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On the First Hochschild Cohomology
of Admissible Algebras*
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Abstract The aim of this paper is to investigate the first Hochschild cohomology of ad-
missible algebras which can be regarded as a generalization of basic algebras. For this
purpose, the authors study differential operators on an admissible algebra. Firstly, dif-
ferential operators from a path algebra to its quotient algebra as an admissible algebra
are discussed. Based on this discussion, the first cohomology with admissible algebras as
coefficient modules is characterized, including their dimension formula. Besides, for planar
quivers, the k-linear bases of the first cohomology of acyclic complete monomial algebras
and acyclic truncated quiver algebras are constructed over the field k of characteristic 0.
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1 Introduction

The Hochschild cohomology of algebras is invariant under Morita equivalence. Hence it is
enough to consider basic connected algebras when the algebras are Artinian. Let I' = (V, E)
be a finite connected quiver, where V' (resp. E) is the set of vertices (resp. arrows) in I'. Let
k be an arbitrary field and kI" be the corresponding path algebra. Denote by R the two-sided
ideal of kI' generated by E. Recall that an ideal I is called admissible if there exists m > 2
such that R™ C I C R? (see [2]). According to the Gabriel theorem, a finite dimensional basic
k-algebra over an algebraically closed field k is in the form of kI'/I for a finite quiver I" and an
admissible idea I.

An Artinian algebra is called a monomial algebra (see [3]) if it is isomorphic to a quotient
kT'/I of a path algebra kT for a finite quiver I and an idea I of kI" generated by some paths in
I'. In particular, denote by k"I the ideal of kI" generated by all paths of length n. Then the
monomial algebra kI'/k™T" is called the n-truncated quiver algebra.

The study of Hochschild cohomology of quiver related algebras started with the paper
of Happel in 1989 (see [11]), who gave the dimensions of Hochschild cohomology of arbitrary
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orders of path algebras for acyclic quivers. Afterwards, there have been extensive studies on the
Hochschild cohomology of quiver-related algebras such as truncated quiver algebras, monomial
algebras, schurian algebras and 2-nilpotent algebras (see [1, 4, 6-7, 12-15, 17-19]). In [11], a
minimal projective resolution of a finite-dimensional algebra A over its enveloping algebra is
described in terms of the combinatorics when the field k is an algebraically closed field. In these
papers listed above, the authors used this kind of projective resolution or its improving version
to compute the Hochschild cohomology.

In [10], the authors applied an explicit and combinatorial method to study HH'(kT'). In
this paper, we improve the method in [10] to the case of algebras with relations in order to
study the HH'(k['/I), where kI'/I is an admissible algebra. This way does not depend on
projective resolution and the requirement of k being an algebraically closed field. Using this
method, we can obtain some structural results which would not arise by the classical method
in the above listed papers.

If I C R? holds for a two-sided ideal I, we call kI'/I an admissible algebra (see Definition
2.1). So finite-dimensional basic algebras are always admissible algebras. We will give Propo-
sition 2.1, which shows that admissible algebras, including basic algebras, possess the similar
characterization of monomial algebras and truncated quiver algebras, although they are not
graded. From this point of view, the admissible algebra is motivated to unify and generalize
the basic algebra and the monomial algebra.

In the following, we always assume that kI'/I is an admissible algebra. This paper includes
three sections except for the introduction. In Section 2, we introduce the basic definitions which
are used in this paper. In particular, we define the notion of an acyclic admissible algebra, which
can be thought as a generalization of the notion of an acyclic quiver. A sufficient and necessary
condition is obtained for a linear operator from kT" to kT'/T to be a differential operator. Next,
we give a standard basis of Diff (kI", kI'/I).

In Section 3, we investigate H'(kI[",kT'/I). In (3.3), a dimension-formula of H'(kT',kT'/I)
is given for a finite-dimensional admissible algebra. Moreover, in Theorem 3.1, we construct a
basis of H'(kT', kI'/I) when T is planar and kI'/I is an acyclic admissible algebra.

In Section 4, we characterize HH'(kI'/I). In (4.2), we give the dimension-formula of
HHY(KT'/I) for any finite-dimensional admissible algebras kI'/I. Moreover, we apply this
method to complete monomial algebras and truncated quiver algebras. In Theorems 4.1-4.2,
we construct k-linear bases of their first cohomology groups under certain conditions. The
Hochschild cohomology of monomial algebras and truncated quiver algebras has been studied
in [7, 12, 16, 18-19]. Our results in Section 4 can be seen as the generalization of those cor-
responding conclusions in the listed references above. In the same section, two examples of
admissible algebras are given which are not monomial algebras. Their first Hochschild coho-

mology is characterized using our theory.

2 The k-Linear Basis of Diff (kT', kI'/I)

We always assume I' = (V, E)) to be a finite connected quiver, where V' (resp. E) is the set

of vertices (resp. arrows) in I'. For a path p, denote its starting vertex by ¢(p), called the tail
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of p, and the ending point by h(p), called the head of p. For two paths p and ¢, if t(p) = t(q)
and h(p) = h(q), we say p and ¢ are parallel, denoted by p || ¢. Denote by P = Pr the set of
paths in a quiver I' including its vertices; denote by P4 the set of its acyclic paths. Trivially,
T is acyclic if and only if Pr\V = P4. Throughout this paper, we always assume quivers to be

finite and connected.

Definition 2.1 Suppose T' = (V, E) is a quiver and I is a two-sided ideal of kI'. We call
the quotient algebra kT'/I an admissible algebra if I € R%, where R denotes the two-sided ideal
of kI' generated by E.

Proposition 2.1 Suppose kI'/I is an admissible algebra, and then there exists a subset P’
of P such that VUE C P and Q = {T |z € P'} forms a basis of kU/I forT =ax + 1.

Proof Let X be a k-linear basis of I. Denote by P>2 the set of all paths of length > 2.
Define

T :={Y CkI':Y is linearly independent in kT satisfying X CY C X UPso}.

T becomes a partial set due to the order of inclusion between subsets of kI'. It is easy to see that
T # () and T satisfies the upper-bound condition of chains. So by the famous Zorn’s lemma, T
has a maximal element, denoted by Z.

We claim that Z is linearly equivalent to P>2. Otherwise, there exists p € P>o such that
p can not be linearly expressed by Z, and then Z U {p} is linearly independent in k', which
contradicts the maximal property of Z.

Since Z is linearly equivalent to P>2, it follows that V' U E U Z is linearly equivalent to
P =V UFE U Psy. By the definition of 7', Z C X U P>a. I is generated by X. Hence
V U E U (Z\X) forms a basis of the complement space of I in kI. It means that Q = {T: z €
VUEU(Z\X)} forms a basis of kI'/I. It is clear that VU E U (Z\X) C P and it is the P’ we

want.

When I C R? is finite dimensional, we have an explicit way to determine the P’. Concretely,
suppose that {x1,22, -+, 2., } is a basis of I. Then there exists a finite subset {p1,p2, -+ ,pn}
of P such that x; can be expressed by the linear combinations of p;. Suppose z; = 3 ai;p; for
i=1,2,---,m, and then we obtain an m x n matrix A = (a;;). We can transform tﬁelmatrix A
into a row-ladder matrix B = (b;;) through only row transformations. Suppose that b; .(;) is the
first nonzero number of the i-th row of B. Since B is a row-ladder matrix, we have ¢; # ¢ for
i # k. Then {x1,za, -, }U{pi |l # c1,¢2, - , ¢} is linearly equivalent to {p1,p2,- -+ ,pn}-
Hence (P\{p1,p2, - ,pn})U{pi | l # c1,c2, - ,cm} is a basis of the complement space of I in
kL. Then the residue classes in kI'/I of all elements in this basis form a basis of kI'/I.

On the other hand, in some special cases, e.g., when kI'/I is a monomial algebra, even if T
is not finite dimensional, the choice of P’ is also given in the same way. If kI'/I is a monomial
algebra and [ is generated by a set of paths of length > 2. the set of paths that does not belong

to I is just the P’ required.
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Definition 2.2 Let A be a k-algebra and M an A-bimodule. A differential operator (or
say, deriwation) from A into M is a k-linear map D : A — M such that

D(zy) = D(z)y + zD(y). (2.1)

In particular, when M = A, this coincides with the differential operator of algebras.

Lemma 2.1 Suppose that D is a differential operator from kI' into kI'/I. Then D is

determined by its action on the set V' of vertices of I' and the set E of arrows of T'.

Lemma 2.2 Let I' be a quiver. Denote by kV (resp. kE) the linear space spanned by the
set V' of the vertices of T (resp. the set E of the arrows of T'). Assume that we have a pair of
linear maps Do : kV — kU'/I and Dy : kE — kI'/I satisfying that

Do(x)x + xDo(x) = Do(z), z€V, (2.2)
Do(z)y + 2Do(y) =0, z,y€eV, z#y, (2.3)
Do(z)q +xD1(q) = Di(q), =z €V, q€E, t(q) =x, (2.4)
Di(q)y + ¢Do(y) = Di(q), y€eV, g€ E, h(g) =y. (2.5)

Then, the pair of linear maps (Do, D1) can be uniquely extended to a differential operator
D : kI’ — ET'/I satisfying that

1
D(p):=Y p1--pi-1Di(pi) - pu (2.6)
i=1
for any path p=pip2---pi, pi € B, 1 <i <1, 1 >2.

Proof One only need to prove that D is indeed a differential operator. For this, we need
to check (2.1) in the next four cases:
(@) z,yeV; (b)xeV,yeP\V; (c)xeP\V,yeV; (d)z,yeP\V.

However, the checking process is routine, so we omit it here.

In the sequel, we always suppose kI'/T to be an admissible algebra for the given ideal I and
the notations in Definition 2.1 are used. From Definition 2.1 and Proposition 2.1, there exists a
basis of kI'/I which consists of residue classes of some paths including that of V' and E. Denote
the fixed basis of kI'/T by Q. Suppose that D : kI' — kI'/I is a linear operator, then for any
p € P, D(p) is a unique combination of the basis Q of kI'/I. Write this linear combination by

D(p) = _ cq, (2.7)
qeQ
where all cfl—’ € k. We will use this notation throughout this paper. As a convention, for the

empty set 0, we say » cbg = 0.
q€0

Lemma 2.3 Suppose that q1,q2 € P, qi,q92 ¢ I and @1 = @z in kU'/I, then t(q1) =
t(q2), h(q1) = h(qz), i-e., q1 || qa-
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Proof If t(q1) # t(q2), then q1 = t(q1)q1 = t(¢1)qz = 0, a contradiction, so t(q1) = t(q2).
Similarly, h(q1) = h(gz).

According to the lemma above, for p € Q, we can define ¢(p) := t(q) (resp. h(p) := h(q))
for any path ¢ € P satisfying § = p in kI'/I. For a path s € P and p € Q, if t(s) = t(p) and
h(s) = h(p), we say s and p are parallel, denoted by s || P.

Denote
Qa:={peQ|t() #h®@)} and Qc:={pe Q[t(p)=h({D)}
Moreover, kQa (resp. kQ¢) denotes the subspace of kI'/I generated by Q4 (resp. Q¢).
Clearly, as k-linear spaces, kI'/T = kQa © kQc.

Definition 2.3 Using the above notations, an admissible algebra kT'/I is called acyclic if
Qc\{v|veV}=0.

It is easy to see from this definition that

(i) the fact whether the given kI'/I is acyclic is independent on the choice of Q;

(ii) if the quiver I' is acyclic, then kI'/I is acyclic; the converse is not true in general;

(iii) if k['/I is acyclic, then it is finite dimensional; the converse is not true, e.g., kI'/k"T if

I' is a loop for n > 2.

Proposition 2.2 Let D : kI' — kI'/I be a k-linear operator.
(i) If D is a differential operator, then

(a) forveV,
D)= ) g+ Y &g (2:8)
qeQ qeQ
t(q)=v h(g)=v
h(g)#v t(q)#v
(b) forp e E,
Dip)= Y dPgp+ > dg+ Y LV, (2.9)
q€Q qeQ q€Q,
h(q)=t(p) allp t(q)=h(p)
t(@)#t(p) h(q)#h(p)

where the coefficients are subject to the following condition: For any path § € Q such that

tq) # h(@),

) (2.10)

(ii) Conwversely, assume that the linear map D from kV @ kE to kI'/I satisfies (2.8)-(2.10),
then D can be uniquely extended linearly to a differential operator as (2.6).

Proof (i) For a given v € V, since vv = v, we have

D(v) = D(vv) = D(v)v +vD(v).
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So by the direct computation, we can get

Moreover,
D(v) = D(v)v +vD(v) = (D(v)v +vD(w))v +vD(v) = D(v)v + vD(v)v + vD(v).

So we have vD(v)v = 0. That means >,  ¢c¢g = 0. So we get (2.8).

qeQ
t(q)=h(q)=v
Also, for a given p € E, we have

(t(p))ph( ) +t(p)D(p)h(p) + t(p)pD(h(p))
(P)p+ Y _ &g+ pD(h(p)).

q€Q
qllp

=
@

Since t(p), h(p) € V, by (2.8), we can easily get (2.9).
Let z,y € V, and = # y. By (2.8),

D(zy) = D(x)y + xD(y)

= Dt )
qeQ qeQ
t(q)=z t(q)==z
h(q@)=y h(@)=y

=2 (Gan
geQ
@)=z
h(@)=y

But D(zy) = 0 since zy = 0. So »~ (¢ +c¥)g=0.
qeQ
t(q)=x
h(9)=y
For a path § € Q such that t(g) # h(q), substituting = and y respectively with ¢(g) and
h(g), we get (2.10).
(ii) We only need to verify that the conditions of Lemma 2.2 are satisfied. Because the

process is straightforward, we leave it to the readers.

Next, we apply Proposition 2.2 to display a standard basis of differential operators from kI’
to kT'/I, for any admissible algebra kI'/I.

Proposition 2.3 (Differential operator D, 5) For a quiverT' = (V,E), letr € E and s € P
with r || s. Define the k-linear operator D, s : kV @ kE — kI'/I satisfying

Dy<(p) = 5, p=r for peE, (2.11)
" 0, p#r for pe EUV. '

Then, the conditions of Lemma 2.2 are satisfied and thus, D,s can be uniquely extended to a

differential operator from kI' to kI'/I, denoted still by D, 5 for convenience.
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Proof (2.2)-(2.5) can be checked easily by the definition of D, 5.
For a given s € P, we have the corresponding inner differential operator:

Theorem 2.1 LetT' = (V, E) be a quiver and I be an ideal such that kT'/T is an admissible
algebra. Then the set

B =B, UDB, (2.13)
is a basis of the k-linear space of differential operators from kI' to kI'/I, where

By :={Ds|5€Qa}, Bo:={Drs|reE3seQrls} (2.14)

Proof We only need to verify that the operators in 9B are linearly independent and any
differential operators can be generated k-linearly by B.

Step 1 ‘B is linearly independent Suppose that there are cp, ¢, 5 € k such that

Z C;TJD;T) + Z CrygDr’g =0. (215)

PEQ rek
h(B)#L(P) €O
r|s

Then for any given pg € Q, h(pg) # t(Po), by the definitions of D; and D, 5, we have

0= > D)+ Y crsDys(h(P0))

PEQ rek
(D) £h(P) 5€Q
r|s
= > c(ph(po) — hlpo)p) +0
PEQ
t(P)£h(P)
= g Cpp — g Cqq-
PEQ q€Q
t(P)#£h(P)=h(Pg) h(D)#t(T)=h(Pg)

In the last formula above, p # q always holds. Thus, their coeflicients are all zero. In particular,
cpg = 0 for any pg € Q with h(po) # t(Do)-
Thus, from (2.15), we get that
Z Cr,gDr,g =0.
rek

5€Q

r|s

Further, for any given ro € E, 5 € Q with 3 || 79, we have

Z Cr7§DT,§(7"0) =0= Z CTO,EE =0.
rek s€Q
5€0 rols
r||s
It follows that ¢,,5 =0 for any ro € E, 5 € Q with r || 5.

Hence, B is k-linearly independent.
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Step 2 B is the set of k-linear generators Let D : kI' — kI'/I be any differential
operator. Then for v € V and p € E, by (2.8)-(2.10), we have

D)= Y g+ Y g (2.16)

qeQ qeQ
h(@)#t(q)=v t(q)#h(@)=v
Dp)=— Y dPp+Y g+ Y 4 (2.17)
qeQ qeQ qeQ
t(@)~h(a)=t(p) allp h(@#t(@)=h(p)

We claim that D agrees with the differential operator D defined by the linear combination

D=- Y d9D:+3Y b, (2.18)

FEQ rck
t(3)#h(3) S€Q
HIk

t(s)

where cgg and ¢ come from (2.16)—(2.17). Any path in P is either a vertex or a product of
arrows. Thus by the product rule of differential operators, to show D = D, we only need to
verify that D(q) = D(q) for each ¢ = v € V and q = p € E. The verification is straightforward,

so we omit it.

We call the set B in Theorem 2.1 the standard basis of the k-linear space Diff (kI', kI'/I)
generated by all differential operators from kI' to kI'/1.

From this theorem, we get Diff (k[", kT'/I) = D1 @ D3, where D; is the k-linear space gener-
ated by 9B; for i = 1,2 in (2.14).

For any p € E, D, 5 € B, is called the arrow differential operator from kI' to kI'/I. Let
Bp:={D,3|p€ E} and D := kBp is called the space of arrow differential operators.

3 H'(kT,kI'/I) for an Admissible Algebra kT'/I

Proposition 3.1 Let g € P be such that h(q) = t(q) = vo. We have

Dg= > Dyz— Y. Drrg. (3.1)

pEE reE
t(p)=vo h(r)=vg
Proof Note that both sides of (3.1) are k-linearly generated by differential operators. So,
by the product formula of differential operators, we only need to verify that the both sides
always agree when they act on the elements of V' and E. Since the computation is direct, we

omit it here.

Remark 3.1 For v € V, it is clear that ¢(v) = h(v) = v. From Proposition 3.1, we have

Ds= Y Dps— Y. Dir (3.2)

pPEE rek
t(p)=v h(r)=v

We call Dy the vertex differential operator from kI" to kI'/I. Let ©y denote the linear space
spanned by {Dz | v € V'}, called the space of vertex differential operators. It is clear that Dy

is a subspace of D p.
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Lemma 3.1 Let p € P, and then D is always in the k-subspace k{q € Q | q || p} generated

by G with q | p.
Proof Suppose p= ). ¢zq, and then ¢(p)ph(p) = cgt(p)gh(p) = > cqq.
7€0 7c0 70
allp

Corollary 3.1 Let g € P be such that h(q) = t(q). Then Dg € kBs = D>.

Proof Forr € E, r | s € P; by Lemma 3.1, suppose § = Y. czq, and it is clear that

qeQ
alls
D,5= 3" cgD,3g, so then we use Proposition 3.1.
qeQ
alls

Remark 3.2 For g € Q, () = h(q), from Theorem 2.1 and Corollary 3.1, we know that
D7 € kB, = D3, but not in k&B; = ©;. Denote D¢ := k{D7 | 7€ Q, t(7) = h(7)}. Then
Dec €Dy and Do N1 = 0.

Denote by Inn-Diff (kT", kT'/T) the linear space consisting of inner differential operators from
kT to kI'/I. Then, Inn-Diff (kT', kT'/I) = ©1 + D¢. Thus, we have
H(kT',kT'/I) = Diff (kT', kT'/I) /Inn-Diff (kT, kT'/T)
=(®1+92)/(®D1+D¢)
=9,/(D2ND¢)
=9,/Dc.
Since the basis of kI'/I given in Proposition 2.1 contains the residue classes of V' and E, we

can see that the center of kI'/I as a kT'-bimodule and the center of kI'/I as an algebra are the
same, denoted by Z(kT'/I).

Proposition 3.2 Let kI'/I be a finite-dimensional admissible algebra, and then

dimy H'(kT', kT'/T) = |Ba| + dimp Z (kT /) — | Qc|. (3.3)

Proof By the discussion above, dimy HH'(kI', kI'/I) = |B3| — dim;D¢c. Then
D1 & D¢ = Inn-Diff (kT', kT'/1) = (kT'/1)/Z(ET /1)
= (kQc © kQa)/Z(kT/I)
= kQc/(Z(kT/I)) & kQa
= kQc/(Z(KT/1)) © D1,

where the first isomorphism is assured by (2.12), the second and fourth isomorphisms are
trivial, and the third is because of the facts that Z(kI'/I) C kQc¢ and Z(kT'/I)NkQ4 = 0. So
Do 2 kQe/Z(kT'/I) as k-linear spaces, and it follows that

dimkHl(k;F, kF/I) = dimk’Dg - dimk’DC == |‘BQ| + dlme(kjr/I) - |Qc| (34)

If kT'/I is acyclic, then Z(kI'/I) = k and |Q¢| = |V|. Thus, we have the following corollary.
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Corollary 3.2 If kT'/I is an acyclic admissible algebra (in particular, if T is an acyclic

quiver), then
dimy H* (kT, kT /I) = |Bs| + 1 — |V]. (3.5)

On the other hand, when T is a planar quiver and kT'/I is an acyclic admissible algebra, we
can apply the approach of [10] to give a basis of HH(kT', kI'/I). A planar quiver is a quiver
with a fixed embedding into the plane R2. The set F of faces of a planar quiver I is the set of
connected component of R?\T'.

We will need the famous Euler formula on the planar graph (see [5, 9]), which states that for
any finite connected planar graph (which can be thought as the underlying graph of a quiver

I'), we have
V| —|E|+ |F| =2. (3.6)

For each face of T, its boundary is called a primitive cycle. Let iy denote the boundary of the
unique unbounded face fo of I'. Let T'p denote the set of primitive cycles of I and I'y := T'p\1o.
Then clearly, the set I'p of primitive cycles of I' is in bijection with the set F' of the faces of I'.
So |F| = |Tp|.

For a face f € F, denote by iy the corresponding primitive cycle of f. Suppose that iy is
comprised of an ordered list of arrows p1,- -+ ,ps € E, and define an operator from kI" to kI'/1
by

D, :=+Dy 5+ -+ Dy 5=, (3.7)

If P1,P1

where a +D,,, 57 is +D,, 5; if p; is in clockwise direction when viewed from the interior of the
face of 1y and is —D,, 5; otherwise. We call D, a face differential operator from kI' to kI'/1.
Let ©p denote the linear space spanned by {Dp | I € I'p}, called the space of face differential
operators.

The next lemma is similar to Theorem 4.9 in [10].

Lemma 3.2 Let I' be a planar quiver with the ground field k of characteristic 0, and then
(a) dim®Dy = |V|—1;

(b) dim®p = [F| -1 =T} |;

(c) Dy and Dp are linearly disjoint subspaces of D .

o
Proof (a) Denote vy = |V|. Since € = >_ 7; is the identity of kT'/I, which clearly lies in
i=1

the center of kT'/I, we have
o
Dz =Y Dy =0. (3.8)
i=1

So dim®y < 9 — 1. We next prove that dim®y > vy — 1. We may assume that vy > 2.

We claim that any v — 1 elements of {Dz | i = 1,--- v} are linearly independent. In
Yo—1 ~Yo—1
fact, suppose Y. a; Dz = 0, where a; € k, which means that >  «;7; is in the center of kI'/I.

i=1 i=1
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Since I' is connected, let the vertex v, be connected to v; by an arrow p for i # 7. We may

assume that ¢(p) = v; and h(p) = v,,. We have

Yo—1 Yo—1

aip = > 0 ) = 5( 2 a;i7) = 0.

i= =
So a; = 0. Note that I' is connected, and we can repeat this process to get a; = 0 for any j.

(b) Let |F'| = 2. Through simple observation of the planar quiver, we can see that if p € E
is in the boundary, then it is at most in the boundary of two primitive cycles. Note that if
p € E is in the boundary of two primitive cycles P; and Po, then the signs of D, 5 in Dp, and
Dp, are opposite. If p € E is in the boundary of only one primitive cycle IP, then D, 3 occurs
twice in Dp with an opposite sign. Thus we have

v2—1

> Dp, =0, (3.9)
§=0

where Py denotes the primite cycle corresponding to fy as above. So dim®@p < |F| — 1.

We next prove that dimDp > |F| — 1. We may assume that |F| > 2. Suppose

Yy2—1
> biDe, =0, (3.10)
j=1

_ 72—l
where b; € k. If p € E is in the boundary of Py and IP; for j > 0, then 0 = » b; Dp, (p) = £b;P.
i=1 ‘
So we have b; = 0. This means that if ’; and Py have a common p € E in their boundary, then

b; = 0. Replace Py by P;, and repeat this process. Since the quiver is connected, we can get
b; =0 for any j > 0.

(c) From [10] and Theorem 2.1, we know that 8% :={D,, |p € E} and Bg:={Dp5 |p €
E} are k-linearly independent sets in Diff (k") and Diff (kT', kI'/I) respectively. Based on this,
Dz and D, can be linearly expressed by using B, which is similar to the fact that D,, and
Dy,
4.9 in [10] in the same process, we obtain that ©y and Dp are linearly disjoint subspaces of
Dp.

can be linearly expressed by 8% in [10]. Under this correspondence, referring to Theorem

By this lemma, Bp := {Dp | 1 € I'; } is a basis of Dp.

Theorem 3.1 Let I' be a planar quiver and kI'/I be an acyclic admissible algebra with the

ground field k of characteristic 0. Then the union set
(%2\%]5) U Bp

is a basis of HY(kU',kT'/I).

Proof By the Euler formula and Lemma 3.2, we can get D = Dy & Dp. Because kI'/1 is
acyclic, we have D¢ = Dy, and then

H(kT, kT /1) = D5 /D¢
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= (Dp @ k{B2\Bp})/Dv
~ Dp @ k{By\ B}
> kBp @ k{B2\Br}.

4 HH'(kT'/I) for an Admissible Algebra kI'/I

Lemma 4.1 A differential operator of kI'/I can naturally induce a differential operator
from kT to kU'/I. Conwversely, a differential operator D from kT to kU/I satisfying D(I) = 0
can induce a differential operator of kT'/1.

Proof Denote by p the canonical map from kI' to kI'/I. Given a differential operator D
of kT'/I, we claim that the composition Dp is a differential operator from AT" to kI'/I. Note
that the canonical map from kI to kI'/I is an algebra homomorphism, and it can be directly

verified. The converse result can be shown directly, too.

For a differential operator D from kI' to kI'/I satisfying D(I) = 0, we denote by D the
induced differential operator on kI'/I. Write

§(I) = {D | D € Dift (kT kT/T), D(I) =0}, §:(l):= (D | D €D, D) =0} fori =12
It is clear that Dgs(I) =0 for s € P. So §1(I)=D1 and F(I) = D1 & F=2(1).

Lemma 4.2 F(I) = Diff(kI'/I) as k-linear spaces.

Proof The map from F(I) to Diff (kI'/I) is as follows:
§(I) — Diff(kT/I), D+~ D.

The proof of Lemma 4.1 assures that the map from §(I) to Diff (kI'/I) is surjective. As for the
injectivity, suppose D1, Do € F(I) and Dy # Da, so according to Lemma 2.1, there exists a
path p € V U E such that D;(p) # Da(p). Since 0 # p € kI'/I, D1(p) # D2(p).

By this lemma, we can think Diff (kI'/I) as a k-subspace of Diff (kI", kT"/I).

From Lemma 4.2, we have
HH'(KD/I) = F(1)/(D1 ®Dc) = (D1 ©F2(1) /(D1 Do) = Fa(1)/De (4.1)

as linear spaces. This means that HH!(kI'/I) can be embedded into H'(kT, kT'/I) = D2 /D¢

Moreover, we have the next proposition.

Proposition 4.1 Suppose that kT'/1 is a finite-dimensional admissible algebra, and then

dimy HH' (kT /1) = dimg.§o (1) + dimg. Z(kT' /1) — [ Qc|. (4.2)

Proof Note that k{Q¢c}/(Z(kT'/I)) = D¢ are linear spaces. By (4.2), we have

dlmkHHl(kjr/I) = dlmkSQ(I) - dimk’Dc == dnnk&g(l) + dlme(kF/I) - |Qc|
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Corollary 4.1 If kT'/I is an acyclic admissible algebra (in particular, if T is an acyclic

quiver), then
dimy HH' (kT /1) = dimy,F2(1) + 1 — |V]. (4.3)

If kT'/I is an acyclic admissible algebra, we have a standard procedure to compute dimF2 (7).
First note that for a differential operator D from kI to kI'/I, D(I) = 0 if and only if D(r;) =0
where {ry, -+ ,7;,--+ ,7r,} is a minimal set of generators of I. This property follows easily from
the Leibnitz rule of differential operators. Since kI'/I is acyclic, |Bs| is finite for Bo as given

in Theorem 2.1. Suppose that > ¢, 5D, 5(r;) = 0 for i = 1,--- ,n. This means that the
D, s€B2
coefficients ¢, 5 satisfy the system of these homogeneous linear equations. So dim §2 (/) is equal

to the dimension of the solution space of the system of homogeneous linear equations.
Now we give two examples of admissible algebras that are not monomial algebras or trun-
cated quiver algebras, and characterize their first Hochschild cohomology.
Qg w0
Example 4.1 Let T' = (V, E) be the quiver / \ and I = (a1ag — [102).
B2 %

In this case, B> = {Da, a7, Das,az: D, 575 D, 5,1 So we have
dimy H' (KT, kT'/T) = |B| + dim, Z(kT'/I) — |Qc| =4+ 1 -4 = 1.
Suppose that
(aDay g +bDay ez + Dy 5+ dDg, 52)(araz — fif2) = (a+b—c—d)ap =0,

and then we get a +b — ¢ —d = 0. Hence dimyF2(I) = 3 and dimyHH*(k['/I) = 0.

Example 4.2 Let I' be the quiver having one vertex with two loops, or equivalently, kI' =
k(x,y). Suppose the ideal I = (zy — yx). Then kI'/I = k[z, y].

In this case, By = 0 and By = {Dy gmyn, Dy zmyn | m,n > 0} are the basis of Diff (k(z, y),

klx,y]), where ™y™ means the multiplication in k[z, y].

Since k[x,y] is commutative, we get that
Inn-Diff (k(z,y), k[z,y]) =0, H'(k{x,y), k[z,y]) = Diff (k(z, ), k[z,y]).

Moreover, note that Dy ymyn(zy — yz) = 0 and Dy zmyn(zy — yx) = 0. Thus we obtain the
basis of HH*(k[z,y]) to be

{Dzgmyn; Dyamyn | myn > 0}.

Similarly, we can obtain the first Hochschild cohomology for k[x1,za,- -, zy].

Assume that kI'/I is a monomial algebra. The residue classes of paths that do not belong
to I form a basis of kI'/I. For convenience, we also denote by Q the basis of kI'/I when kI'/T

is a monomial algebra.
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Definition 4.1 A monomial algebra kT'/I is called complete if for any parallel paths p,p’
m T, pel impliesp’ € 1.

Proposition 4.2 Suppose that kU'/I is a complete monomial algebra with I C R%. Then
the following set

B =B, UB, (4.4)

is a basis of Diff (kI'/I), where
By :={Ds|5€ Q,h(3) #t(3)}, Ba:={D,s|re€E,5€Q,r| 5} (4.5)
Proof Since kT'/I is complete, we have D, 5(p) = 0 for any D, 5 € B2, where p is any path

in I. Then §2(I) = Dq. It follows that Dift (kI", kT'/I) = Diftf(kI'/I) as k-linear spaces. Thus

due to Theorem 2.1, the result follows.

Corollary 4.2 Suppose that kT'/I is an acyclic complete monomial algebra with I C R2.
Then

dim, HH' (KT /1) = [Ba| + 1 — |V]. (4.6)
Proof By the proof of Proposition 4.2, dimzF2(I) = dimp®, = dimp®, = [By]. By
Corollary 4.1, we get the required result.

In [15], the author gave a characterization of the first Hochschild cohomology of an acyclic
complete monomial algebra through a projective resolution. However, its k-linear basis has not

been constructed so far. Here, we want to reach this aim by our method.

Theorem 4.1 Let I" be a planar quiver, and kI'/I be an acyclic complete monomial algebra
with I C R? over the field k of characteristic 0. Then the union set

(gg\gE) U %}p
is a basis of HH'(kT'/I), where B = {D,5 |p€ E} and Bp = {D, | 1 € I'; }.
Proof By (4.1) and F2(I) = D3, we have HH'(kI'/I) = H'(kT',kT'/I) in this case. So
from Theorem 3.1, we can directly get this theorem.

For a truncated quiver algebra kI'/k"I" with n > 2, we can give a standard basis of
Diff(kI'/k"T"). kT'/k"T has the basis formed by the residue classes of the paths of length
<n — 1, denoted also by Q.

Proposition 4.3 Let T' = (V, E) be a quiver and the field k be of characteristic 0. A basis
of Diff (kT'/k"T") for any truncated quiver algebra kI'/k™T" with n > 2 is given by the set

B =B, UDB,, (4.7)
where

B, :={Ds |5€ Q,h(GE) £t(3)}, Bo:={D,s |recE3€Qs¢V,r|5} (4.8)
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Proof It is clear that Dg(k"I') = 0 for 5 € Q, h(5) # t(5) and D,5(k"T') = 0 for

re E,5€ Q, s¢V, 5| r. Note that when r is a loop of T, DTW € Diff(kT", kT'/k"T"), but

Dr,m(r”) = nr"~! £ 0. Moreover, for all loops r1,---,7, of I' and ¢y, - , ¢, not all 0, we

claim that ) ¢; D, m(k"f‘) £ 0. Without loss of generality, we can assume c¢; # 0. So we

have
Z D, s (rt) = neyrt ™t # 0.
Then by Theorem 2.1, the union set
{Ds|35€ QnrB) #t3E)}U{Dys|reE5€Q,s¢ V,r| 5}
forms a basis of the linear space §2(k"T") for I = k"T". By Lemma 4.2, we have
F2(k"T) = Diff (kT /E"T).

Noting the map from §2(k"T") to Diff (kT'/k"T) in Lemma 4.2, we can see that the union set
B =B, UDB, is a k-linear basis of Diff (k['/k"T).
Thus Diff (kT'/k"T') = D, ® D», where D; is the k-linear space generated by B; for i = 1, 2.

Corollary 4.3 LetT'= (V, E) be a quiver and the field k be of characteristic 0. Then

dim, HH* (kT /E"T) = [B| + dimy, Z(kT'/k"T) — |Qc|.

Proof By the proof of Proposition 4.3 and the definition of §2(I), we can see that {D, 5| r €
E,;5€ Q,s¢ V,r| 5} is a basis of §2(k"I") for I = k"T". By Proposition 4.3,

By :={D,s|r€E,35€Q,s5¢V,r|5}
Then by Proposition 4.1 and the correspondence between D, 5 and Er,g for each pair (r,3), we
get the required result.

This corollary has indeed been given as Theorem 1 in [12] and Theorem 2 in [18]. The
method we obtain here is different from that in [12, 18].
Moreover, when kI'/k"T is acyclic, we can get a basis of HH'(kT'/k"T") as in Theorem 4.1.

Theorem 4.2 Let T be a planar quiver, and kT /k"T for n > 2 be acyclic over the field k

of characteristic 0. Then the union set
(%2 \%E) U %}p’
is a basis of HH'(kI'/k"T), where B = {Dp5 | p € E} and Bp = {D, | 1 € Ty }.

Proof Since kT'/I is acyclic, D¢ = Dy. By Lemma 4.2, D¢ = D¢, Dp = Dp, Dp = Dp.

So the result can be obtained in the same way as the proof of Theorem 3.1.
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