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On the Serrin’s Regularity Criterion for the 8-Generalized
Dissipative Surface Quasi-geostrophic Equation®

Jihong ZHAO! Qiao LIU?

Abstract The authors establish a Serrin’s regularity criterion for the [(-generalized dis-
sipative surface quasi-geostrophic equation. More precisely, it is shown that if the smooth
solution 6 satisfies V6 € L9(0,T; LP(R?)) with & + 2 < o+ 3 — 1, then the solution ¢
can be smoothly extended after time T'. In particular, when o + 8 > 2, it is shown that if
0,0 € L9(0, T; LP(R?)) with o+ % < a+ (3 —1, then the solution # can also be smoothly
extended after time 7'. This result extends the regularity result of Yamazaki in 2012.
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1 Introduction

In this paper, we study the two dimensional 3-generalized surface quasi-geostrophic equation

as follows:

{@H—I—U-VG—I—KA“H:O, (z,y) €R?, t >0, (1.1)

Q(Oaxay) = HO(xay)v (xay) € RQ'

Here a € (0,1], 8 € [1,2), k > 0 s the dissipative coefficient, and 8 = (¢, z,y) : (0,00)xR? — R
is a real-valued function of a time variable ¢ and two space variables (z,y), and represents the
potential temperature of the fluid, while u = (u!,u?) : (0,00) x R? — R? is the velocity field of
the fluid which is defined by

u=(u',u?) = AVPRY0 = AP (—Ry0, R16), (1.2)

where the fractional power of the Laplacian A* = (—A)% is defined by the Fourier transform

@({) = |§|O‘f(§), and Ry, R are Riesz transforms defined by ﬁj\f(f) = _II%I A(f) for j =1,2.
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The [-generalized surface quasi-geostrophic equation (1.1) was introduced by Kiselev in

[21]. For =1, (1.1) reduces to the following dissipative surface quasi-geostrophic equation:

00 +u-VO+rA0=0, (z,y) €R? t>0,

u=RY0 = (-R20,R10), (z,y)€R? t>0, (1.3)

0(0,z,y) = bp(z,y), (z,y) € R2.
(1.3) is an important model in geophysical fluid dynamics used in meteorology and oceanogra-
phy, and they are special cases of the general quasi-geostrophic approximations for atmosphere
and oceanic fluid flow with small Rossy and Ekman numbers (see [12, 27] for more details about
its physical background). Due to its analogy with 3D incompressible Navier-Stokes/Euler equa-
tions, in the last two decades, (1.3) attracted enormous attention and many important results
were obtained. For the global well-posedness of (1.3) in the subcritical case a > 1, we refer the
readers to [2, 13, 28]. For the global well-posedness with small initial data in various functional
spaces (e.g., Sobolev spaces, Besov spaces, Holder spaces, etc.) of (1.3) in the critical case
a = 1, we refer the readers to [1, 7, 9-10, 14, 24]. Recently, the global regularity of weak
solutions in the critical case @« = 1 was addressed by the following two mathematical groups:
Kiselev, Nazarov and Volberg [22] proved global well-posedness of (1.3) with periodic C*° data
by using a certain non-local maximum principle for a suitable chosen modulus of continuity;
Caffarelli and Vasseur [4] obtained a global regular weak solution to (1.3) with merely L? initial
data by using the modified De Georgi interation. For the global regularity of the supercritical
case a < 1, we refer the readers to [3, 8, 29, 35]. Parts of the above global well-posedness
results were subsequently extended to (1.1) with 5 € [1,2) by [11, 26, 31-32].

Although the global existence of smooth solutions to (1.1) with suitable choices of a and

0 was established (see [32]), the regularity issue of weak solutions in the supercritical case is
still an open problem, so the development of the regularity criterion of weak solutions is of
major importance for both theoretical and practical purposes. For § = 1, Constantin, Majda
and Tabak [12] proved that the maximum norm of V-6 controls the breakdown of the smooth

solution to (1.3) in both viscous and invisid cases, i.e., they proved that if
T
/ [VE0(t)|| Lo dt < oo, (1.4)
0
then the solution 6 can be extended beyond time T'. Chae [6] established that if
T . 2« 2
(IVO)||7pdt < oo for — 4+ — <, — <p< o0, (1.5)
0 p T a

then there is no singularity up to time 7'. For some improvements of (1.5), we refer the readers
to [15-17, 19, 30, 34]. For the 8-generalized surface quasi-geostrophic equation (1.1), under the
hypothesis that o + 8 = 2, Yamazaki [33] established that if

T q
[0y 0(t)II7» 2«
dt <oco for—+—<1, 2<p< o0, 1.6
/o n(e + [VO®)[7.) P q ! (0)
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then there is no singularity up to time 7.
Motivated by the above cited results, the first purpose of this paper is to establish a similar
Serrin’s regularity criterion (1.5) for the [-generalized surface dissipative quasi-geostrophic

equation (1.1). In the sequel, if 5 =1, we let % = 0.

Theorem 1.1 Let a € (0,1] and 8 € [1,2), such that o + 23 < 4. Assume that 0 is a
smooth solution to (1.1) with initial data 0y € H3(R?). Assume further that for some T > 0,

T q
0(t)]|%, 2
/ VOO L dt < oo for——i—gSoH-ﬁ—l, <p<
o In( P q

o+ IVO() 20 D

2 2
a+p-1 B-1
Then the solution 0 can be smoothly extended after time T.

Remark 1.1 (i) Theorem 1.1 is clearly a generalization of (1.5).
(ii) The conditions a+20 < 4 and p < % appear due to the Gagliardo-Nirenberg inequal-
ities and the Hardy-Littlewood-Sobolev inequalities which we will use in the proof of Theorem

1.1.

The second purpose of this paper is based on the observation that the velocity field u is
divergence free, i.e., d,u' + dyu® = 0, so we can establish the following regularity criterion in

terms of partial derivatives of the solution 6.

Theorem 1.2 Let a € (0,1] and § € [1,2), such that o+ > 2 and a+ 25 < 4. Assume
that 6 is a smooth solution to (1.1) with initial data 6y € H*(R?). Assume further that for
some T > 0,

T q
10,6(1)]1%, 2 o
dt < -+ =< -1,
/0 e 1 Vo)) M =20 Jrptyseti-L g

Then the solution 0 can be smoothly extended after time T.

Remark 1.2 (i) The role of 9,6 can be replaced by 9,6 in Theorem 1.2. This implies that
one direction of the derivative of the solution 6 controls the regularity of the solution 6.

(i) Theorem 1.2 covers the supercritical case, and the distinction between Theorem 1.2 and
the regularity result of Yamazaki [33] is that we improve the condition a + 5 =2 to a + § > 2.

(iii) Using a single partial derivative of the solution to control the regularity of weak solutions
was observed in many equations in fluid dynamics, e.g., for the Navier-Stokes equations (see

[18, 23, 36]), for the MHD equations (see [5]), and for the nematic liquid crystal flows (see [25]).

The remaining part of this paper is organized as follows. In Section 2, we give the proof
of Theorem 1.1. Section 3 is devoted to the proof of Theorem 1.2. Throughout this paper, C
stands for a generic positive constant which may vary from line to line, and || - || x denotes the

norm of the Banach space X.
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2 The Proof of Theorem 1.1

In this section, we present the proof of Theorem 1.1. Multiplying (1.1) by 6, integrating

over R? and using the fact V - u = 0, one obtains

o)z +mlaTo(e)2: = 0,

2 dt
and it follows that
oo + 2+ | AR ey < 603 for all £ > 0. (2.1)
Applying A%6 to (1.1), multiplying the resulting identity by A6, and integrating over R?,
we have
5 dtHA?’euLz + K||A3TE / A3(u - VO)A30dzdy. (2.2)
Thanks to the fact that V- u = 0, we have
~/]R2 u - VA29A30dzdy = 0. (2.3)
Thus we get
5 dt |\A39||L + K[|[A3T29)|2, = /}R (A3(u-VO) —u- VA3Q)A30dady := 1. (2.4)

To estimate the right-hand side of (2.4), we need to use the following well-known commutator

estimate (see [20]): For s > 1, we have
1A*(fg) — FA%gllLe < CUIASLea [A gl + A f ]| ez gl L) (2.5)

with 1 < p, q1, p2 < 00, such that % = - + q% = p% + q%. Moreover, we split the proof of

1
p1
Theorem 1.1 into the following two cases.

For the case of —2— < p <

T T by using (2.5), we see that

I<|A3(u-V0) —u- VA?’@H VI HA?’@HLWBL
< O(IVO]| Lo | A +||V | _LIIA‘39H 7)IIA‘39H .
< C(HVQHLP||A3+2RJ—9”L2 + ||VRJ_9||LP||A39” 7)IIA‘39|| i

[4—a—23 L ap+28p
L op+28p
<OV Lo [|APF20) 2|0 s
L ap+2Bp—4

2ap+28p—2p—4 “ 44-2p—
< CI\VHI\LPIIA39|\L2 ”p HA3+59IIL2 v
||A3+29||L2 + CIIVOIITTT 7 A% 3, (2.6)

where we used the Hardy-Littlewood-Sobolev inequalities (« 4 23 < 4)

1T u] <ClAFullzz, A ull e < Cllullpr,

4025— PES
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the boundedness of Riesz operators in LP(R?) with 1 < p < oo and the following Gagliardo-

2
a+pB—1 <p< a+25 2)

Nirenberg inequality (

+28p A42p—ap—26p
1A% RS C||A39||L2 °r ||A3+%9HL2 °
For the case of m <p< ﬂ’ by using (2.5) again, we obtain
I<||A%(u-VO) —u- VA‘39|| ||A39|\ .
< C(IVOllo A ull 2, + HVUII 2 HA39||L2)||A39” S22

< C(IIWIILPHABRLHIIH + IIVRLL"IILP||A39||L2)HA39HL@L
< C|VOll o IA°0] L2 [ A%0]] 2

L Bp—
4+2p—28p

+2B8p—2p— “
< C||V9||LPIIA39IIL2 * IIA3+59IIL2 *
HA3+29HL2 + V6T T A3, (2.7)

where we used the Hardy-Littlewood-Sobolev’s inequalities (p < %)
- 1—
Al 2, < Cllulle and [A*Pull e < Clluls
and the Gagliardo-Nirenberg’s inequality (a++ﬁ—2 <p < 0)
. ap+2B8p—2p—4 +2p 72ﬁp
IA%O] = < ClIA%0] . 7 HA3+29||
L Bp—2

Let ¢ = It is easy to verify that % + % =a+ 3 — 1. Then, by (2.6)-(2.7), one

___ap
ap+pBp—2—p°
obtains that for %ﬁ_l <p< %7

d (o3
IIN0I7= + wIIAPT3 07 < CIVOIL,IA%0]7:

IVOIIZe
In(1+[[V[|7~)
IVOIIZr
In(1+[VO|7)

where we used the following Sobolev interpolation inequality:

In(1+[|VO[ 7<) A%0]|7

In(1+ [|A%0]|Z) 1] 72, (2.8)

In(e +[|VO][3) < Cln(e + [|0]|3:][A%0]|3.) < Cln(e + [|A0]32).

Hence, we obtain from (2.8) that

VOl
In(1+[[VO(#)[Z)

Applying Gronwall’s inequality to (2.9) on the time interval [0, 7] and using the condition (1.7),

Do+ [A%0)|2) < C

T In(e + |A*0(1)]72). (2.9)

we can easily see that

T
Vo)
In(e + ||A30(T)||%2) < In(e + ||[A36o]|%, C/ ” L2
n(e H ( )HL ) — n(e H 0||L )exp< o ln(l—l—HVH(t)H%x

Combining (2.10) with the energy inequality (2.1), we get the boundedness of ||0(t)|| gz on the

)dt) <o (2.10)

time interval [0,T]. The proof of Theorem 1.1 is complete.
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3 The Proof of Theorem 1.2

In this section, we present the proof of Theorem 1.2. Applying 9, to (1.1), multiplying the

resultant by 9,0, and integrating over R?, we see that

th”a 012, + k|| A3 0,02, = —/ B (u - V), 0dzdy. (3.1)
R2

Since V - u = 0, it follows that

Hence,

Similarly,

/ u - V0,00,;0dzdy = 0. (3.2)
R2

1d .
5d—||am9||iz + K||A20,0)2, = —/ Dy - VOO, 0dzdy
t ]RQ
__ /R (0:010,00,0 + 0,4%0,00,0)ddy

= 8yu28x98350dxdy—/ 5‘xu28y95‘x9dxdy. (3.3)
]RQ

R2

dt”a 0122 + k|[A20,0/3. = —/ Oy - V00, 0dzdy
R2

— 5‘yulam95‘y9dxdy—/ 9,u*9,00,0dzdy. (3.4)
R2 R2

Hence, by (3.3)-(3.4), we obtain

For the case of —2— < p <

2dt||Vf9||L2 + K||AZVO|2, = / 0yu”0,00,0dxdy — / 0, u?0,00,0dxdy

— [ 0yu'0,00,0dxdy —/ dyu?0,00,0dzdy
R2

R2
=1 + I+ I3+ 14. (35)

we proceed in the same way as the proof of (2.6) to

4
atp—1 at2p—2’

estimate the terms I; (i = 1,2, 3,4) as follows:

L < [0yu?]l 2o _[10:0] s [1020]]

—_4p
L2+p Lapt+2B8p—4
2ap+2B8p—2p—4 442p—208p

< Cl0yOllLe VoIl 7 [AEVO .

< SIAEOI3: + C10,01 5777 | V6. (36)
I < Hayenm||axu2||“_(,_2[, Haxe||wggp,4

< ClO8 A TO 298] e

< SN 032 + C10,01 7 77| V2 (37)

I3 < 10,0 o | Oy’

L4—a—2ﬁH v HLapé%p—Al
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< Cloy0llr [AZVOl 2 VO __an

I /\

—IIA V|13 + Cl0,81 5 7 V63,
II3y9IILpII3yu2IIL4 16,0
< Cl10y0l| o IAZ VO 2| VO]

N

Is

4p
Lop+28p—4

4p
Lup+2ﬁp 4

—IIA V6|3 + Cl0,8 5 77 V63

953

(3.9)

For the case of a++ﬁ_2 <p< %, in a way similar to the proof of (2.7), we estimate the

terms I; (i =1,2,3,4) as follows:

L < IayuQIF%IameILzIamen o

4+2p—28p

2ap+2B8p—2p—
< Cl0y0) o IVO 2 A% Vo . ™"
—IIA EV013. + Cl0,0 5 72 V63,
1001l o |0z 2 1100l

I /\

I

IN

L [’
+28p—2p—4 4+42p—28p

S EX A |IA5V9|IL2
—IIA V)32 + ClIa, 0l (V63
10401/ Lo [0y u

IN

I /\

I3

IA

2ap+2B8p—2p—4 4+2p—28p

ClloyOlleIVOI L2 =" IIA%WIILz v
—IIA VO3 + ClO6I T 77 V63,
IIaygIILPIIayUQIILﬁIIa Oll 522,

IA

I /\

Is

IA

4+2p—208p

2ap+2B8p—2p—
CII3 e IVO L. =" A% v<9|I 2
|IA V6|2 + Cl10,01 57 72 V6 3.

IN

I /\

(3.10)

(3.11)

(3.12)

(3.13)

Note that if we set ¢ = ——=L— which satisfies rins % = a + [ — 1, then by putting the

ap+pBp—p—27

above estimates (3.6)—(3.13) together, we get for all <p< g4,

+51

d a
IVOIZ= + slIAZ VOI[72 < Cl19,0]17, (V0]
_ 190l
In(1+[IV0]72)
Dividing both sides of (3.14) by (e 4 [|V0]|2.), we get

d HayHH%P
1 A
ai e+ IVOIL) < Cln(l +11Vel3-)

In(e + || VO]7-).
Applying Gronwall’s inequality to (3.15), it follows from the condition (1.8) that

VO < e+ 19001 e (€ [ M) < o
o Tn(1+[VOL.)

In(1+ [ VOZ2)IVOI|7-

(3.14)

(3.15)

(3.16)
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Going back to (3.14), and integrating on the time interval [0, 7], we obtain
T [
IO+ [ 1A% VO(0)-a
0

T q

0,0]|%,

< [V80[2: + sup (n(e+ [ VO)II3=)VO(L)32) / 190er g1 < o (3.07)
0<t<T 0 (

In(1+[|V6|72)

In particular, we notice that fOT |ASVO(t)||2.dt < cc.
Now we are in a position to derive the desired estimate of A36. In a way similar to the proof

of Theorem 1.1, by using (2.5), we have

S SN0, + mIAS 0

:—/ (A3(u-VO) —u-VA3) - A39dady
]RQ
< A3 (u - VO) —u- VA3 12||A30]| 12
<C(IVul A0, oy + VO o (1A% 2)][ A% e
g Lol S IIA3 B
<C([AzVR 9||L [FAN(] p——
+[AZVO L2 [A*PRE6|| 2) A 2

—23

“ g, Sat28-4 3. @ 4—a—28
< CIA=VO|L2(|A%0] . = [IA +59|IL2 §
||A3+29||L2 T CAT VO A%, (3.18)

where we used, under the assumptions o + 3 > 2 and « + 25 < 4, the following Gagliardo-

Nirenberg inequalities:

3 2a428—
< ClA°0] ;- ©

+2ﬁ27

204234
IA*6] 2 < CIIAG|| . ®

1A%l

4 a+28—4
IA* 5 0] .

0 a a+28—
IATF5 0] .
Since fOT |A2VO(t)]|2.dt < oo and m < 2, it follows from Gronwall’s inequality that
|A30(t)|| 2 < 0o for all ¢t € [0,T].

Combining this with (2.1) yields the boundedness of ||0(t)|| g3 on the time interval [0,T]. We
complete the proof of Theorem 1.2.
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