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1 Introduction

All graphs in this paper are assumed to be finite and simple.

Let I' be a graph. We use VI', EI' and Aut I' to denote the vertex set, the edge set and
the automorphism group of I', respectively. Then the graph I' is said to be vertex-transitive
or edge-transitive if some subgroup G of AutI' (denoted by G < AutI") acts transitively on
VI or ET, respectively. Recall that an arc in I' is an ordered pair of adjacent vertices. Then
the graph I is called arc-transitive if some G < Aut I" acts transitively on the set of arcs of I'.
The graph I' is said to be locally primitive if for some subgroup G < Autl” and each v € VI,
the stabilizer G, induces a primitive permutation group Gf; ™) on the neighborhood I'(v), the
set of neighbors, of v in I'. For convenience, such subgroups G are called vertex-transitive,
edge-transitive, arc-transitive and locally primitive groups of I', respectively.

The study of locally primitive graphs is one of the main themes in algebraic graph theory,
which stems from a conjecture on bonding the stabilizers of locally primitive arc-transitive
graphs (see [32, Conjecture 12]). The reader may consult [4, 9-12, 14, 21-24, 28-29, 31] for
some known results in this area.

In this paper, we aim at determining the arc-transitivity of certain locally primitive graphs.
Let I' be a connected graph and G be a locally primitive group on I'. It is easily shown that G
acts transitively on ET', so I' is edge-transitive. If G is vertex-transitive, then I" is necessarily
an arc-transitive graph. Thus, for our purpose, we always assume that I" is regular, but G is
not vertex-transitive. Then I' is a bipartite graph with two bipartition subsets being the G-
orbits on VI'. Giudici et al. [14] established a reduction for studying locally primitive bipartite

graphs, which was successfully applied in [23] to the characterization of locally primitive graphs
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of order twice a prime power. In this paper, we concentrate our attention on analyzing the

locally primitive graphs of order 18p. Our main result is stated as follows.

Theorem 1.1 Let I' be a connected reqular graph of order 18p, where p is a prime. Assume
that I is locally primitive. Then I' is either arc-transitive or isomorphic to one of the Gray

graph and the Tutte 12-cage.

2 Preliminaries

Let I be a graph and let G < Aut I'. Assume that G is edge-transitive but not vertex-
transitive; in this case, we call G semisymmetric if I" is regular. Then I is a bipartite graph
with two bipartition subsets being the G-orbits on VI'. Moreover, I' is arc-transitive provided
that I' has an automorphism interchanging two of its bipartition subsets. For a given vertex
u € VI, the stabilizer G, acts transitively on I'(u). Take w € I'(u). Then each vertex of I"
can be written as u9 or w9 for some g € G. Then two vertices u9 and w” are adjacent in I’
if and only if u and wh9™" are adjacent, i.e., hg~! € G,G,. Moreover, it is well-known and
easily shown that I" is connected if and only if (G,,Gy) = G. In particular, the next simple

fact follows.

Lemma 2.1 Let I' be a connected graph and G < Aut I'. Assume that G is edge-transitive
but not vertex-transitive. Let {u,w} be an edge of I'. Then

(1) Gy and Gy contain no nontrivial normal subgroups in common.

(2) r <max{|'(u)|, |I'(w)|} for each prime divisor r of |G,]|.

Moreover, I is arc-transitive if one of the following conditions holds:

(3) G has an automorphism o of order 2 with G = G,.

(4) G has an abelian subgroup acting regularly on both bipartition subsets of I.

Proof Since I' is connected, (G, Gy) = G < Aut I'. Then (1) follows.

Let r be a prime divisor of |G| with r > max{|I'(u)|, |I'(w)|}, and let R be a Sylow r-
subgroup of G,. Then R fixes I'(u) point-wise, and so R < G, for each w’ € I'(u). Take Q to
be a Sylow r-subgroup of G, with Q > R. Then @ fixes I'(w) point-wise, and hence @ < G,.
Thus R = . By the connectedness of I', for each v € VI, it is easily shown that R is a Sylow
r-subgroup of G,. Thus R fixes VI point-wise, and so R =1 as R < Aut I'. Then (2) follows.

Suppose that G has an automorphism o of order 2 with G = G,. Define a bijection
t: VI — VI by (u9)* = w9 and (w)* = u"”. Tt is easy to check that + € Aut " and ¢
interchanges two bipartition subsets of I'. This implies that I" is arc-transitive.

Suppose that G has a subgroup R, which is regular on both bipartition subsets of I". Then
each vertex in VI' can be written uniquely as u* or w¥ for some z, y € R. Set S = {s € R |
w® € I'(u)}. Then u® and wY are adjacent if and only if yz~! € S. If R is abelian, then it is
easy to show that u” — wx_l, w”* — ux_l, Va € R is an automorphism of I', which leads to

the arc-transitivity of I'.

Let G be a finite transitive permutation group on a set 2. The orbits of G on the cartesian
product €2 x € are the orbitals of G, and the diagonal orbital {(«,@)? | g € G} is said to be
trivial. For a G-orbital A and o € €, the set A(a) = {8 | (o, B) € A} is a Gu-orbit on (2, called
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a suborbit of G at . The rank of G on € is the number of G-orbitals, which equals the number
of G,-orbits on Q for any given « € 2. A G-orbital A is called self-paired if (3, «) € A for some
(a, B) € A, while the suborbit A(«a) is said to be self-paired. For a G-orbital A, the paired
orbital A* is defined as {(5,a) | (o, 3) € A}. Then a G-orbital A is self-paired if and only if
A* = A. For a non-trivial G-orbital A, the orbital bipartite graph B(G,Q,A) is the graph on
two copies of Q, say Qx{1,2}, such that {(«,1),(5,2)} is an edge if and only if («, 5) € A.
Then B(G,Q,A) is G-semisymmetric, where G acts on 2x{1,2} as follows:

(,1)? = (a%,i), geG,i=1,2.

If A is self-paired, then (a,1) < (,2), @ € Q gives an automorphism of B(G, 2, A), which
yields that B(G,, A) is G-arc-transitive. The next lemma indicates the possibility that
B(G,Q, A) is arc-transitive even if A is not self-paired.

Lemma 2.2 Let X be a permutation group on Q, and G be a transitive subgroup of X
with index | X : G| = 2. Let A be a G-orbital. If AUA* is an X-orbital, then B(G,Q,A) is
arc-transitive.

Proof Assume that AUA* is an X-orbital. To show that I" := B(G, 2, A) is arc-transitive,
it suffices to find an automorphism of I', which interchanges two bipartition subsets of I'. Take
x € X\ G. It is easily shown that A = A* and (A*)* = A. Define z : Ox{1,2} —
Ox{1,2}; (o, 1) — (a®,2), (8,2) — (8%,1). Tt is easy to check Z € AutI', so Lemma 2.2
follows.

Moreover, the next lemma is easily shown (see also [14]).

Lemma 2.3 Assume that I' is a connected G-semisymmetric graph of valency at least 2
with bipartition subsets U and W, and that, for an edge {u,w} € ET, two stabilizers G,, and
Gy are conjugate in G. Then there is a bijection v : U < W, such that G, = G, and
{u,t(u)} & ET for all u € U. Moreover, A = {(u,t " (w)) | {u,w} € El'u € Uyw € W} is a
G-orbital on U. In particular, I' = B(G,U,A), and ¢ extends to an automorphism of I if and
only if A is self-paired.

Remark 2.1 Let I" and G < Aut I’ be as in Lemma 2.3. Then {G, | u € U} = {G,, |

we W}l so (Gu= () Gow=1asG < AwtI'. Thus G is faithful on both parts of I'.
uelU weW

Take v € U and w € W with G, = G,. Then v9 «— w9, g € G gives a bijection meeting the
requirement of Lemma 2.3. Thus one can define [? bijections ¢, where [ is the number of the
points in U fixed by a stabilizer G,,. By [7, Theorem 4.2A], | = |[Ng(Gy) : Gul-

Let G be a finite transitive permutation group on Q. Let N = {&1 = 1,29, -+ ,z,} be a
group of order n lying in the center Z(G) of G. Then N is normal in G, and N is semi-regular
on Q, that is, N, = 1 for all a € Q. Denote by @ the N-orbit containing o €  and by € the
set of all N-orbits. Then G induces a transitive permutation group G on €. Take a G-orbital
A and (@, ) € A. Noting that Gz = N xG,, it follows that A(@) = {(8)" | h € G4 }. Set

Aij(a) ={p"" |he Gy}, 1<i<n.

Then all A;(«) are suborbits of G at «, which are not necessarily distinct. It is easily shown that
NxG, acts transitively on Q1 := {#%" | 1 <i < n, h € G,}. It follows that all G,-orbits on
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2, have the same length divisible by |A(@)|. For each i, let A; be the G-orbital corresponding
to A;(«).

Lemma 2.4 Let G, N, A and A; be as above.

(1) All A;() are suborbits of G of the same length divisible by |A(a)|.

(2) If A is self-paired, then for each i, there is some j, such that Ai(e) = A% ().
(3) B(G,Q,A;) = B(G,Q,A;j) for1<i,j<n.

Proof (1) follows from the argument above the lemma.

Assume that A is self-paired. Then there is some g € G, such that (@, 3)? = (3,@). Thus,
for each 4, there are some i’ and j', such that («, 3%)7 = (8%, a%") = (6’”;’1%’ , )T
x;, 'y = xj, we have (a, 3%)9 = (3% ,a)®’. Then A; = Az

For each 4, define f; : Qx{1,2} — Qx{1,2} by fi(d,1) = (4,1) and f;(0,2) = (6*¢,2), where
0 € Q. It is easily shown that f; is an isomorphism from B(G, 2, A1) to B(G, 2, A;). Thus (3)
follows.

. Setting

Let I' be a G-semisymmetric graph. Suppose that G has a normal subgroup N, which acts
intransitively on at least one of the bipartition subsets of I'. Then we define the quotient graph
I'y to have vertices (the N-orbits) on VI', and two N-orbits B and B’ are adjacent in I'y if and
only if some v € B and some v’ € B’ are adjacent in I'. It is easy to see that the quotient I'y
is a regular graph if and only if all N-orbits have the same length. Moreover, if I'y is regular,
then its valency is a divisor of that of I'. The graph I is called a normal cover of I'y (with
respect to G and N) if I'y and I" have the same valency, which yields that N is the kernel of
G acting the N-orbits (vertices of I'y). Thus, if I' is a normal cover of I'y, then the quotient
group G/N can be identified with a subgroup of Aut I'y, so I'y is G/N-semisymmetric.

Corollary 2.1 Let I' and G < Aut " be as in Lemma 2.3. Let N < Z(G). Then N is
intransitive and semiregular on both U and W. Assume further that |N| is odd and that I'n s
the orbital bipartite graph of some self-paired orbital of G, where G is the subgroup of Autl'n
induced by G. Then I is arc-transitive.

Proof Recall that G is faithful on both U and W (see Remark 2.1). Since N < Z(G),
every subgroup of NV is normal in G, so N, < GY = G, for v € VI and g € G. It follows that
N, =1, so N is semi-regular on both U and W. Suppose that IV is transitive on one of U and
W, say U. Then G = NG, for u € U, so G, is normal in G as N < Z(G). It follows that G,
fixes every vertex in U, so G,, = 1, which contradicts the transitivity of G, on I'(u).

By Lemma 2.3, there is bijection ¢ : U « W, such that for v € U, the subset =1 (I'(u))
is a suborbit of G at u. By Remark 2.1, we may choose ¢, such that it maps each N-orbit on
U to some N-orbit on W. Thus ¢ induces a bijection 7 on V Iy interchanging two bipartition
subsets Uy and Wy of I'y, where Uy and Wiy denote respectively the sets of N-orbits on U
and W. Moreover, it is easily shown that Gy = 62(5) for any N-orbit 7, and that =1 (I'(u)) =
{u" | h € Gy} for v/ € U, such that @' € 71 (I'n (7).

Assume that I'y is the orbital bipartite graph of some self-paired orbital of G. Then, again
by Lemma 2.3, 7 € Aut I'y and 7~ (I'v (7)) is a self-paired suborbit of G at @. If |N| is odd,
then by Lemma 2.4, I' is isomorphic to the orbital bipartite graph of some self-paired orbital
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of G on U, and hence I' is arc-transitive.

Recall that, for a group G that acts transitively on a set 2, a block B is a non-empty subset
of ©, such that B = BY or BN BY = () for every g € G.

Lemma 2.5 Let I' be a connected graph, and let G < Aut I', such that G is locally primitive
but not vertex-transitive. Assume that U and W are G-orbits on VI', and that B is a block of
G on W. Then either B=W or|I'(u) N B| <1 for each v € U.

Proof Note that for each u € U, either I'(u) N B = () or I'(u) N B is a block of G, on
I'(u). Since G, acts primitively on I'(u), we know that either [I'(u) N B| < 1 or I'(u) C B.
Suppose that I'(u) C B for some u € U. Take w € B and v € I'(w). Since G is edge-transitive,
there is g € G with v9 = uw and w9 € I'(u) C B. Then w € B9 N B, so B = BY . Thus
I'(v) = (]"(u))f1 C B9 = B. It follows that I" has a connected component with vertex set
( U I'(w)) U B. This yields B=W.

weB

Lemma 2.6 Let I' and G be as in Lemma 2.5. Let U and W be the G-orbits on VI.
Suppose that G has a normal subgroup N, which acts transitively on U. Then one of the
following holds:

(1) I'y is a |I'(u)|-star, where v € U.

(2) I' is N-edge-transitive.

(3) N s regular on both U and W.

Proof If N is intransitive on W, then (1) follows from [14, Lemma 5.5]. Thus we assume
that N is transitive on W. Take u € U. If N, is transitive on I'(u), then I" is N-edge-transitive,
so (2) holds. Suppose that N, is not transitive on I'(u). Since N, is normal in G, and G is
locally primitive, N, fixes I'(u) point-wise. Thus N,, > N, for each w € I'(u). If N, is
transitive on I'(w), then I' is N-edge-transitive, so (2) holds. Thus we may further suppose
that N, < N, for each v’ € I'(w). By the connectedness of I', we conclude that N,, = N, = 1.
Then (3) follows.

Recall that a quasi-primitive group is a permutation group with all minimal normal sub-

groups transitive. By [14, Theorem 1.1 and Lemma 5.1], the next lemma holds.

Lemma 2.7 Let I' and G be as in Lemma 2.5. Suppose that N is a normal subgroup of
G, which is intransitive on both bipartition subsets of I'. Then I' is a normal cover of I'y and
I'n is G/N-locally primitive. If further N is maximal among the normal subgroups of G, which
are intransitive on both bipartition subsets of I', then either I'y is a complete bipartite graph,
or G/N acts faithfully on both parts and is quasi-primitive on at least one of the bipartition

subsets of I'y .

For a finite group G, denote by soc(G) the subgroup generated by all minimal normal
subgroups of GG, which is called the socle of G. The next result describes the basic structural

information for quasi-primitive permutation groups (see [30]).

Lemma 2.8 Let G be a finite quasi-primitive permutation group on Q. Then G has at most

two minimal normal subgroups, and one of the following statements holds:
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(1) 9] = p?, soc(G) = 24

D
d>1 and p is a prime; in this case, G is primitive on ().

and soc(G) is the unique minimal normal subgroup of G, where

(2) soc(G) = T' for 1 > 1 and a nonabelian simple group T, and either soc(G) is the unique
minimal normal subgroup of G, or soc(G) = MxN for two minimal normal subgroups M and
N of G with |M| = |N| = 19].

3 The Quasi-primitive Case

Let I' be a G-locally primitive regular graph of order 18p, where G < Aut " and p is a
prime. Assume that G is intransitive on V' I'. Then I is a bipartite graph with two bipartition
subsets being G-orbits, say U and W.

Assume next that G acts faithfully on both U and W, and that G is quasi-primitive on one
of U and W. If G acts primitively on one of U and W, then by [18], I" is either arc-transitive or
isomorphic to one of the Gray graph and the Tutte 12-cage. Thus we assume in the following
that neither GY nor G" is a primitive permutation group. Then by Lemma 2.8, N := soc(G)
is the direct product of isomorphic non-abelian simple groups. In particular, G is insoluble, so
I is not a cycle.

Without loss of generality, we assume that G is quasi-primitive on U. Recall that GV is not
primitive. Take a maximal block B (# U) of G on U. Then |B] is a proper divisor of |[U| = 9p
and |Gp : Gu| = |Np : N,| = |B] for each v € B. Set B={BY | g € G}. Then |B| = %, and
G acts primitively on B. Since G is quasi-primitive on U, we know that G acts faithfully on B.

Thus we may view G as a primitive permutation group (on B) of degree %.

Lemma 3.1 |B| =3 or9.

Proof 1t is easy to see that |B| = 3,9 or p. Suppose that |B| = p. Then |B] = 9 and
by [7, Appendix B], N = soc(G) = Ag or PSL(2,8). If N = Ag then Ng = Ag and p < 7;
however, Ag has no subgroups of index p, a contradiction. Thus N = PSL(2,8), Ng = Z3:Z;
and p =7, s0o N, = Z3 and |U| = 63, where u € B. Since I" is G-locally primitive, G, induces
a primitive permutation group Gf;(u). If G = N, then Gf;(u) & Zo, yielding that I' is a cycle,
a contradiction. It follows that G = PXL(2,8) = PSL(2,8):Z3 and |G,| = 24, where v is an
arbitrary vertex of I'. Checking the subgroups of PSL(2, 8) in the Atlas (see [6]), we know that
N has no proper subgroups of index dividing 21. It implies that N is transitive on W, so G is
also quasi-primitive on W. By the information given for PYXL(2,8) in [6], G, = Z3:Z3 = Zyx A4
for each v € VI'. Then either Gf(”) =~ 73 and I is cubic, or Gf;(v) =~ A, and [ has valency 4.
Take {u,w} € EI'. Then Gy, = Z3 or Zg. It follows that G, and G,, have the same center,
which contradicts Lemma 2.1.

Therefore, G is a primitive permutation group (on B) of degree p or 3p. For further argument,
we list in Tables 1-2 the insoluble primitive groups of degree p and of degree 3p, respectively.
Noting that Np has a subgroup of index |B| = 9 or 3, it is easy to check that N = A4 or
PSL(n,q). Suppose that N = Ag. Then |B| = 3 and p = 5. It follows that G, is a 2-group.

Since I' is G-locally primitive,

GLW ~7,.
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Then I' is a cycle, a contradiction. Thus the next lemma follows.

Table 1 Insoluble transitive groups of prime degree (see [2, Table 7.4])

Degree p | 11 11 23 p q;:ll

Socle PSL(2,11) M;; Mas A, PSL(n, q)

Stabilizer A5 M10 M22 Ap_1

Action 1- or (n — 1)-subspaces
Remark prime n > 3 or (n,q) = (2,2%")

Table 2 Insoluble primitive groups of degree 3p (see [16])

Degree 3p | Socle Action Remark

6 As cosets of D1g

15 Ag 2-subsets or partitions

21 A, 2-subsets

21 PSL(3,2) | (1,2)-flags

57 PSL(2,19) | cosets of Aj two actions
15 A, cosets of PSL(2,7) two actions
3p Agp

15 PSL(4,2) | 1- or 3-subspaces

2f 11 PSL(2,2f) | 1-subspaces odd primef
% PSL(3,q) | 1- or 2-subspaces g =1(mod 3)

Lemma 3.2 Either |B| =9 and N = PSL(n, q) with n prime, or |B| =3 and N = PSL(3, q)
with ¢ = 1 (mod 3).

Let I, be the Galois field of order ¢, and let Fy be the n-dimensional linear space of row
vectors over F,. Denote by P and H, respectively, the sets of 1-subspaces and (n — 1)-subspaces
of Fy. Then the action of N = SL(n, q)/Z(SL(n, q)) on B is equivalent to one of the actions of
N on P and on H induced by

n n n
(l‘l,xQ,"' 7xn)A: ( E a1, § @i 2T, """, E ainxi)7
1=1 1=1 i=1

where A = (a;j)nxn € SL(n,q). Let o be the inverse-transpose automorphism of SL(n, ¢), that
is,

o SL(n,q) — SL(n,q), A (A")"".

Then o gives an automorphism of IV of order 2. Define

L:PHHa <($1,J)2,"' 7xn)> — {(ylayQa"' ayn)

inyi = 0}
i=1

Then
(W)™ = ((vA)), VA €SL(n,q), (v) € P.

For 1 < i <mn, let e; be the vector with the ith entry 1 and other entries 0. Then

(SL(TL, Q))(e1> = Q:Ha (SL(TL, Q))(e¢|2§i§n> = QU:Hv
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1 0 -
o={(v 1, )[pem}.

H:{( o )‘ A€ CL(n—1,q), a—lzdet(A)}.

where

For a subgroup X of SL(n,q), we denote X to be the image of X in N, that is, X =
X/Z(SL(n,q)). Then the following lemma holds.

Lemma 3.3 If B € B, then Ng is conjugate in N to one of Q:H and Q° :H.
The following simple fact may be shown by simple calculations.

Lemma 3.4 Set F,\ {0} = () and

L—{< g, g)‘AESL(n—l,q)}.

Then Q:L acts transitively on P\ (e1), and has two orbits on H with lengths "1

q—1
respectively. Moreover, for each divisor m of q— 1, Q:H has a unique subgroup containing Q:L

and ¢" ",

and having index m, which is

{( ,s, g )‘bEFZ_l, A € GL(n —1,q), a ' =det(A) € (nm)}

Lemma 3.5 Write ¢ = v/ for a prime r and an integer f > 1. Assume that |B| = 9 for
B € B. Then the following statements hold:

(1) () # (2,2), (2,3), (3.2), (3.3).

(2) n is an odd prime with ¢ £ 1 (mod n).

(3) n is the smallest prime divisor of nf.

Proof By Lemma 3.2, N = PSL(n,q) for a prime n. Since 9 is a divisor of |N| and N is
simple, (n,q) # (2,2), (2,3), (3,2).

Suppose that N = PSL(3,3). Then p = 13, G = N, |Gg| = 2* - 3% and |G, | = 48. Take
w € I'(u). Since I' is regular, |G, | = 48 = |G,,|. Checking the subgroups of SL(3,3) (see [6]),
we have G, = G, = 2S5 = GL(2,3). Since I' is G-locally primitive, GI®W ~ Sy = GL™ and
I" has valency 4. Thus Gy = D1s. It follows that G, and G, have the same center isomorphic
to Zs, which contradicts Lemma 2.1. Thus (1) follows.

Suppose that n = 2. Then, since p = ’:Lff__ll is a prime, 7 = 2 and f = 2° for some

integer s > 1. Thus Np & Z%S:Zysfl, and hence N, = Z%S:ZQZS_l. But 22" — 1 is not
221
divisible by 9, a contradiction. This implies that n is an odd prime. If ¢ = 1 (mod n), then

n—1
p= > ¢"=0(mod n), a contradiction. Then (2) follows.
i=0

If nf =6 and r = 2, then p = q;:f = 21 or 63, a contradiction. Thus, by Zsigmondy’s

theorem (see [20, p.508]), there is a prime, which divides 7/ — 1, but not r* — 1 for all
1 <7< nf—1. Clearly, such a prime is p. Suppose that f has a prime divisor s, such that
s <n. Then ¢" — 1 has a divisor % — 1. By Zsigmondy’s theorem, either (r, "?f) = (2,6), or

”
-1
qq71 has

rY —1hasa prime divisor which does not divide ¥ — 1. The latter case yields that
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two (distinct) prime divisors, a contradiction. Thus (r, "—gf) = (2,6), yielding that n = 3 and

f=4. Then p = % = 22142_*11 = 273, a contradiction. Then (3) follows.

Lemma 3.6 Let B € B. If (n,q) = (3,8), then |B| = 9 and I' is arc-transitive and of
valency 8 or 64.

Proof Assume that (n,q) = (3,8). Then N = SL(3,8), p =73 and |G : N| =1 or 3. By
Lemma 3.2, |B| = 9. Without loss of generality, we assume that N = SL(3,8) and choose B,
such that Ng = P:H, where P = ZS and H is defined above Lemma 3.3.

Since Np is transitive on B, it is easily shown that P acts trivially on B, so H acts tran-
sitively on B. Then |H : H,| = 9. Note that H = GL(2,8) = Z;xPSL(2,8). Checking the
subgroups of PSL(2,8), we conclude that the action of H on B is equivalent to the action of
H on the set of 1-subspaces of F2. Then, without loss of generality, we may assume that H, is
conjugate to

a1 0 0
0 as 0 al,ag,a3,b€F8,a1a2a3:1
0 b as

Recall that a (1,2)-flag of F§ is a pair {Vi, Va} of a l1-subspace and a 2-subspace with the
1-subspace contained in the 2-subspace. Since P < N,,, we have N,, = N, N (PH) = PH,, &
Z8:(Z3:7%). Tt is easily shown that N, is the stabilizer of some (1,2)-flag {V4,V2} in N. Tt
follows that the action of N on U is equivalent to the action of N on the set F of (1, 2)-flags of
7.

Now we show that the actions of N on U and W are equivalent. Note that |G : N| =1 or
3. Thus, since W is a G-orbit, either N is transitive on W or N has 3 orbits on W. Checking
the subgroups of SL(3,8), we know that N has no subgroups of index 219. It follows that N
is transitive on W. Note that N = SL(3,8) has no subgroups of index 3, 9 or 219. It follows
that a maximal block of N on W has size 9. Then a similar argument as above implies that
the action of NV on W is also equivalent to that on F. Moreover, I' is N-edge-transitive by
Lemma 2.6.

Identifying U with F, and by Lemma 2.3, I' = B(N, F,A), where A is an N-orbital on F.
Without loss of generality, choose u to be the flag {(e3), (€2, e3)}. Calculation shows that A(u)
is one of the following 5 suborbits:

(i) {{(e2+aes), (ez,e3)} | a € Fs} and {{{es), (es,e1+aez)} | a € Fg}, which are self-paired
and of length 23.

(i) {{(e2 + aes), (e1 + bes, €2 + aes)} | a,b € Fg} and {{(e1 + aez + bes), (e1 + aez, e3)} |
a,b € Fg}, which are paired to each other and of length 26.

(iii) {{(e1 + aez + be3s), (e1 + aes + bes, ez + ce3)} | a,b, ¢ € Fg}, which is self-paired and of
length 2°.

Suppose that A(u) is the suborbit in (iii). Then I" has valency 2°. Recall that |G : N| =1
or 3, and N, = PH, = 75:(Z3:72). Tt follows that G, /N, is cyclic, and hence G,, is soluble.
Since I' is G-locally primitive, GL () i5 a soluble primitive permutation group of degree 2°. In
particular, soc(Gqf(u)) =~ 79 and soc(GfZ(u)) is the unique minimal normal subgroup of Gf;(“).
Thus Nup(u) > soc(Gqf(u)) as N, induces a normal transitive subgroup of Gl'(w), However, the
unique Sylow 2-subgroup of N, is non-abelian and has order 27, a contradiction.

If A(u) is described in (i), then I" has valency 8, and by Lemma 2.3, I' is arc-transitive.
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Assume that A(u) is one of the suborbits in (ii). Then I' has valency 64. Let o be the
inverse-transpose automorphism of N = SL(3,8). Then F is o-invariant. Consider the action
N:(o) on F and take a € SL(3,8) with

0 0 1
a= 0 1 0
1 0 0

Then (N(o)), = Ny:(ca), which interchanges the two suborbits in (ii). It follows from
Lemma 2.2 that I' is arc-transitive.

Lemma 3.7 Assume that (n,q) # (3,8). Then there is u € U with N, > Q:L or Q°L,
where o is the inverse-transpose automorphism of SL(n,q), and Q and L are described as in
Lemmas 3.3 and 3.4, respectively. In particular, ¢ =1 (mod |B]).

Proof Recall that the action of N = SL(n, q)/Z(SL(n,q)) on B is equivalent to one of the
actions of NV on P and on H. Without loss of generality, we may choose B € B, such that
Np = R:H, where R = Q or Q°, and H is described as in Lemma 3.3. Set ¢ = r/ for some
prime r and integer f > 1. Then R is a nontrivial r-group.

Take v € B. Then [N : N,| = |B| = 3 or 9. Suppose that R £ N,,. Noting that RN, is
a subgroup of Np as R is normal in Np, it follows that |R: (RN N,)| = [(RN,) : N,| =3 or
9. In particular, R is a 3-group, and hence |B| = 9 by Lemma 3.2. Then, by Lemma 3.5, n
and ¢ — 1 are coprime, so Z(SL(n,q)) = 1. Thus N = SL(n,q) and R = Q & Zgnfl)f. Assume
that |[(RNy) : Ny = 9. Then Ng = RN,. It implies that R N N, is normal in Ng. Then
N, > RNN, = ((RNN,)* |z € Ng) = R, yielding RN N, = 1. Tt follows that R = Z2. By
Lemma 3.5, we conclude that n = 3 and f = 1, that is, (n,q) = (3,3), a contradiction. Thus
|Ng : (RN,)| = 3. Noting that GL(n — 1,37) = H = H = Ng/R, it follows that GL(n — 1, 3)
has a subgroup of index 3. Note that GL(n — 1,3%) = Zss;_.(PSL(n — 1,3/)).Zy4, where d is
the largest common divisor of n — 1 and 3/ — 1. It implies that PSL(n — 1,37) has a subgroup
of index 3. Then n = 3 and f = 1, a contradiction. Therefore, R is contained in N,.

Since R:L is normal in Np, we know that LN, = (R:L)N, is a subgroup of Np. Suppose
that R:L £ N,. Then |L : (LN N,)| = |[(LN,) : N,| = 3 or 9. Let Z be the center of L.
Then L/Z = PSL(n — 1,q) and |[L/Z : (LN N,)Z/Z| divides 9. By Lemmas 3.2 and 3.5,
n >3 and (n,q) # (3,2), (3,3). Thus L/Z is simple, and hence it has no subgroups of order 3.
Suppose that [L/Z : (LN N,)Z/Z| = 9. Then L/Z has a primitive permutation representation
of degree 9. By [7, Appendix B], we conclude that L/Z = PSL(2,8). Then (n,q) = (3,8), a
contradiction. It follows that |L/Z : (LN N,)Z/Z| = 1, that is, L = (LN N,)Z. Consider
the commutator subgroups of L and L. By [19, Chapter II, Theorem 6.10], L' = L, and hence
I=1 = (LNN,) < LNN, # N,, a contradiction. Therefore, the first part of this lemma
follows.

Let X and Y be the pre-images of Np and N, in SL(n,q). Then |X : Y| = [N : N,| = |B|.
Moreover, X = @Q:H or Q°:H and Y > Q:L or Q7:L, respectively. It follows that |B| is a
divisor of |H : L| = ¢ — 1. Then ¢ = 1 (mod |B|).

Theorem 3.1 I' is an arc-transitive graph, and one of the following holds:
(1) N =PSL(3,8), p="73 and I" has valency 8 or 64.
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(2) N = PSL(n,q), p = % and I' has valency ¢"~ ', where ¢ = 1 (mod 9), n > 5 and
(n,q) satisfies Lemma 3.5.
(3) N =PSL(3,q), 3p=q¢*> +q+ 1 and I" has valency ¢*, where ¢ = 1 (mod 3).

Proof By Lemmas 3.2 and 3.5, N = soc(G) = PSL(n,q) for some odd prime n. If
(n,q) = (3,8), then (1) follows from Lemma 3.6. Thus we assume that (n,q) # (3,8) in the
following. Write ¢ = rf for a prime 7 and an integer f > 1.

Case 1 Assume that |B| = 9. Then |B|] = p = q;:f is a prime. By Lemma 3.7, ¢ =

n—1
1(mod 3),son < p= > ¢ =n(mod 3). It follows that n # 3. By Lemmas 3.5, nf has no
i_

prime divisors less than _50 Note that |G : N| divides nf and G is transitive on W. It follows
that the number of N-orbits on W is a divisor of nf. It implies that N is transitive on W, and
hence G is quasi-primitive on W.

Recall that G is faithful and imprimitive on W. Take a maximal block C' of G on W, and
set C ={CY9| g € G}. Then G acts primitively on C.

Since n > 5, checking Table 3, we conclude that G has no primitive permutation represen-
tation of degree 3p. Then |C| # 3. In addition, G has no subgroups of index 9, so |C| # p.
It follows that |C'| = 9 and |C| = p. Then the argument for the actions of N on B and U is
available for the actions on C and W. This allows us to view B as a copy of P, and to view C
as a copy of P or H.

Choose B € Band C € C, such that Ng = Q:H and N¢ = Np or Ng. Then, by Lemmas 3.4
and 3.7, Q:L < N, = X/Z(SL(n,q)) and N, = N, or N7, where u € B, w € C and X is a
subgroup of SL(n, ¢) consisting matrices of the following form:

<|§/ X), beF! ™", AeGL(n—1,q), a'=det(A)e ().

Note that I' is G-locally primitive and N is not regular on both U and W. By Lemma 2.6,
I' is N-edge-transitive. Then I'(u) is an N,-orbit on W. Thus, for an N,-orbit C’ on C, either
'uy= U (I'(w)ynC’) or I'(u)NC" =0 for each C’ € C'.

crec’

Suppose that No = Np. Then both B and C correspond to (e;). By Lemma 3.4, for
each u € B, the stabilizer N, is transitive on C \ {C}. Thus either I'(u) C C or I'(u) =

U TI'(uw)nC’. Note that N, fixes C' point-wise as N, = N,, is normal in Ng = Ng¢,
c’ec\{C}
where w € C. Then I'(u) = |J I'(u) NC’. Choose C’ € C corresponding to (es), and

c’ec\{C}

take w’ € C’. Let Y7 and Y5 be the pre-images of N, N N¢ov and N, N N,,, respectively. Then

a 0 O

Y= 0 b 0 a; € GL(n —2,q), a~* =bdet(a;) € (n°) 3,
bll b’2 a
a 0 O

Y, = 0 b O a; € GL(n — 2,q), abdet(a;) = 1,a,b € (")
bll b’2 a

It follows that [(N, N Negv) : (N, N Ny )| = Y1 : Ya| = |9] = |C'|, so N, N Nev is transitive on
C’. Then C’' C I'(u), which contradicts Lemma 2.5.
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Now let No = NZ. Then B and C correspond to (eq) and (e; | 2 < i < n), respectively.
By Lemma 3.4, N, has two orbits C; and Cs on C, where C; has length q"(;_ll_l
corresponding to (e; | 1 <i < n —1), and C has length ¢"~! and contains C5 corresponding to
(ei | 2 < i < n). Calculation shows that |(N,NN¢,) : (Ny,NNy, )| =9 and N,NN¢c, = NyNNy,,

where wy € Cy and we € Cy. If I'(u) € |J ', then we get a similar contradiction as above.
Cc’eCy
Thus I'(u) € |J €', and I'(u) is one of the 9-orbits of N, on |J C’. Note that N7 = N,
Crec, CreCs
for w € Cy. Then I' is arc-transitive by Lemma 2.1, and (2) follows.

Case 2 Assume that |B| = 3. Then N = PSL(3, ¢q) with ¢ = 7/ = 1 (mod 3). In particular,
|N| has at least 4 distinct prime divisors (see [15, p.12]).

Let W1 be an arbitrary N-orbit on W. Take w € Wi. Then |W;| =|N : N,,| =3, 9, p, 3por
9p. Since N is simple, N has no subgroups of index 3. By [7, Appendix B], N has no subgroups

and contains C

of index 9. By Table 3, N has no primitive permutation representations of prime degree, so N
has no subgroups of index p. Thus |[W;| = 3p or 9p. Suppose that |W;| = 3p. Then N has
exactly three orbits on W. Since NN is normal in G, each N-orbit on W is a block of G. By
Lemma 2.5, |[I'(u) N W;| < 1 for u € U, yielding |I'(u)| < 3. By Lemma 2.1, |G, | = 2% - 3 for
some integers s,t > 0. Then |G| = 2°- 372 . p. Thus |N| has at most 3 distinct prime divisors,
a contradiction. Then |W;| = 9p, that is, N is transitive on W.

Take a maximal block C' of G on W, and set C = {CY | g € G}. Then G acts primitively
on C. Recall that N has no subgroups of index 3, 9 or p. It implies that |C| = 3p. Then (3)
follows from an analogous argument given in Case 1.

4 The Proof of Theorem 1.1

Let I' be a G-locally primitive regular graph of order 18p, where G < AutI" and p is a
prime. Assume that G is intransitive on VI'. Let U and W be the G-orbits on VI'. If G acts
unfaithfully on one of U and W, then I is the complete bipartite graph Ky, o, and hence I’
is arc-transitive. Thus we assume that G is faithful on both U and W. By the argument in
Section 3, we assume further that G has non-trivial normal subgroups, which are intransitive
on both U and W. Let M be maximal in such normal subgroups of GG. Denote by U and W
the sets of M-orbits on U and W, respectively. For each v € VI, denote by v the M-orbit
containing v.

By Lemma 2.7, I' is a normal cover of I'y;. Then M is semi-regular on both U and W; in
particular, |M| =3, 9, p or 3p and |[7| = |W| = FWP =3p, p, 9 or 3, respectively. Note that M
is the kernel of G acting on VI = UUW. Then we identify X := G/M with a subgroup of
Aut I'ys. Then 'y is X-locally primitive.

Next we finish the proof of Theorem 1.1 in two subsections depending on whether or not

I'yr is a bipartite complete graph.

4.1 Graphs with I'jy; complete bipartite

In this subsection, we assume that I'y; is a complete bipartite graph, that is, I'y; = K%%

Let w € U and w € W. Then Xz and Xy act primitively on W and U , respectively. Thus X
2

acts primitively on both U and W. Moreover, | Xz : Xgw| = “QWP =|X: X3, so ‘8]\1/[—112 is a divisor

of | X].
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Lemma 4.1 Assume that X is faithful on one of U and W. Then I' is an arc-transitive

graph of order 36 and valency 6.

Proof Without loss of generality, we may assume that X is faithful on W. Then both X
and X3 are primitive permutation groups on w. If |M| = 3p, then X = Zs or S3, and hence
X is intransitive on the edges of 'y, a contradiction. If [M| = 9, then p? is a divisor of X;
however, each permutation group of degree prime p has order indivisible by p?, a contradiction.
If |[M| = p, then soc(X) and soc(Xz) are one of Ag, PSL(2,8) or Z3, yielding 9 = U] = |X :
Xul # 9, a contradiction.

Now let [M| = 3. Then M = Zs and |W| = 3p. Since 9p? is a divisor of [X]|, checking
Table 3 implies that soc(X) = Asz, or As. Note that |X : Xg| = 3p and | X5 : Xaw| = 3p. It
follows that p = 2, I'ny = Kg 6, soc(X) = Ag and soc(Xz) = As.

By soc(X) = Ag, we know that X is isomorphic to a subgroup of Aut(Ag) = Ag.Z3. In
particular, |X : soc(X)| is a divisor of 4. Since soc(X) is normal in X, all soc(X)-orbits on U
have the same length dividing 3p. Thus the number of soc(X )-orbits on U is a common divisor
of 4 and 3p. It follows that soc(X) acts transitively on U. In addition, soc(X) is transitive
W, as X is faithful and primitive on W. Then I’ v is soc(X)-edge-transitive by Lemma 2.6.
In particular, soc(X )y and soc(X)g act transitively on W and U , respectively. Checking the
subgroups of Ag, we conclude that soc(X)z = soc(X)g = As, and soc(X)z and soc(X )y are
not conjugate in soc(X). It is easy to see that I' is soc(X)-locally primitive.

Let H be the pre-image of soc(X ) in G. Then H = M.soc(X), M = Z(H) and I' is H-locally
primitive. Let H’ be the commutator subgroup of H. Suppose that H # H. Then H = M xH'
and H' = Ag. Thus H' is normal in H and intransitive on both U and W. By Lemma 2.7, H’
is semi-regular on V' I', which is impossible. Therefore, H = H’. By the information given in
[6], we know that H has an automorphism o of order 2 with HZ = Hy for suitable u € U and
@ e W. Noting that Hy = M xH,, and Hy = M xH,, for arbitrary v’ € w and v’ € w, it
follows that HZ

u

Lemma 4.2 Assume that X acts unfaithfully on both U and W. Then I' has valency 2, 3
or p, and I is either arc-transitive or isomorphic to the Gray graph.

H,. Then, by Lemma 2.1, I' is an arc-transitive graph.

Proof Let Y7 and Y5 be the corresponding kernels. Then Y1 NY; =1 and Y1Ys = Y7 xY5.
Since X acts primitively on both U and W, we conclude that Y7 and Y5 act transitively on W
and U, respectively. Tt follows that soc(X/Y;) < Y1Ya/Y5_;, where i = 1, 2. Checking primitive
permutation groups of degree %, we conclude that Y7 xYs contains a normal subgroup Y =
Ty x Ty, which is transitive on ET'y, such that Y; > T; = soc(X/Y;) and one of the following
conditions holds:

(i) p=2 and I'y is a 4-cycle.

(ii) M| =9,p>5, 'y K, p, Th =soc(Yr) =2 Tr =soc(Yz) and T is simple.

(iii) I'ng 2 Ks 3, Tt = soc(Y1) = Th = soc(Ys) = Zs.

(iv) I'ng 2 Koo, Th =Ty 2 72

(v) [M| =3 orp, Ty =soc(Y1) = Ty = soc(Y2) and T} is non-abelian simple.

Let N be the pre-image of Y in G. Then I' is N-edge-transitive. In particular, N is not
regular on U and W. Noting that N is faithful on both U and W, it follows that N is not
abelian.
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If (i) occurs, then I'ys is a cycle, so I' is arc-transitive.

Assume that (ii) occurs. Then Y has a subgroup, which has order p and acts regularly on
both U and W. Thus N has a subgroup M.Z, acting regularly on both U and W. By Sylow’s
theorem, it is easily shown that N.Z, = Z3xZ, or ZgxZ,. It follows from Lemma 2.1 that I’
is vertex-transitive, and hence I" is arc-transitive.

Assume that (iii) occurs. Then |[M| = 3p and N = M.ZZ. If p = 3, then either I is
arc-transitive or by [26] or [27], I is isomorphic to the Gray graph. Assume that p = 2. Then
M has a characteristic subgroup K = Zgs, and hence K is normal in N. It is easily shown that
I' is a normal cover of I'x with respect to N and K. Thus Ik is a cubic edge-transitive graph
of order 12. However, by [3, 5], there are no such graphs, a contradiction. Thus assume that
p > 5. Then M has a unique Sylow p-subgroup. Let P be the unique Sylow p-subgroup of M.
Then P = Z, and P is normal in N. Since I' is cubic, I" is N-locally primitive. Thus I" is a
normal cover of I'p, and hence I'p is an N/P-edge-transitive cubic graph of order 18. Write
N = P:Q, where @ is a Sylow 3-subgroup of N. Then @ = N/P is non-abelian.

Let S be the Sylow 3-subgroup of Cx(P). Then S is normal in N. It is easily shown that
S fixes both U and W set-wise, so S is intransitive on both U and W as |U| = |W| = 9p
and p # 3. Then S is semi-regular on both U and W, so |S| = 1,3 or 9; in particular,
S is ablelian. It implies that PS = PxJS is abelian and semi-regular on both U and W.
Assume |S| = 3. Since S is normal in @, it implies that S lies in the center of (). Note that
Q/S=Q/QNCn(P) = QCN(P)/Cn(P) < N/Cn(P) S Aut(P) = Z,_1. Then Q/S is cyclic.
It follows that @ is abelian, a contradiction. Therefore, |S| = 9, and hence PS is regular on
both U and W. Thus I' is arc-transitive by Lemma 2.1.

Next we finish the proof by excluding (iv)—(v).

Suppose that (iv) occurs. Write N = P:@Q), where @ is a Sylow 3-subgroup of N. Then
Q = Z3. Let S be the Sylow 3-subgroup of Cx(P). Then S is normal in N. Since N is
non-abelian, @ # S. Consider the quotient N/Cx(P). We conclude that S = Z3. Since I’
is bipartite, it is easily shown that S fixes the bipartition of I'. If p # 3, then S is neither
transitive nor semi-regular on both U and W, which contradicts Lemma 2.7. Thus p = 3, so
|VI| =54 and |Aut I'| is divisible by 3°. By [3, 5], there exists no such cubic edge-transitive
graph, a contradiction.

Suppose that (v) occurs. Note that (N/M)/(Cy(M)/M) = N/Cy(M) S Aut(M) = Zp—1
or Zs. Since Y = N/M is the direct product of two isomorphic non-abelian simple groups, it
follows that N/M = Cn(M)/M, so N = Cy(M). Then M is the center of N. Take u € U.
Then Ny = M XNy, so Ny 2 Ny/M =Yy = (Tz)uxTi. Then N, acts transitively on W, and
hence Ny acts transitively on W. Note that N, has a normal subgroup K 2 (T%)z, which acts
trivially on W. Then K fixes set-wise each M-orbit on W. It is easily shown that K is normal
in Ny. It follows that all K-orbits on W have the same length. Thus either K acts trivially on
W, or K acts transitively on each M-orbit on W. The latter case implies that I' = Ky, 9p,
contradiction. Thus K =1 as G is faithful on both U and W, so (T2)z = 1. Noting that T5 is
transitive on U, it follows that |[T| = |T% : (T)u| = |U| = 9 or 3p, which contradicts that T is
simple.

4.2 Graphs with I'y; not complete bipartite
Now we assume that I"y; is not a complete bipartite. Then X acts faithfully on both U and
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W. By Lemma 2.7, X is quasi-primitive on one of U and W. Recall that U] = |W| = |9—p‘ =

3p, p, 9 or 3.
Lemma 4.3 |U]| = [W| #9.

Proof Suppose that |[7 | = |W| = 9. Without loss of generality, we assume that X is quasi-
primitive on U. Then it is casily shown that X is primitive on U. Thus soc(X) is isomorphic
to one of Ag, PSL(2,8) or Z2. Let N < G with N/M = soc(X).

Assume that soc(X) = PSL(2,8). Then X is 3-transitive on both U and W. It follows
that I'yy =2 Ko g — 9K», and that I" is N-locally primitive. Moreover, it is easily shown that
M is the center of N. By [6], PSL(2,8) has Schur multiplier 1. This implies that N = M x K
with PSL(2,8) 2 K < N. Thus N has a normal subgroup K acting neither transitively nor
semi-regularly on each of U and W, which contradicts Lemma 2.7.

Assume that soc(X) =2 Ag. A similar argument as above implies that I'yy = Kg 9 — 9Kz and
I is N-locally primitive. Moreover, N is a central extension of M by Ag. If p # 2, then noting
that Ag has Schur multiplier Zs, we have N = M x K for K < N with K = Ag, which yields
a similar contradiction as above. Suppose that p = 2. Take u € U. Then Nz = M XNy, so
N, = Ny /M = Ag. Noting that M = Zs and Ny contains a Sylow 2-subgroup of N, it follows
from Gaschtz’s theorem (see [1, 10.4]) that the extension N = M.soc(X) splits over M, that is,
N = MxK for K < N with K & Ay, a contradiction.

Assume that soc(X) = ZZ. Then X < AGL(2,3), and for some u € W, the stabilizer
Xy is isomorphic to an irreducible subgroup of GL(2,3). By [13, Theorem 2|, there are no
semisymmetric graphs of order 18. It follows from [17, Lemma 2.5] that soc(X) acts transitively
on W. Thus soc(X) is regular on both U and W. By [25], X4 acts faithfully on the neighbors
of u. In addition, since I'y; is X-locally primitive, X3 is a primitive permutation group on
I'yr(w). However, it is easy to check that GL(2,3) has no irreducible subgroups satisfying the
conditions for X3, a contradiction.

Lemma 4.4 If |U| = |W| =3 or p, then T is arc-transitive.

Proof If |[7| = 2, then X = Zs and I'j; is 4-cycle, which is impossible. If |[~]| = 3, then
X 2 S3 and Iy is 6-cycle, and hence I' is a cycle. Thus we assume that |l7| =p > 5. Then
|M| =9, and either X = G/M < Z,:Z,—1 or X is a permutation group with soc(X) listed in
Table 3. In particular, G has a subgroup R = M.Z,, which acts regularly on both U and W.
By Sylow’s theorem, it is easily shown that R = M x P, where P is a Sylow p-subgroup of R.
Then R is abelian, and hence I' is arc-transitive by Lemma 2.1.

Finally, we deal with the case where |I_'~]| =3p #9, that is, p # 3 and M = Zs.
Lemma 4.5 Assume that |U| = 3p # 9. Then I' is arc-transitive.

Proof Without loss of generality, we assume that X = G/M is a quasi-primitive group on
U. Since |U| = 3p # 9, by Lemma 2.8, soc(X) is insoluble.

Case 1 Assume that X = G/M is primitive on U. Then X is known as in Table 2. Since
soc(X) is non-abelian simple, it has no proper subgroups of index less than 5. Suppose that
soc(X) is not primitive on W. Then either each soc(X)-orbit on W has length p, or soc(X) is
transitive on W with a block of size 3; moreover, p > 3 in both cases. Thus, for these two cases,
soc(X) can be viewed as a transitive permutation group of prime degree. Checking Tables
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1-2, we conclude that soc(X) = A7 and soc(X), = Ag, where « is either an M-orbit on W
or a block of soc(X) with size 3 on W. For the former case, 3p = |W| =X : X, < |X:
soc(X)al| < |S7:Ag| = 14, a contradiction; for the latter case, Ag has a subgroup of index 3,
which is impossible. It follows that soc(X) is primitive on both U and W in particular, I'ys is
soc(X)-edge-transitive.

Let N < G with N/M = soc(X). Clearly, N is normal in G and I" is N-edge-transitive.
Moreover, it is easily shown that M is the center of N.

Subcase 1.1 Assume that the extension N = M.soc(X) splits over M, that is, N = M x K
for soc(X ) 2 K < N. Then K is a normal subgroup of G, and K acts primitively on both
U and W. Since K is a non-abelian simple group, its order has at least three distinct prime
divisors. It follows that K is not semi-regular on both U and W. Then K is transitive on one
of U and W. This implies that 9p is a divisor of |K|, so K is not isomorphic to one of As,
PSL(3,2) and PSL(2,2/).

Without loss of generality, assume that K is transitive on U. Then, for u € U, the stabilizer
K3 is transitive on the M-orbit u. Thus 3 = |M| = |u| = |K; : Ky, so K has a subgroup
of index 3. Noting that Nz = MKy, it implies that Ky = Ng/M = soc(X)z. Checking the
subgroups of soc(X )z, we know that either K = soc(X) = Ag and p = 5, or K = soc(X) =
PSL(3,q) and 3p = ¢> + ¢ + 1, where ¢ is a power of a prime with ¢ = 1 (mod 3).

Assume soc(X) = Ag. Then I' has order 90. Suppose that K is intransitive on W. Then
K has three orbits on W, so I' is cubic by Lemma 2.6. Thus I" is a semisymmetric cubic
graph by [5, Theorem 5.2]. Again by [5], there is no semisymmetric cubic graphs of order
90, a contradiction. Then K is also transitive on W. By Lemma 2.6, I' is K-edge-transitive.
Checking the subgroups of Ag, we know that K, = Dg for u € U. It follows that I" has valency
4 or 8. Since I is G-locally primitive, GL ™ is a primitive group of degree 4 or 8. Since K.
is a transitive normal subgroup of GL (u), it follows that I" has valency 4. Then I'y; has valency
4. Consider the actions of soc(X) on U and W. If these two actions are equivalent, then Iy
has valency 6 or 8; otherwise, I'y; has valency 3 or 12. This is a contradiction.

Assume that soc(X) = PSL(3, q). Then I'y has valency ¢2, ¢+1 or ¢*+¢. If K is intransitive
on W, then K has three orbits on W, and hence I' is cubic by Lemma 2.6, a contradiction.
Thus K is also transitive on W, so I' is K-edge-transitive. Arguing similarly as in the proof of
Theorem 3.1, we conclude that I' is arc-transitive and has valency ¢>.

Subcase 1.2 Assume that the extension N = M.soc(X) does not split over M. Then
checking the Schur multipliers of the simple groups in Table 3, we conclude that N = 3.Ag with
p=>5or2 or N=3A7; withp=5or7, or N=SL(3,q) with 3 | q—1.

Let N = SL(3 q) with 3 ‘ q—1. Using the notation defined above in Lemma 3.3, we identify
U with P and W with P or H. Then there are @ € U and @ € W such that

0 _
N;;{< l‘)‘, A )‘bewg, A €CGL(2,9), a 1—det(A)}

and Ni = N or N7. By Lemma 3.4 and a similar argument as in the proof of Theorem 3.1,
it is easily shown that I" is an arc-transitive graph of valency ¢2.

Let N = 3.A¢. If p= 2, then I'yy = Kg,6—6K2, and hence I is arc-transitive by Lemma 2.4.
Now let p = 5. Then I'y; has valency 6, 8, 3 or 12. Take u € U. Then N = M xN,, so
N, = Ni/M = soc(X)z = Sy4. Since I' is G-locally primitive, GE™ s a primitive group.
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Noting that qu(u) is a transitive normal subgroup of Gl (u), it follows that I' has valency 4
or 3. Since I' is a normal cover of I'ys, we conclude that I" has valency 3. By [5], there is no
semi-symmetric cubic graphs of order 90. Thus I" is arc-transitive.

Let N = 3.A7 with p = 5 or 7. Assume first that soc(X) acts equivalently on U and W. Then
by Lemma 2.3, I'ys is isomorphic to an orbital bipartite graph of soc(X) on U. Calculation shows
that the suborbits of soc(X) on U are all self-paired. Then I is arc-transitive by Colloray 2.1.
If p =5, then X = soc(X) = A7, X = PSL(2,7) and I'y; has valency 14; however, PSL(2,7)
has no primitive permutation representations of degree 14, a contradiction. Then p = 7. It is
easily shown that I' has valency 10.

Assume that the actions of soc(X) on U and W are not equivalent. Then X = soc(X) = Ay
and Xy = PSL(2,7), so G = N = 3.A7. In particular, p = 5 and I'y; has order 30. Take
w € I'p (). Checking the subgroups of A7, we conclude that | X5 : (Xz N Xg)| =7 or 8. Then
I'yr has valency 7 or 8, and so does I'. Verified by GAP, there are two involutions o1, oo € S7,
such that |X3 : (Xg N X7')| = 7 and | X5 : (Xz N XZ2?)| = 8. Note that Gz = NxG, and
X3 2 G, for v € VI'. Thus we may choose a suitable w € I'(u), such that G7 = G,, for an
automorphism of G of order 2. Then I' is arc-transitive by Lemma 2.1.

Case 2 Assume that X = G/M is quasi-primitive, but not primitive on U. Let B be a
maximal block of X on U. Then |B| = 3. Set B = {B* | # € X}. Then |B| = p and X acts
faithfully on B. Thus X is known as in Table 3. Let w € B. Then |Xp : X,| = |B| = 3.
Checking one by one the groups listed in Table 3, we conclude that soc(X) = PSL(n, q) with
p="1=

Suppose that n = 2. Then ¢ = 22" for some integer s > 1, and N = M.soc(X) =
Z3xPSL(2,2%"). Tt follows that G has a normal subgroup K isomorphic to PSL(2,22"). Note
that 9 is not a divisor of |K|. It follows that K is intransitive on both U and W. By Lemma 2.7,
K is semi-regular on U, which is impossible. Then n > 3.

A similar argument as above implies that (n,q) # (3,2). Then by [15, p.12], |soc(X)]
has at least four distinct prime divisors. Noting |X| = 3p|Xz|, it follows that |Xz| has an
odd prime divisor other than 3. This implies that the valency of I'ys is no less than 5. If
soc(X) is intransitive on W, then soc(X) has exactly three orbits on W, so I'yy has valency
3 by Lemma 2.6, a contradiction. Therefore, soc(X) is transitive on W, and hence I'y; is
soc(X)-edge-transitive. Let N < G with N/M = soc(X). Then N is normal in G and I is
N-edge-transitive.

It is easily shown that n is an odd prime with ¢ # 1 (mod n) (see the proof of Lemma 3.5).
Then the Schur multiplier of PSL(n, ¢) is 1. Recalling M = Zs, it yields that N = M x K, where
K = PSL(n,q). Clearly, K is a normal subgroup of G. Recalling that soc(X) is transitive on
both U and W, we conclude that each K-orbit on V' I" has length at least 3p. Since K is not
semi-regular and I' has valency no less than 5, by Lemma 2.6, we know that I' is K-edge-
transitive. Then the argument in Section 3 implies that I" is an arc-transitive graph.
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