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Abstract In this paper, the Chow-type maximal inequality for conditional demimartin-
gales is established. By using the Chow-type maximal inequality, the authors provide the
maximal inequality for conditional demimartingales based on concave Young functions. At
last, the moment inequalities for conditional demimartingales are established.
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1 Introduction

Let X and Y be random variables defined on a probability space (2,4, P) with EX? < oo
and EY? < co. Let F be a sub-o algebra of A. The notion of the conditional covariance of X
and Y given F (F-covariance for short) is defined as

Cov (X,Y) = EX (X — EZX)(Y — ETY)),

where E7 Z denotes the conditional expectation of a random variable Z given F. In contrast
to the ordinary concept of variance, conditional variance of X given F is defined as Var” X =
Cov” (X, X).

Firstly, let us recall some definitions.

Definition 1.1 Let S1,Ss,--- be an L' sequence of random wvariables. Assume that for
j = 17 2, cee
E{(Sj+1 = Sj)f(S1,-+, 8 =0 (1.1)

for all coordinatewise nondecreasing functions f, such that the expectation is defined. Then
{Sj,7 > 1} is called a demimartingale. If in addition, the function f is assumed to be nonneg-
ative, then the sequence {S;,j > 1} is called a demisubmartingale.
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Definition 1.2 Let Si,Ss,--- be an L' sequence of random variables. Assume that for
j=1,2,---,

E{(Sj+1—85)f(S1,--+,85)} <0 (1.2)

for all coordinatewise nondecreasing functions f, such that the expectation is defined. Then
{Sj,7 > 1} is called an N-demimartingale. If in addition, the function f is assumed to be
nonnegative, then the sequence {Sj,j > 1} is called an N -demisupermartingale.

Definition 1.1 is due to Newman and Wright [1]. Many authors studied this concept and
provided interesting results and applications (see [1-10]). Christofides [11] introduced the class
of N-demimartingales. Many authors obtained some results for N-demimartingales (see [8, 10,
12-17)).

Hadjikyriakou [18] introduced the following concept of conditional demimartingales.

Definition 1.3 A sequence of L' random variables {S,,,n > 1} is called an F-demimartin-
gale, if for 1 <i < j < oo,

ET{(S; — Si)f(S1,82,---,8)} >0 a.s. (1.3)

for every componentwise nondecreasing function f and whenever the conditional expectation is
defined. If in addition, f is assumed to be nonnegative, the sequence {Sy,,n > 1} is called an
F-demisubmartingale.

It is easy to check that for ¢ > 1, (1.3) is equivalent to
E}—{(SH_l — Sz)f(Sl, SQ, s ,Sz)} > 0 a.s.

Definition 1.4 A finite collection of random wvariables {X;,1 < i < n} is said to be F-
associated if for any two componentwise nondecreasing functions f and g on R™,

Cov” (f(X1,Xa,---, X)), 9(X1, Xo,---, X)) >0 a.s.,

whenever the conditional covariance exists. An infinite collection {X,,n > 1} is said to be
F-associated if every finite subcollection is F-associated.

Remark 1.1 It is easy to verify that the partial sum of F-associated random variables
with conditional mean zero is an F-demimartingale by Property P2 in [19] and the definition of
F-association. The details on F-association are due to [20-21] etc. Yuan and Yang [19] pointed
out that the conditional association of random variables does not imply association and the
opposite implication is not true, either.

Hence one does have to derive some properties under certain conditions if there is a need
for such results even though the results and their proofs may be analogous to those under
the non-conditioning setup. This is one of the reasons for developing results for sequences of
conditional random variables in this paper.

The main purpose of this paper is to establish some maximal and moment inequalities for
F-demimartingales, which can be applied to obtain other inequalities for F-demimartingales.
The organization of this paper is as follows. Some useful lemmas are presented in Section 2.
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The Chow-type maximal inequality for F-demimartingales is established in Section 3, which
will be used to prove other maximal inequalities for F-demimartingales including the Doob’s
maximal inequality. The maximal inequalities for F-demimartingales based on concave Young
functions are provided in Section 4. Finally, the moment inequalities for F-demimartingales
are established in Section 5.

Throughout this paper, I4 denotes the indicator function of the set A, and let P (A) =
E7(14), v = max{0,z}, v~ = max{0,—z} and a V b = max{a,b}. Let {S,,n > 1} be
an F-demimartingale, and g¢(-) be a nonnegative convex function on R with ¢g(0) = 0. Let
{ck,k > 1} be a nonincreasing sequence of positive F-measurable random variables. Denote

n

S = max ckg(Sk), Tn =3 ¢;(9(S;) —g(Sj=1)), n > 1, So =0 and S§ = 0.

Jj=1

2 Preliminaries

In this section, we give some lemmas which are very useful to prove the main results of this
paper. The first one is a very important property of F-demimartingales which was proved by
Hadjikyriakou [18].

Lemma 2.1 Let {S,,n > 1} be an F-demimartingale (or F-demisubmartingale), and g be
a nondecreasing convez function. Then {g(Sy),n > 1} is an F-demisubmartingale.

The next one is a useful (deterministic) inequality for nonnegative real numbers obtained
by Christofides and Hadjikyriakou [14].

Lemma 2.2 Let x,y >0 and p > 2. Then
yP > 2P +prPH(y —2) + (y — z)P.

The following conditional version of the Fubini theorem, which was proved by Roussas [20],
will play an essential role in the proof of the main results of this paper.

Lemma 2.3 Let X(-,-,-) : @ x R? — R be A x B?-measurable and either nonnegative or
P X p x p-integrable, where p is the Lebesque measure, and let F be a sub-o-field of A. Then

E}— (-,tl,tg)dﬁldtgz/ [E}—X(-,tl,tg)]dtldf,g a.S.
R2 R2

3 Chow-Type Maximal Inequality for F-Demimartingales

In this section, we present the Chow-type maximal inequality for F-demimartingales, which
will play an important role in the proof of other inequalities for F-demimartingales, such as
Doob’s maximal inequality. Denote S} = max ¢k9(Sk), n > 1 and S§ = 0. The Chow-type

n

maximal inequality for F-demimartingales is as follows.
Theorem 3.1 Let {S,,n > 1} be an F-demimartingale, and g(-) be a nonnegative convex

function on R with g(0) = 0. Let {ck,k > 1} be a nonincreasing sequence of positive F-
measurable random variables. Then for any F-measurable random variable € > 0 a.s.,

eP7(Sy > ¢) < zn:ciEf[(g(Si) —9(Sim))I(S; = €)] as. (3.1)

i=1
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Proof Let
> >
u(@) {g(x), x>0, o() {0, x>0,

0, z <0, g(z), =<0.
By the definition of g, we have
g(x) = u(z) + v(zr) = max{u(z),v(zx)}, =z ecR. (3.2)

It is easy to see that u(x) is a nonnegative nondecreasing convex function, and v(z) is a non-
negative nonincreasing convex function. By the definitions of u(x) and v(x), we have

ePF(SE > e) = epf(lglgg e max(u(Sy), v(Sy)) > z—:)

= eP7 (max(c; max(u(Sy),v(S1)), . .., ¢, max(u(S,),v(S,))) > €)
(1I<nkax crpu(Sk) > 5) + EPF(1I<n;?§n crv(Sk) > 5). (3.3)
(3.

Therefore, in order to prove (3.1), we only need to show that

EP]:( [max. crpu(Sk) > ) ZQE}— —u(S;—1))I(S) > ¢€)] as., (3.4)
ePf( max. ckv(Sk) > 5) ZczE}— —v(Si—)I(Sh >¢€)] as. (3.5)

Now, we prove (3.4). Let m be a nonnegative nondecreasing function on R with m(0) = 0 and
define H,, = max cru(Sy) with Hy = 0. First, we prove that
SRS

Ef[ /OH tdm(t } ZczE}- —w(Si_1))ym(H,)] as. (3.6)

It is easy to see that

Ef[/OH" tdm(t } ZEf[/ tdm(t)}

< Z EF[Hi(m(H;) — m(Hi_1))]  as. (3.7)

By the definitions of H,, and m, we can see that for H; > H; i, either H; = c;u(S;) or
m(H;) = m(H;_1). Hence, we have by (3.7) that

ET [ /0 " tdm(t)}

< Z ¢ BT [w(S;) (m(H;) — m(H;—1))]

= Z ¢ BT [(u(S;) — u(Si—1))m(H,)]

n—1

{ZE (cosatu(Sis) = eau(SmCH] + D (e = o) BT u(Sym(H)] |

i=1

= Z CiE}—[(U,(Si) — u(Sz_l))m(Hn)] — A as.
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To prove (3.6), it suffices to show that
A= Z E” [(cir1u(Siy1) — ciu(S;))m(H;)]
+ Z — i 1) BT [u(S;)ym(H,)] >0 as. (3.8)
Denote the left-hand derivative of function u by

. w(x + Ax) — u(z

By the convexity of u, h is a nondecreasing function, and furthermore, we have

uly) - ulz) > (y — 2)h(a), (3.9)

Since (¢; — ¢ip1)u(S;) > 0,1 =1,2,--- ,n— 1, it follows by (3.9) that

A > Z E Cz+1'U: 1,+1) — Ciu ’L + Z — Cz+1 E]:[ (Sl)m(Hi)]

Z Z Ci+1E}—[(Si+1 — Sz)h(Sz)m(Hz)] a.S. (310)

It is a simple fact that h(S;)m(H;) is a nondecreasing function of Sy, Sa,- -, S;, so the right-
hand side of (3.10) is nonnegative by the definition of F-demimartingale which yields (3.6).
Taking m(t) = I(t > €) in (3.6), by the definition of H,,, we have
sP}—( max cpu(Sg) > E)
1<k<n

< Z e BT [(u(S;) — u(Si—1))I(Hy > €))
= Z — i) ET [w(S)I(H, > )] + cn E[u(S,)I(H, > ¢)]
< Z — i) ET[u(S)I(SE > €)] + cn E[u(Sn)I(S: > )]

= Z BT [(u(S;) — u(Si—1))I(S; > ¢)]  as.,

where the second inequality follows from the simple fact that H,, < S}. Hence, (3.4) has been
proved. Similarly, we can get (3.5). Finally, (3.1) follows from (3.3)—(3.5) immediately. This
completes the proof of the theorem.



962 X. J. Wang, S. J. Wang, C. Xu and S. H. Hu
Remark 3.1 If we take ¢ = 1 for each k£ > 1 in Theorem 3.1, then we have by Theorem
3.1 that

€P}-< max g(Sk) > 5) ZE}-[ (Si_l))l< max ¢(Sk) > 5)}

1<k< 1<k<n

= E% [g(Sn)I( max ¢(Sg) > 5)} a.s.

1<k<n

Furthermore, if g(z) = |z|" for some r > 1, then we can obtain by the inequality above that

z—:Pf( max |Sk|" >5) <Ef{|5 | I( max |Sk| 25—:)] a.s.

4 Maximal Inequality for 7-Demimartingales Based on Concave Young
Functions

Let ¢ be a right continuous nonincreasing function on (0, 00), which satisfies the condition

¢(o0) = lim ¢(t) =

t—o00

Assume further that ¢ is also integrable with respect to the Lebesgue measure on any finite

interval (0, z). Let
:/ o(t)dt, = >0.
0

Then the function ®(z) is a nonnegative nondecreasing concave function such that ®(0) = 0.
Further assume that ®(c0) = co. Then ®(z) is called a concave Young function.

For more details and properties of concave Young functions, one can refer to [22]. An
example of such a function is ®(z) = 2P, 0 < p < 1. Agbeko [22] obtained the max-
imal inequality for nonnegative submartingales based on the class of concave Young func-
tions. Inspired by [22], Christofides [11] obtained some maximal inequalities for concave Young
functions for N-demimartingales. Our goal in this paper is to extend these results to F-
demimartingales based on the classes of concave Young functions. Denote S} = Jmax ¢y 9(Sk),

n
T, =3 ¢i(9(S;) —g(Sj—1)), n > 1 and S§ = 0. Our results are as follows.
j=1
Theorem 4.1 Suppose that the conditions of Theorem 3.1 are satisfied. Let ®(x) be a

concave Young function. Denote £(x) = ®(x) — xzp(x). Then we have

(1)

ET¢(SH) < xigfo[g(xo) + ¢(x0)ET T, a.s. (4.1)
(ii) If
ligirisgp 221)((;)) <1, (4.2)

then the inequality

(1-b)ET®(S) —a < ETE(SE)  as. (4.3)
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18 valid for some constants a > 0 and 0 < b < 1.
(iii) If (4.2) holds true, then

EF®(S%) < Oy (1 + inf [€(w0) + ¢(x0)Ean]) a.s. (4.4)

for some positive constant Cy depending only on P.

Proof (i) Theorem 3.1 implies that for all real numbers = > 0,
ePT(S: >x) < EF[T,I(S; > )] as. (4.5)

By integrating on [zg,00), o > 0, with respect to the measure d(—¢(z)), we can get by (4.5)
and Lemma 2.3 that

w7 [ waoton] < 67 [r [ a-o0)
= —ET [T, (S5 V x0)] 4 ¢(x0) EX T,
< ¢(x0)ETT, as. (4.6)

The last inequality follows from the fact that T;,¢(S): V) > 0. Integrating by parts, we obtain
by the notation of £ that

7] | T d(=o@))

zo
*
S”\/Io

— 06(a0) = B (5 v a)o(; vao) + B[ [ T plopda

Zo

= zo¢(wo) — EZ[(S}, V 20)@(S, V wo)] + BX (S, V o) — P(x0)
= E7¢(S) Vag) — &(z)  aus. (4.7)

Combining (4.6) and (4.7), we can get that
ETE(S%V xo) < &(wo) + ¢(x0)ET T, aus. (4.8)

It is easy to check that the function &(z) = ®(z) — x¢p(x) is nondecreasing for x > 0. Thus, by
(4.8), we have
E7E(Sy) < EZE(S) Vo) < E(wo) + d(x0)ET T, aus.

The desired result (4.1) follows from the inequality above immediately.
(ii) By (4.2), we can see that there exist constants @ > 0 and 0 < b < 1, such that for all
x>0,

zo(x) < a+bd(x). (4.9)
It follows by (4.9) and the definition of ¢ that
ETE(SE) = BT ®(S5) — ET[S;¢(S;)] = EX®(S;) —bET®(S)) —a  as.,

which yields the desired result (4.3) by reorganizing the inequality above.
(iii) The validity of inequality (4.4) follows from (i)—(ii) immediately. This completes the

proof of the theorem.
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Corollary 4.1 Suppose that the conditions of Theorem 4.1 are satisfied. Then for any
0<p<l,

EF(SE)P < 1L(Ean)p 0. (4.10)
Proof Taking ®(z) = 2P, 0 < p < 1, we have
¢(a) =paP~t,  £(z) = ®(2) — w(z) = (1 - p)a”.
Therefore, by (4.1), we have

p—1
EF(S)" < inf, (xg + plf”LEan) a.s. (4.11)
o -p

The right-hand side of (4.11) is minimized at g = E7T,,. Hence, the desired result (4.10) can
be easily obtained by taking xo = E¥ T, in the right-hand side of (4.11).

If ¢, = 1 for each £ > 1 in Corollary 4.1, we can get the following result.

Corollary 4.2 Suppose that the conditions of Corollary 4.1 are satisfied with ¢, = 1 for
each k> 1. Then

1

= p[E}-g(Sn)]p a.s. (4.12)

Ef[lrgnlggng(sk)r <

If we take g(z) = |z| in Corollary 4.2, then we have the following corollary.

Corollary 4.3 Let {Sp,n > 1} be an F-demisubmartingale. Then for any 0 <p <1,

1
B ( max |5k|)p < T (BTISIP as (4.13)

1<k<n
If we take ®(x) = In(1 + «) in Theorem 4.1, then we can get the following result.

Corollary 4.4 Suppose that the conditions of Theorem 4.1 are satisfied. Then
EfIn(1+8) <1+IWn(1+E’T,) as. (4.14)
Particularly, if c, = 1 for each k > 1, then

E7 In[l + ¢(S,)] < B In [1 + max g(Sk)| <1+l + EFg(S,)] a.s. (4.15)

Proof Taking ®(z) =1In(1 + ), > 0 in Theorem 4.1, we have

1
Be) = 1 @) = B(e) — w0(a) =1 +2) — T
Therefore, we have by (4.1) that
S*
F *\ _ 1 F *\ _ F n
EFE¢(S) =E m(1+S) — F (—1 +Sﬁ)
. Lo 1 F
< — .S. .
7x1[)n>fo(1n(1+xo) T+ o0 + 1_‘_%E Tn) a.s (4.16)
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The right-hand side of (4.16) is minimized at 2o = E7 T,,. Hence, the desired result (4.14) can
be easily obtained by taking xo = E7T,, in the right-hand side of (4.16). (4.15) follows from
(4.14) by taking ¢, = 1 for each k > 1 immediately. This completes the proof of the corollary.

In the following, we will continue to study the estimate for E¥®(S?) under a different

assumption from (4.2).

Theorem 4.2 Suppose that the conditions of Theorem 3.1 are satisfied. Let ®(x) be a
concave Young function, and suppose that

/100 @dt =Cy < 00, (4.17)
where Cy is a positive constant depending only on ¢. Then
E7®(S:) < ®(1)+Cy f: ;BT (g(S;) — g(S;j—1)) = ®(1) + C4E7T,, a.s. (4.18)
j=1
Proof Theorem 3.1 implies that for all real numbers = > 0,

eP7(Sh > @) <Y BT [(9(8)) — g(S;—-))I(Sy > 2)], @ >0, (4.19)
j=1

which we shall integrate on [1, c0), with respect to the measure generated by the nondecreasing

function flm @dt, x > 1. Tt follows by (4.19) and Lemma 2.3 that

| PRtz oewe < [T B 0() - o(sis; 2 )2 as
n Srvi1 z
=S aB” s —g(s-0) [ AZa
n—1 SV (e
=205 —Cy+1)EF[9(5j)/1 ¢;)d }
" Srvi1 <Z5(37)
—l—anF[g(Sn)/l . d }
n—1
< Cy Z(CJ - CJ+1)EF9(SJ) + C¢CnE}—9(Sn)
= CasZCjEf(g(Sj) —g(Sj-1)) as. (4.20)

On the other hand, it follows by Lemma 2.3 that

00 Srvi
| Pz ootaae =7 [ ofaias]
=E7®(S:v1) - (1)
> E7®(S7) — ®(1). (4.21)

Together with (4.20)—(4.21), we can get the desired result (4.18) immediately. This completes
the proof of the theorem.
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Remark 4.1 If we take ®(x) = 2P, 0 < p < 1 in Theorem 4.2, then we have ¢(z) = pxP~!

and Cy = [ @dt = 1. Therefore, (4.18) implies that

ER(S) < 1 10 3 6B (9(85) = 9(851):

Furthermore, if we set ¢ = 1 for each k£ > 1, then we have

F P P F
E (121]?%(”9(519)) Sl+— _pE 9(Sh).

5 Moment Inequalities for F-Demimartingales

In this section, we provide some moment inequalities for F-demimartingales. The main idea
is inspired by Christofides and Hadjikyriakou [14]. Our main results are as follows.

Theorem 5.1 Let {S,,,n > 1} be a nonnegative F-demisubmartingale. Then for p > 2,
n
ETSE >N BT as., (5.1)
j=1

where d; = S; — Sj—1, j=1,2,--- ,n.
Proof By Lemma 2.2, we can see that
EFSP,, > B SP + pEF[SPTH (S — S)) + BT,
> BTSSP+ BT, as,
where the last inequality follows from the definition of F-demisubmartingales. The desired
result (5.1) can be obtained by using induction. The proof is complete.

For the special case of p being a positive even number, the previous result can be extended
to F-demimartingales.

Theorem 5.2 Let {S,,n > 1} be an F-demimartingale and p be a positive even integer.
Then

1 n
EF|S,|P > = S EF|d;P as., (5.2)
j=1

where dj = S; — Sj_1,j=1,2,--- ,n.
Proof Applying the C,-inequality for a positive even integer p, we have
(x—y)P <27 M@t —y TP+ (@ —y )] (5.3)

By Lemma 2.1, we can see that {S;",n > 1} is a nonnegative F-demisubmartingale. Let
Y, = —5,, n > 1. It is easy to see that the sequence {Y,,,n > 1} is also an F-demimartingale
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and Y,F = S, . Hence it follows that the sequence {S, ,n > 1} is also a nonnegative F-
demisubmartingale. Thus, by Theorem 5.1 and (5.3), we have

E7|S|P = B (S)P + EZ (S,

>> ET(SF -5 )P+ E7(S; =S ,)"  (by Theorem 5.1)
Jj=1 j=1

2 2;0171 ZE]:(S]- =517 (by (53))

1 n
FZE}—“}Z‘AP a.s.,
j=1

which implies (5.2). This completes the proof of theorem.

An immediate application of Theorem 5.2 for F-associated random variables with condi-

tional mean zero is as follows.

Corollary 5.1 Let {X,,n > 1} be F-associated random variables with conditional mean
zero. Then for a positive even integer p,

1 n
ET| S|P > o T Z E7|X;P, (5.4)
j=1

where Sy, = i X;.
j=1
Proof It follows by Remark 1.1 that the partial sum of F-associated random variables
with conditional mean zero is an F-demimartingale. Hence, the desired result (5.4) follows
from Theorem 5.2 immediately. The proof is complete.
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