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On the Tangent Bundle of a Hypersurface in a
Riemannian Manifold*

Zhonghua HOU? Lei SUN?

Abstract Let (M™,g) and (N"™!, G) be Riemannian manifolds. Let TM™ and TN be
the associated tangent bundles. Let f: (M™,g) — (N™™', G) be an isometrical immersion
with g = f*G, F = (f,df) : (TM",g) — (TN""! Gs) be the isometrical immersion with
g = "G5 where (df)s : ToM — Ty N for any & € M is the differential map, and
Gs be the Sasaki metric on T'N induced from G. This paper deals with the geometry of
TM™ as a submanifold of TN™ ™! by the moving frame method. The authors firstly study
the extrinsic geometry of TM™ in TN"™!. Then the integrability of the induced almost
complex structure of T'M is discussed.
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2000 MR Subject Classification 32Q60, 53C42

1 Introduction

Let (M, g) be a Riemannian manifold, and T'M be the tangent bundle of M. Let G be the
Sasaki metric on T'M introduced by Sasaki [13] in terms of g.

The geometry of (T'M, Gy) and the unit tangent sphere bundle (S(T'M), Gs) have attracted
many mathematicians in the last decades. Kowalski [5] showed that if (T'M,Gy) is locally
symmetric, then the base metric is flat and so does Gs. Musso and Tricerri [9] proved that
(TM,G;s) has constant scalar curvature if and only if (M, g) is flat. Nagano [10], Tachibana
and Okumura [15] studied the almost complex structure on (7'M, Gs). Nagy [11] studied the
geometry of the unit tangent sphere bundle of a surface. Klingenberg and Sasaki [2] showed
that (S(TS%(1)),Gs) is isometric to the elliptic space of curvature 1. Nagy [12], Sasaki [14],
Konno and Tanno [3-4] studied the geodesics and Killing vector fields on (S(T'M), Gs). Tashiro
[16-17] studied the contact structure on S(TM).

Deshmukh, Al-Odan and Shaman [1] considered an orientable hypersurface M™ of the Eu-
clidean space R"! and observed that the tangent bundle T M of M is an immersed submanifold
of the Euclidean space R?"*2. They obtained expressions for the horizontal and vertical lifts
of the vector fields on M and showed that the induced metric on 7'M is not a natural metric
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in general. In the special case that the induced metric on T"M becomes a natural metric, they
proved that the tangent bundle T'M is trivial.

In this paper, we suppose that M" is a hypersurface of a Riemannian manifold (N"*!, G).
We use the moving frame method to study the geometry of the tangent bundle TM™ with the
induced metric from (T'N, Gs).

In Section 3, we study the extrinsic geometry of TM™ in (TN"*1(c),G,) where N"1(c)
is a space form of constant curvature c. In Section 4, we study the integrability of the almost
complex structure J on TM and the Kéhlerian form w on T'M induced by J.

2 Preliminaries

Suppose that (N, G) is an (n + 1)-dimensional Riemannian manifold. Let D be the Levi-
Civita connection in N, and 7 : TN — N be the natural projection. Through out this paper,
we use the Einstein convention and the following ranges of indices:

1<AB,C,---<n+1, 1<ijk,--,<n. (2.1)
Let ({y}) and ({y*}, {v®}) be local coordinate systems in N and T'N, respectively. Denote

> 0?
avA,UB = (%A(%B’ etc. (22)

O = = Byp =

82
oy’ Dyays =

~ guB’ Yty DyAoyA’
At first, we introduce the following lemmas.

Lemma 2.1 (cf. [5]) Let (N,G) be a Riemannian manifold and Y € T'(TN) be a vector
field on N which is locally represented by Y = YAﬁyA. Then the vertical and horizontal lifts
YV and Y of Y over TN are given by

Yy =Y 0,4, Vi =Y 20,0 —T30Y P0C0,a, (2.3)

respectively, where {Ta~} are the Christoffel symbols of D.

Lemma 2.2 (cf. [5]) The Lie bracket of vector fields over TN is completely determined by

[XH,YH] - [X7 Y]H (R%YU)Vv [XH,YV]

(y,v) — = (DXY)V [Xva YV](y,v) = 07

(y,v) (y,v) (y,v)»
where X,Y € T(TN) and RN xy is the Riemannian curvature operator of N.
The Sasaki metric G5 on T'N can be described as follows.

Definition 2.1 (cf. [13]) Let (N,G) be a Riemannian manifold. The Sasaki metric G5 on
TN is defined by

Gy XTI YT =g, (X,Y), Gy, (X" YV)=0, G, (XY, YV)=g,(X,Y) (24)

for any point (y,v) € TN and vectors X,Y € T,N.

By direct computation, we have the following lemma.
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Lemma 2.3 (cf. [7]) Let (N,G) be a Riemannian manifold, and TN be the tangent bundle
with the Sasaki metric Gs. Then the Levi-Civita connection D on (TN, Gs) is determined by

_ 1 — 1
DxnY™ = (DxY)" = J(RYyv)", DY = S(RNY)H,

2
— 1 —
DxnYV = (DxY)" + 5(RNX)™, DxvYV =0
for any point (y,v) € TN and vectors X,Y € T,N.

3 Geometry of the Tangent Bundle of a Hypersurface
Suppose that f: M™ — N"*!is a smooth immersion from M" into N"*1. Let
df(J?) : TxM — Tf(x)N

be the differential map of f at any x € M. We define the smooth immersion F : TM — TN to
be

F(z,u) = (f(z),df(z)u) (3.1)
for any point (x,u) € TM.

Lemma 3.1 Suppose that h and v are the second fundamental form and the unit normal
vector field of M in N, respectively. Let X" and XV be the horizontal and the vertical lifts of
X e T(TM) onto TM, respectively, with respect to g = f*G. Then the differential map dF of
F is defined by

dF(z,u)(X") = (df (2)(X))",  dF(z,u)(X") = [@df()(X))T + (X, up"  (3.2)

for any point (z,u) € TM and the vector field X € T'(T'M).

Proof For any (x,u) € TM, we have F(z,u) = (f(z),df(z)u) € TN. Let ({z'}, {u’}) and
({y*},{v?}) be the local coordinates around (z,u) and F(z,u). Let {7} be the Levi-Civita
connection of the induced metric g. Then the local representation of f(z) is of the form

(fl(xla e 7xn)a e ,f’ﬂ+1(x17 U axn))
Moreover, we have
(az’)h =0pi — Vzkjujaukv (021)" = Oy,  df(2)0pi = (aa:’fA)ayA (3.3)
Therefore,
AF (2,u) 0y = (Opi f)0ya + (02, fP)7 0y,  dF(2,u)0yr = (Opr f*)0ya. (3.4)
It follows from (3.3)—(3.4) that

dF(z, u)((‘)xi)h = (8zifA)8yA + (8£ixj Y uio,s — ’yfjuj(ﬁxk 2)o,s, (3.5)
AF (x,u)(0,:)" = AF (2, 1)y = (Opi fA)0pa = {df(2)0,:}V. (3.6)
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On the other hand, from Lemma 2.1, we have

(0ya)(,, vy = Oua, (0ya)E ) = 0ya — TG gvP0,c. (3.7)

(y,v) — (y,v) —

Therefore,
AF (2,u)(05)" = (04 f1)0ya + (0245 fP )0 Oy — yf5u? (O [ P) 0,5
= (00t F)(0y2) P gy + Tapu" (9ur fP)0ye]
+ (00 )07 By — 5! (O F7) 0y
= (0wt [ 0yn) Py + TaB Oui )M (0 fP)Dpe + (821, f7 )0 O,y
_'Yiju]( xkf )0y
= (00 10y ) iy + [D(awianyA){uj(az.ffB)}
= Vo, o, {1 (00 F7)N(0y2)"
= (001 1 0y2) Foay + (Do, a0, ) {07 (003 FP)}(8,5)
~ Vo, 0,0 11 (00 F7)}(0y2)]"
= (0us [10ya) F(o,u) + [Dio, pa0, ) {10 (003 FP) (05 )} — df () Vo, {u? 023 }]V
= (00t 1 0y) Py + 1(O0i, ! 0 )0
It follows from (3.3) that
AF(2,u)(0p)" = [Af (2)00i] g ) + POy )" (3.8)
Lemma 3.1 follows immediately from (3.6) and (3.8).
From Lemma 3.1, we have the following lemma.
Lemma 3.2 Denote g = F*G,. Then at any point (x,u) € TM, we have
Gy (XY
g(z,u)(Xh7Y )=

for any XY € T(TM).

g(X,Y) + h(X,u)h(Y,u), (3.9)
0, Flow (X", YY) =g(X,Y) (3.10)

Remark 3.1 From (3.9) of Lemma 3.2, we can see that (T'M,g) is not a natural metric.

Suppose that (N"1(c), G) is a space form of constant section curvature c. The Riemannian

curvature operator of (N"*1(c), Q) is given by
RYyvZ =c{G(Y,2)X - G(X,2)Y} (3.11)

for any X, Y, Z € I'(T'N).

Suppose that f : (M, g) — (N"*1(c), Q) is an isometrical immersion of M™ into N"*1(c).
Let A be the shape operator of M in N"*1(c). Consider F : (TM,g) — (TN"*1(c), Gs) defined
by (3.1). Then T'M is a submanifold of TN with codimension 2.

In the sequel, we proceed to study the extrinsic geometry of TM in (TN"1(c), Gy).

The two local orthonormal normal vector fields vy, vo of TM in TN™*1(c) are given by

1
V= (V)g(;c,uﬁ V2 = ;{V}‘/(agu) - [df(x)A(u)]g(x,u)}’ (312)
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where 72 = 1+ g(A(u), A(u)) with 7 > 0 at any point (z,u) € TM, so that the normal bundle
T+(M) of TM in TN is locally spanned by v; and vs.
From now on, we denote briefly X := [df(z)X](,) and
X" = [dF (2, w) X M pey, XY= [dF (2, 0) X ] i), (3.13)
XM= [df @)Xy, XV = [Af (@) X]p0 (3.14)
for any X € T, M.

Let {e1, -+ ,e,} be a local orthonormal frame field on (M, g), and {#%,--- 0"} be its dual
frame field. We denote

h = hijei ® Hj, A(u) = uihijej (315)

for any u = u'e; € I'(T'M). It follows from (3.9) that

{% = Gy(elsel) = bij + (hivur) (hjru), (@i nxn = (@7 )nxns (3.16)
g7 = 0ij — 72 (havur) (hjow), G (hrawr) = 72 (hijuy).
Moreover, (3.2) and (3.12) turn into
et =eV, el =ef + (hijujv¥ and vy =vH, =7V — (hgw)ell], (3.17)
respectively. From (3.17), we obtain
eH = g]keh -7 (hkjuj)l/g, vV = T*Q(hilul)ef + 7 s, (3.18)

Using (3.11), from Lemma 2.3, we have
Deyva = [Dey (T OIWY = (hgw)ei!] — 77 Doy [(hrur)er] ™
=~ 2 (hahawn)vs = 7 [haef! + (hklul)(RN )]
— —T_Q(hikhklul)l/g - T_l{hij + 5[(hilul)uj — (hklukul)éij]}ef
= —7 2 (hihgu)vo — T_l{hij + g[(huul)uj — (hklukul)éij]}ﬁjkez
+ T_Q{hij(hjkuk) + g[(hilul)uj(hjkuk) - (hklukul)éij(hjkuk)]}VQ
= —Tfl{hij + g[(hum)uj - (hkzukul)fsz‘j]}?jkeﬁa (3.19)

Denvy = [Dep (7Y = hiwiey!) + 77 Den v = (hwyw)er! ]

—77 2 (hpjihjmugtm ) v + 7'_136? Y — (hgu)ell]

= 7_1{541 vV + (hww)DyvvY — [ﬁe?(hklul)]ekH - (hk[Ul)Ee?ekH}
- T72(hkjihjmukum)l/2

1 _
= =7 (haegihojm i )2 — T_l{[A(ei)]V - —(Rﬁfuei)H + D (hgaw))ey!

1
& (i) [ (Do) — 5 (RY, )" +2(hmum (Re)™ ]}
H
€k

- —T*Q(hkjihjmukum)lﬁ -7 {h”e + u v+ (hwiur)e

2
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¢ ¢
+ (hriw) [(hikV)H - i(ukei —uer)” — i(himum)ukVH} }

c c
= —TﬁQ(hkjihjmukum)l/g — Tﬁl{ {hij — i(hklukul)élj -+ §ui(hjlul)} e}/
, _ c c
+ (hk“ul)[gjke? -7 1(hkjuj)1/2] + |:§uz + (highriuy) — i(himum)(hklukul)] Z/H}
_ c c L
=7 1{ [hij - E(hklukul)éij + Eui(hjlul)} ey + (hkuuz)gkjff?

+ {guz + (higphguy) — g(himum)(hklukul)} 1/1}. (3.20)

Moreover, we also have

ﬁe? v = 5651 v + (hilul)ﬁu" v

1 1
= (DeiV)H - §(Ré\£vu)v + §(hilul)(R1]:[uV)H
c c
= [—A(ei)]H + §[G(€i7u)l/ - G(v, u)ei]v — §(hilul)[G(u, viv — G(v, u)u]H
c c
= —hikekH + EUiVV + §(hijujuk)ekH

c C
= §uiuv — [hik — E(hijujuk)} ekH

C . C
= — {hzk — —(hiluluk)} [gjkegl — Tﬁl(hkju]‘)l/g] + —ui[7'72(hjlul)e? =+ 7'711/2]

2 2
= — [hikgjk — g(hiluluk)gjk - 5772ui(hﬂuz)} 6?
_ Cc C
+7 ! {hik(hklul) - i(hijuj)(hklukul) + iuz} Vo, (321)
— — 1
Devry = Dvi = E(Ri\feﬂ)H = g{G(ei,V)u — G(u,v)e;} = 0. (3.22)

From (3.19)—(3.20), we can see that

C

Gs(ﬁe,’;l/%e?) = _Til{hij + 2

(g )y — (hklukul)éij]} = Gy(Dora, ).

From (3.19) to (3.21), we immediately obtain the following proposition.

Proposition 3.1 Let V™ be the normal connection of (TM,q) in TN"Y(c). Then

vi;hl/l =T, vs, Ve;;l/l =0; Ve?l/g = -T;uv, ngl/g =0, (3.23)
where for any 1 <1 <n,
T = 77 | Gus + ha () = 5 (higg) ()|, 72 = 1+ hghguu. (3.24)
Proof Since {v1,15} is a local orthonormal frame field of T+ M, we have

V;y@ = G5(D Vo, v3)Vg, vjv Vo = Gs(ﬁe}f”a7 v3)vg (3.25)

for any 1 < i <n and o = 1,2. Substituting (3.19)—(3.21) into (3.25), we obtain (3.23). The
proof of Proposition 3.1 is completed.

From (3.19)—(3.21), we can immediately obtain the following lemma.
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Lemma 3.3 Denote by A, the shape operator of TM with respect to va for oo =1,2. Then

— . C . C

Ay(el) = [hikyjk - i(hiluluk)gjk - 5772%(%1%1)} 6?7

_ B c c i
As(e]) =7 1{ [hij - E(hklukul)(sij + iui(hjlul)} el + (hknw)g’“e?},

C .
= (huul)uj} g'rep.

- — c
Ai(e)) =0, Ay(el)y=71"" {hij - §(hklukul)5ij + 5

Using Lemma 3.3, we can prove the following proposition.

Proposition 3.2 The second fundamental form o of T M is determined by

c c _
0(6?76?) = {hij - §ui(hjkuk) - §Uj(hikuk)} vi + 7 (hyriuk)ve,
_ c c
o(ef, e?) =71 [hij — E(hklukul)éij + Euj(hikuk)} v, of(ej,ej)=0

for any 1 <1i,j < n.

Proof It is well-known that ¢ = o,v,, where
Oa (7, ?) = Gy (Za (7)7?)

for any X,Y € I'(T(y,u)TM). Substituting (3.26) into (3.28), we obtain

oy (e}, el) = [hikgkj - g(hilul)ukﬁkj - ngzui(hjzul) Jip
= hip — g(hilul)up — gui(hpkuk);
Ul(ef,e;) = Ul(e;,ef) = Ul(ef,e;) =0,
oa(el,ef) =7 (hiiw) 7V G, = 7 (hiiw),  o2(e}, ef) =0,
aa(eh,et) = 7 [hyy — g(hklukul)éip n gui(hplul)] — (el ).

This completes the proof of Proposition 3.1.

(3.26)

(3.27)

(3.28)

Theorem 3.1 Let M™ be an immersed hypersurface of a space form N"T1(c). Denote by H
the mean curvature vector field of TM in TN™*1(c). Suppose that the length of H is invariant

along every fibre of TM . Then we have that
(1) If ¢ > 0, M s totally geodesic in N"*1(c).

(2) If ¢ < 0, M is an isoparametric hypersurface with at most three distinct principal curva-
tures { —v/—c¢, 0, /—c} with multiples {m_, mo, m4 }, whose second fundamental form is parallel.

Proof Let H be the mean curvature vector field of 7M. Choose {e;} such that h;; = X\;d;;.

Then it follows from Proposition 3.2 that

2nH =g"o(el,e})
- IS IS -
=g" [hij - §Ui(hjkuk) - Euj(hikuk)} vi 4+ 771G (hyjrug)vo
_ C C
= (055 — 72 (Aswi) (Ajuy)] P\z‘% - 5%‘()\]'%') - 5%(}\1‘%‘)} Vi
+ 77 655 — 72 (Niws) (A ug)] (hajpur ) v

=[nH — 72\ + o) (\ud)|vr + 7 Hn(Hyuy) — 772 (Vi) (Njug) (hijeur) [ve,

(3.29)
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where H is the mean curvature of M, and {H} are the coefficients of the covariant derivative
of H. Taking the squared length on both sides of the above equation, we obtain
A’ [H? = [nH — 772(XF + ¢)(\u)]* + 72 [n(Hyuw) — 772 (Nwi) () (hagrur) |
TP ((nH)T? — (N + ) Nud))? + [n(Hyuw)m* — (Niwg) (gug) (hijeur)]*}-

Since the length of H is invariant along the fibres, by the above equation, we have
4n?(H|* = 4n?*|H (z,0)* = n*H?. (3.30)
It follows that
(R H2)7® = ()7 — (2 + Y Ad)] + [n(Hyun) 72 — (o) Q) (g )2
= (2H)7® = 2(nH)r | SO + ()| + 72 D + ) (hiaid)| ’

+n? ( Z Hk’LLk)27'4 — 2n7? ( Z Hk“k) Z(/\iui)(/\juj)(hijkuk)
k k i,dk
+ [ X ) ) )]
ij.k
So we have

0=r{n (ZHkuk) 2(nH) [Z(A% +oad)] |+ 72 [Z(A? + c)()\iu?)]z

(2

B 27”_2(2 Hkuk) > ua) (Ajug) (hijrur) + [Z()\iui)(/\juj)(hijkuk)} ’
k

1,5,k i,5,k

_ [14—2(2/\2 2) (Zv 2) H (ZHkuk) nH)[;(A$+c)(Aiuf)}}
<1+Z>\ ){[Z (A2 + ¢)(Nu?) } —2n<ZHkUk)Z Aui)(Ajuj)(hijkuk)}

2,7,k
2
| 2 ) ) ()|
4,4,k
=Fy +F4 + Fg, (3.31)

where

—n (Zﬂkuk) 2nH) [ S + ) nd)].

(2

F, = Q(ZAQ 2)F2 + [Z(A2 + o) (Al } - 2n<ZHkuk) [Z (hius) ) (i) |

N
Fg = (Z A?u?) [F4 + (ZAQ 2>F2} [Z(Aiui)(/\juj)(hijkuk)r-
i .5,k
From (3.31), we have Fo = F4 = F¢ = 0 for any (u1,- -+ ,uy), which is equivalent to
0= n(z Hkuk) =3+ nud) = 3 us) gy (g (3.32)
i 2,7,k
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From the first equality of (3.32), we have Hy = 0 for any 1 < k < n, which means that M
is of the constant mean curvature.

The second equality of (3.32) implies that \;(A\? + ¢) = 0 for any 1 < i < n. It follows that
every principal curvature A; is constant for all 1 <7 < n.

When ¢ >0, \; =0, for all 1 <i < n. In this case, M™ is totally geodesic in N"1(c).

When ¢ <0, \; = 0, —/—c or /—c. We suppose that \; = 0 for 1 <i < mg, \; = —v/—c¢
formg+1<i<mo+m_and \; = —/—cformg+m_+1<i<mg+m_+m, =n.

The third equality of (3.32) turns into

0="> (Niu)Njuy) (hijrur) =Y (AFud) Nigur) +2 Y (Niw) () (hijrur)

ij,k ik i<jk
=3 (\ud)(Nigur) + 2{ > i) Ngug) (hijeun) + Y (Niwa) (Ajug) (N jus)
ik k<i<j i<j
+ Y ) gy (agru) + Y (Naws) Agug) Agaug) + D (Aiui)(&uj)(hijkuk)]
i<k<j i<j i<j<k
= Z()\f)\w)(uf) + Z()\% + 2>\i>\j)>\i,j (ufu]) + 2[ Z Nk + AjAk + )\iAj)hijk(uinuk)}
i i#j i<j<k
= 2|: Z (>\z>\k + )\]Ak + )\lA])h”k(uzu]uk)}
i<j<k
It follows from the above equality and the assumptions that
P\i)\j + AN\ + >\j>\k]hijk =0 (333)
for any 1 <i < j < k <n. On the other hand, we have
hiji = (A = Xj)0i5(ex) = (Aj = Ak)Oji(ei) = (Ae — Xi)Ori(e;)- (3.34)

Suppose that 1 < ¢ < j < k < n. It is seen from (3.34) that h;jx = 0, and now that i, j
or j,k lie in the same range of indices. For i, j, k lying in the different ranges of indices, from
(3.33), we have h;i, = 0. It follows that h;j, = 0 for any 1 < ¢, 5,k <n, which means that M"
has a parallel second fundamental form in N™*!(c). This completes the proof of Theorem 3.1.

Remark 3.2 Miyaoka [6] studied the geometries of isoparametric hypersurfaces with at
most three distinct principal curvatures in a space form N"*!(c) of the constant curvature c
with ¢ > 0. Our result gives a geometrical description of this kind of hypersurfaces with ¢ < 0.

By Theorem 3.1, we immediately obtain the following corollary.

Corollary 3.1 Let M™ be a smooth hypersurface of a space form N™*1(c) with ¢ > 0. Then
the following statements are equivalent:

(1) The length of the mean curvature field H of TM is invariant along the fibres of TM;

(2) TM is totally geodesic in (TN"*1(c),Gy);

(3) TM is minimal in (TN""1(c), Gy);

(4) M is totally geodesic in N"1(c).

Munteanu [8] computed the Riemannian curvature tensor of TN endowed with the general
metric G, p. For (IN"T1(c), Gy), we have the following lemma.
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Lemma 3.4 (cf. [8]) Suppose that (N"1(c),G) is a space form of the constant sectional
curvature c. Then the Riemannian curvature tensor R of (TN"*1(c), Gs) is given by

~ 1
H N H N N N H
RXHYHZ = (nyz) + Z[RU(RQZ'U)Y - RU(RNZ’U)X + QRU(RQYU)Z] 5

= 1
RxnynZV = (RYyZ)Y + —[RN RN, )V~ RY (rry,vy1”,

N 1
RynyvZH = §(R%ZY) [Rg(R“YZ)v]Vv

(3.35)
~ 1
Riyv 2¥ = S (RY, X)" — Z[RN (RN X))

~ 1
RyvyvZ" = (RYy Z2)" + Z[R{}VX(RS[YZ) - RN (R Z)

RyvyvZV =0

for any X, Y, Z € T(TN) at point (y,v) € TN.
By direct computation, we obtain the following lemma.

Lemma 3.5 Let M™ be a hypersurface of (N"*1(c),G). Let {e1, -+ ,e,} be a local or-
thonormal frame field on M, and v be the unit normal vector field of M. Then

éeﬁefekH = {8;sUa — 6iUji — 6 Uik + 0uUjk + c(850i — Sudjk) el

Re.n Hekv = {8aVji — 61V, + 86 Vir — 6ixVir + V(6104 — dudji) te), (3.36)
~ C

Refre‘yekH = {&lek + 0 Wi — 65 Wiy, — §5ij5kl + W (0004 — 5jk5il)}ezv;

. c
ReHe‘y ey = {5ngzz 0uWi — 0 Wi + §5ij5kz + W (d;10ir — 5iz5jk)}6lH,

o) H 3.37
R.v ;/ek = {0 Vit — 0it. Vji + 6 Vi — 6;1Vie + V(6ir6j1 — 0jx0i) e, (3.37)
o) vV _
Re}’e;’ek =Y
~ ~ 62
ReIHVHe;I = —UijVH, R HVHG = —‘/;jV R Huve Z’U,inVV,
Remyvel = =Wyl R evovel ==Vl Reyuve}/ =0, (3.38)
RefIVHVH = Uijefl, Re{il/Hl/V = Vije}/, Re{il,v v = Wije;/,
2 c? H D H H
Ref’u"l/v = Zuiujej y ReYVVV = ‘/;jej s R vyvl/ 0,
~ ~ ~ c
Re?erH =0, Re?efyv =0, Re{fe;/VH = —5(5”1/‘/, (3.39)
~ c ~ ~
Ref’eyyv = §6ijVH7 ReyeyVH = 07 Reyeyljv = 07
2
where V.=c— Slul>, W=5%— CT|u|2 and
3¢2 2 2
Uij = cdij — Wit =V + o Uit Wij = Wi + o Uit (3.40)

Lemma 3.6 Under the assumptions as in Lemma 3.5, suppose in addition that {el;e? €j
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and {v1,v2} are chosen as in (3.17). Then we have

Rege?lﬂ = [(hjrur) Wi — (higur)Wiile) Eefe;ljl =0,

Re?e?llg = T_l{i[(hjkuk)ui — (hikuk)uj][uH + (hklukul)l/v] — (hklul)R Hen ey } o
Repeyvo = T_l{ E%‘ — (hipup) (higug) Ve [ — (hkpup)ﬁefeyekH}’ o
Re?e},ul = —géijllv — (hilul)ijekH, Rege;allg = —T_l(hklul)ée}/eyekH.

- . . =1
Denote by R the Riemannian curvature tensor and by R~ the normal curvature tensor of
TM in TN"!(c). Then we have the following Gauss-Codazzi equations:

RxyZ = [RxyZ)" + Asy,z)(X) = Agx,2)(Y), (3.42)
Ryyé = [Rxv€]* +o(X, Ae(Y)) — oY, A¢(X)) (3.43)

for any X,Y,Z € T(T(TM)) and & € T(T+H(TM)).
By Proposition 3.1, we have the following theorem.

Theorem 3.2 Let M™ be a smooth hypersurface of a space form N™Vi(c). If the normal
bundle of TM in TN is flat, then M™ is flat and totally geodesic in N""1(c), and vise versa.

Proof Let {e1,---,e,} be a local orthonormal frame field on M such that h;; = A;d;;.
Then (3.16) and (3.26)—(3.27) turn into

=0+ (iwg)(Njuy),  §7 =i — 7~ (AiUi)(Ajug‘), Ay (ef) =0,

Al( by = fIJkgkje AQ( v) = Wyg0el,  As(eh) = ﬂe”—l—T_l(hiklul)gkje?, (3.44)
o(e?, ?) <I>”1/1—|—T (hwk’LLk)Z/Q, U(ez,ej) Wijva, ol(ef,ef) =0,
where

(I)ij = Aiéij - g[()\luz)u] + ()\juj)ui], \I/ij =71 |:>\1(5” ()\kuk)éw + = ()\ ul)uj (345)

Since the normal curvatures of T'M are determined by

GS(RL(6?76?)V1)V2)7 GS(El(e eh)ylay2)7 GS(El(elae])V1)V2)7

R

it follows that the normal bundle of T'M is flat in T'N if and only if

Go(R (el e, m) = Go(B(eV, e, va) = Go(R (€0, el)v1,v) = 0 (3.46)

i %5
for any (x,u) € TM and 1 <i,j < n. From the Wiengarten formula (3.43), we have

Gs(f_#(efvff?)waw) = GS((Re?ej?Vl)?VQ) + Gylo(el, Ay, (e)),12) — Gs(o(el, Ay, (e]), 1),
h
70

Gu(R (el ey, mm) = GS((ﬁefe;"Vl)ﬂ va) + Gy(o(ef, Ay, (€])), va) — Gs(a(e], A, (€])), v2),
GS(EL(G efvi, va) = GS((ﬁe;’e}’ vi),v2) + GS(U(ef,Z,,l (63{))7 va) — GS(U(G})va (7)), v2).

i %j
Using (3.41) and (3.44), we have (R_nnv1)* = 0, ﬁege’; vy =0 and A;(e!) = 0, from which we
get ‘

GS(ﬁl(e?a e?)ylv VQ) =0, GS(El(ez ) e])yla VQ) =0, GS(O—(G;'LvZVl (6;})); VQ) =0.
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It follows that

C(RH (el e, v2) = Gul (Rugrrn) - v) + Gilo(el A (€)), ), (3.47)
Gs (FL (6?’, 6?)1/1, VQ) =Gs (O’(C?’,Zyl (6?))a VQ) - GS(O—(G?vZVl (6?)% VQ)' (348)

By a direct but not difficulty computation, we can see that

Gol(Repeprn)ova) = {20 + [(%uﬁ — ) (iA) — %()\kui))\j}uiuj}, (3.49)
Galo(er Ay (€))va) = 77 { [N = S Opud)| Aoy + [Z—Q@pugm — S - %uwj}

—3[y2 _ € 2 Clly2 _ € 2 ¢
=3 = SOpudA = 5] [V - SOwuBA + S Jus,  (3:50)
_ B c
Gs(o(ef, Ay, (e),va) =77 [(/\j)(hijpup) - §(hkpiukup)(>\juj)}
C C
=7 | O3uy) + Sy — 5 (g ) B . (3.51)
Substituting (3.49)—-(3.50) into (3.47) and sorting it, we get

5] s c c
GuR (e ey va) = 77 Sau + [h = §Owu) | Ay

(Gp oo o)
- [Af - g()\puf,))\i - g} [A? - g(Apuf;)Aj n g}uuj} (3.52)

for all 1 <i,5 < n. From (3.48) and (3.51), we obtain

Go(B (el efvn,ve) = 77 [ = M) (higptiy) + 5 (Badit = 0igd ) lopnaty) )|

& C
+ ’7'_3{((5]‘(151‘7« — 6iq5jr) )\i + 5 — i)v()\kui) hlpq()\lul)upur} (353)

for all 1 < 4,5 < n. Suppose in (3.52) that u = uger, = 0, and from GS(RL(C;},G?)I/MVQ) =0

at any point z € M for all 1 <i,j < n, we have 2\? + c =0 at any x € M for all 1 < i < n,
which implies that N™*1(c) is of the non-positive curvature. Suppose in (3.52) that &;; = 1 and
c<0,ie, \ #0at any x € M for all 1 <i <n, and we have that

TN (pup) + X Juluf] + Opup) Au?[2 — (pup)Ai] = 0,

which implies that A; = 0 at any € M for all 1 < ¢ < n. It is contradictory to our

—1
assumption, and we have that G (R (e, 6?)1/1, 1/2) =0 at any point z € M forall 1 <i,j <n

if and only if M is flat and totally geodesic in N™"1(¢). It is seen from (3.53) that, in this case,
Gs (EL(e?, 6?)1/1, vy) =0forall 1 <i,j<n.
The reverse is trivial. This completes the proof of Theorem 3.2.

4 The Almost Complex Structure on T'M

In this section, we study the almost complex structure J on TM, which is compatible with
g and the Kéhlerian form w on T'M induced by J.
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4.1 The induced almost complex structure on T M

Let {e1,ea, - ,e,} be alocal orthonormal frame field and {9;} be the associated connection
forms on M. We describe the almost complex structure J on T'M as follows:

Jel = ael + B(hijuy) (hww)ey,  Je! = vel + p(hijug)(hmw)er, (4.1)

where a, (3, v and p are the smooth functions on TM to be determined. Since J is compatible
with g, we have

J?=—1I, g(Je', Jel') = 6i; + (hiwur) (hjiw). (4.2)

Substituting (4.1) into (4.2), we get

Thus, J is determined by

1
(hipty) (hpgu)el,  Jel = —el + -

m(hirur)(hklul)ez (44)

1
Jeh=ev 4+ —
€ el+1—|—7‘

for any 1 <7 < n.
The Nijenhuis tensor of J is defined to be
N;(X,)Y)=[X, Y]+ JJX, Y]+ JX,JY]| - [JX,JY]
for any X,Y € I'(T(5,,)TM). It is easy to see that
N;(V,X)=-N;(X,Y), N;(X,Y)=-N;(JX,JY), N X,Y)=JN,;(JX,Y).
Therefore, we have
Ny (X", V") = -Ny;(JX", JY"), Ny (X", Y")=JN;(JX",Y")
for any point (x,u) € TM and X,Y € T, M. Since J is an isomorphism from H, ) to V(5 u),

it follows that J is integrable if and only if N;(X" Y") =0 for any X,Y € ['(TM).

Let us compute N;(el e”) for any 1 < i < n. It is known that

i€
[l 5] = lei e5]" — (Refe,w)”,  lesef] = —(Ve,en)” = O (ej)ep,  [ef.ef] =0, (4.5)
from which we have
o i) e €] = = (i) el
At first, we have
el el = [ev + H%(hﬂul)(hkmum)ez, ]

1
= [e] e}-‘] + ——(hgw) (hgmum) e, eh] —el

i1y 1+7 J J {H—T(hllul)(hkmum) €. (46)
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From the definition of e?, we can see that

_eh [L(hﬂul)(hkmum)}

J1+7
= e[ ) ()] + 035ty | i) )|
= —€j 1+7 il kmUWUm D €j upauq 1+7 ilu] km Um,
1
= m[ej(hpq)](hpruruq)(hilul)(hkmum) - H—T[ej(hil)](ulhkmum)
1 S
T1r T[ej(hkM)](umhilul) - m[hpsaq(ej)](hpruruq)(hzlul)(hkmum)
1 1
+ H—T[hiqeg(ej)up](hkmum) + H—T(hilul)[hkqeg(ej>up]
1
= m[ej(hpq) - hpseg(ej)](hpruruq)(hilul)(hkmum)
1 1
- H_—T[ej(hip) — hig0}(ej)] (uphrmum) — H_—T[ej(hkp) — higt(ej)](uphaw)
1 S
= m[hmj + hasty(€)] (hprurug) (hiwr) (Bem tm)
1 1
- H—T[him’ + hqpeg(ej)](uphkmum) - H—T[hkm’ + hquZ(ej)](uphuw)
1 1
= m[hqu(hpruruq)(hilul)(hkmum)] - H_—T[hipj (uphkmtm) + hipj (uphiu)]
1
- H—T[hqpeg () (uphimum) + hquZ(ej)(Uphilul)]- (4.7)

Substituting (4.7) into (4.6) and using (4.5), we obtain

ﬁ [hpgj (hprurug) (Rawr) (Rkmtm)]

R

e e

1 1 ,
- H—T[him‘ (uphimum) + hiep; (uphaw)] — H—T[hqpeg(ej)(uphkmUM)]}eka (4.8)
» 1
[Ie €] = ~(Veses)” +{ Gy Wroai (orttrta) (hsva) (i)
1 v
- H—T[hjpi(uphkMUM) + hipi (uphjiw)] — H—T[hqpeg(ei)(uphkmum)]}ek (4.9)

Using (4.8)—(4.9), we have

[Jel el + [eh, Je?]

PR i
= [Jezha e?] - [Jeglv 6?]
= [ei, 5" + {m(hkmum)(h‘pruruqul)(h‘PQjhil = hpgihiji)
1 1
ti T[hkpi(uphjlul) = e (upharw)] + H—T[f)?(ei) — 07 (e)](hapuphimum)
1 v
+ H—T(hm‘i - hpij)(uphkmum)}eka

where we have used
leis €5]" = (Ve€5)" — (Ve,€i)".
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Therefore,

J([Jeh eh] + [e?7 Je?])

R
» 1
= J(essei]") + { T Congs — hyig) (tphitin)
1
+ H—T[hkpi(“phjl“l) — hupj (upharw)] + 1+ 7[93(61) = 07 (e)](hgpuphimum)
1
+ m(hkmum)(hmuruqul)(hmj hi — hpqihjl)}'](@z)
1
= [05(ei) — 0 (e))] [ —er + m(hqrur)(hkm)eﬂ

1 1
+ {H—T[hkm(uz)hjzuz) = Tep (uphivun)] + 7 (hpji = hpig) (Uphimim)

+ (Pt ) (hprtrtigup) (hpgi it — hpgiliji)
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+ T 080 = 02 ) gyt } [ = ek s () (el
= —[03(ex) = 02(es))eh + g 03(ex) = 0765 oy ) )
+ {ﬁ(hkmum)(hpruruquz)(hquhiz — hpgihji) + H—T[hkpi(uphjluz) — gy (uphigny)]
1 O = ) gt} = el s () el
— {0300 = 02yt Yol -+ T (10300 = 02 (i) )

It follows that

J([Jel, e + [ef, Je?])

R}

= —[es e5)" — T(liiﬂz(h’“mu’”)(hp’“ur)(“q“l)(hpqihil — hpgihir)el
+ ﬁ[(hpqihﬂ — hpgihir) (uqua) ] (Pprtir) (Rkam i )€l
+ W(hkmum)(hpruruqul)(hquhu = hpgihij) (et ) (hesug el
- H%[(hkmhjl — hipghar) (upur)]efs — ﬁ(hm = hpig) (uphimum)ey
= —[es, 5] — H%[(hkmhﬂ ~ hgyhat) ()l — ﬁmm = i)ty et )l
+ g ot = i) ) g ) i )
+ W(# — 1) (hpruruquy) (hpgihi — hpgibiji) (hireu)e):
= —lei,e5]" — H%[(hkmhﬂ ~ haopgha) (upu)] et — ﬁmm = i) (et )l
2

+ (hpgiliji — Pipgihat) (ugur) (hprttre) (Rt ),



594 Z. H. Hou and L. Sun

L ) ) s = i) )
= —leie)" — H%[(hkpihjl — hphit) (upu) et — ﬁ(hmi = Py ) (uphimtim )l
+ ﬁ(hmihjl — hpgshat) (uqua) (hprtty) (Armtm )€
+ ﬁ(hmu,«)(uqul)(hmjhﬂ — hpgitiji) (hiw) ey
- W(hmu,ﬂ)(uqul)(bmhﬂ — hpgihji) (hirug) ey
= —leie)" — H%[(hpqihﬂ = hpgjhir) (uqua)opr)el — ﬁ(hmi = D) (uphimtim ) e
ot = i) ) g ) i )
= —[ei,e5)" - H%(hpqihﬂ = hpgzhir) (uqu) [0pr — 7 (hprtty) (i i) el
- 7_(1#_’_7_)@11]’1' - hpij)(uphkmUM)e}kL
= —[ei, )" - H%(hmihjl — hpgihi) (uqu)g** ey,
— st = )il (4.10)
Since [e}, ej] = 0, we have

1
(el Jek] = |e (hjen) (i)t | + | == (havn) (i) 5|

1+7
(hjlul)(hkmum)e}i] (4.11)

v L
14T

1 1
— (haw) (hkmum)ey, ——
| o () (),

Let e; = fgaxj for all 1 <i <mnand u=ue; = ’U,ifgaxj :=v90,,. Then
aUk; - a?}j -1 - Jy—1
(81}1) - <8uk) = (&)
It follows that for any differentiable function ¢ on T M,

ei(p) =&l O0wip = ¢ (8—1;)8uk<p = Ou, - (4.12)

By using (4.12), we have

et s e ] = e [ () )

"1 T
1
= { 1+ T[hij (hkmum) + (hjlul)hik]
1 v
- m(hiphpquq)(hjlul)(hkmum)}Gk, (4.13)
[H—T(hum)(hkmum)e};,eﬂ =€ [H—T(hilul)(hkmum)}ez

- { ﬁ (hjphpgug) (hirur) (Prm )
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1

- H—T[hij(hkmum) + (hizw)hjk]}ez (4.14)

and

1 v 1 v

T (i)t e, 1 () ()
1 v

= T () (hgmum) e | T

1 v
- H—T(hjsus)(hqmum)eq[

= (hgn){ (o) |

(hjSuS)(hpmum)} ez

1+7 (hiTuT)(hpmum)} €p

1
1+7 H—T(hjsusxhpmum)}
v 1 v
— (hjsus)e! [H—T(hirur)(hpmum)} }e,,

1
BESE (hptur) (hgmtm) [(hirur)el (Rjsus) — (hysus)ey (hirur)]e
1 — v
= (1+ 7_)2 (hplul)(hqmum)(hirurhjq — hjsushiq)ep
1 v
= mup(hiphjq = highjp) (hgmtm) (hriw)ey. (4.15)

Substituting (4.13)—(4.15) into (4.11), we obtain

1 1
5= (hiphpgug) (hjiur) (hkmum) + ———hij (hrmtm)
(14 7)2r 1+71

1 1
—— (hwha fei = { = =
+ 1JFT( juun)hik ey, +7r

e, Jef] = { -
(hjphpgug) (Riwr) (Raemm)

1 1
+ —Thij(hkmum) + —(huul)hjk}ez

1+ 147
1
a5 7z Pivftia = Riahip )iy (hamttm) (ki) e
71 v
e T)QT{(hjphpqu‘Z)(h"“T) = (hiphpqtg)(hjrur) } (hriw)ey,
1
+ 1+—7’ (hjlul)hik — (hilul)hjk}e}é
1
TaF T)z'(hiphjq = highijp)up (hgmum) (hiiw)e
71 v
= [ )7 Pawhtir = haphse ) (ipgtiquue) (i)
1
+ 1o WWhikhge = hahg)u ek (4.16)

It follows from (4.5), (4.10) and (4.16) that

Ny(eh, el = [ef,e?] + J([Jel, ef + [ef, Je?]) — [Jef, Je?]

i1 &5 i
1 v 1 v
= ————(hiphjr — hjphir) (hpgugur ) (hrw)ey, — ——{(hikhji — hahjk)w ey,
(I+7)7 1+7
1
+ (wRM ek — —— (hpgihji — hpgiha) (uqui)g*" e

1+7
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1
- m(hmi = hpij) (tphim i el
1
= m(hiphjr = hjphir) (hpququr ) (hiw)ey,
1 _
1 T (hpqzhjl hquhil)(uqul)gpke}kl
1 : 1
+ [Rijklul - H—T(hikhjz - hilhjk)ul}ek - m(hm’i — i) (tp e thm ) €]
= Lfef + Pkey, (4.17)
where
1 _ 1
Li‘ﬁj 1T T‘(hilhqu — hjthpgi) (uqui)g"™* — m(hm’i — hpij) (PkmUmuy), (4.18)
Pl =R, — L(hikh‘z — hahgr) |w + M(hz hjr — hjphie ) (hpququr).  (4.19)
1] 1] 1+T J J (1+T>T p°hy Jp rq*~q

Theorem 4.1 Let M™ be a smooth hypersurface of N"T1, and J be the almost complex
structure on (TM,q). Then J is integrable if and only if M is flat and is locally a product of
a part of the principal curvature line and a piece of the (n — 1)-dimensional totally geodesic
submanifold of N1,

Proof From (4.17), one can see that J is integrable if and only if Lk = Pk =0 at any
point (z,u) € TM for any 1 < 4,j,k <

Let {e;} be a local orthonormal frame field on M such that hi; = Ajdi;. Then 72 = 1—|—)\fu?.
It follows from (4.12) that

el (1) = (27) el (77) = (27) 710y, (1 + N2u?) = 7\ uy, (4.20)
e;[e}’(T)] = ep[T 1)\12ul] = 7_1/\125,,1 — 72 ”( ))\Qul =7 1)‘1 Spt — _3(/\p)\l)2(upul) (4.21)

for any 1 <[, p < n. Therefore, we have for any 1 <1 < n, that

1 1 1 1+2r

v _ — ) = ——22 4.22

“ {T(1+T)i| {(14—7)2 TQ}GI (7) (1+7)2%7 LU (4.22)

Suppose that PZ@- =0 for any 1 < 4,5,k < n at any point (z,u) € TM. Then ¢] (Pk) 0
for any 1 < 4,j,k,l < n at any point (z,u) € TM.
Computing e; (Pk) and putting v = 0, we get

1
R — 5 (hinhjy = hahi) = 0 (4.23)
for any 1 < 4,j,k,l < n at any point € M. Substituting (4.23) into (4.19), we obtain
1
0= 72(1 e {7(7 = ) (hirhji — hahji)w + 2(hiphjr — hjphir) (hpguqur) ()} (4.24)

At the point x € M where > A2 =0, (4.24) is trivial.

Suppose that )\i # 0 at the given point x € M. For u € T, M with 7 # 1, we have

0= T(’T — 1)(hikhjl — hilhjk)ul + Q(hiphjr — hjphir)(hpququr)(hklul)
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=7(1 — DA A (dirnwj — Giuus) + 2(A — ) (Nawa) (Ajuj) (Apur). (4.25)
Multiplying A\gug on both sides of (4.25) and taking sum with respect to k, we obtain
= 7(7 = DA (Gt — Gjeus) Aewr) + 200 = Ag)(Aiua) (Njug) ()

=7(1 = (N = ) aua) (Ajuy) 4+ 2(72 = 1) (A = Aj) (Naws) (A uy)
= (7= 1) (24 37) (A = X)) (Niwi) (Ajuy).

It follows that
0= (N —Aj)(Niwg)(Ajuj). (4.26)
Substituting (4.26) into (4.25), we get
0= \Aju; (4.27)
for any 7 # j. Suppose that A; # 0. Then from (4.27), we have

0= /\juj (428)

n
for any j > 1. The condition that 7 # 1 implies that > Afu? # 0. It follows from (4.28) that
k=1
Aug # 0. Taking j = 1 in (4.27), we obtain that A; = 0 for any ¢ > 1.

So there is at most one nonzero principal curvature of the shape operator A at any point of
M. Tt follows that
hirhji — hithje = X\i\j(0ik0j; — 03105%) = 0

for any i # j and k # [, which together with (4.23) implies that RZ 7 = 0 for any ¢ # j and
k # 1, which implies that M is flat.

Suppose that ij =0 for any 1 < 7,7,k < n at any point (z,u) € TM. Then (4.18) turns
into

0= T(hilhrpj - hjlhv"pi)(upul) - (hpji - hpij)(up)()‘rur) - (hpji - hpij)(up)(TQ - D(Arur)
= T(hilhrpj - hjlhrpi)(upul) -7 (hpji - h;m'j)(up)(Arur)

or equivalently
(hithrpy = Bjihepi) (upur) = 7(hpji = hpi) () (upu) (4.29)
for any fixed 1 <4, j,r < n. Denote A;; = hpi;jup. Then (4.29) turns into
(Aiwi)Arj = (Ajug)Avi = 7(Aji — Nij) (Arur) (4.30)

for any fixed 1 < 1i,j,r < nwithz’;éj
At the point x € M where Z A7 =0, (4.30) is trivial. At the point x € M where \; # 0

for some 1 < k < n, we can suppose that \y #0 and A\ =0 for 2 < k <n.
Suppose that ¢ =1 in (4.30). Then

(>\1U1)Arj = 0, ()\1’&1)[/\1]' + T(Alj - A]l)] =0 (431)
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for any fixed 1 < j,7 < n. For any v € T, M with u; # 0, we have from (4.31) that
Aj=0, Ay+7A;—Aj1)=0 (4.32)
for any fixed 1 < j,r < n. Note that
hijik = Njkbij + (Ni — Aj)bij(ex) (4.33)
for all 1 <4,j,k < n where \;, = er();). It follows from (4.33) that
hijr =0 (4.34)

for any 1 <i,j <nand 1 <k <n. From the first equality in (4.32), we can see that

hijr = Mb1j(ex) =0, (4.35)
which implies that
1j(ex) = 0 (4:36)
for all 1 < j,k < n. Note that
Aji = hijrug = Ajruj + (Awr)015(exn) — Ajbij(ex)uq (4.37)
for all 1 < j, k <mn. It follows from (4.36)—(4.37) that
Aji = (Mw)bij(er), Ay =M jwm (4.38)

for any 1 < j < n. Substituting (4.38) into the second equality of (4.32) and noting that u; # 0,
we obtain

AL+ 7[AL; — Aibij(en)] = 0. (4.39)

Taking the partial derivative on both sides of (4.39) with respect to u; and using (4.20), we
have

A = Abj(er) = 0. (4.40)
It follows from (4.36) and (4.39)—(4.40) that
At =0, O1(e1) =0 (4.41)
for all 1 < j < n. From (4.33) and (4.41), we can see that
hitgk =Mk =0, hij1 =Mbi(e1) =0 (4.42)

for all 1 < j, k < n. It follows from (4.34)-(4.35) and (4.42) that all of h;;;’s are zero except
for hi11. Note that

n
[ejsex] = Ve, (er) = Ve (e5) = Orile;) — len)ler = Y [Ora(es) — Oulen)]en (4.43)
1=2
for all 1 < j,k < n. It follows that the distribution L™~ = span{es,--- ,e,} is involutive on

M™.

Let 7 be a part of the curvature line with respect to the principal curvature A\; and U" !
be the maximal integral submanifold of L"~! through every point of 7. Then it follows from
(4.36) that U™~ ! is totally geodesic in N"*1. The second equality of (4.41) implies that M™ is
locally a Cartesian product of v and U™~

The proof of sufficiency is trivial. This completes the proof of Theorem 4.1.
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4.2 The induced Kahlerian form on T'M
It is known that the Kahlerian 2-form w of T'M is defined to be

for all vector fields X,Y € X(T'M), where J is determined by (4.4). Let {e1, e, -

orthonormal frame on M such that h;; = A\;0;;. By direct computation, we have

_ _ v 1 v
wlel,el) =glel, Jelh) = g(ef,eg +t1 +T(hjpup)(hklul)ek) =0,

et ) = glel 7)) = (et~ + g iy (huz)ef) =0
wlet ) = et Jet) = gt e + ity arun)e)
=0y + H%(hum)(hjrur) = H%% + H%Ej,
wlel ) =3lel 765) = (el e} + s () ()l
b1 — 1= (harwn)(hgruy) = =0 — =7,
It is known that the exterior differential of w is defined by
dw(X,Y,Z) = X(w(Y,Z)) +Y (w(Z,X))+ Z(w(X,Y))

for all vector fields X,Y,Z € X(TM).
By using (4.5), we have

dw(eh hoemy

i) j7
—w(lef, ]] er) —w(le], ep],ef) —w(ler, el ef)
—w(=RM uyel et) —w(—RM el el) —w(—RM u,el el)
m)q P~qr “k Jjkpg “Ptq> kipg®p~q> ]
= Rfl\j{oqu;ﬂw(e ’ k) + Rjkpqupw(eqa €; ) + szpqupw(eqv 6?)
1

= 1+7 [ z]pq(hkTuT) + Rjkpq(hiTuT") + Rkipq (thuT)]up(hqlul)a

dw( €is j7ek)
= cf (wleg, ) — e (wlex, ) — w(lel, ef], ex) + wleg, ejl, i) — w(lek, €], €f)

J J i J 1€
= b5+ —— (hmul)wur)} !0 + = () ()|

1+7
s (egug) ()
o () (i) ) = 05(en) (55 +
=} [H%(hklul)(hirur)] — e} [H%(hmul)(hjru,«)}

+ 105 e0) = 0] + =161 e0) = e g ()

L+
+ [0 e0) = 0 e)) (B + T

+ 9]; (e5) <6Pi + (hpquq)(hjrur))

1+7
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(4.44)

,€en} be an

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)
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1
HZ(ej)(hpquq)(hirur) - 1+—79§ (€i)(hpguq)(hjruy)

(hriwr) (hjruy)

1
koo \ _ pk(ep. -
+05(es) = 05(e) +

() (i) | =

=€

1
=
01 c0) o) kgt + 05 ) ) (s )|

h[ 1
1+7
1

+1+T

[eé(ej)(hlrur)(hkquq) + ei(ej)(hpquq)(hirur)]
1
(1+7)r

[(hpgitig) (hprttr) (Rjiwr) (Pm tm )] },

14T

= H%{[(hipj)up(hkmum) + (R ) ()] —
1

= [hgpiup) (i) + (i) ()] + =5

[(hpgstiq) (hprtwr ) (Riawr) (Pm tm )]

dw( € jaek)
= e} (w(ef, e))) + ef(wlep, e)) + e (wlef, e)) — wlel, €], ef)
—W([e}’,eZ] er) —w([e}éae?],ej)
h v

6

hij (hkrur) +

H®
=ef (6;“ lul)(hkrur)) —e} (&j + H%(h 1ur)(hy rur))
(haw) hyj
(s

! ) Y(hirtiy) +
=€, 11+ zlul kr Uy 11+ 11+

. 1 1 1
- ek(].-f——’f) (hzlul)(hjrur) - H—Thzk(h]rur) - H—T(hzlul)hjk
1 1
= aEe [(tphijr = hiphir )ur] (hgtiq) (hivwn) + 3

= L0 () — (02u) )] (i) + —

[hijhir — hikhjr]u,

[hig(Akuk) — Bk (Ajug)].

T(1471) 1+7
It follows from the above results that
dw(el, eé‘, el = e ()\kukRmm + Aju; Rpd, + it R]klm) mUm U, (4.50)
1
dw (e}, el ef) = H—T[(h”’j — hjpi ) up(Aktk) + (hrpiup) (Aii) — (hipitp) (A uy)]
+ (1 T 7_)27_[( hpgitig)(Ajug) — (Rpgjug) (i) (Apup) (Akus), (4.51)
h v _v ( )
dw (e, €5, ep) = a2 (Aiwi) (Ajug) (Akur) + H—T[h”()‘kuk) = hir(Njuy)l, (4.52)
dw(ef, €], ep) = 0. (4.53)

Theorem 4.2 Suppose that M™ is a smooth hypersurface of N" 1 and w is the Kdhlerian
2-form on (TM,q,J). If (TM,g, J,w) is almost Kdhlerian, then M is locally a product of a part
of the principal curvature line and a piece of the (n—1)-dimensional totally geodesic submanifold
of N1,

Proof By definition, (T'M, g, J,w) is almost Kéhlerian if dw = 0 on T'M, which implies
that the right-hand sides of (4.50)—(4.53) are zero.

We suppose that dw = 0 on TM. From (4.52), we have

1
(I+7)7

(1 +7)dw(e? ej,ej,ep) = (M — ) Nju)2(Aur) + A (Agug) =0 (4.54)
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for any fixed j # k and all (z,u) € TM.
Choose ur =1 and u; = 0 in (4.54) for any other j # k. Then it follows that

A =0,

which implies that there is at most one nonzero principal curvature at any x € M, whose
multiple is 1. When A\ = -+ = A\, = 0 at @ € M, the right-hand sides of (4.50)-(4.53) are
identically zero. Without loss of generality, we suppose that Ay # 0and A\, =0forall2 <k <n
in an open subset W of M. From (4.51), we have

» 1
0 = dw(e?, ez, ey) = s T[(hijkui)()\lul)], (4.55)
0= dw(el, el el) = L (2h1p; — hjp1)up(Aur) — #(hl itg)(A1u )3} (4.56)
=1 1+7 1pj Jpl)HpALEL (1 +7) a7 “g)\ AL :

for all 2 < j, k <n at any (z,u) € TM where x € W. It follows immediately from (4.55) that
hijr =0 (4.57)

for all 1 <i < nand 2 < j, k < n. Substituting (4.56) with ¢ = 1 into (4.56), we obtain

0=7(1+7)(2h1p; — hjp1)up — (hlpjup)(/\lul)Qa (4.58)

from which we have
0= T(l + T)(Zhlpj — hjpl) — hlpj(/\lul)Q, (459)
0= T(]. + T)(thlj — h]‘u) — hllj()\lul)Q (460)

for all 2 < j,p <n at any (z,u) € TM where x € M and u € T, M with u; # 0. Let u; tend
to 0 in (4.59) and (4.60). It follows that

2h1p; — hjp1 =0, 2h11; — hjin = 0. (4.61)
Substituting (4.61) into (4.59) and (4.60), and using (4.61) once more, we obtain
hiji = hi1; =0 (4.62)

foralll1 <i<nand 2<j<natany z € W. It follows from (4.57) and (4.62) that all of
hiji’s are zero except for hy11. Note that for hy; = Xidsj,

hijk = Aj ki + (A = ;)03 (ex) (4.63)
for all 1 <1i,7,k <n where A\;, = ex(\;). It follows that
hiii =XM1, hii =M =0, hijr=M0(ex) =0, hijr =0 (4.64)
for any 2 <i,j <nand 1 <k <n. From (4.64), we can see that
Oij(er) =0 forall2<j<nandl<k<n. (4.65)

By applying the similar discussion as in the proof of Theorem 4.1, we can see that M is
locally a product of a part of the principal curvature line and a piece of the (n — 1)-dimensional
totally geodesic submanifold of N™*!. This completes the proof of Theorem 4.2.
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