‘h(tmpo) + 8_;)()\1’2(t0’p0) =0.

The other assumptions of Ortega’s theorem are verified directly. Hence, for sufficiently small
€, there is an invariant curve of ® in the annulus (tg, po) € S* x [1,2]. The boundedness of
the solutions to our original equation (1.5) can be obtained by the existence of such invariant
curves, and the precise proof can be found in [14].

Moreover, the solutions starting from such curves are quasi-periodic solutions. Using the
Poincaré-Birkhoff fixed point theorem, there is a positive integer ng, such that, for any n > ny,
there are at least two periodic solutions of (1.5) with the minimal period 2n7 (see [6]).

Since then, we are done with the proof of the existence of the quasi-periodic solutions
and boundedness of all solutions for reversible forced isochronous oscillators with a repulsive
singularity.
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