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Abstract This paper is devoted to results on the Moser-Trudinger-Onofri inequality, or
the Onofri inequality for brevity. In dimension two this inequality plays a role similar to
that of the Sobolev inequality in higher dimensions. After justifying this statement by
recovering the Onofri inequality through various limiting procedures and after reviewing
some known results, the authors state several elementary remarks.

Various new results are also proved in this paper. A proof of the inequality is given by
using mass transportation methods (in the radial case), consistently with similar results
for Sobolev inequalities. The authors investigate how duality can be used to improve the
Onofri inequality, in connection with the logarithmic Hardy-Littlewood-Sobolev inequality.
In the framework of fast diffusion equations, it is established that the inequality is an
entropy-entropy production inequality, which provides an integral remainder term. Finally,
a proof of the inequality based on rigidity methods is given and a related nonlinear flow is
introduced.
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1 Introduction

In this paper, we consider the Moser-Trudinger-Onofri inequality, or the Onofri inequality,
for brevity. This inequality takes any of the three following forms, which are all equivalent.
(1) The Euclidean Onofri inequality:

1
67 Jae |Vu|? dz Zlog(/}R2 e“du) —/Rzud,u. (1.1)

Here dp = pu(x) dz denotes the probability measure defined by u(z) = 1 (1+ |z|*)72, z € R%
(2) The Onofri inequality on the two-dimensional sphere S2:

1
- |VU|2d0210g(/ e”do) —/ vdo. (1.2)
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Here do denotes the uniform probability measure, that is, the measure induced by Lebesgue’s
measure on the unit sphere S? C R? divided by a 47 factor.
(3) The Onofri inequality on the two-dimensional cylinder C = S! x R:

L 2
— > w - . .
167T/C|Vw| dy_log(/ce de) /Cwl/dy (1.3)

Here y = (0,s) € C =S! x R and v(y) = £ (coshs)~? is a weight.

These three inequalities are equivalent. Indeed, on S? C R?, let us consider the coordinates
(w, 2) € R xR such that |w|?+2? = 1 and z € [~1,1]. Let p := |w| and define the stereographic
projection ¥ : 2\ {N} — R? by ¥(w) =z = =* and

T2—17 2 B 2r
P

= —— = 1 _—_—
TR r2+1°
The north pole N corresponds to z = 1 (and is formally sent at infinity) while the equator
(corresponding to z = 0) is sent onto the unit sphere S' C R2. However, on the cylinder C,
we can consider the Emden-Fowler transformation using the coordinates 6 = ﬁ = wp and
s = —logr = —log|z|. The functions u, v and w in (1.1)-(1.2) and (1.3) are then related by

u(z) =v(w, z) = w(,s).

2 A Review of the Literature

(1.2) was established in [58] without a sharp constant, based on the Moser-Trudinger in-
equality which was itself proved in [68, 58], and in [61] with a sharp constant. For this reason
it is sometimes called the Moser-Trudinger-Onofri inequality in the literature. The result of
Omnofri strongly relies on a paper of Aubin [4], which contains a number of results of exis-
tence for inequalities of the Onofri type on manifolds (with unknown optimal constants). Also
based on the Moser-Trudinger inequality, one has to mention [62] which connects (1.2) with the
Lebedev-Milin inequalities.

Concerning the other equivalent forms of the inequality, we may refer to [37] for (1.3) while it
is more or less a standard result that (1.1) is equivalent to (1.2); an important result concerning
this last point is the paper of Carlen and Loss [19], which will be considered in more detail in
Section 5. Along the same line of thought, one has to mention [8], which also is based on the
Funk-Hecke formula for the dual inequality, as was Lieb’s work on Hardy-Littlewood-Sobolev
inequalities on the sphere (see [53]).

The optimal function can be identified using the associated Euler-Lagrange equation (see
[50, Lemma 3.1] which provides details that are somewhat lacking in Onofri’s original paper).
We may also refer to [38, Theorem 12] for multiplicity results of a slightly more general equation
than the one associated with (1.1).

Another strategy can be found in the existing literature. In [45], Ghigi provided a proof
based on the Prékopa-Leindler inequality, which is also explained in full detail in the book [47,
Chapters 16-18] of Ghoussoub and Moradifam. Let us mention that the book contains much
more material and tackles the issues of improved inequalities under additional constraints, a
question that was raised in [4] and later studied in [24-25, 46].

Symmetrization, which allows to prove that optimality in (1.1), (1.2) or (1.3) is achieved
among functions that are respectively radial (on the Euclidean space), or depend only on the
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azimuthal angle (the latitude, on the sphere), or only on the coordinate along the axis (of
the cylinder), is an essential tool to reduce the complexity of the problem. For brevity, we
shall refer to the symmetric case when the function set is reduced to one of the above cases.
Symmetrization results are widespread in the mathematical literature, so we shall only quote
a few key papers. A standard reference is the paper of [6] and in particular [6, Theorem 2]
which is a key result for establishing the Hardy-Littlewood-Sobolev inequalities on the sphere
and its limiting case, the logarithmic Hardy-Littlewood-Sobolev inequality. By duality and by
considering the optimality case, one gets a symmetry result for the Onofri inequality, which
can be found for instance in [19]. It is also standard that the kinetic energy (Dirichlet integral)
is decreased by symmetrization (a standard reference in the Euclidean case can be found in
[64, Lemma 7.17]; also see [14, p. 154]) and the adaptation to the sphere is straightforward.
Historically, this was known much earlier and one can for instance quote [58] (without any
justification) and [3, Lemmas 1-2, p. 586]. This is precisely stated in the context of the Onofri
inequality on S? in [45, Lemma 1], which itself refers to [5, Corollary 3, p. 60] and [51]. A
detailed statement can be found in [47, Lemma 17.1.2]. Competing symmetries are another
aspect of symmetrization that we will not study in this paper and for which we refer to [19].

In [65], Rubinstein gave a proof of the Onofri inequality that does not use symmetriza-
tion/rearrangement arguments. Also see [66] and in particular [66, Corollary 10.12] which con-
tains a reinforced version of the inequality. In [24, Remark (1), p. 217], there is another proof
which does not rely on symmetry, based on a result in [49]. Another proof that went rather
unnoticed was used in the paper of Fontenas [42]. This approach is based on the so-called 'y or
carré du champ method. In the symmetric case, the problem can be reduced to an inequality
involving the ultraspherical operator that we will consider in Section 7 (see (3.9)) with A = 1.
As far as we know, the first observation concerning this equivalent formulation can be found
in [9], although no justification of the symmetrization appears in this paper. In a series of
recent papers [31-36], two of the authors clarified the link that connects the carré du champ
method with rigidity results that can be found in [10] and earlier papers. Even better, their
method involves a nonlinear flow which produces a remainder term, which will be considered
in Subsection 7.2.

Spherical harmonics play a crucial but hidden role, so we shall not insist on them and refer
to [8] and in the symmetric case, to [47, Chapter 16] for further details. As quoted in [47],
other variations on the Onofri-Moser-Trudinger inequality were given in [1, 20, 24-25, 41, 57].
The question of dimensions higher than d = 2 is an entire topic by itself and one can refer
to [8, 13, 60, 29] for some results in this direction. Various extensions of the Moser-Trudinger
and Moser-Trudinger-Onofri inequalities have been proposed, which are out of the scope of this
paper; let us simply mention [52] as a contribution in this direction and refer the interested
reader to the references therein.

In this paper, we will cover neither issues related to conformal invariance, that were central in
[61], nor motivations arising from differential geometry. The reader interested in understanding
how Onofri inequality is related to the problem of prescribing the Gaussian curvature on S? is
invited to refer to [23, Section 3] for an introductory survey, and to [24-26] for more details.

Onofri inequality also has important applications, for instance, in chemotaxis (see [44, 16]
in the case of the Keller-Segel model).

As a conclusion of this review, we can list the main tools as follows that we have found in
the literature:
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(T1) Existence by variational methods;

(T2) symmetrization techniques which allow to reduce the problem for (1.1) to radial func-
tions;

(T3) identification of the solutions to the Euler-Lagrange equations (among radially sym-
metric functions);

(T4) duality with the logarithmic Hardy-Littlewood-Sobolev inequality and study of the
logarithmic Hardy-Littlewood-Sobolev inequality based on spherical harmonics and the Funk-
Hecke formula;

(T5) convexity methods related to the Prékopa-Leindler inequality;

(T6) T'y or carré du champ methods;

(T7) limiting procedures based on other functional inequalities.

With these tools, we may try to summarize the strategies of proofs that have been devel-
oped. The approach of Onofri is based on (T1)—(T3), while (T4)—(T7) have been used in four
independent and alternative strategies of proofs. None of them is elementary, in the sense that
they rely on fundamental, deep or rather technical intermediate results.

In this paper, we intend to give new methods which, though not elementary, are slightly
simpler, or open new lines of thought. They also provide various additional terms which are
all improvements. Several of them are based on the use of nonlinear flows, which, as far as we
know, have not been really considered up to now, except in [30, 39]. They borrow some key
issues from at least one of the above mentioned tools (T1)—(T7) or enlarge the framework.

(1) Limiting procedures based on other functional inequalities rather than Onofri’s, as in
(T7), will be considered in Subsection 3.1. Six cases are studied, none of them being entirely
new, but we thought that it was quite interesting to collect them. They also justify why we
claim that “the Onofri inequality plays in dimension two a role similar to that of the Sobolev
inequality in higher dimensions”. Other preliminary results (linearization, and (T2): Symmetry
results) will be considered in Subsections 3.2-3.3.

(2) Section 4 is devoted to a mass transportation approach of Onofri inequality. Because of
(T5), it was expected that such a technique would apply, at least formally (see Subsection 4.1).
A rigorous proof is established in the symmetric case in Subsection 4.2 and the consistency with
a mass transportation approach of Sobolev inequalities is shown in Subsection 4.3. We have
not found any result in this direction in the existing literature. (T2) is needed for a rigorous
proof.

(3) In Section 5, we will come back to duality methods, and get a first improvement on
the standard Onofri inequality based on a simple expansion of a square. This has of course
something to do with (T4)-(T5), but Proposition 5.1 is, as far as we know, a new result. We
also introduce the super-fast (or logarithmic) diffusion, which has striking properties in relation
to Onofri inequality and duality, but we have not been able to obtain an improvement of the
inequality as it was done in the case of Sobolev inequalities in [39].

(4) In Section 6, we observe that in dimension d = 2, the Onofri inequality is the natural
functional inequality associated with the entropy-entropy production method for the fast dif-
fusion equation with exponent m = % It is remarkable that no singular limit has to be taken.
Moreover, the entropy-entropy production method provides an integral remainder term which
is new.

(5) In Section 7, we establish rigidity results. Existence of optimal functions is granted by
(T1). Our results are equivalent to those obtained with T's or carré du champ methods. This



The Moser-Trudinger-Onofri Inequality 781

has already been noticed in the literature (but the equivalence of the two methods has never
really been emphasized as it should have been). For the sake of simplicity, we start by a proof
in the symmetric case in Subsection 7.1. However, our method does not a priori require (T2)
and directly provides essential properties for (T3), that is, the uniqueness of the solutions up
to conformal invariance (for the critical value of a parameter, which corresponds to the first
bifurcation point from the branch of the trivial constant solutions). Not only this point is
remarkable, but we are also able to exhibit a nonlinear flow (in Subsection 7.2) which unifies
the various approaches and provides a new integral remainder term. Our main results in this
perspective are collected in Subsection 7.3.

3 Preliminaries

3.1 Onofri inequality as a limit of various interpolation inequalities

Onofri inequality appears as an endpoint of various families of interpolation inequalities
and corresponds to a critical case in dimension d = 2, exactly like Sobolev inequality when
d > 3. This is why one can claim that it plays in dimension two a role similar to that of the
Sobolev inequality in higher dimensions. Let us give some six examples of such limits, which
are probably the easiest way of proving Onofri inequality.

3.1.1 Onofri inequality as a limit of interpolation inequalities on S?

On the sphere S?, one can derive the Onofri inequality from a family of interpolation in-
equalities on S?. We start from

q—2
5 IV IR g2y + £ 122y = 1F1Eas2) (3.1)

which holds for any f € H*(S?) (see [8, 10, 31]). Proceeding as in [8] (see also [37]), we choose
q=2(1+1), f =14 5; v, for any positive ¢ and use (3.1). This gives

1 , 1 L\ / 1
— do+14- [ vdo+— d > ‘1 ~
(4t/SQ Vol do + +t/ ! U+4t2/ [ U = LT

By taking the limit ¢ — oo, we recover (1.2).

2 (1+t)

3.1.2 Onofri inequality as a limit of Gagliardo-Nirenberg inequalities

Consider the following sub-family of Gagliardo-Nirenberg inequalities:
1 lle2r @) < Cp.a IVFIT2@ay 11004 @ay - (3.2)

with 0 = 6(p) ::p%ﬁ(d_m,1<p<—21fd>3 and 1 < p < o0 if d = 2. Such an
inequality holds for any smooth function f with sufficient decay at infinity and by density, for
any function f € LPT1(R?) such that V£ is square integrable. We shall assume that C,, 4 is the

best possible constant. In [28], it was established that equality holds in (3.2) if f = F}, with
Fy(x) = (1+|z)?) 771, VzeR?, (3.3)

and that all extremal functions are equal to F}, up to multiplication by a constant, a translation
and a scaling. If d > 3, the limit case p = ﬁ corresponds to Sobolev inequality and one
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recovers the results of Aubin and Talenti in [3, 67] with § = 1 as follows: The optimal functions
for it are, up to scalings, translations and multiplications by a constant, all equal to F' a (x) =

(1+ [z[2)~*F", and
Sa=(C_a_ ).

We can recover the Euclidean Onofri inequality as the limit case d = 2, p — oo in the above
family of inequalities in the following way.

Proposition 3.1 (see [30]) Assume that u € D(R?) is such that [p udp =0, and let
u
fP :FP(1+2_p) )
where F), is defined by (3.3). Then we have

4 1-6 .
IV Follf ke foll i ibhey  ends Jea [Vul?de

| follLer 2y C fgeevdu

1< lim C
~ p—oo P2

We recall that p(z) := L (1+[z]?)~% and dp(z) := p(z) dz.

Proof For completeness, let us give a short proof. We can rewrite (3.2) as

Jpr [F1PP ( Jp2 IV da )p%l Jre |fIPH da
f]R2 |Fp|2p de — fR? |VFp|2 dz f]R2 |Fp|erl dx

and observe that, with f = f,, we have
(i) hm ng |Fp|?P da = [ (1+|x| yz dz = m and

eu

2p
li 2 qy = F2P(1 ) d :/ 34
N / Top) T S U

so that {Rz‘lgfﬁf converges to fR2 e"dy as p — 0.

(il) [go [FpPt! da = @, lim [p. | fp[P T da = oo, but
p—oo

lim f]RQ |f10|erl dz
p—o0 fRQ |Fp|P 1 dz

(iii) Expanding the square and integrating by parts, we find

2 2 2 u 2
/ IV fpl dx—p Rsz [Vul dx—/2 (1+2—p) F, AF,dz

R
2
=— [ [VuPdz+— 2.
s [Vl o 2o
Here we have used [, [VF,|? dz = —’T and the condition [, udp = 0 in order to discard one

additional term of the order of p—2. On the other hand, we find

(f]RQ |Vf10|2 dx)p771 ~ (1 + D+ 1 / |VU|2 (117)17771 ~ eﬁ Je2 [Vul? da
Jpz V|2 dz 87 p? Jro

as p — oo. Collecting these estimates concludes the proof.
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3.1.3 Onofri inequality as a limit of Sobolev inequalities

Another way to derive Onofri inequality is to consider the usual optimal Sobolev inequalities
in R?, written for an L?(R?) norm of the gradient, for an arbitrary p € (1,2). This method is
inspired by [29], which is devoted to inequalities in the exponential form in dimensions d > 2
(see in particular [29, Example 1.2]). In the special case p € (1,2), d = 2, let us consider the
Sobolev inequality

912 25, o S ColV ey, VS € DY), (3.4

where equality is achieved by the Aubin-Talenti extremal profile
fol@) = (1 + |2[7T)" 5", Vo eR.

The extremal functions were already known from the celebrated papers by Aubin and Talenti
[3, 67]. See also [12, 64] for earlier related computations, which provided the value of some of
the best constants. It is easy to check that f, solves

=230

and hence

2—p
— P 2 p
IV £l ey = IIf*II oy 25 SR AA .

so that the optimal constant is

_{ap-1 2‘ sin (27”)’
= %(]2?_;1)) (2(pp_ 1) (2—p)7r2)

We can study the limit p — 2_ in order to recover the Onofri inequality by considering f =

r
2

fx (1 + 22;13” u), where u is a given smooth, compactly supported function, and ¢ = 22;;. A

direct computation gives

2p e
lim 2-p dg = — —dz =7 e"d
LAy / (1+ [2[2)? / !

and

2—-p 2—p\P 9 9
Pdy —
‘/R2|Vf| de =27 (2 p)[l—i— > 2udu}+( 5 ) IRz|Vu| dz 4+ o((2 — p)?)

as p — 2_. By taking the logarithm of both sides of (3.4), we get

2 P [ f75d
—p log(/ e”du) ~ - P log( R2 — JI)
2 R2 2 2—p

fR2 ST da
fR2 |V f|Pda
<1 _—_
= Og(fR2 |Vf*|1’dx)
=1lo (1+¥ udu—i——/ |Vu|>dz + o(2 — p))
R2

Gathering the terms of order 2 — p, we recover the Euclidean Onofri inequality by passing to
the limit p — 2_.
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3.1.4 The radial Onofri inequality as a limit when d — 2

Although this approach is restricted to radially symmetric functions, one of the most striking
ways to justify the fact that the Onofri inequality plays in dimension two a role similar to that
of the Sobolev inequality in higher dimensions goes as follows. To start with, one can consider
the Sobolev inequality applied to radially symmetric functions only. The dimension d can now
be considered as a real parameter. Then, by taking the limit d — 2, one can recover a weaker
(i.e. for radial functions only) version of the Onofri inequality. The details of the computation,
taken from [39], follow.

Consider the radial Sobolev inequality

00 00 1—2
%A|ﬂ%“MQ%A 7 e ar) (3.5)

with an optimal constant

S 4 (N%#)f
d= = .
d(d=2)\/7T(%)

We may pass to the limit in (3.5) with the choice

1) =1 (1+ 2w,

where f,(r) = (1 + rz)’¥ gives the equality case in (3.5), to get the radial version of Onofri
inequality for u. By expanding the expression of |f’|2, we get

d—2 d—2\?
2= 2 ) + () (Flus fou)?,
d 2d
We have .
. > d—2 \|72 4.1, [, rdr
P (1 S| w“‘é o

so that, as d — 24,

()

Also, using the fact that

d—2 \ |72 = d—2 > rdr
R NI EC JU L
f*( + 5q Y r r 5 1og ; e e

1 1 1

we have

> 1 [ © 2rdr
N2, .d—1 2
f dr~1+(d—-2 [— dr + 7}
sd/O [f|er r ( ) 8/0 || rdr /0 U { r2)2

By keeping only the highest-order terms, which are of the order of (d — 2), and passing to the
limit as d — 24 in (3.5), we obtain

1/m|ul|2TdT+/muﬂ>lo (/Ooeuﬂ)
8 /s o e =B aree)

which is Onofri inequality written for radial functions.
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3.1.5 Omnofri inequality as a limit of Caffarelli-Kohn-Nirenberg inequalities

Onofri inequality can be obtained as the limit in a familly of Caffarelli-Kohn-Nirenberg
inequalities, as was first done in [37].

Let 2* := 0 if d = 1 or 2, and 2* := 2% if d > 3 and a, := %. Consider the space
DL2(R%) obtained by completion of D(R%\ {0}) with respect to the norm u + || |z|~% Vu ||iQ(Rd).

In this section, we shall consider the Caffarelli-Kohn-Nirenberg inequalities

P 2 2
(/ ful dx)p <c., [ g, (3.6)
R

a || ra 7]

These inequalities generalize to D}?(R?) the Sobolev inequality, and in particular, the exponent
p is given in terms of @ and b by

B 2d
P=d=2+20-a)’

as can be checked by a simple scaling argument. A precise statement on the range of validity
of (3.6) goes as follows.

Lemma 3.1 (see [15]) Letd > 1. For any p € [2,2*] ifd > 3, orp € [2,2*) ifd =1
or 2, there exists a positive constant Cop such that (3.6) holds if a, b and p are related by
b:a—ac—l—%, with the restrictions a < a., a <b<a+1ifd>3,a<b<a+1ifd=2 and
at+i<b<a+lifd=1.

We shall restrict our purpose to the case of dimension d = 2. For any « € (—1,0), let us
denote by dpu, the probability measure on R? defined by djiq := 1o dz where
_l+a |z|2
T (14 P02

[ :

It was established in [37] that

1
1 “dpg ) — dpg < ————— Vul?d v D(R? 3.7
Og(/Rze “) /R” a ~ 167 (14 «) R2| uf*da, u € DR, (3.7)

where D(R?) is the space of smooth functions with compact support. By density with respect to
the natural norm defined by each of the inequalities, the result also holds on the corresponding
Orlicz space.

We adopt the strategy of [37, Subsection 2.3] to pass to the limit in (3.6) as (a,b) — (0,0)
with b = 255 a. Let

€
GEZ——(CY+1), be = a. + ¢, Pe =

2
1—c¢ €

and

ela) = (1+ faf2 )75

Assuming that u. is an optimal function for (3.6), we define

[eY 1 2
= [l o [ e - 2 T2
* = Jpo Lot ge (14 2072 Tzpae & = 0k T T(Z)

2 2(2a+1—a:) (-1 2
AEZ/ {Ivusl} dx:4a§/ 2] _de—an ol (1,;) .
re b fa] B2 (14 [z]2(+e))T=2 1—e T(%)
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Then w. = (1 + € u)uc is such that

1 DPe
lim —/ [ dx:/ e’ dpq ,
e—04 Re R2 |{L‘|b5ps R2
1pl [ [Vw? / 1
1 —[— d—l}: Qo+ /[0, .
<20y £ L /Rz | |2a= . Rzu Hot 16 1+a)n IVullesge)

3.1.6 Limits of some Gagliardo-Nirenberg inequalities on the line

Omnofri inequality on the cylinder, (1.3), can also be recovered by a limiting process, in
the symmetric case. As far as we know, this method for proving the inequality is new, but a
clever use of the Emden-Fowler transformation and of the results based on the Caffarelli-Kohn-
Nirenberg inequalities shows that this is to be expected (see [37] for more considerations in this
direction).

Consider the Gagliardo-Nirenberg inequalities on the line

1l < o 1 I8aey 113y ¥ € HA(R)
with 6 = %, p > 2. The equality is achieved by the function
fulz) := (coshs)_%, VseR

(see [34] for details). By taking the logarithm of both sides of the inequality, we find that

2 Jo [P ds Jo |17 ds Jo f? ds
Elog(fiffds)Selog([§|f;|2ds)+(1_9)10g(f§ fds)

and elementary computations show that as p — +oo, ff — 2 and —f, f// ~ %{ with £(s) :=
3 (cosh s) 2. If we take f = f.(1+ %), we have

lim f”ds=2/ew§ds,
R R

J
pli_)r{.lo log (%) = log (/Re% ds) .

We can also compute
-1 1
/|f*|2 ds:p—+210g2+0(—),
R 2 p
2 1 -1 1
/|f|2ds:/|f*|2(1+—w+—2w2) ds:p—+210g2+0(—)
R R p p 2 P
as p — +00, so that

Jo f* ds B 1 ) Je f2dsy

For the last term, we observe that, pointwise,

2 1

—f+ i/"“_

p (cosh s)?
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and

2 1
/|fi|2ds:—/f* i’ds:—+0(—2) asp — +00.
R R p p

Passing to the limit as p — +o0, we get that

1 wA 2
’st:—/fw/st—/*’/ 1+—) ds
[ureas=— [ fupas- [ o (1+7)

1 2 4 1
:—2/|w’|2ds—|——(1+—/w§ds)+0(—2),
p= Jr p pJr p

Je |7 ds 1 1 2 1
1 S, ) ~—(4 ds+ = d —).
L1z ~ 5l Jpwease g [F as) +of])
Collecting terms, we find that

1/|w'|2d3210g(/ew§ds)—/w{“ds.
8 Jr R R

3.2 Linearization and the optimal constant
Consider (1.2) and define

and finally

L, Vu]2do + A [ vd
To= inf Qo] with Qyfu] = 1JIVVEdo A vdo

veH!(s?) log( [, e” do)
fsg vdo>0

By Jensen’s inequality, log( [, € do) > [, vdo > 0, so that Z) is well defined and nonnegative
for any A > 0. Since constant functions are admissible, we also know that

Ixn< A

for any A > 0. Moreover, since A — Qx[v] is affine, we know that A — Z, is concave and
continuous. Assume now that fSQ vdo = 0 and for any ¢ > 0, and let us consider

i Jo [Vo|*do + Ae - log ( [s, e’ do) + Ae

Ul +d = c+log([petdo) — cHlog( [ evdo)

; (3-8)

where the inequality follows from (1.2). It is clear that for such functions v,

lim Ox[v+¢ = A,

c——+00
: Jg2 [V[* do
1 1Y = = .
il Ao+ log ( [z ¥ do) ]

If A < 1, using (3.8), we can write that for all ¢ > 0,

log ( fs: €" do)

Al +d Z)\—i_(l_)\)c—i—log(f e”da)
§2

> A,

thus proving that Z, = A is optimal when \ < 1.
When A > 1, we may take v = £ ¢, where ¢ is an eigenfunction of the Laplace-Beltrami
operator — Ag> on the sphere S?, such that — Ag2¢ = 2 ¢ and take the limit as ¢ — 0, so that
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Joo VU2 do = €% [, Vo[> do = 2€? [, |¢]? do and log( [, e’ do) = log (1 + 1&? [, ¢?do +
0(e?)). Collecting terms, we get that

lim Qyxled] =1.
e—04
Altogether, we have found that
Iy =min{\, 1}, VA>0.

3.3 Symmetrization results

For the sake of completeness, let us state a result of symmetry. Consider the functional

1
Ga[v] = . |VU|2d0—|—)\A2vdo—10g(/s2e”do),

and denote by HI(S?) the function in H!(S?) which depends only on the azimuthal angle
(latitude), denoted by @ € [0, 7].

Proposition 3.2 For any A > 0,

inf  Gy[v] = f  Galv].

in
vEH!(S2) veHL(S?)

We refer to [47, Lemma 17.1.2] for a proof of the symmetry result and to Section 2 for
further historical references.
Hence, for any function v € H*(S?), the inequality Gi[v] > 0 reads

1/ [v'(0)? sin@d@—i—l/ v(0) sin9d9210g(1/ e’ sin9d6‘).
8 Jo 2Jo 2.Jo

The change of variables z = cos € and v(f) = f(z) allows to rewrite this inequality as

1/1 ) 1t 1 /!
- I [Fvdz + —/ fdz > log —/ el dz), (3.9)
8 —1 2 -1 (2 1 )

where v(z) := 1—22. Let us define the ultraspherical operator £ by (f1, L f2) = — f_ll f1fhvdz
where (-,-) denotes the standard scalar product on L?(—1,1;dz). Explicitly we have

['f::(1_22)f”—22f/:1/f”+1/f/

and (3.9) simply means

1

_%<f,L‘f>+%/_zfydzzlog(%/_lefydz).

4 Mass Transportation

Since Onofri inequality appears as a limit case of Sobolev inequalities which can be proved
by mass transportation according to [27], it makes a lot of sense to look for a proof based on
such techniques. Let us start by recalling some known results.
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Assume that F and G are two probability distributions on R? and consider the convex
function ¢ such that G is the push-forward of F' through V¢

Vo.F =G,
where V¢ is the Brenier map and ¢ solves the Monge-Ampeére equation
F = G(V¢)det(Hess(¢)) onR? (4.1)

(see [55] for details). Here d = 2, but to emphasize the role of the dimension, we will keep
it as a parameter for a while. The Monge-Ampere equation (4.1) holds in the F'dx sense
almost everywhere according to [56, Remark 4.5], as discussed in [27]. By now this strategy is
standard and we shall refer to [69] for background material and technical issues that will be
omitted here. We can, for instance, assume that F' and G are smooth functions and argue by
density afterwards.

4.1 A formal approach
Let us start with a formal computation. Using (4.1), since

1
d

=

G(V¢) @ = F~d det(Hess(¢))® < = F~d A¢

by the arithmetic-geometric inequality, we get the estimate

Gy)' = dy = . G(V¢) '~ det(Hess(¢)) da < é/R F'=i(z) Agda (4.2)

R4
using the change of variables y = V(z) and (4.1). Assume that

1

=——————, VyeR?
r(+wp? Y

G(y) = m(y)

and
F=pe".

With d = 2, we obtain

4 \/ﬁdx:2d/ G(y)l—%dy=2/ F'=i(z) Agda
R2 R4 R

d

=— | VliegF -VFV¢dx
R2
= —/ (Vg + Vu) - VF Vodz,
R2
which can be estimated using the Cauchy-Schwarz inequality by
2 2
16( N dx) - (/ (Vlog pu + V) - \/Fwdx)
R2 R2
< / |Vu + V log u)? d:v/ F|Vo¢|?dx.
R2 R2

If we expand the square, that is, if we write

/|Vu+V10gu|2dx:/ |Vu|2d:v—2/ uAlogud:v—i—/ |V log u1|? dz
R? R? R? R?
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after recalling that
—Alogu=8mpu,

and after undoing the change of variables y = V(x), so that we get

/ F|V¢|2dw=/ G(y)|y|2d:v=/ ply? dz,
R2 R2 R2

we end up, after collecting the terms, with

2
16 d
M—/ |V10gu|2dx§/ |Vu|2dx—|—16ﬂ'/ udp.
2
e plyPda e R? w

Still on a formal level, we may observe that

16( R2\/ﬁdx)2=(— 2/}R2y-v\/ﬁdgc)2=(/Wy\/ﬁ-Vlogudgc)2

S/ ulyIde/ [V log uf* da
R2 R2

as it can easily be checked that /i and Vlogu are proportional. This would prove Onofri
inequality since log( [z, € dp) = log (fg. Fdz) =0, if y — /i1, y — ply|* and y — |V log uf?
were integrable, but this is not the case. As we shall see in the next section, this issue can be
solved by working on balls.

4.2 The radially symmetric case

When F and G are assumed to depend only on = |z|, so that we may write |y| = s = ¢(r),

and then (4.1) becomes
I\ d—1
(Goe)(Z) ¢ =F

r
which allows to compute ¢’ using

R

#'(R) R I de1
[ @ sttas= [Goe ()t tar= [T Re) i
0 0 r 0

With a straightforward abuse of notation, we shall indifferently write that F' is a function of z
or of r and G a function of y or s.

The proof is similar to the one in Subsection 4.1 except that all integrals can be restricted
to a ball Bg of radius R > 0 with its center at the origin. Assume that G = /- and F' = e" /-
where Zp = f Br pdx and v has compact support inside the ball Bg. An easy computation
shows that 2
- 1+ R%

We shall also assume that « is normalized so that f B Fdx=1.

ZRr VR>0.

All computations are now done on Br. The only differences to Subsection 4.1 arise from
the integrations by parts, so we have to handle two additional terms as follows:

/ F'=i(z) Apdz + 1 Vieg F-VFV¢dx
BR 2 BR

= n RV (R) = w R\ B2 /()
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and

2 Vu-Vlogudx+2/ uAlogpudr =47 R(logu) (R)u(R) = 0.
BR BR

If we fix u (smooth, with compact support) and let R — oo, then it is clear that none of these
two terms plays a role. Notice that there exists a constant s such that

(¢'(R)* = R?
1+ (¢ (R)? 1+ R2

+ K

for large values of R, and hence ¢'(R) ~ R. Hence,

. M(R) ’ o
ngr(l)owR 7 ¢'(R)=+r.

After collecting the terms, we obtain

16 ([, Vi dy = v7)° /
= — V log pu|? dy + o(1
I, 1lyl*dy BR| | o

< |Vu|2dx—167r/ udp
R? R?

as R — oo. Using the equality case for the Cauchy-Schwarz inequality once more, we have

16(/BR\/Edy—\/E)2_(—2/B

This establishes the result in the radial case.

2
y~V\/ﬁdy) S/ ulylzdy/ |V log uf* dy .
BR BR

R

4.3 Mass transportation for approximating critical Sobolev inequalities

Inspired by the limit of Subsection 3.1.3, we can indeed obtain Onofri inequality as a limiting
process of critical Sobolev inequalities involving mass transportation. Let us recall the method
of [27]. Let us consider the case where p < d = 2,

F=fi%5,

p

G are two probability measures, p’ = 1 is the Holder conjugate exponent of p and consider

the critical Sobolev inequality
p P d
7 s, 0 < oI9Sy ¥ € DRY.

This inequality generalizes the one in Subsection 3.1.3 which corresponds to d = 2 and in
particular we have C, o = C,. Starting from (4.2), the proof by mass transportation goes as
follows. An integration by parts shows that

1 d—1) 11 2
Gl=id <—L/ V(F»~a). F7 Vodr
/Rd VST a =) Jo VT

p(d—1) <

<E ) ) 2 v
< B IV oo [ PIVOP dz)
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where the last line relies on Holder’s inequality and the fact that F P = f. The conclusion
of the proof arises from the fact that [,, F |Vo[” dz = [, G |y|*’ dy. It allows to characterize
Cp,a by

1
7

p@—1) o (Jau Glyl” dy)”

Cpa= T
» T d(d—p) Jpa G dy

3

dp_
where the infimum is taken on all positive probability measures and is achieved by G = £/ 7.
/ d—
Here f,(z) = (14 |z|P")™"F" is the optimal Aubin-Talenti function.
If we specialize in the case d = 2 and consider f = f, (1+ 22_—;’ (u—1)), where @ is adjusted

so that ||f||L227p ) 1, then we recover Onofri inequality by passing to the limit as p — 27.
—-p

Moreover, we may notice that V(F%_é) RV V¢ formally approaches Vlog F - VF V¢, so that

the mass transportation method for critical Sobolev inequalities is consistent with the formal

computation of Subsection 4.1.

5 An Improved Inequality Based on Legendre’s Duality and the
Logarithmic Diffusion or Super-Fast Diffusion Equation

In [39, Theorem 2], it was shown that

/ 4w _
[ 1o (M)dx— SR L fde + M (1 +logn)

1
< M[l(i—w ||Vu||i2(Rz) + /11%2 udp — logM} (5.1)
holds for any function u € D(R?) such that M = fR2 e"dp and f = e"u. The left-hand side of

(5.1) is nonnegative by the logarithmic Hardy-Littlewood-Sobolev type of inequality according
to [19, Theorem 1] (also see [8, Theorem 2]). (5.1) is proven by simply expanding the square

1 Vu+ sV (=A)" v —p)

0<
_/]R? 81

for some constant x to be appropriately chosen. Alternatively, we may work on the sphere. Let

2
‘dx

us expand the square

2

—V(u—ﬂ)—l—%V(—A)*l(v—ﬁ) do.

o</1
= Jea 12

It is then straightforward to see that

1 2 u
Z‘/Sz|Vu| do—i—/g2uda—log(/g2e do)

+5i2/g (v—a)(—A)*l(v—a)da—i/ vlog () do

U Js2

2 1 v
2= —u - - “ - = = = .
_5/§2(u a) (v U)da+/§2udo log(/Sze da) 5/§2U10g(5)d0 Ru, v]

Here we assume that
ﬂ:zlog(/ e“da) and 5:2/ vdo.
S2 S2
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With the choice

w

v=e , UV=e ,

the reader is invited to check that R[u,v] = 0. Altogether, we have shown that

i/sz |Vu|2da—|—/82uda—1og(/Sze“da)
> [ frogrdo= [ (£-1(-8) (¢ - 1do
s2 52

with f := —< . This inequality is exactly equivalent to (5.1). Notice that the right-hand

Jszevdo”

side is nonnegative by the logarithmic Hardy-Littlewood-Sobolev inequality, which is the dual
inequality of Onofri (see [19, 30, 39] for details).
Keeping track of the square, we arrive at the following identity.

Proposition 5.1 For any u € H'(S?), we have

1 2 u
Z/S2|Vu| da—l—/gzuda—log(/gze da)

:/ flogfdo—/ (f—1)(=A)N(f - 1)do
S2 S2

o,
S2

1 2
5 Vu+V(=8)7N(f - 1)’ do

It is an open question to get an improved inequality compared with (5.1) by using a flow, as
was done in [39] for Sobolev and Hardy-Littlewood-Sobolev inequalities. We may, for instance,
consider the logarithmic diffusion equation, which is also called the super-fast diffusion equation,
on the two-dimensional sphere S?

of
g Agz log f | (5.2)

where Ag2 denotes the Laplace-Beltrami operator on S2. In dimension d = 2, (5.2) plays a role
which is the analogue of the Yamabe flow in dimensions d > 3 or to be precise, of the equation
% =Agf = (see [30, 39] for details). The flow defined by (5.2) does not give straightforward
estimates, though we may notice that

H:= flogfda—/ (f—1)(=A)"(f-1)do
§2 s2

is such that, if f =e? is a solution to (5.2) such that [, fdo =1, then

%:—[/Sz|Vu|2da—|—/S2uda—/S2ue%da}
S_[/§2 |Vu|2da+/S2uda—log(/sze“da”

because f§2 we? do < log (fs2 et da) according to [30, Proposition 3.1].
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6 An Improved Inequality Based on the Entropy-Entropy Production
Method and the Fast Diffusion Equation

In R?, we consider the fast diffusion equation written in self-similar variables

0

8—§+V-[U(va_1—2x)]:0, (6.1)
where the parameter m is taken in the interval [1,1). According to [28], the mass M = [;, vdx
is independent of ¢. Stationary solutions are the so-called Barenblatt profiles

Voo(@) 1= (D + [a?) 77

where D is a positive parameter which is uniquely determined by the mass condition M =
fR2 VUso dz. The relative entropy is defined by

E] = ﬁ/Rz [0™ — v —muT ! (v — ve )] d .

According to [28], it is a Lyapunov functional, since

where Z is the relative Fisher information defined by
Iv] := / vjp™ Tt — ™2 dg
R2
and for m > %, the inequality

EW] < = I[v] (6.2)

B~ =

is equivalent to a Gagliardo-Nirenberg inequality written with an optimal constant according
o [28]. Note that for m = 3,

Voo () 1= (D + |2*) 72,

so v™ ¢ LY(R?) and |z|? vo ¢ LY(R?).
However, we may consider w = % at least for a function v such that v — v is compactly

supported, take the limit m — % and argue by density to prove that

Elwua] = E[w]:/ Ww =17 < Ly,

we Dtz 71

where

Tw] :=T[wvs] = /11&2 Voo w [V (0L (0™t — 1))‘2dx
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can be rewritten as

Ml = [ G 102 @~ )P e

- | B V@ + o) o 1) P e

1 2
— 2 — —(D EAval d
- | | 2 (= Vi) = 5 (D+1af) Viogu| da
L )
L ety [V osutas
_2/ x.Vlogw—FQV(l—\/t_U)dx
R2 D+|.’II|2
P (= vE)? 1 )
L ety [V osuas
logw+2(1—+/w)
e (D+ 2P

+4D

dz |

where we performed an integration by parts in the last line. Collecting terms and letting
u = logw, we arrive at

il = Blul == [ G=VEl s o [ Viogulds

r2 (D + [z[?)?
logw — 2
+D [ T )d“’
=-D Rz% 16/ |Vu|? de
P e u<52+(7;|2_>21) o
—%/RJVuPd:v—D R2ﬁdx,

and thus prove that (6.2) written for m = % shows that the right-hand side of the above
identity is nonnegative. As a special case consider D = 1 and define du = p(z)dx where
p(z) = L (1+]z|*)72 (6.2) can therefore be written as

1
T6m |Vu|2d:172/ e”d,u—l—/ udp.
™ JRr2 R2 R2

Since z — 1 > log z for any z > 0, this inequality implies the Onofri inequality (1.1), namely,

1
— |Vu|2dleog(/ e“du) —/ wdp .
167 R2 R2 R2

The two inequalities are actually equivalent since the first one is not invariant under a shift by
a given constant: If we replace u by w4+ ¢ with ¢ such that

/e”d,u—l—/ ud,uZec/ e”d,u—l—/ udp — c,
R2 R2 R2 R?

and minimize the right-hand side with respect to ¢, we get that ¢ = — log( fR2 e du) and recover
the standard form (1.1) of Onofri inequality.
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Various methods are available for proving (6.2). The Bakry-Emery method, or the carré
du champ method, was developed in [2, 7] in the linear case and later extended to nonlinear
diffusions in [21-22, 28] using a relative entropy which appears first in [59, 63]. This entropy-
entropy production method has the advantage of providing an integral remainder term. Here
we adopt a setting that can be found in [40].

Let us consider a solution v to (6.1) and define

2(x,t) = Vo™ — 22,
so that (6.1) can be rewritten for any m € [3,1) as

v

E'FV'(UZ):

A tedious computation shows that

1—
T R2U|z|2dx+4/R2v|z|2dx = —QTmR[v,z]
with
Rlv, z] := / V™ [|V2]2 = (1 —m) (V- 2)?*de, (6.3)
R2
where |Vz|? = Y (g;?)2 and V-z= > g;?. Summarizing, when m = 1, we have shown
i,j=1,2 i=1,2
that

i[[w(t =0,)] - Elwt=0,)] = 2/000 Rlv(t,-), z(t, )] dt.

Proposition 6.1 If we denote by v the solution to (6.1) with an initial datum

eu

=0 U )2

then we have the identity

1 [ee)
— |Vu|? da:—l—/ udu—log(/ e du) = 2/ Rlv, z] dt
16w R2 R2 R2 0

with R defined by (6.3) and z(t,x) = Vo~ 2 (t,z) — 2.

Notice that the kernel of R is spanned by all Barenblatt profiles, which are the stationary
solutions of (6.1) (one has to take into account the invariances: Multiplication by a constant,
translation and dilation). This has to do with the conformal transformation on the sphere (see
Theorem 7.1 and [47, Subsection 17.3] for more details).

As a straightforward consequence of Propostion 6.1, we have the following corollary.

Corollary 6.1 With the notations of Section 3.2 we have
I =1.
Moreover, any minimizing sequence converges to a function in the kernel of R.

The fact that Onofri inequality is intimately related with the fast diffusion equation (6.1)
with m = % sheds a new light on the role played by this equation for the dual inequality, the
logarithmic Hardy-Littlewood-Sobolev inequality, which was studied in [17] and applied to the
critical parabolic-elliptic Keller-Segel model in [11, 18].
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7 Rigidity (or Carré du Champ) Methods and Adapted Nonlinear
Diffusion Equations

By rigidity method, we refer to a method which was popularized in [48] and optimized later
in [10]. We will first consider the symmetric case in which computations can be done along
the lines of [32] and are easy. Then we will introduce flows as in [32] (for Sobolev inequality
and interpolation inequalities in the subcritical range), still in the symmetric case. The main
advantage is that the flow produces an integral remainder term which is, as far as we know, a
new result in the case of Onofri inequality.

The integrations by parts of the rigidity method can be encoded in the I's or carré du
champ methods, thus providing the same results. In the case of Onofri inequality, this has been
observed by Fontenas in [43, Theorem 2] (actually, without symmetry).

A striking observation is indeed that no symmetry is required. The rigidity computations
and the flow can be used in the general case, as was done in [36], and produce an integral
remainder term, which is our last new result.

7.1 The rigidity method in the symmetric case

As shown for instance in [62] the functional

Galv] := %/S? |Vv|2da+/\/S2vd0—log(/g2e”do)

is nonnegative for all A > 0 and it can be minimized in H!(S?) and, up to the addition of a
constant, any minimizer satisfies the Euler-Lagrange equation

—%Av—i—)\:/\e” on SZ. (7.1)

According to Proposition 3.2, minimizing G, amounts to minimizing

1! At 1!
G,\[f]::§/1|f’|2l/dz+5/1fd22)\10g(§/1efdz),

and (3.9) can be reduced to the fact that the minimum of G is achieved by constant functions.
For the same reasons as above, Gy has a minimum which solves the Euler-Lagrange equation

1 el
S S WL
2 S efdz

where £ f := v f” + v/ f' and v(z) = 1 — 22. Up to the addition of a constant, we may choose
f such that fil e/ dz = 2 and hence solves

—%Ef%—)\:/\ef. (7.2)

Theorem 7.1 For any A € (0,1), (7.2) has a unique smooth solution f, which is the
constant function
f=0.
As a consequence, if [ is a critical point of the functional Gy, then [ is a constant function for
any X € (0,1), while for X = 1, f has to satisfy the differential equation f" = L|f'|* and is
either a constant, or such that

f(2) = C1 — 2 log(Cs — ) (7.3)
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for some constants C7 € R and Cy > 1.

Let us define

1
Ru[f] = %/_1%

The proof is a straightforward consequence of the following lemma.

1 2 1—x [!
7= 3 |f’|2‘ e % dz+ T/ vif']? e % dz. (7.4)
-1

Lemma 7.1 If f solves (7.2), then

Ralf]=0.

Proof The ultraspherical operator does not commute with the derivation with respect to

(L) =Lf —2zf"=2f",
where [/ = %. After multiplying (7.2) by £ (e’%) and integrating by parts, we get

0:/_11(—%Ef—i—)\—ef)ﬁ(e_é)dz

e 2 2 —1 e 2 412 :
:—/ v || e_fdz——/ V1P f e 2 dz
e e
+—/ V|f’|2efé dz——/ V|f’|2e£ dz.

Similarly, after multiplying (7.2) by % | f'[? e~ % and integrating by parts, we get

o_/1 (—%L‘er/\—ef) <g|f’|26’%) dz

1

_1/1 IR e dem = [ v |ped as
8/, 16 J_,

At I
+—/ V|f/|267% dz——/ I/|f/|2e% dz.

2 ), 2/,

Subtracting the second identity from the first, one establishes the first part of the theorem. If
A € (0,1), then f has to be a constant. If A\ = 1, there are other solutions, because of the
conformal transformations (see for instance [47, Subsection 17.3] for more details). In our case,
all solutions of the differential equation f” = £ |f’|? that are not constant are given by (7.3).

7.2 A nonlinear flow method in the symmetric case

Consider the nonlinear evolution equation

9 _

ot

Proposition 7.1 Assume that g is a solution to (7.5) with an initial datum feL*(—1,1;dz2)
such that fil |f'|2vdz is finite and fil e/ dz = 1. Then for any X € (0,1], we have

_9g v _9g
L (e 2)—§|g'|26 2 (7.5)

NIE / " Ralg(t, ] dt,

where Ry is defined in (7.4).
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Proof A standard regularization method allows us to reduce the evolution problem to the
case of smooth bounded functions, at least at a finite-time interval. Then a simple computation
shows that

GOl =5 [ (= 5L+ a-e) P ds = Ralo(t. ).

We may then argue by continuation. Because Gy[g(t,-)] is bounded from below, Rx[g(t,-)] is
integrable with respect to t € [0,00). Hence, as t — o0, g converges to a constant if A < 1, or
to the conformal transformation of a constant if A = 1 and therefore tlggo Gilg(t,-)] = 0. The
result holds with equality after integrating on [0,00) 3 t. For a general initial datum without
the smoothness assumption, we conclude by density and get an inequality instead of an equality
by lower semi-continuity.

For a general function v € H!(S?), if we denote by v. the symmetrized function which
depends only on 6 (see [47, Section 17.1] for more details) and denote by f the function such
that f(cos@) = v.(0), then it follows from Propositions 3.2 and 7.1 that

Galu] > / T Ralglt, )] dt

where g is the solution to (7.5) with an initial datum f. However, we do not need any sym-
metrization step, as we shall see in the next section.

7.3 A nonlinear flow method in the general case

On S? let us consider the nonlinear evolution equation

of .«
E—AS2(€

where Agz denotes the Laplace-Beltrami operator. Let us define

£
2

)~ S ISPt (76)

1 1 2 s 1 9 _f
Ralf) = 5 HLSzf—iMSﬁH e Edo+5(1-N) [ [VfPeFdo,
S? §2
where 1 1
ngf;:HessSQf—§ASQf1d and Mng::Vf®Vf—§|Vf|21d.

This definition of R generalizes the definition of Ry given in Subsection 7.1 in the symmetric
case. We refer to [36] for more detailed considerations, and to [32] for considerations and
improvements of the method that are specific to the sphere S2.

Theorem 7.2 Assume that f is a solution to (7.6) with an initial datum v—1log ( fs2 e’ do),
where v € L1(S?) is such that Vv € L2(S?). Then for any X € (0,1] we have

Galv] > /OOOR,\[f(t,-)] dt.

Proof With no restriction, we may assume that fSQ e’ do =1 and it is then straightforward
to see that fSQ eft) dg =1 for any ¢t > 0. Next we compute

G0l = [ (5807 +) (80 @H) =5 [97Pe ) do =~ Rl



800

J. Dolbeault, M. J. Esteban and G. Jankowiak

in the same spirit as that in [36].

As a concluding remark, let us notice that the carré du champ method is not limited to the

case of S?, but also applies to two-dimensional Riemannian manifolds (see for instance [42]).

The use of the flow defined by (7.6) gives an additional integral remainder term, in the spirit

of what was done in [36]. This is, however, out of the scope of the present paper.
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