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On the Dedekind Sums and Two-Term Exponential Sums*
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Abstract In this paper, the authors use the analytic methods and the properties of
character sums mod p to study the computational problem of one kind of mean value
involving the classical Dedekind sums and two-term exponential sums, and give an exact
computational formula for it.
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1 Introduction

Let ¢ be a natural number and h an integer prime to q. The classical Dedekind sums
q
a ah
stma) =32 () ((F)):
(h,q) ; )5

x—[z] — %, if z is not an integer,

((z)) = {07 if z is an integer,

where

describes the behaviour of the logarithm of the eta-function (see [10-11]) under modular trans-
formations. About the arithmetical properties of S(h,q), one can find them in [1, 6, 9, 13-14].

Recently, the second author and Zhang [12] studied the computational problem of the mean
value

p—1 p—1

> 1C(m,n, k, hip) | S(m, p),

m=1n=1

and obtained several interesting computational formulae for it, where the two-term exponential
sums C(m,n, k, h; q) are defined as follows:
ma® + na”

q )’

C(m,n,k,h;q) = Ze(

a=1
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e(y) = €™ and nm = 1mod p. Some results related to C(m,n,k,h;q) can be found in
references [2-5].

In this paper as a note of [12], we consider the hybrid mean value

p—1 p—1

> D C%(m,n,3,1:p)S(mm,p), (1.1)

m=1n=1
and then use the analytic method to give an exact computational formula for (1.1). That is,

we shall prove the following theorem.

Theorem 1.1  For any odd prime p > 3, we have the computational formulae:
(A) If p=1mod 4, then

p—1 p—1

Z Z C3(m,n,3,1;p) - S(mn,p) = 0.

m=1n=1
(B) If p= 12k + 11, and ug is the solution of the congruent equation u® = —4 mod p, then

p—1 p—1

Z ZC3(m,n,3,1;p)-S(mﬁ,p) = ((1+u0) — 1) -pQ-hz.

m=1n=1 p

(C) If p =12k + 7, and the congruent equation u® = —4 mod p has no solution, then

p—1 p—1

Z Z C*(m,n,3,1;p) - S(mn,p) = —p*- h2.

m=1n=1
(D) If p = 12k + 7, and the congruent equation u®> = —4 mod p has three integer solutions

ui, ug and usz, then

polnd 2 72 - T\ 1 .
E: — —4-p*-h if all (H24) =1,4i=1,2,3

3 1; . = P’ P ) 3“9y
2 nEZIC (m,n,3,1;p) - S(mm, p) 0, otherwive,

where (%) denotes the Legendre’s symbol, and h, denotes the class number of the quadratic field

Q(v=p).
It is clear from this theorem that we may immediately deduce the following corollary.

Corollary 1.1 Let p =12k +7 be an odd prime such that 4 is not a cubic residue mod p,
and then we have the identity

p—1 p—1

hy = ]—1) . { Z 203(m,n,3,1;p) : S(—mﬁ,p)} .

m=1n=1

N

For general integers ¢ > 3 and k > 4, whether there exists an exact computational formula
for the mean value

q
Y'Y C¥min,3,15q) - S(mm, q)

1 n=1
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and
-1

p—1p
Z Z C*(m,n,3,1;p) - S(mm, p)
m=1 1

is an open problem, where p is an odd prime.

2 Several Lemmas

In this section, we shall give several lemmas, which are necessary in the proof of our theorem.

First we have the following lemma.

Lemma 2.1 Let p > 3 be a prime. Then for any integer n with (n,p) = 1, we have the

()=

a=1

identity

where (%) denotes the Legendre’s symbol.

Proof See Lemma 1 of [12].

Lemma 2.2 Let p > 3 be a prime with p = 3 mod 4, and then we have the identities:

(U) If p =12k + 11, and ug satisfies the congruence u® = —4 mod p, then
p—1p—1
b+1 b +1 1
a=1b=1 p p

(V) If p= 12k + 7, and the congruence u® = —4 mod p has no solution, then

N fat+b+1)(a®+ 5%+ 1)
S (e ) -

a=1b=1

(W) If p = 12k + 7 and the congruence u®> = —4 mod p has three solutions ui, us and us,

then
:Z:z;( (a+b+1)(a®+0%+1) ): (1+g(1;ui))-p

Proof First let a +b = u, and then from the properties of the Legendre’s symbol, we have
the identity

p—1p—1 g
B (a+b+1)(a®+b>+1)
M_a=1b2:1( p )

[
M=
M=

a a® 3 pl a a’
(( +b+1)(p +0b +1))_1_2.;(( +1)}(, +1))
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I
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—

(u+1)(@®+ (u—a)®+1)\ .p’l (a+1)%a®—a+1)
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3ua2—3u2a+u3+1) P22 —a+1
e
a=1

I
(7=
IS
+
—
N
(7=
—~

u=1< p a=1 p p
_[§<S+3ﬂ)i(a2—ua+3_u(u3+l))+p_1_2"§<a2+a+1)
u=1 p a=1 p a=2 p
1 /3430 & /(20— w)? +4 - 3u(ud + 1) — u? /a2 +a+l
=2 (=) ( )+p-1-2- 3 ()
u=1 p a=1 p _ p
p—1 — P 2 (0,3 2 p=l 2
3+3u)z(a +4 - 3u(u +1)—u) a*+a+1
-3 ( rp-1-2 3 (R 2
u=1 p a=1 p — p
Now for prime p > 3, from Lemma 2.1 we have the identity
p—1 P
a?+a+1 a’+a+1 3
= —1— —
(=)= =)0
P
4a® + 4a + 4
:Z( a” +4a + ) 1_(§)
a=1 p
P
(2a +1)?
(et
p
a=1
p 2
SEN @) e
p p p

Il
i

a

If p = 12k+11, then (%) = 1land (3,p—1) = 1. This time, if ug passes through a residue system
mod p, then u} also passes through the residue system, so there exists one and only one integer
1 < wup < p—1 such that the congruence ug = —4 mod p or 4 - 3ug(ui + 1) — uZ = 0 mod p. For
other u, we have

(p,4-3u(u® +1) —u?) = 1.

By Lemma 2.1, noting that

we have

pOlEeniyh pGRERITEDELS

u=1 a=1
- = (1+E)zp:(a2+4-%(u3+l)—u2)
u=1 p a=1 p
uFug
P
+<1+u )Z(a +4- 3u0(u0+1)—u0)
A et p
p—1 —_
1+w 1+
8 (5B
u=1 p p
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p—1 — —
1 1 1
SR () e
—\p p p
So if p = 12k + 11, then combining (2.1)—(2.3), we have
1 1
M=1-( +“°) prp—1-2-(-2-1) = (1-( +“0)) p+6. (2.4)
p p
If p = 12k + 7, then ( ) —1 and (3,p — 1) = 3. So the number of the solutions of the
3

congruence equation u”® = —4 mod p is 0 or 3.

(I) If the equation u® = —4 mod p has no solutions, then from the method of proving (2.4),

we have
M= Z<1+u)+p—1—2~(—2+1):p. (2.5)
u=1
(IT) If the equation u® = —4 mod p has three solutions: uj, us and uz. Then (%) = -1,
i =1,2,3. From the method of proving (2.4), we have
M= pi (1;H) —(p—l)i:(l—;u_i) Yp—1-2.(—2+1)
u=1 i=1

uFUL, U, U3
3

:iz_:i(l—;ﬂ)—l—l‘f'p_p;(l—gu_i):(1_‘_;(14;)1%)).]1 (2.6)

Now Lemma 2.2 follows from (2.4)—(2.6).

Lemma 2.3 Let p > 3 be a prime, and x be any odd character mod p. Then we have the
identities:
(a) If p=1mod 4, then

p—1 p—1
m=1n=1
(b) If p =12k + 11, and ug satisfies the congruent equation u®> = —4 mod p, then

:z_il:z_:ix(m.ﬁ).C%m,n,?),l;p) = ((1_;%) — 1) p*(p—1).

(¢) If p=12k + 7, and the congruent equation u®> = —4 mod p has no solutions, then

p—1 p—1

Y x(m-m) - C¥(m,n,3,1;p) = —p*(p— 1),

m=1n=1
(d) If p = 12k + 7, and the congruent equation u®> = —4 mod p has three solutions uy, us
and us, then

p—1 p—1

ZZX(m.n) C3(m,n,3,1;p) = (1—}—2(1—’—“’)). pi(p—1).

m=1n=1
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Proof From the definition and the properties of the Gauss sums 7(x), we have

iix(m-ﬁ)-c3(m,n,3,l;p)
B p p p p-lp-l e m(a® + b+ ) +nla+b+c)
“X Y55 e g )

a=1b=1c=1
p—1p—1p—1
=—p Z X(a—l—b—l—c)%(a3 +b3+63)
a=1b=1 c=1
p—1p—1 p—1
~3p- 3> xla+bx(a® + %)~ 3p- Y x(a)x(a®)
a=1b=1 a=1
p—1 p—1p—1
— (ZXQ(C)) SN xla+ b+ 1)x(a® + 6% +1)
c=1 a=1b=1
p—1 p—1 p—1
= 3p- (DoX0) Y- xla+ Dx(@® +1) = 3p- > ¥2(a), (2.7)
b=1 a=1 a=1

where we have used the fact that 7(x) - 7(X) = —p, if x is an odd character mod p.

If p = 1 mod 4, then for any odd character y mod p, X? is a non-principal character mod p.

So we have

Therefore, from (2.7) we can deduce that

p—1 p—1

Z Z x(m-m)-C3(m,n,3,1;p) = 0. (2.8)

m=1n=1

If p = 3 mod 4, then for any non-real odd character y mod p, X2 is a non-principal character

mod p. So we also have

If y is the Legendre’s symbol, then x? is the principal character mod p, and

p—1
> X(a)=p—1.
a=1

Therefore, from (2.2), (2.7) and (U) of Lemma 2.2, we can deduce that if p = 12k 4 11, and ug

satisfies the congruent equation u? = —4 mod p, then

p—1 p—1

Z Zx(m -7) - C3(m,n,3,1;p)

m=1n=1
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Pl fat+b+1)(a®+ 5%+ 1)
a=1b1< p )
p—1
- 1) Y (S -
=2
=—plp ((1 ( +u0)) p+6)+9p(p—1)—3p(p—1)
NP 0

If p = 12k + 7, and the congruent equation u® = —4 mod p has no solutions, then from (2.2),
(2.7) and (V) of Lemma 2.2, we can deduce that

p—1 p—1
Z Z X(m : ﬁ) : Cg(mﬂ n, 3; 17p)
m=1n=1
=—p*(p—1) =3pp—1)(=2+1) = 3p(p— 1) = —p*(p — 1). (2.10)
If p = 12k + 7, and the congruent equation u®> = —4 mod p has three solutions wu;, us and

us, then from (2.2), (2.7) and (W) of Lemma 2.2, we can deduce that

p—1 p—1

Z Zx(m -7) - C3(m,n,3,1;p)

m=1n=1

= —p*(p - 1)(1+§: (Hui)) —3p(p—1)(=2+1)=3p(p—1)

i=1 p

—(1+z3:(1;u">) P2 —1). (2.11)

i=1

Now Lemma 2.3 follows from (2.8)—(2.11).

Lemma 2.4 Let p = 12k + 7 be an odd prime such that the congruent equation u® =

—4 mod p has three integer solutions w1, us and uz. Then we have the identity

i(HW) _ { 3, ifall (M%) =1,i=123,

P P -1, otherwise,

where (%) denotes the Legendre’s symbol.

Proof Since wy, us and uz are the three integer solutions of the congruent equation
u?® = —4 mod p, from the properties of the polynomial congruence, we have
(v —u1)(u —u2)(u —ug) =0mod p

or

ud — u2(u1 + ug + usz) + u(urue + ugus + usur) — urugug = 0 mod p.

Comparing this formula with u> + 4 = 0 mod p, we have the congruences

u1 + us +ug =0 mod p, ujuous = —4 mod p
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and

uits + usuz + uzu; = 0 mod p.
Then using these three congruences we have
A (1+u1)(1+u2)(1+u3)
p p p

_ ((1 +ur)(1+u2)(1+ U3))

p
B (U1u2u3 + urue + ugugz + uzul + u1 + u2 + uz + 1)
p
=(=) =) = () =
o p S \p/)  \12k+7/
From this identity and noting that (%) = 41, we may immediately deduce
23: (1+ui) _ 3, dfall (Hu) =1, i=1,23,
) | -1, otherwise.

i=1
This proves Lemma 2.4.

Lemma 2.5 Let g > 2 be an integer, and then for any integer a with (a,q) = 1, we have

the identity

2
S(G,q)—%;% S X@ILL R,
dlg

x mod d
x(=1)=-1

where L(1,x) denotes the Dirichlet L-function corresponding to the character x mod d.

Proof See Lemma 2 of [14].

3 Proof of Theorem 1.1

In this section, we shall complete the proof of our theorem. By Lemma 2.5, we have

S == Lo 3 x@IE* (31)

p= 1 x mod p
x(=1)=-1

If p =1 mod 4, then from (3.1), the definition of C(m,n, 3, 1;p) and (a) of Lemma 2.3, we have

p—1 p—1
m=1n=1
p-r? 2 Lt
== > LMY D x(mm)CP(m,n,3,1;p) = 0. (3:2)
p x mod p m=1n=1

x(—1)=-1

If p = 12k + 11, and ug is the solution of the congruent equation u? = —4 mod p, then noting

that L(1,x2) = T:Z_f (see [7, p.50]), from (3.1), the definition of C(m,n,3,1;p) and (b) of
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Lemma 2.3, we have

pz_:l pz_:l C3(m,n,3,1;p) - S(mm,p)
=2 P (RE) 1) - 1)
= ((57) 1) oo (3.3)

If p = 12k + 7, and the congruent equation u®> = —4 mod p has no solutions, then from (3.1),
the definition of C(m,n,3,1;p) and (c) of Lemma 2.3, we have

p—1 p—1
Z Z C3(m,n,3,1;p) - S(mm, p)
m=1n=1
-2
p-m
=-S5 IL(Lx2)[* - pP(p— 1) = —p* - B (3.4)
If p = 12k + 7, and the congruent equation u? = —4 mod p has three solutions u;, us and us,

then from (3.1), Lemma 2.4, the definition of C(m,n,3,1;p) and (d) of Lemma 2.3, we have

p—1 p—1

m=1n=1

2

= L) (1 +Z () 21

p
g e

. 1 Ug _ s
:{—4~p2-h§, if all (JFT)*l’ i=1,2,3,
0,

otherwise. (3.5)

Now our conclusion follows from (3.2)—(3.5). This completes the proof of our theorem.
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