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The Zero Mach Number Limit of the Three-Dimensional
Compressible Viscous Magnetohydrodynamic Equations*

Yeping LI! Wen’an YONG?

Abstract This paper is concerned with the zero Mach number limit of the three-dimension-
al compressible viscous magnetohydrodynamic equations. More precisely, based on the
local existence of the three-dimensional compressible viscous magnetohydrodynamic equa-
tions, first the convergence-stability principle is established. Then it is shown that, when
the Mach number is sufficiently small, the periodic initial value problems of the equations
have a unique smooth solution in the time interval, where the incompressible viscous mag-
netohydrodynamic equations have a smooth solution. When the latter has a global smooth
solution, the maximal existence time for the former tends to infinity as the Mach number
goes to zero. Moreover, the authors prove the convergence of smooth solutions of the equa-
tions towards those of the incompressible viscous magnetohydrodynamic equations with a
sharp convergence rate.
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1 Introduction

This paper is concerned with the isentropic compressible viscous magnetohydrodynamic
(MHD for short) equations with a small Mach number (see [18-19]). These equations model
the dynamics of compressible quasineutrally ionized fluids under the influence of electromag-
netic fields and cover very wide applications of physical objects from liquid metals to cosmic
plasmas. In a suitable nondimensional form (see, e.g., [10]), the compressible viscous magneto-

hydrodynamic equations for an isentropic fluid read as

Op + div(pu) = 0,

1
O (pu) + div(pu @ u) + % =H-VH — §V|H|2 + pAu + (p + M) Vdivu, (1.1)
O¢H +u-VH+divuH — H-Vu =vAH,
divH =0
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for (z,t) € Q x [0,+00). Throughout this paper, Q is assumed to be the 3-dimensional torus.
Here the unknown functions are the density p, the velocity u € R® and the magnetic field
H € R3. The pressure p = p(p) is a given strictly increasing smooth function of p > 0. The
constants p and A are the shear and bulk viscosity coefficients of the flow, satisfying x> 0 and
21+ 3X > 0, respectively, the constant v > 0 is the magnetic diffusivity acting as a magnetic
diffusion coefficient of the magnetic field, and ¢ is proportional to the Mach number. Note that,
when H =0, (1.1) reduces to the compressible Navier-Stokes equation.

It is well-known that the incompressible limit of compressible fluid dynamical equations is
an important mathematical problem. Much effort was made for the limit of the compressible
Navier-Stokes equations and related models (see [1-3, 6-7, 14], etc.). Recently, Hu and Wang
[8] discussed the convergence of weak solutions of the full compressible MHD flows (1.1) to the
weak solutions of the incompressible viscous MHD equations in the whole space and the periodic
domains, as the Mach number tends to zero. Jiang, Ju and Li [9] employed the modulated energy
method to verify the limit of weak solutions of the compressible MHD equation (1.1) in the
torus to the strong solutions of the incompressible viscous or partial viscous MHD equation (the
shear viscosity coefficient is zero, but the magnetic diffusion coefficient is a positive constant).
The authors of [9] also derived the ideal incompressible MHD equation from the compressible
MHD equation (1.1) in the whole space R? (d = 2 or d = 3) with general initial data in [10].
That is, when the viscosities (including the shear viscosity coefficient and the magnetic diffusion
coefficient) go to zero, they proved that the weak solutions of the compressible MHD equation
(1.1) converge to the smooth solutions of the ideal incompressible MHD equation. We remak
that these results are all about the weak solutions.

In this paper, we analyze the incompressible limit for smooth solutions of the compressible
magnetohydrodynamic equations (1.1). The result can be roughly stated as follows. Suppose
that the initial data for (1.1) are smooth and have the form

p°(2,0) =1+ 0(?), u(x,0) =ug+O(), H(x,0)= Hy+ O(e)

with u®(x,0) and H¢(x,0) solenoidal. Let [0,7p] be a (finite) time interval where the incom-

pressible magnetohydrodynamic equations

1
o’ +u® - vu® +vp? = H* . VH — §V|HO|2 + pAu®,
O,H® +u® - VH® — H* . Vu® = yAH", (1.2)
divu® =0, divH" =0

with initial data
0 _ 0 _
w (z,0) =ug, H°(z,0)= Hy

have a smooth solution. Then, for e sufficiently small, the compressible magnetohydrodynamic
equations have a unique smooth solution defined for (z,t) €  x [0, Tp] and satisfying

pF=1+0(?), v =u’+0(), H°=H"+0(®).

Unlike those in [8-10], our result contains a sharp convergence rate and the existence time
interval for (1.1) is optimal. Our analysis is guided by the spirit of the convergence-stability
principle developed in [20-21] for singular limit problems of symmetrizable hyperbolic systems.
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In this approach, we will not derive any e-uniform a priori estimate. Instead, we only need to
obtain the error estimate in Theorem 2.3. Finally, we also thank the anonymous referees for
telling us about the paper [11-12]. Indeed, we completed our manuscript in 2012. Comparing
with [11-12], we consider the convergence of solutions to be on the time interval where a smooth
solution of the limit equations exists, and we also obtain the sharp convergence rate. These
were pointed out by the anonymous referees. Moreover, our method here is different from that
of [11-12)].

The paper is organized as follows. Our main ideas and results are outlined in Section 2. All
required (error) estimates are obtained in Section 3.

Notation 1.1 |U| denotes some norm of a vector or matrix U. For a nonnegative integer
k, H* = H*(Q) denotes the usual L2-type Sobolev space of order k. We write || - ||, for the
standard norm of H*, and || - || for || - |lo. When U is a function of another variable ¢ as well as
x € Q, we write ||U(+,t)]| to recall that the norm is taken with respect to x, while ¢ is viewed as a
parameter. In addition, we denote by C([0,T],X) (resp. L?([0,T],X)) the space of continuous
(resp. square integrable) functions on [0, 7] with values in a Banach space X.

2 Main Ideas and Results

Our analysis is guided by the spirit of the convergence-stability principle developed in [20-21]
for singular limit problems of symmetrizable hyperbolic systems.

To explain the main ideas, we firstly reformulate the compressible MHD equations (1.1) in
terms of the pressure p, the velocity u and the magnetic field H. Since p = p(p) is strictly
increasing, it has an inverse p = p(p). Set

Then the compressible MHD equation for smooth solutions is equivalent to

a(p)(pe + u - Vp) + divu = 0,
1
p(p)(us +u-Vu) +e 2Vp=H- -VH — §V|H|2 + pAu + (p + N)Vdivu,

OH +wvw-VH + Hdivu — H - Vu = vAH,
divH = 0.

Moreover, we introduce

with pg > 0 being constant. Then the above equation can be rewritten as

a(po + p) By + 1 - V) + e divii = 0,

p(po+p) (@ + 71 - Vi) + e V= H-VH - %wﬁﬁ + i + (o + A) Vv,
OH +7-VH + Hdivii — H - Vi = vAT,

divH = 0.

(2.1)

For (2.1), we have the following local existence of the classical solution of the initial value

problem.
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Lemma 2.1 Let p = p(p) be a smooth function. Assume (p,u,H) = (p,u, H)(x) € H>.
Then there erists a positive constant Ty > 0, such that (2.1) with initial data (p,u, H) has a
unique classical solution (p,u, IAi;) = (p,u, I;')(x,t), satisfying ep(x,t) + po > 0 for all (z,t) €
R3 x [0, 7] and

FeC(o.T),HY), @I e C(0,T], H®) N L2(0,T), HY).

The proof of Lemma 2.1 is similar to that in [16-17] for the compressible Navier-Stokes
equation and the details can be found in [13].

Now we fix ¢ € (0,1]. According to Lemma 2.1, there is a time interval [0, T], such that
(2.1) with initial data (7,7, H)(x, <) has a unique solution (p,u®, H?) satisfying ep® + po > 0
for all (z,t) € R® x [0,T] and

"€ C(0,T), H?), v, H* € C(0,T], H*) N L*([0, T}, H").
Define
T. = sup {T > 0:p° € C(0,T], B*), w, H® € C([0,T], H*) N L([0, T), 1),
1
— 5P0 < ep(@.1) < 2po, V(1) € R x (0,7} (2.2)

(Here the “2” can be replaced by any positive number larger than 1.) Namely, [0,7%) is the
maximal time interval of H3-existence. Note that 7. may tend to 0 as € goes to 0.

In order to show that ghg(l) T. > 0, we follow the convergence-stability principle [21] and seek
a formal approximation of (p®,u®, H¢). To this end, we consider the initial-value problem (IVP
for short) of the incompressible viscous magnetohydrodynamic equations:

1
o’ +u’ - vu® +vp? = H° . VHO — 5V|H0|2 + pAu®,
OH +u° - VH? — H° . Vu® = vAHO, (2.3)

divu® =0, divH? =0,
uo(x,O) = up(7), HO({E,O) = Ho(z).

Since (ug, Ho) € H*, we know from [5, 19] that the following lemma holds.

Lemma 2.2 There exists Ty € (0,400), such that the IVP (2.3) of the incompressible
viscous magnetohydrodynamic equations has a unique smooth solution

(UO’ HO’pO) € C([Ov TO]v H4),
satisfying

sup |[(u®, H?, p°) (-, )[4 + (8, 0p°) (-, 1) |2 < o0
0<t< Ty

In the next section, we will prove the following theorem.

Theorem 2.1 Suppose that p = p(p) is smooth and satisfies p'(p) > 0 for p > 0, and
ug, Hy € H* are both divergence-free. Then there exist constants K = K(Ty) and e = £o(Tp),
such that for all e < g,

1" (-, t) = ep” (-, 0)lls + 1w 8) = u®C O)lls + |1 HA(8) = HO(t)ls < Ke

fort € [0, min{Ty, T }).
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Having this theorem, we slightly modify the arguments in [20] to prove the following result.

Theorem 2.2 Under the conditions of Theorem 2.1, there exists a constant g = eo(Tp),
such that for all e < g,

T. > 1Tj.

Proof Otherwise, there is a sequence {€j, },>1, such that lim e, = 0 and T,, < T,. Thanks

k—o0

to the error estimate in Theorem 2.1, there exists a k, such that 4p°* (z,t) € (—po, bpo) for all
x and t. Next we deduce from

1P (o 0)lls + lu™ () lls + (1= ( 1)]l3
< lp™ (o 8) = ep® G )ls + lep” o)l + [l () — (-, 1)ls
GOl + 1H (1) = HOC )l + [HOC, )]s

and Lemma 2.2 that ||p® (-, t)||s + ||u®* (-, t)||s + || H* (-, 1)||3 is bounded uniformly with respect
to t € [0,T¢, ). Now we could use Lemma 2.1, beginning at a time ¢ less than T, , to continue
this solution beyond T, . This contradicts the definition of T} in (2.2).

By combining Theorems 2.1 and 2.2, we achieve our main result as follows.

Theorem 2.3 Suppose that p = p(p) is smooth and satisfies p'(p) > 0 for p > 0, and that
ug, Hy € H* are both divergence-free. Denote by Ty > 0 the life-span of the unique classi-
cal solution (u®, H®)(x,t) € C([0,To), H*) to the incompressible viscous magnetohydrodynamic
equations (1.2) with initial data (ug, Ho). If To < oo, then, for e sufficiently small, the com-
pressible magnetohydrodynamic equation (1.1) with initial data

po(x,0) =1, u(x,0) =ug, H(x,0)= Hy
has a unique solution (p=,us, H®)(x,t) satisfying
p°—1€C(0,Ty), H?), wf, H® € C([0,Ty], H?).
Moreover, there exists a constant K > 0, independent of € but dependent on Ty, such that

iy d ](H(PE =D Os + 11w = u®) (5 1)lls + 1(HF = HO)(,1)]ls) < Ke. (2.4)

In the case Ty = 0o, the mazimal existence time T. of (p°,us, H®) tends to infinity as € goes to

ZEro.

Remark 2.1 The initial data
p°(x,0) =1, u(x,0) =wug, H(x,0)=Hp
can be relaxed as
p°(2,0) =1+ 0(?), w(2,0) =up+0(), H(2,0) = Hy+O(e)

without changing our arguments.
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We conclude this section with the following interesting remarks, which is a by-product of
our approach.

Remark 2.2 The proof of Theorem 2.1 requires Ty < co. However, when the IVP (2.3)
of the incompressible viscous magnetohydrodynamic equations has a global-in-time regular
solution, Ty can be any positive number. Hence we have an almost global-in-time existence
result for (2.1) as follows:

lim T, = +oo.
e—0

Remark 2.3 In terms of the formal expansion, ep®, u’ and H® are the zero-order profile
of the solutions p°, u® and H€, respectively. Therefore, the convergence rate in (2.4) is sharp
and optimal.

3 Error Estimate

In this section, we prove the error estimate in Theorem 2.1. For this purpose, we need the
following classical calculus inequalities in Sobolev spaces (see [14]).

Lemma 3.1 (i) For s > 2, H® = H*(R®) is an algebra, namely, for f,g € H®, it holds that
fg € H® and

1fglls < Csll fllsllglls-

(ii) For s >3, let f € H® and g € H*~1. Then for all multi-indices o with |a| < s, it holds
that [02, flg € L* and

110z, flgll < CslIV flls—llglls—1-

Here Cs is a generic constant depending only on s.

We notice that, with u%, H® and p" as constructed in Lemma 2.2,

(pE; Ug, HE) = (Epovuov HO)

satisfies
q(po + epe)(pet + ue - Vpe) + e~ Hdivue = eRy,
p(pO + gpe)(ust + ue - vus) + 571VP5 (3 1)
= H.-VH. — $V|H.|? + pAu. + (p+ A\)Vdivue + Ry, '
0H. +u. -VH, + H.divu, — H. - Vu, = vAH,
with

Ry = q(po +p°) (pf +u” - Vp°),
Ry = (p(po + €°p°) — p(po)) (uf + u® - Vu?).

From Lemma 2.2, it follows that

max g~ (po +2p°)Ri(-,t)||3 < C,

t€[0,To) (3'2)
max |[|p~ ! (po + e2p®) Rz (-, t)||3 < Ce?.
t€(0,To)
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Here and below C' is a generic positive constant.
Set

P=p* —p., U=u —u., H=H"—H..

Note that u. is divergence-free. We deduce from (2.1) and (3.1) that

Pi+u-VP+U-Vp. +e g po +ep®)divU = f1, (3.3)

Uy +u®-VU+U-Vu. +e pt(po +ep)VP
— p " (po + ep°) (AU + (p + N VdivD)

1
= 7 (po+ep*) (M- VH. + H* - VH = SV(H? = [H)) + fo (3.4)

and

OH +uf - VH + (divU)H® — H® - VU + U - VH. — H - Vu, = vAH, (3.5)

where f; and fy are given by

fi=—q¢""(po +ep:)eR1

and

fa=—p (po+ep)Ra — e (p ' (po +ep°) — p~*(po + p<)) Vpe
1 - o
+ (Hs -VH, - §V|He|2)(p "(po +ep) — p~(po + €pe))

+ (p~(po +p°) — p~ " (po + epe) ) pAue,

respectively. Let a be a multi-index with |a| < 3. Differentiating the two sides of the equations

in (3.3)-(3.5) with 9% and setting
Pa:({)ﬁR Ua:8:U7 HazagHa fz(y:8:fz; i:1725
we obtain

0P, +u®-VP, + afqul(po + ep®)divU,

= fia — [02,u°IVP — 02(U - Vp.) — e 0%, ¢ *(po + ep°)]divU, (3.6)

OUp + 15 - VUn +e p  (po + €p°)VPa — p~ ' (po + %) (uAU + (1 + N)VdivU,)
=p (po+ sps)(HE “VHa — %@‘?V(Ilfl2 - |H€|2)) + foa — [02,uVU — 02(U - Vu.)

— M08, p7 (po + €p)IVP + [0, p~ ' (po + ep®)|(nAU + (1 + A)VdivU)

105,07 o + 2" (H - VH. + HE - VH — LV(H? ~ |HP))

+p7 (po +ep®) (95 (H - VH.) + (07, HTIVH), (3.7)

O Ho +u® - VHy + (divUy)H® — H® - VU, + 03 (U - VH,)

+ (0%, wF)VH + [0, HE)divU — [0%, HE|VU — 9%(H - Vue) = vAHL. (3.8)



1050 Y. P. Lt and W. A. Yong

First, taking the inner product of (3.8) with H, over  yields

1d
- H(y2 (y2
2dt/Q| |dx+V/Q|V'H|dx

:—/Haus-VHader/Ha(Hf-VUa—(dian)Hf)dx
Q Q

- / Hod2(U - VH. — H - Vo) + [0, u|VH — [0, HIVU + [0, H]divU)de
%
=:K; + Kz + Ks. (3.9)

Here we use integration by parts for the term vAH,. It is easy to see that

1 1
K; = _5/ u® - V|Hea|?de = 5/ [Ho [Pdivucde < |divu®|pe||Hal?, (3.10)
Q Q

Ky < 6(|[divUa|* + [IVUa|?) + Cl[Hal1?, (3.11)

where § is a small positive number to be determined.
For |divu®|z- and other terms in the sequel, we follow [20-21] and formulate the following
lemma.

Lemma 3.2 Set

D= D(t) = \/HP('J)H% +IUC DI+ [1HC )13
fort € [0,min{Ty,T:}). Then for multi-indices B satisfying || < 1, it holds that
|05u| + |97p°| + |0 HE| < C(1 + D).
Proof It is obvious from Lemma 2.2 and the Sobolev inequality that
105uf| < |02 (uf — u.)| + |0Pu’| < CD + C.

The other estimates can be showed similarly. This completes the proof.
For K3, we use Lemmas 3.1 and 3.2 to deduce that
Ks < C|Ha||([103(U - VHe)|| + (|07 (H - Vue)|
+ [0z, v VK| + 07, HT VU + |07, H"]divU]|)
< ClHal(IU I3V He I3 + [[H 3] Vuells

+IVusll2l[VH]2 + [[VH |2 VU |2 + [V HE|[2[|divU |2)
< C+D)(IHE + IU13). (3.12)

Therefore, putting (3.10)—(3.12) into (3.9) gives
d .
3| Hell? + 20/ VHa|* < 20(|divUa]* + [[VU]?) + C(L+ DY(IHIE + IU]3).  (3.13)

Next we take the inner product of (3.6) and (3.7) with g(po + ep®) Py and p(po + €pe)Uq,
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respectively, and sum up the resultant equalities to obtain

1d
2dt Jq
1 . 5 1 e 2

-/ (Sa(po +2p%)eP2 + Sp(po +p°)el Ul

— a0 + ") Pa(u® - 9)Po = plpo -+ 77U (u - V), ) da

(a(po + p) P + p(po + ep”)|Ua*)dz + /Q(ALIVUaI2 + (p+ N)|divUa |*)dz

1
+/ (H* Vo — S0V — L)) Unds
Q 2

+ / ((02(H - VH.) + (02, HIVH)Ua — (105, u5]V P + 02(U - Vpe))alpo + &) Pa
Q
— (0%(U - Vue) + [05,u°IVU) p(po + €p°)Uq )d

1 . =1 [e% — £
-z / (a(po + ep°)Pal0S, q~ (o + p®)|divU + p(po + ep®)Ua [0S, p~ ' (po + ep)|VP)dz
Q

+ / p(Po + €0 )Ual0, o~ (po + )] (AU + (1 + N VdivU)da
Q
1
+ / plpo + P )Ual0, p~ (po + ")) (HE - VH +H - VH. = SV(H? = |H.|*) )dx
Q

+ / (q(po + €p°) fraPua + p(po + €p°) f2aUs)da
Q
=L +L+I3+L+15+ 1+ 17 (3.14)

Now we turn to estimate the I;’s in (3.14). Using integration by parts, (2.1); and Lemma
3.2, we deduce that

1 .
=35 / ([¢'(po + ep%)epi + q(po + ep®)divu® + u® - Vg(po + ep°) P2
Q

+ [0/ (po + ep°)ep; + p(po + ep®)divu® + u® - Vp(po + ep))|Ua|?)da

1
D) / (q(po + ep®)divu® + u® - Vq(po + ep°)) Prdx
Q

1 : £ £ £
45 [ (plon + 207 )dives 07 Vil + 7)) |V
Q

€ / G 2 / € 2 € (5 divu®
- = P U -V —)d
2/9(q(po+€p) o T 0/ (Po +ep°)|Ua| )(u P +€q(p0+€p€)) z

< Olldives || oo (1Uall* + 1| Pall?) + Cellu® - Vp© || oo (| Uall® + || Pall?)

< O+ D)([Ual® + |1 Pal®).-
For I, it follows from Lemmas 3.1-3.2 that

1
I, — / H* - VH,Uadz + 5/ 0% (|H® 2 — |H.|?)divUadz
Q Q

< 8| VHal? + Cl|Ual? + dlldivUa|* + C||0g (H(H* + H.))||?
< O|IVH|? + dl|divUa|* + CllUa|* + CIHIZI HE + He|3
< 8| VHal? + dlldivUal* + C(1 + D)) (I3 + Uall?).

Like K3, I3 can be simply estimated as

Is < CIH[5 + U5+ I1P13).
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In order to treat other terms, we compute that
IV~ (po +ep)ll2, [IVa™ " (po + pf)||2 < Ce(1 + D?).

Thus, for I4 we have

L < (185,47 (o + ep)JivU la(po + =p) Pu
+ 1105, o + e Pllopo + <7)Ual)
< (Va0 + epalaivT [ Pall + 1957 (2o + <) ||V Pl Ul
< C(1+ DY)(IAvU | Pall + [V Pl U]
< C(1+ DU + | PIR).
Similarly,
Iy < OV (o + 07 2 [AU + 1+ ) VAU 3 [T
< 5| VU1 + C(1+ D) U,
Is < O(1+ DY) ]

Finally, from the definitions of f; and fs, we deduce that
I < C® + C(1+ DO)(|PI3 + |UI3) + 8|V Ua|*.

Putting the above estimates into (3.14), we obtain
1d
2dt Jg,

< Ce? + 5(| VU + [[divUa | + [[VHA|?) + C(1 + DO)(UI5 + | P13 + [IH]]3)-

(q(po + ep®) P2 + p(po + ep°)|Ual?)da + p|| VU, |2

Combining the last inequality with (3.13), we arrive at

d
T (IPIE+ U1+ I1HIIE) + (VU3 + V)
< C+DOY(IPI5+ IU]I5 + [IH3) + Ce.

We integrate this inequality from 0 to 7' with [0, 7] C [0, min{T;,Ty}) to obtain
T
I1PII5 + U115 + I#115 + /O (VU3 + [IVH]5)dt

T
< CTe® + C/O 1+ DO)IPIE + U5 + IH3)d.

Here we use the fact that the initial data are in equilibrium. Furthermore, we apply the
Gronwall’s lemma to the last inequality to get

T
I1PI3 + U2 + |13 < CToe? exp [C/ (1+ D%)dt|. (3.15)
0
Since || P||2 + [|U]]2 + || H||2 = D?, it follows from (3.15) that

T
D(T)* < CTpe? exp [C/ (1+ Dﬁ)dt} =Q(T). (3.16)
0
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Thus, it holds that
Q'(t) = C(1+ D°)Q(t) < CQ(t) + CQ*(1).
Applying the nonlinear Gronwall-type inequality in [20] to the last inequality yields
Q(t) <™
for ¢ € [0, min{Ty,T:}) if we choose ¢ so small that
Q(0) = CTye? < e ™o,

Thus, it follows from (3.16) that D(T) < ez for T € [0, min{Tp,T.}). Finally, Theorem 2.1
is concluded from (3.15). This completes the proof.
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