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Abstract This paper deals with backward stochastic differential equations with jumps,
whose data (the terminal condition and coefficient) are given functions of jump-diffusion
process paths. The author introduces a type of nonlinear path-dependent parabolic integro-
differential equations, and then obtains a new type of nonlinear Feynman-Kac formula
related to such BSDEs with jumps under some regularity conditions.
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1 Introduction

Linear backward stochastic differential equations (BSDEs for short) were introduced by
Bismut [2] in 1973. Pardoux and Peng [16] established the existence and uniqueness theo-
rem for nonlinear BSDEs under a standard Lipschitz condition in 1990. Then, Peng [18-19]
and Pardoux and Peng [17] introduced the nonlinear Feynman-Kac formula, which provides a
probabilistic representation for a wide class of semilinear partial differential equations (see also
[13]). Since then, especially after the publication of the paper [11], in which the applications
of BSDEs in finance were discussed, the theory of BSDE has received wide attention for both
theoretical research and applications.

Recently, Dupire [7] introduced a new functional It6’s formula, which non-trivially gener-
alized the classical one through a new notion-path derivative (see [4-6] for more general and
systematic research). It extends the Ito stochastic calculus to functionals of a given process. It
provides an excellent tool for the study of path-dependence. In fact, he showed that a smooth
path functional solves a linear path-dependent PDE if its composition with a Brownian motion
generates a martingale, which provided a functional extension of the classical Feynman-Kac
formula. Moreover, by virtue of the BSDE approach, we obtained the existence and uniqueness
of the smooth solution to the semilinear path-dependent PDE (see [21]). These methods are
mainly based on stochastic calculus.
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The aim of this paper is to generalize the above results to the case of BSDEs with both
Brownian motion and a Poisson random measure. Consider the following BSDE with jumps:

LAY () = f(t, X, Y (1), Z(1), K () dt — Z(t) dB(t) —/K(t,e)ﬁ(dt,de), eIl gy,
Y(T) = &(X), :

where X is a d-dimensional diffusion satisfying the SDE

X(t) :x—f—/o b(X(r))dr—i—/O U(X(r))dB(r)—i—/O /Eﬂ(X(r—),e)ﬁ(dr,de), (1.2)

in which b : R¢ — R?, ¢ : R? = R¥4 3 :R? x E — R? are some measurable functions, and
f:A xR x R x L2(E, £, \;R") — R is a non-anticipative functional with respect to X.
Note that (1.1) is “non-Markovian”. We will prove that under certain smooth assumptions (see
Section 4) the solution (Y'(t), Z(t), K(t)) to (1.1) solves the following type of PDE, which is
said to be path-dependent parabolic integro-differential equations (PIDEs for short). For each
le{l,--,n},

Dywy(ye) + Lar(e) + filrs ule)s Dou(v)o (e (), u(v) O ) —u(m)) = 0,
u(y) = ¢(v), (1.3)

where the derivative is the Dupire’s path derivative (see Section 2.1). More specifically, the
path-function u(t, X (s)o<s<¢) := Y (t,w) is the unique Cll”l?p—solution to the path-dependent
PIDEs (1.3). We refer to Buckdahn-Pardoux [3] for the Markovian case when both ® and f are
functions of the forward diffusion. The results of this paper non-trivially generalize the ones of
[3] (see also [1]) for the path-dependent situation.

The paper is organized as follows. In Section 2, we present some existing results in the theory
of functional 1t6’s formula and BSDEs that we will use in this paper. In Section 3, we state
the nonlinear Feynman-Kac formula for the “discrete functional” form. Then, in Subsections
4.1-4.2, we first establish some estimates and regularity results for the solution to BSDEs with
path. Finally, in Subsection 4.3, we obtain our main results, i.e., Theorems 4.4 and 4.5, which
provide a one to one correspondence between BSDEs and the path-dependent PIDEs.

When the coefficients of BSDE are only Lipschitz functions, we usually can not obtain the
smooth results given in this paper, and therefore a new type of viscosity solutions is required. In
the Brownian motion case, we refer to [20] for the corresponding comparison theorem. Moreover,
[8] introduced a different stochastic approach to derive a maximum principle for semilinear path-
dependent partial differential equations. For a recent account and development of this theory,
we refer the readers to [9-10].

2 Preliminaries
2.1 Functional It6’s formula

The following notations are mainly from Dupire [7].
Let T > 0 be fixed. For each t € [0,7], we denote by A; the set of cadlag Re-valued
functions on [0,¢]. For each v € Ap, the value of v at time s € [0,7] is denoted by ~(s). Thus
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v = v(s)o<s<T is a cadlag process on [0,7] and its value at time s is v(s). The path of v up

to time ¢ is denoted by 7, i.e., v+ = Y(S)o<s<t € Ay. Denote A = |J A;. We sometimes
t€[0,T]
specifically write

Y = Y(8)o<s<t = (V(8)o<s<t, V(1))

to indicate the terminal position v(t) of 7, which often plays a special role in this framework.
For each 7; € A and z € R? we denote by v;(s) the value of v, at s € [0,¢] and 7% :=
(7e(8)o<s<t, Ve (t) + x), which is also an element of A;. Analogously, we can define X (t) and X,
for a process X.

Now consider the function u of path, i.e., u: A — R. This function u = u(7:),ea can also

be regarded as a family of real valued functions

u(ye) = wl(t, ve(s)o<s<t) = w(t, v (s)o<s<t, e(t)), v € Ay, t €10,T7.

We also denote u(y¥) := u(t, ve(s)o<s<t, Ve (t) + ) for v € Ay, x € RY
We introduce the distance on A. Let (-,-) and | - | denote the inner product and the norm
in R%. For each 0 <t <7 < T and v, 7; € A, we denote

el = = sup |yi(s)l,
s€[0,t]
= — - "
doo(7,77) 1 = sup_|yls At) =F(s AD)| + [t — ]2
s€[0,tVE]
It is obvious that A; is a Banach space with respect to || - ||. Since A is not a linear space,

doso 1S not a norm.

Definition 2.1 (Continuous) A function u : A — R is said to be A-continuous at vy, € A,
if for any € > 0, there exists § > 0 such that for each F3 € A with doo (v, 77) < 0, we have
|u(ye) — u(Fg)| < €. w is said to be A-continuous if it is A-continuous at each v, € A.

Remark 2.1 In our framework, we often regard u(y{) as a function of ¢, ¢ and z, i.e.,
u(yF) = u(t, ve(8)o<s<ts vt (t) + x). Thus, for a fixed v, € A, u(y¥) is regarded as a function of
(t,x) €[0,T] x R

Definition 2.2 Given u: A — R and v; € A, if there exists p € RY, such that
u(vf) = uln) + (p,z) +o(|z]) asz —0, x € RY, (2.1)

then we say that u is (vertically) differentiable at v+ and denote Dyu(y:) = p. u is said to be
vertically differentiable in A if Dyu(y:) ewists for each v € A. We can similarly define the
Hessian Dyzu(y). It is an S(d)-valued function defined on A, where S(d) is the space of all
d x d symmetric matrices.

For each v, € A, we denote

'Yt,s(r) = 'Yt(r)]-[o,t) (’I“) =+ ’Yt(t)]-[t,s] (’I“), re [Oa S]'

It is clear that v s € As.
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Definition 2.3 For a given v, € A, if we have
u(yes) = u(ye)) +als —t) +o(ls —t]), ass—t, s>t (2.2)
then we say that u(vy:) is (horizontally) differentiable in t at ¢ and denote Diyu(y:) = a. u is
said to be horizontally differentiable in A if Dyu(vyt) exists for each vy € A.

Definition 2.4 Define C¥(A) as the set of functions u defined on A, which are j times
horizontally and k times vertically differentiable in A, such that all these derivatives are A-

continuous.
Definition 2.5 Function u is said to have the horizontal local Lipschitz property if and only
if
doo('Ytaitl) < n = |u(7t1,t2) - u(itl)l < C(t2 - tl))
Ve A, 3C >0, n>0, Vi, <ty <T, V3, €A.

Definition 2.6 u is said to be in (Cllﬁp(/\), if u € CY2(A) and for ¢ = u, Dyu, Dyu, Dyyu,
we have

le(ve) = (7)< O+ [lell® + 1721V doo (42, 77) - for each 7e, 77 € A,

where C' and k are some constants depending only on .

Example 2.1 If u(y;) = f(t,v(t)) with f € Cb1([0, T[xR), then

Dyu(ye) = O0p f(t, (1),  Dzu(ye) = 0 f(t,1e(t)),

which are the classic derivatives. In general, these derivatives also satisfy the classic properties:

linearity, the product rule and the chain rule.

The functional It6 formula for continuous martingale was firstly obtained by Dupire [7], and
then generalized by Cont and Fournié [4] to more general formulation.

Theorem 2.1 Let (2, F, (Ft)iepo,1), P) be a probability space. X is a semimartingale and
u s in (Cl hp( ). If Dyu has the horizontal local Lipschitz property, then for any t € [0,T7] :

u(Xy) — u(Xp) = / Dsu(X ds+/ D u(X X(s )—|—%/0 tr[Dyru(Xs—)d[X](s)]
/ / [w(XZ ) —u(Xs-) — Dyu(Xs-)z]u(dt,dz), a.s.
R\ {0}

Remark 2.2 If y € Ch2

Llip (A), the horizontal local Lipschitz property for D,u does not hold

in general.
In this paper, we will use the following functional Itd formula.

Theorem 2.2 Let (Q,F, (Ft)icpo,r), P) be a probability space. X = M + A is a semi-
martingale, where M is a continuous local martingale and A is a finite variation process. If
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u € Czlﬁp( ), then for any t € [0,T7,
u(Xy) — u(Xo) / Dsu(Xs_)ds +/ D u(X X(s)+ %/0 tr[Dygu(X,-)d[X](s)]

// w(XZ) —u(Xs-) — Dyu(Xso)z|p(dt,dz), a.s.
R”’\{O}

We give the sketch of proof of Theorem 2.2, which is essentially from Cont and Fournié [4].

Proof Without loss of generality, we assume that X and ) |AX(s)| are bounded. Oth-
s<T
erwise, for each p, denote 7, := inf {s > 0 : [X(s)] = por Y |AX(r)| > p} and consider a
r<s
process X 7.

Let us introduce a sequence of random subdivisions of [0, ¢], and define the following sequence
of stopping times:

o =0, o = mf{s >0, |AX(s)] >

3

or Z”SEN}/\t

S|

Then sup{|X — X(eM| + QL, i <2" ue o], 0],
X"(s) = ZX( o1 =)L oron, ) (8) + X ()L ().

Recall that u € (Czlﬁp( ) and

~—

} tends to 0 as n — oo. We set

Z|Ji+1 -0 |Z7|[AX (07)] < Cﬁv

(note that (56) also converges to 0 in [4]), and then using the same method as in [4], one can
get

w(Xy) — u(Xo) / Dou(X ds+/ Dyu(X X(s )+%/0 tr[Dgpu(Xs— )d[X]¢(5)]

// [w(XZ ) —u(Xs—) — Dpu(Xs-)z]p(dt,dz), a.s.,
R\ {0}

which completes the proof.

2.2 BSDEs

Let (2, F, P) be a completed probability space. The filtration (F;)o<i<7 is generated by the
following two mutually independent stochastic processes defined on (92, F, P), and augmented
by all P-null sets:

(1) A d-dimensional standard Wiener process {B(t)}+>0.

(2) A Poisson random measure p on Ry x E, where E := R9\{0} is equipped with its Borel
field &£, with a compensator v(dt, de) = détA(de), such that {f([0,¢] x A) = (L—v)([0,¢] x A)}1>0
is a martingale for all A € & satisfying A(A) < co. A is assumed to be a o-finite measure on
(E, &) satistying

/IE(1 A le))A(de) < oo. (2.3)

It is also a right continuous filtration.
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Remark 2.3 We assume that the Lévy measure X satisfies (2.3) instead of [(1Ae[*)A(de)
< 00, and then the jump-diffusion process X in the sequel satisfies the conditions of the func-

tional It6 formula (2.2).

We also introduce the following spaces of processes which will be used frequently in the

sequel:

LP(Fp;R"™) := {the R"-valued Fr-measurable random variable £ : E[|{|] < oo},

SP(0,T;R") := {the R™-valued Fi-adapted cadlag process Y : E[ sup |Y(t)|p} < oo}7
0<t<T

HP(0,T; R™™9) := {the R"™*4_valued F;-predictable measurable process Z :

EK/OT |Z(t)|2dt)%} < oo},

KR(0,T;R"™) := {mappings K:Qx[0,T] x E+— R"P x & measurable:

E[(/OT/E|K(t,e)|2A(de)dt)g} <o},

Finally, we define ¥ := (Y, Z, K) € B? with

T 2
=15, = E[ sup |Y(t)|p+(/ Z(0)Par)” / /|Kt OPA(de)dr) }
0<t<T 0

Let us consider a function f : Q x R® x R"*4 x L3(E, £, \;R") + R"™, which is P-measurable
for each (y,z,k) € R® x R"*4 x L2(E, &, \; R"). For the function f, we will make the following
assumptions:

(A1) £(-,0,0,0) € H2(0,T;R™).

(A2) There exists a constant C' > 0, such that for all t € [0,7], v,y € R", 2,z € R"*4,
k,k € L*(E,&, \;R"), P-a.s.

|f(t,y,z,k‘) - f(taga§7E)| < C(|y - y| + |Z _E| + Hk _EH]E)

The following result on BSDEs with jumps is by now well-known, and for its proof the

readers are referred to Lemma 2.4 in [22] or Theorem 2.1 in [1].

Lemma 2.1 Let f satisfy the conditions (A1)—(A2), and then for each & € L?>(Fr;R"), the
BSDE with jump

£+/st ()K())ds—/TZ<s>dB<s>
//Kse (ds,de), 0<t<T (2.4)

has a unique adapted solution
(Y(t), Z(t), K(t))o<i<T € B,

We have the following comparison theorem for solutions to (2.4) (see Proposition 2.6 in [1]).
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Lemma 2.2 (Comparison Theorem) Let h: Qx [0, T] x Rx RIx R + R be P x B x By x B-
measurable and satisfy that for any 3,5 € R, 2,2 € RY, ¢, € R, and t € [0,T)], there eists
some constant K > 0, such that

(i) B[ fy |h(t,0,0,0)[>dt] < oo,

(i) [n(t,y, 2,q) — h(t,5,2,9)| < K(ly =9 + |2 = 2| + ¢ = q]),

(iii) g — h(t,y, z,q) is non-decreasing.

Furthermore, let 1 : Q x [0,T] X E — R be P x B(E) measurable and satisfy

0<I(t,e) < K(1Ale|]), e€cE.
Set

Pt 0) = (1.5, [ O, 0M(@)).
E
(t,w,y, 2, k) €[0,T] x Q x R x R? x L*(E, £, \;R).

Given £1,6% € L*(Fr;R), we have that f? satisfies (A1)—(A2). Denote by (Y1, Z*, K') and
(V2,72 K?) the solutions to the BSDE with the data (&%, f*) and (&2, f?), respectively. Then
we have the following result: If & > &% and fl(t,y,z,k) > f(t,y,z,k), a.s., a.e. for any
(y,2,k) € R x R? x L2(E, &, \;R), then Y1(t) > Y2(t), a.s., for all t € [0,T).

For each i € {1,2}, the drivers g* are given by

where ¢* € H?(0,T;R") and f satisfies the assumptions (A1)-(A2). The following lemma is
due to Buckdahn-Pardoux [3].

Lemma 2.3 Let & € L?(Fr;R"). Then the solution (Y, Z', K*) to the BSDE (2.4) with
the data (&, g") satisfies the following estimate: For any p > 2, there exists C,, depending on T
and p, such that

15 - 52|, < B[l - e+ ( /OT [#'(5) = #*s)las) .

Remark 2.4 Note that in Lemma 2.3, we assume only that &' € L?(Fr) and the process
¢’ € H?(t, T;R™) to guarantee the solvability of the BSDE. However, if p > 2 and the right-hand

side is 0o, the estimate obviously holds.

3 Nonlinear Feynman-Kac Formula for “Discrete Functional” Form

C™(RP;R?), Cpy; (RP;RY), Oy, (RP;RY) will denote respectively the set of functions of class
C™ from R? into R, the set of those functions of class C"(RP;R?) whose partial derivatives of
order less than or equal to n are bounded Lipschitz continuous functions, and the set of those
functions of class C™(RP; R?), which together with all their partial derivatives of order less than
or equal to n are in Cj 3;p(RP; RY), where Cj 1, (RP;RY) is the space of all R?%-valued continuous

functions ¢ defined on R?, such that

() — )] < C(L+|al* + |yl*)lz —yl, Va,y € RP.
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Here C and k are some constants depending only on .

In this section, we shall study the nonlinear Feynman-Kac formula when the BSDEs with
jumps are of the “discrete functional” form. We refer to [12] for the BSDEs case (see also [14-
15]). Consider the following (discrete) functional-type BSDEs defined on an arbitrary interval
[t,T] C [0,T]: For each s € [t,T],

X(s)=x+/: b(X(r))dr+/tS (X / /ﬁ Vii(dr, de),
Y(s) = Q(Xéh), o, X(tN))

4 [ F X AT Xy A, Y (), 200, K () (3.1)
or T
—/ Z(r)dB(r) — / /K(r, e)p(dr, de),
s s E
where 0 = tp < t; < --- < ty = T is a given partition on [0,7]. We denote any solution
o (3.1), whenever it exists, by (X%® Yt® 7L K4%) to indicate its dependence on the initial
data (t,). For convenience, for any z = (z1,--- ,zx) € RN and k=1,--- | N, set
zF) = (1‘17332, s, my) € de, zN) — (Tg, - ,TN) € R(N—/H-l)d7

X = (X0 (01 A1), X0 (b A) = XO7 (81 AR), -, XOT (b AE) = XO7 (b1 AE)),
XM 2 (X006 A 6) = X0ty A )+, X0ty A D) — X0ty 1 A1)
In particular, denote
X(k) _ (XO"”(tl), . ,X07‘”(tk) _ Xo’x(tk—l))7
XN = (X0 (1) = X0 (1), -, X0 () = XO7(ty 1)),

Then (3.1) can be rewritten as

Y(t) = g(X) + / F(5, XY (), Z(s), K (5))ds

—/tT //Kse (ds,de).

For each k = N,N — 1,--- .1, consider a sequence of semilinear PIDEs with parameters,
defined recursively in a “backward” manner as follows: First, fix z(N~1 as a parameter, and
define

uN+1(T,x(N_1),x, 0) = g(x(N_l),x), z € RY.

Next, for each k = N, N —1,---,1, we fix z*~1 as a parameter, and consider the following
PIDEs: For each (t,7) € [tr_1,t) x R?,
k
aautz (tv x(kil)ax) + ﬁuf(t, x(kil)ax) + fi(ta x(kil)a"% 07 e aov uk(ta x(kil)ax)a
O (t, 2* =1 )0 (x), u* (t, 2Dz + B(x,-)) — uk(t, a:(k_l),x)) =0, (3.2)
uf(tka x(kil)ax) = uvl,‘chl(tkvx(kil)vxv O)a t=1,---,n

For ¢ € C?(R%;R), the operator L is given by

Lo(t,x) = %tr[UUT (2)02,0(2)] + Duip()b(z) + / [p(z + B(z,e)) — p(x) — Oup(x) B2, €)]A(de).

E
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Now suppose that all PIDEs have classical solutions which are denoted by u?, i =1, ,n, k=

N,N —1,---,1. For convenience, set
vk(t,x(k_l),x) = 8xuk(t,x(k_1),x), k=N,N-1,---,1.
Finally, for t € [0,T], if t € (t—1,tk], k= N,N —1,--- ,2 or t € [to, t1], denote

Y(t) = bt X)), 2(t) ="t XP)o(X (1)),
K(te) = u"(t, X"V X (t—) + BX(t—),e) — X (tr_1)) — u(t, X7).

Then, we have the following nonlinear Feynman-Kac formula.

Theorem 3.1  Assume that all PIDEs in (3.2) have classical solutions whose derivatives
are of polynomial growth. Then, the process (Y, Z, K) defined by (3.3) solves BSDE (3.1) on
[0,77].

Proof We shall check the case t € [ty_1,tn], and the other cases can be argued in the
same way.

Fort € (thl,tN],

Y(t) =u (6, XNV X(t) - X(ty_1)),
Z(t) = aIuN(ta X(Nil)a X(t_) - X(thl))o—(X(t_))v
K(t7 6) - u(t7 X(N_1)7 X(t_) + B(X(t_)a e) - X(tN—l)) - u(t7 X(N_1)7 X(t_) - X(tN—l))'

Applying the Ité’s formula and by the definition of u, we deduce that

du (6, XNV X (t) — X (ty_1))
= (N (t, XNV X (=) = X(tn_1)) + Lu™ (t, XV X (t—) — X(tn_1)))dt
+ A,u™N (6, XNV X (1—) — X (ty_1))o(X (t—))dB(t)

+ [ e XOTD,X () + X)) - X(tx)
E

—ult, XN, X (6-) — X (ty-1)J(dt, de).
From (3.2), we obtain that (Y, Z, K) solves the BSDE on (ty_1,T]. Note that at t = tn_1,

Y(ty-1,w) = uN_l(tN_l, X(N_Q)(w),X(tN_l,w) — X(tn_2,w))
=uN(ty_1, XV (W), X (ty_1,w) — X(ty_2,w),0)
= uN(tN_l,X(N_l)(w), 0).

N-1 N-1

From the definitions of the functions u and v , we can similarly prove that (Y, Z, K)

solves the BSDE on (tn_2,tny—1]. Continuing this way for N steps, the proof is completed.
We should note that various assumptions can be made to guarantee the existence and

uniqueness of the classical solution to the system of PIDEs, as well as the adapted solution to

the BSDE (3.1). In particular, by Theorem 4.1 in [3], we have the following lemma.
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Lemma 3.1 Let b € C7 ) ,(R%;RY), 0 € CF i, (R RY), 3 RY X E = RY be measurable.
For alle € E, B(-,e) € CP(RYRY), there exists a constant K > 0, such that

18(0,e)] < K(1Alel),

Bl d
%B(m,e)‘ <K(1Ale]), VzxeRYecEkeN withl SZki <3.

i1
For eachi € {1,--- N}, fi(s,x1,--+ ,xn,y,2,k) € COO2([0, T] x RV=Dd x RY x R™ x R4 x
L?(E,&,\;R™);R") and

] d
fl(S,CCl,"' s Lyttt ,xN,y,Z,k):f(S,xl,"' y TN, ;xi;yvzvk); vxi GR .

Moreover, for each s € [0,T], fi(s,x1, -+ ,2N,Y,2,k) € Cloi?p(R(N*I)d x R? x R x R™*? x
L3(E, &, \;R™);R™). Functions 0y fi(t,-), 05 f(t,-), Ok fi(t,) are bounded Lipschitz functions,
and so are their derivatives of order one with respect to xn,y,z,k. Furthermore, all their
Lipschitz coefficients are uniformly bounded. If for each i € {1,--- N}, g'(x1,---,2n) €
Clo,’lfp(R(N_l)d x R4 R™) and

gi(l‘la"' s Lyttt axN) 29(331;"' y LN,y ;xi)a vxz ERda

then all PDEs in (3.2) have classical solutions.

Note that when we say the (Frechet) derivative w.r.t k is bounded, we mean that its norm
in L2(E, &, \;R") is bounded. In the sequel, we always assume that b, o, 3 satisfy the above

conditions.

Remark 3.1 From (3.3), the process Z is left continuous with right limit (LCRL for short).
Since the Brownian motion is continuous, we can also define Z by Z(t) := v*(t, Xt(k))a(X(t))
in (3.3).

4 Nonlinear Feynman-Kac Formula for Functional Form

In this section, we will generalize the nonlinear Feynman-Kac formula for the path-dependent
situation. The following directional derivatives will be used frequently in the sequel.

Definition 4.1 Suppose that ® is an R™-valued function on Ap. Then ® is said to be in
C?(A7;R™), if it is twice continuously Frechet differentiable at each v € Ar. ® is said to be in
Cﬁhp(AT;R”) if & € C’Q(AT;R") and there exist some constants C' > 0 and k > 0 depending
only on ® such that for each s <t € [0,T], 7,7 € Ar,

(i) 125 (N1l + 195 (N0l < CA+ [VIF + I7IF)(E = 5),

(ii) [@(7) = D) < COA+[I* + [F1*) fy 1(s) —F(s)lds,

(i) [@(y) = T@)| < CA+ Iy I* + 1711y =71
with ¥ = &' ®” . Analogously, for each t € [0,T], we can define C?(Ay;R™), Cﬁlip
Cl (At;Rn), Clﬁlip(At;Rn).

1lip

(At;Rn);

Remark 4.1 Since Ay is a Banach space with respect to the uniform norm, for each ~,
! () is a Ap — R™ bounded linear map, and ®7_(v) is a Ar x Ay — R™ bounded linear map.
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Example 4.1 If ®(y fo ¢(7(s)) ds for some ¢ € C7 ) (R), then @ € CFy; (Ar;R).

In the rest of this paper, we shall make use of the following assumptions on the generator f
and the terminal ® of our BSDE.

(H1) ® is an R"-valued function on Ap. Moreover, & € C’ﬁlip(AT;R") with the Lipschitz
coefficients C' and k.

(H2) f(vt,y, 2, k) is an R™-valued continuous function on A x R™ x R"*4 x L2(E, &, \; R").
For any v € A, (y,2,k) — f(w,y, 2, k) is in thp( x R4 x L2(E, &, \;;R"); R™), (y, 2, k) —
foresy, 2,k), [y, y, 2, k), f1.(0n, Y, 2, k) are in Cb’hp(R” x R™4 x L2(E, &, \;R"); R™), (y, 2, k)
= fr(Ve,y, 2, k) is a Lispchitz function and (y, 2, k) = fil.(ve,y, 2, k), far, (06, Y5 2, k)5 far (V5 Y5
2, k), [ (v, v, 2, k) are in C 1ip (R xR™4x L2(E, £, \;R™); R") for any (v, z, k), v — f (1, ¥, 2,
k) is in CPy (A R™), v — fi(ve,y,2,k), fL(ve,y, 2. k), fi(ve .2, k) are in Cfy (A R™),
Yt {,/y(%a Y, 2, k)v z,;/z(lyta Y, 2, k)a I/c,k(Vta Y, 2, k)a ;,z(ﬁytv Y, 2, k)v g,//k(’ytﬂ Y, 2, k)a f;k(lytv Y, 2, k)
are in Cpip(Ay; R™). They are all continuous in ¢, and so are their derivatives. Moreover, all
their Lipschitz coefficients are uniformly bounded.

(H3) f(ve,y,2) = F(t,n(t),y, z, k), where
FeC®?([0,T] x RY x R™ x R™*? x L*(E, &, \;R™); R™).

For each t € 0,71, f(t,-) € CF, (R x R* x R"*4 x L2(E, &, \;R"); R") and 8, f(t,-), 0. f(t,"),
O f(t,-) are in Cpip(R? x R™ x R™*4 x L2(E, £, \; R™); R™), and so are their derivatives of order
one with respect to x, vy, z, k. Moreover, all their Lipschitz coefficients are uniformly bounded.
It is obvious that the assumption (H3) implies the assumption (H2).
Assume that (H1)-(H2) hold. For any v, € A, (Y5,(s), Z,(s), K+,(s))i<s<7 is the solution
to the following BSDE:

Y, (s) = D(X™) / FOX Yo, (1), Zy, (), K, (1)) dr
—/S / /K% r,e)p(dr, de), (4.1)

X7 (w) = g (u) 10,4 () + X te(®) (u) 1,7y ().

By Lemma 2.1, for each v € A, (4.1) has a unique solution (Y5,, Z,, K,,) € B? and Y, (t)
defines a deterministic mapping from A to R™.

where

4.1 Property of solution to the BSDE with jumps

We next establish higher-order moment estimates for the solution of the BSDE (4.1). With-
out loss of generality, the Lipschitz coefficients of f are also denoted by C' and k. For conve-
nience, define Y., (s), Z,,(s), K,,(s) for any t,s € [0,T],7 € A by Y,,(s) = Y,,(s V t), while
Z,,(s) =0and K,,(s) =0 for s < t.

From Lemma 2.3 and Proposition 3.5 in [21], we deduce the following theorem.

Theorem 4.1 For any p > 2, there exist some constants Cp, > 0 and ¢ > 0 depending on
C,T,k,p, such that for any t,t € [0,T], v,7; € A, h, h € R\{0},

. — I P T — 7

) 125, = ZzllBe < CoL+ 1l + 17l ) [[F = t1% + (Jy (A s) =7(E As)lds)"],



636 F. L. Wang

(i) A48y, — ALSs ]l < Co(1+ [17ell? + 17217 + 212 + [R]9)
(AIPL g + [PP L + b = AP + dB (32, 77)),
where A} Y., (s) = %(Y%wi (s) =Y, (), Z%he,; (s) = Z4,(s), K’vfe"' (s) — K, (5)) and (e1,--- ,eq) is

an orthonormal basis of R?.
Now we define
u(y) ==Y, (t) for v € A. (4.2)

Theorem 4.2 For each v, € A, {Y,2(s),s € [0,T],x € R%} has a version which is a.e. in
C%2([0,T] x RY). In particular, Dyu(vy), Degu(y:) exist and u € (C?I?p(A)

Proof To simplify presentation, we shall only prove the case when n = d = 1, as the
higher-dimensional case can be treated in the same way without substantial difficulty.
Since for each h,h € R\{0} and k,k € R,

185 = 2 elige < Co(L+ [lyell? + [ + [K]7)|k — &P,
AR = A7 wllge < Co(L+ [1vell* + [ + [R]* + K]7 + [E]7) (|h — RIP + [k — &[7),

using the Kolmogorov’s criterion, the existence of a continuous derivative of Y,z (s) with respect
to x follows from the above estimates, as so is the existence of mean-square derivatives of
Zx(s) and K. (s, -) with respect to x, which is mean square continuous in x. Denote them by
(DY, Dy Z%,D K.).

By the definition of vertical derivatives, D,yu(7;) exists. We shall prove u(7;) is A-continuous.
Putting s = ¢ in the BSDE (4.1) and taking expectation, we get

) = B[O + [ F0G Y20 2,00, 5 ) )
For each v;,7; € A with t > ¢,
[u(ye) — u(7p)l

< B[@(X™) — o(X7T)] + B / QX Yo (1), Zy ), Ko () ]

T —
B[ [ U000, 20, (). B (1) = FOXT ¥, 1), 5, 1), K () ]

< B[O+ T+ I+ ey X - )
' 1

+4E -0} ( / (F(X77,0,0,0) + |CY (1) +1C 2y, (r)[2 + | CK, () [3) dr)

+ C/z (Y5, (r) = Yaz ()| + 125 (r) = Zaz ()] + [ K5, (1) = K:(r) ) dr} ;

where we have used the assumptions (H1)—-(H2) in the last inequality. Applying Theorem 4.1,
we can find some constant C7 depending only on C, k and T so that

— 1 T _
[u(re) = u(F)| < Co(1+ Il + 71 (1F - 01 + / [t A 8) = 7(E A 5)lds )

< CL A+ [lyel® + [7ll*) oo (e, 7) -
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By a similar argument, we have u € (Cl Jip (L)

By Lemma 4.1, we conclude that sup |Z.,,(s)] and sup 1K<, (s)||g are in LP(Fr) for any p > 0.
Since (D,Y,,DyZ,,, D, K.,,) is the solutlon to the followmg linearized BSDE:

DﬁcY’Yf, (5) = (I);:(X%)VXW +/ [f;(Xr:H’Y’H (’I“), Z’)’t (T)v K’Yf, (T))ny’n (T)
FAX Yy, (1), 2, (1), Ky, (7)) D Z, (1)
+fk(X% (1) 2 (1) Koy (1)) D K (1)
Fo(X00, Y5, (1), Zy, (r)) VX dr

/ D,Z.,, (r)dB(r) / /D K., (r,e)n(dr,de),

the existence of a continuous second-order partial derivative of Y, (s) with respect to x is
proved in a similar fashion and this completes the proof.

4.2 Path regularity of processes Z and K

In [3], when the BSDE is the state-dependent case, i.e., f = f(t,v(t),y,2,k) and & =
©(y(T)), it is shown that Z, K and Y are connected in the following sense under appropriate

assumptions:

Z,,(5) = dou(s, X7 (s=))o (X7 (s-)),
K (s) = u(s, X7 (=) + BXT (s-))) — uls, X (s-)).

In this section, we extend this result to the path-dependent case. Indeed, we have below a
formula relating Z, K with Y.

Theorem 4.3 Under assumptions (H1)-(H2), for each fized v, € A, the processes (Z.,(s),
K., (5))sep,m) have the following a.s. left continuous version given by

Zy,(5) = Dou(X 1) (X7 (s—)),

Koy (5) = u((X20)PXT 620y —y(X71), (4.3)

A direct consequence of Theorem 4.3 is the following result.

Lemma 4.1 For each p > 2, there exist some constants Cy, and q depending only on C,T, k
and p, such that

Zy(s) < Cp(1+ || X7H||9), Vselt,T], P-a.s.

and

B[ sup |2,,(s)?]| < G+ l®), B[ sup [, (5)I1E] < Co(1+ lel®).
se[t,T) se[t,T)

Now we give the proof of Theorem 4.3.
Proof of Theorem 4.3 To simplify presentation, we shall only prove the case when

n = d = 1, as the higher-dimensional case can be treated in the same way without substantial
difficulty. We will suppress the superscript +; for notational convenience.
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Step 1 For each s € [0,T) and a positive integer m, we introduce a mapping v™(7,) :
As — Ag:

S

Y F)(r) = ()0, (7 Z s(th1 A )L ns, ¢ As) (1) +75(5) L5y (1),
k=0

where 7" =t + EIZY) | =0,1,---,m. Denote u™(7,) = u(y™(7,)), and then there exists
some constant C, such that

B[ suwp [u" (X))~ u(X,)l] < CE[(1+ swp |X()]") sup |X, —7"(X,)]
sEt,T] s€t,T] s€t,T]

1
C+ el —
m#

By Lemma 2.3, we also have E[ sup [u™(X,) — Y(s)]] < C(1 + [|7*)—+. Consequently,
sE[t,T) m4
u(Xs) =Y(s).
Step 2 Denote @™ (%) := ®(v™(¥)) and f™(F,, v, 2, k) := f(Y"™(F4),y, 2, k). Then for each
m, there exist some functions ,, defined on A; x R™*4 and 1,,, defined on [t, T] x Ay x R™*4 x

R™ x R4 x L2(E, &, \;R), such that

™) = em (Yo, V(A1) = 7(8), -+ () =Vt 1)),
fm(ﬁsayvzvk) = wm(svﬁtvﬁs(t’{n A S) _Ws(t)a e aﬁs(t% A 8) _Ws(t;n—l A S)vyaza k)

Indeed, set
@m(ﬁtvxlv"' ;xm) :(I)<( 1[0 t) +Zxk1[t )+xm1{T}(S))
m
wm(7t7x17 T axm) = @m (thﬁt(t) + xlaﬁt(t) +x + T, - aﬁt(t) + sz) .
i=1

Recalling the assumptions (H1)—(H2), we obtain that ¢! (0, 21, ,2m) € Clo,ifp(R(m’l)d X
R%;R") for each fixed @; and i € {1,--- ,m}, where

Qpin(wt;xlv R 2P axm) = Sam(wt;xla oy Tmy ;xi); vxz S Rd~
In particular,
O, (Ve V(A" = (8), -+ (E) =t 1)) = @5 (v (7)) 1jer 1) for each 7 € A.

Furthermore, for each fixed W; and i € {1,--- ,m}, ¥ (5,0, @1, - , Tm, Y, 2, k) € COO2([t, T x
Rm=Dd 5 R? x R™ x R**4 x L2(E, &, \;R™); R"), where

i — — d
wm(s;whxlv"';xi;"';xmvyazak):wm(sth;xlv"'7xm;"'7xi7yazak)7 vx’LeR .
For each

€ [taT]v win(sth;xla' Ty Y, 2 ) Cloh2p(R(m 1) X Rd x R™ x RnXd X LQ(E g A; ]Rn) Rn)
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Functions 9,4 (t,-), 0,47, (t, - ‘

), and Oyl (t,-) are bounded Lipschitz functions, and so are
their derivatives of order one with respect to x,,,y, z, k

Now consider the following BSDEs, for any ¢ > ¢, 7; € A4,

¥ (s) = o™ (X7) / ST YA (), 25 (), K5 () dr

_/S Z%”)( )dB(r) / /K(m) r, e)ji(dr, de).

Denote u(™ (7;) := Y(m)( t) for each 73 € A. By Theorems 3.1, 4.2 and Lemma 3.1 (see also
Lemma 3.10 in [21]), we can get u(™)(v;) €

(Cllﬁp( ). Moreover, for each s € [t,T], 7, € A, and
le{l,---,n},

D™ (7,) + Lu{™ (7,) + fi( T ™ (7,), D™ (7)o (7, (s)), u™ (77T ():0))
—u™(7,)) = 0.

(4.4)
In particular, for each s € [t, T

Dou'™ (X, )o(X(s=)) = 2" (s) a.s.

Denote by Cj a constant that depends only on C,T and k, which is allowed to change from
line to line. From Lemma 2.3, for each 77 € A

™ (Fp) = u(Fe)|
< CoE| |0 (X77) - (X 77)|?

T
[ 0. 280 (). K )

< COE[(1 + |[Fl|® + sup | X 77 (s

. (m) 0y 0 elm) 2 o]
— [T Y (r), 250 (r), K (7)) d?“}

1

)HVX“ - x|

m— 1
_ o _ s
< Co(1+ [l (B sup [X7(s) S X g )]+ 177 -7l

k=1

— k(L

< Co(1+ 7l (=
m4

"(7) = 7ill)-

Moreover, we also deduce that

[Deu™ (7) — Dpu(Fe)| < Col1 + IFll¥) (=5 + 0™ (7 = 7). (4.5)

Thus, it holds that

1imE[ sup |Dxu(m) (Xso) — Dxu(Xs_)|p}
m sE[t,T)

1
< ColimE[ SE&F;“] ‘(1 + || X Hk)<
se

m 5 s A9 () - xa) ]
= 0.
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By Lemma 2.3, lim E| ftT |Z(u) — Z™(u)|? du|%] = 0, which implies that
m
D,u(Xs-)o(X(s—)) = Z(s), dsxdP-a.e.on [t,T].

Step 3 From BSDE (4.1), we see that the compensated processes of jumps of Y are given
by

S AY() = /t ) /E K (r, e)ji(dr, de).

t<r<s

Since Y (s) = u(Xs), we also have the representation

S v = [ [ 00 - ux, . do) (4.6)

t<r<s

We claim that the function ¢ — wu(y¥_) is left continuous for each v, € A and z € R Recalling
the proof of Theorem 4.2, for each 7; € A and = € R, there exists some constant C'; depending
on v, x, such that

t T
lim fu(y)—u(oF, )| < Cs lim [[ta—t3+ | p(ta=)+2=1(s)|ds+ / (ta=)=(t-)\ds| =0.
n tn t

Thus the integrand in (4.6) is predictable, and from the uniqueness of the integral representa-

tion, we obtain the desired result.

4.3 Path-dependent parabolic integro-differential equations

We now establish the relationship between our BSDE and the following path-dependent

parabolic integro-differential equation:

VZE{]_,'” an}v Vi GA, te [OvT)v

Dywy(ye) + Lur(ve) + filrs ule)s Dou(v) o (ve(2))s u(v) ) —u(m)) = 0, (4.7)
u(yr) = ®(yr), yr € Ar,

where u = (uy, -+ ,u,) : A — R™ is a function on A and

Luafn) = Data(r)b((t)) + 56(00™) (e (8) Daata(0)]

+ / [ (7)) — (1) — Dowr(7) B (1), €)]A(de).
E

We immediately obtain the following theorem.

Theorem 4.4 Assume that assumptions (H1)—(H2) hold, and let u € (Cllﬁp(/\) be a solution
to (4.7). Then for each vy, € A, we have u(y) = Y5, (t), where (Y, (), Z,(s), K+, (8))i<s<T
is the unique solution to the BSDE (4.1). Consequently, the path-dependent PDE (4.7) has at

1,2 )
most one C, ’lip-solutzon.

Proof We again suppress the superscript 7, for notational convenience. Applying the
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functional It6’s formula (2.2) to u(X,) on s € [t, T), for each I € {1,--- ,n},
Qu(X) = (Dawn(Xo-) + Lirloo™ Desun(X,)])ds + Dy (X, )X (s)
[ (X = Do (X, )AX (=), elds )
= (Dan(Xs-) + Deun(Xs (X (5-)) + (00" ) (X (5-)) D (X, ) ds
+ Dyw(X-)o (X (s—))dB(s) + / [ (X)) — g (X, )]ji(ds, de)
+ [l (OD) “(X) - Do (X)X =), ) A(de)ds.
Since u solves PDE (4.7), we have that

—duy(Xs) = fi( X, u(Xs), Dou(X-)o (X (5-)), w(XTN ) —u(X,))ds

= Dawr(X,)o(X (s-))dB(s) - / [ (X570) — (X la(d, de).
E
Recalling u(X7) = ®(Xr) and u € (Czlﬁp( ), (Y(s),Z(s), K(s)) = (u(Xs), Dyu(Xs—)o(X(s—)),
u(Xff(X(Sf)’e))—u(Xs_)) is the unique solution to the BSDE (4.1). In particular, u(y,) = Y5, (¢).
This completes the proof.

By Theorem 4.4 and Lemma 2.2, we have the following comparison theorem of path-
dependent PIDE.

Lemma 4.2 Let n = 1. We assume that [ = f;, & = ®;, i = 1,2 satisfy the same
assumptions as in Lemma 2.2 and Theorem 4.4. Moreover,
(1) fl(’yhyazak) S f2(7t7yazak)7 fO?” each ('ytvyazak) € A xR x Rd X LQ(E’agaAvR)v

(i) @1(yr) < @2(yr) for each yr € Ar.

If u; € (Cl1 I?p( ) is the solution to (4.7) associated with (f,®) = (fi, ®:), i = 1,2, respectively,

then for each v € A, u1 () < ua(vye).
We are now in a position to prove the converse to the above result.

Theorem 4.5 Under assumptions (H1)—(H2), the function u defined in (4.2) is the unique

(Cl1 l?p( )-solution to the path-dependent PIDE (4.7).

Proof Let § > 0 be such that t+0 < T. We again suppress the superscript 7, for notational

convenience. Hence

u(Vet+s) — w(ve) = u(yee4s) — W(Xips) + u(Xets) — ul). (4.8)

By (4.8) and the proof of Theorem 4.3, we obtain a.s. (choosing a subsequence if necessary)

u(Ve,e6) — u(ye) = nhjgo[u( ) (Yee48) — ul™ (Xiss)] / [(Xs,Y(s),Z(s), K(s)) ds

t+5 t4s
+/ / /K w(dt, de).
t
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Moreover, for each 77 € A4 with £ > ¢,
m) (= - - 1 mi—
D™ (77) = Daau(F)] < Coll+ [7l)(— + |7 (70) = el ). (19)
Now applying the Itd’s formula, we deduce that

u$™ (Yeyers) — ul™ (Xits)

t+6
— [ D™ () ds — / D™ (X,) / Doul™ (X,)o(X (5)) dB(s)

t+9
/ Lui™ (X,) / / () x P =Dy (™) (X, )]fa(dt, de).

Thus by (4.5), (4.9) and the dominated convergence theorem, we have

w(Ye,e5) — wi(ye)
t46 t+6
— Dou(X)o (X (s)) dB(s) _/t [Lu(Xs) + fi(Xs, Y (5), Z(s), K(s))] ds

t+5 146
/ / wy (XPXCO) o x, Yii(dt, de) + /t Z(s) dB(s)

46
+/ /Kl(s,e)ﬁ(dt,de)—l— lim C}", (4.10)
t E m—00
where
t+6 46
cm = D™ (71.4)ds — Doul™(X,) ds.
¢ ¢

Recalling (4.4), we can find some constant ¢ depending only on C,T,~; and k so that

Dot 15) = Dol ™ (X)| < o1+ sup X @)l = Xl

u€lt,s]

Hence

G| <ed sup (14X (s) = X(0)]F) X (5) = %(D)].
sE[t,t46]

Finally, taking expectation on both sides of (4.10) yields

uj (%,t+6) —u (’Yt)

) 5 = —Lur(y) = filye, ulre) Deulye)o (e () ulr ") —uln)).
Thus u € (Czlﬁp( ) and it satisfies (4.7).

Remark 4.2 We make assumptions (H1)-(H2). Then
(u(Xe). Dru(X o (X (£)), w5 T) —u(X,0))

is the unique solution to the BSDE (2.4).

Remark 4.3 In the case that ®(y) = ¢(y(T)) for some p € C7y;, (R4, R™) and f satisfies
(H3), the above result is the nonlinear Feynman-Kac formula, which is given by Buckdahn-
Pardoux [3].
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Example 4.2 Suppose n =d =1 and

f(t’ y7 Z? k) = C(t)y’

where f satisfies (H3). In this case, the BSDE (4.1) has the explicit solution as follows:

T T u T "u
Y, (s) = (b(X'Yt)ejs c(r)dr _/ els c(r)er%(u) dB(u) _/t /]Eejs C(r)drK%(u)ﬁ(du,de).

Given @ : Ay — R,

for some ¢ € C&lip(R), then for each v, € Ay,

t ~T T T
u(y) = / p(7(s)) dsele a4 / i o) dar (Xt (5))] ds.
0

t

Using the classic Feynman-Kac formula, we deduce that

u’(t,z) = E[p(X""(s))]
is the solution to the following parabolic integro-differential equation:

{8tus(t, x)+ Lu*(t,z) =0, te€]0,s),
w?(5,7) = plz).

Thus
t T
u() = / p(u(s)) dseld <y / el s (¢ v (1)) ds.
0

t

By the definitions of horizontal derivatives and vertical derivatives, we have
. T
Dratan) = —eltulre) + el O [ ot (0) s,
D u(y) = el C(T)d’“/ O u®(t, v (t)) ds,
Dxxu(’yt = e[t ¢ r)dr/ 8 )) dS.

Consequently,
Dyu(ye) + Lu(ve) = —c(t)u(ye),

which satisfies (4.7).

Acknowledgements The author would like to thank Prof. Peng, S. for his careful reading,
helpful discussions and suggestions. The author also thanks the editor and two anonymous

referees for their helpful suggestions.



644 F. L. Wang
References
[1] Barles, G., Buckdahn, R. and Pardoux, E., Backward stochastic differential equations and integral-partial
differential equations, Stochastics Stochastics Rep., 60, 1997, 57-83.
[2] Bismut, J. M., Conjugate convex functions in optimal stochastic control, J. Math. Anal. Appl., 44, 1973,
384-404.
[3] Buckdahn, R. and Pardoux E., BSDEs with jumps and associated integro-partial differential equations,
preprint.
[4] Cont, R. and Fournié, D. A., Change of variable formulas for non-anticipative functionals on path space,
J. Funct. Anal., 259(4), 2010, 1043-1072.
[5] Cont, R. and Fournié, D. A., A functional extension of the It6 formula, C. R. Math. Acad. Sci. Paris.,
348(1), 2010, 57-61.
[6] Cont, R. and Fournié, D. A., Functional It6 calculus and stochastic integral representation of martingales,
Ann. Probab., 41(1), 2013, 109-133.
[7] Dupire, B., Functional Itd calculus, Portfolio Research Paper 2009-04, Bloomberg.
[8] Ekren, I., Keller, C., Touzi, N. and Zhang, J., On viscosity solutions of path dependent PDEs, Ann.
Probab., 42(1), 2014, 204-236.
[9] Ekren, I., Touzi, N. and Zhang, J., Viscosity solutions of fully nonlinear parabolic path dependent PDEs:
Part 1. arXiv: 1210.0006

[10] Ekren, I., Touzi, N. and Zhang, J., Viscosity solutions of fully nonlinear parabolic path dependent PDEs:
Part II. arXiv: 1210.0007

11] El Karoui, N., Peng, S. and Quenez, M. C., Backward stochastic differential equation in finance, Math.

g
Finance, 7(1), 1997, 1-71.

[12] Hu, Y. and Ma, J., Nonlinear Feynman-Kac formula and discrete-functional-type BSDEs with continuous
coefficients, Stochastic Process. Appl., 112(1), 2004, 23-51.

[13] Ma, J. and Yong, J., Forward-backward stochastic differential equations and their applications, Lecture
Notes in Mathematics, 1702, Springer-Verlag, Berlin, 1999.

[14] Ma, J. and Zhang, J., Representation theorems for backward SDEs, Ann. Appl. Probab., 12(4), 2002,
1390-1418.

[15] Ma, J. and Zhang, J., Path regularity for solutions of backward stochastic differential equations, Probab.
Theory Related Fields., 122(2), 2002, 163-190.

[16] Pardoux, E. and Peng, S., Adapted solutions of backward stochastic equations, Systems Control Lett., 14,
1990, 55-61.

[17] Pardoux, E. and Peng, S., Backward stochastic differential equations and quasilinear parabolic partial
differential equations, Stochastic Partial Differential Equations and Their Applications, B. L. Rozuvskii
and R. B. Sowers (eds.), Lect. Notes Control Inf. Sci., Vol. 176, Springer-Verlag, Berlin, Heidelberg, New
York, 1992, 200-217.

[18] Peng, S., Probabilistic interpretation for systems of quasilinear parabolic partial differential equation,
Stochastics Stochastics Rep., 37, 1991, 61-74.

[19] Peng, S., A nonlinear Feynman-Kac formula and applications, Control Theory, Stochastic Analysis and
Applications (Hangzhou, 1991), World Sci. Publ., River Edge, NJ, 1992, 173-184.

[20] Peng, S., Note on viscosity solution of path-dependent PDE and G-martingales. arXiv: 1106.1144

[21] Peng, S. and Wang, F., BSDE, path-dependent PDE and nonlinear Feynman-Kac Formula. arXiv:
1108.4317

[22] Tang, S. and Li, X., Necessary conditions for optimal control of stochastic systems with random jumps,

SIAM J. Control Optim., 32(5), 1994, 1447-1475.



