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Existence and Global Asymptotic Behavior of Positive
Solutions for Sublinear and Superlinear Fractional
Boundary Value Problems*
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Abstract In this paper, the authors aim at proving two existence results of fractional
differential boundary value problems of the form

P D%u(z) + f(z,u(xz)) =0, z€(0,1),

Fes) Vu(0) =u®) =0, D**u(0) —a, W(1)=—b,
where 3 < a < 4, D is the standard Riemann-Liouville fractional derivative and a,b are
nonnegative constants. First the authors suppose that f(z,t) = —p(x)t?, with o € (—1,1)
and p being a nonnegative continuous function that may be singular at z = 0 or z = 1
and satisfies some conditions related to the Karamata regular variation theory. Combining
sharp estimates on some potential functions and the Schéuder fixed point theorem, the
authors prove the existence of a unique positive continuous solution to problem (Pp ).
Global estimates on such a solution are also obtained. To state the second existence
result, the authors assume that a,b are nonnegative constants such that a +b > 0 and
f(z,t) = to(z,t), with ¢(z, t) being a nonnegative continuous function in (0, 1) x [0, co) that
is required to satisfy some suitable integrability condition. Using estimates on the Green’s
function and a perturbation argument, the authors prove the existence and uniqueness of a
positive continuous solution u to problem (P, ), which behaves like the unique solution of
the homogeneous problem corresponding to (Pg ). Some examples are given to illustrate
the existence results.
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1 Introduction

Fractional differential equations have extensive applications in various fields of science and

engineering. Many phenomena in viscoelasticity, electrochemistry, control theory, porous media,
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electromagnetism, and other fields, can be modeled by fractional differential equations. We refer
the reader to [6-8, 1014, 20-21, 24-25, 27-28, 30-31] and the references therein for discussions
of various applications. The existence, uniqueness and global asymptotic behavior of a positive
continuous solution is an essential problem for fractional two-point boundary value problems.
Such problems have been extensively investigated by many researchers, and various forms of
the equation and boundary conditions have been discussed (see, for example, [1-2, 4, 9, 11,
15-16, 18-19, 23, 26, 32-34] and the references therein). In particular, in [2], Alsaedi studied
the existence of a unique positive continuous solution to the following fourth order two-point

value problem:
(1.1)

where o € (—1,1) and p is a nonnegative continuous function satisfying some conditions related
to the Karamata regular variation theory. Motivated by the above work, it is natural to ask
when we can extend his result to the fractional setting. More precisely, in the first part of this
paper, we are concerned with the following sublinear fractional differential two-point boundary

value problem:

(1.2)

{Dau@c) = p(@)u (), =z €(0,1),
w(0) = u(1) = D*3u(0) = /(1) = 0,

where 3 < o <4, 0 € (—1,1) and p is a nonnegative continuous function on (0, 1) that may be
singular at x = 0 or x = 1 and satisfies some appropriate assumptions related to the Karamata
class K (see Definition 1.1 below). Using the Schiuder fixed point theorem, we prove the
existence of a unique positive continuous solution to problem (1.2). Further, by applying the
Karamata regular variation theory, we establish sharp estimates on such a solution. To state

our first existence result, we need some notations. We first introduce the Karamata class K.

Definition 1.1 The class K is the set of Karamata functions L defined on (0,7 by

L(t) := cexp (/tn @ds)

for some n > 1, where ¢ > 0 and z € C([0,n]) such that z(0) = 0.

Remark 1.1 It is clear that a function L is in K if and only if L is a positive function in

1 O
C'((0,m]) for some n > 1, such that tlirél+ T =0

As a typical example of functions belonging to the class I, we quote

w0~ (e (2))

where &; are real numbers, log; z = logologo---logx (j times) and § is a sufficiently large

positive real number such that L is defined and positive on (0,7] for some n > 1. For two
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nonnegative functions f and g defined on a set S, the notation f(z) =~ g(x), € S, means that
there exists ¢ > 0 such that 1 f(z) < g(z) < ¢f(2) for all z € S. We denote 2 = max(z,0) for
z € R and denote by BT((0,1)) the set of all nonnegative measurable functions on (0,1). We
denote by C((0,1)) (resp. C([0,1])) the set of all continuous functions in (0, 1) (resp. [0, 1]). In
the problem (1.2), we assume that p is a nonnegative function on (0, 1) satisfying the following

condition:
(H) p € C((0,1)) such that

p(x) ~ x_)‘Ll(x)(l —x) "Ly(1—x), xze€(0,1), (1.3)
where A <3+ (o« —3)o, p <a— 140 and L1, Lo € K satisfying
n n
/ @392 (1)dt < 0o and / ta2HO R Lo (1) dE < . (1.4)
0

0
We define the function 6 on [0, 1] by

0(x) = a2 (L () 77 (1 — @)™ (Lo (1 — 2)) 77, (1.5)
where
1, if A <24 (a—2)o,
n
/ L) s ita=24 (a— 20,
Liw) ={," "
! Lyi(x), if 24+ (a0 —2)0 < A <3+ (a—3)0,
x
L
1(S)ds, ifA=3+(a—3)o
0 S
and
1, iftpu<a—2(1-o0),
n
_ / Lzs(s)ds, ifu=a-2(1-o0),
Lo(w) = { I
2(v) Lo(x), fa-2(1-0)<p<a-1+o,
/ L2(s)ds7 fu=a—-1+o.
0 S

Our first existence result is the following.

Theorem 1.1 Let o0 € (—1,1) and assume that p satisfies (H). Then problem (1.2) has a
unique positive solution u € C([0,1]) satisfying for x € [0, 1],

u(z) ~ 0(z). (1.6)

This theorem extends the one obtained in [2] to the fractional setting.
In the second part of this paper, we are concerned with the following superlinear fractional

boundary value problem:

(1.7)
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where 3 < a < 4, a, b are nonnegative constants such that a+b > 0 and ¢(z, t) is a nonnegative
continuous function in (0,1) x [0,00) that is required to satisfy some appropriate condition

related to the following class Kg.

Definition 1.2 Let 3 < a < 4. A Borel measurable function q in (0,1) belongs to the class
Ko if q satisfies the following condition:

1
/0 e 1 =) 27 g(r)|dr < oco. (1.8)

To state our second existence result, we introduce the following notations. We let

1

" =Ty

231 —2)?, he(x) =2°%(1 —z), z€l0,1], (1.9)
and w(z) := ahy(z) + bha(x) be the unique solution of the homogeneous problem

{D(’u(m) =0, z¢€(0,1), (1.10)

u(0) =u(l) =0, D*3u(0)=a, u'(1)=-b.

We denote by G(z,t) the Green’s function of the operator u — D®u with boundary conditions
u(0) = u(1) = D 3u(0) = /(1) = 0, which can be explicitly given by (see Lemma 2.2)

Gla,t) = (@21 =)t — 2w+ (a = 2)t(1 - 2)] + (@ = )")*7T).

I(a)

For each ¢ € Ky, we denote

1
G G(r,t
Qg = sup / MM(T)MT (1.11)
z,t€(0,1) Jo G(z,t)
and we will prove that if ¢ € K, then ay < oco.
We require a combination of the following assumptions on the term ¢ :

(H;) ¢ is a nonnegative continuous function in (0,1) x [0, c0).

(Hy) There exists a nonnegative function ¢ € K,NC((0,1)) with a < 1 such that for each
€ (0,1), the map t — ¢ (q(z) — p(z, tw(z))) is nondecreasing on [0, 1].

(H3) For each x € (0,1), the function t — tp(z,t) is nondecreasing on [0, 00).

We will first prove that if ¢ is a nonnegative function in K£,NC((0,1)) with o, < % and 1 is

a positive measurable function, then the following problem

{D“’M(x) +q(@)u(z) = P(2),

u(0) = u(1) = D 3u(0) = /(1) =0 (1.12)

has a positive solution. It turns out to prove that problem (1.12) admits a positive Green’s
function G(x,t). Based on the construction of this Green’s function and by using a perturbation

argument, we prove the following theorem.
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Theorem 1.2 Assume (Hi)-(Hz), and then problem (1.7) has a positive solution wu in
C(]0,1]) satisfying

cow(z) <u(zr) <w(x), =€]l0,1], (1.13)

where ¢y is a constant in (0,1). Moreover, if hypothesis (Hs) is also satisfied, then the solution

u to problem (1.7) satisfying (1.13) is unique.

Corollary 1.1 Let f be a nonnegative function in C*([0,00)) such that the map t — 0(t) =
tf(t) is nondecreasing on [0,00). Let p be a nonnegative continuous function on (0,1) such that
the function x — p(z) := p(z) - Ogrgngau))((m)H’(ﬁ) belongs to the class Ko. Then for X € [0, ﬁ],
the following problem

(1.14)

{Dau@) + Ap(@)u(e) f(u(@) =0, @ € (0,1),
u(0) = u(1) =0, Do

has a unique positive solution u in C([0,1]) satisfying
(1= Aop)w(z) <u(z) <w(z), ze][0,1].

These results extend the ones obtained in [3] with o = 4 to the fractional setting. Also observe
that in Theorem 1.2, we obtain a positive solution u in C(]0,1]) to problem (1.7), whose
behavior is not affected by the perturbed term. That is, it behaves like the solution w of the
homogeneous problem (1.10). As a typical example of nonlinearity satisfying (Hj)-(Hs), we
quote p(z,t) = Ap(x)t?, for o > 0, p being a positive continuous function on (0, 1) such that

1
/ r(a*1)+(a*3)”(1 — )7y (r)dr < oo
0

and g(z) = Ap(x) := A(o + 1)p(z)(w(x))? € Ko with A € [0, 72-).

? 2045,

The rest of this paper is organized as follows. In Section 2, we prove some sharp estimates

on the Green’s function G(z,t), including the following inequality: For each z,r,t € (0,1),

G(z,7m)G(rt) - k2
G(z,t) ~ (a—2)(«)

ra—l(]_ o 7’)0(_1,

where k := max((a — 2)?,a — 1). In particular, we deduce from this inequality that for each
q € Ko, g < 00. In Section 3, we present some known results on functions belonging to the
class IC and we establish sharp estimates on some potential functions. Exploiting theses results,
we prove Theorem 1.1 by means of the Schauder fixed point theorem. In Section 4, for a given
function q € K with a4 < %, we construct the Green’s function G(x,t) of the boundary value
problem (1.12). Next, we establish some estimates on this function. In particular, we prove
that for (x,t) € [0,1] x [0,1], we have

(1 —0aq)G(z,t) < G(z,t) < G(z,t).
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Also we prove the following resolvent equation:
VI=Vof +Vy(@V ) =Vof +VI(gVyf) for feBT((0,1)),

where the kernels V' and V, are defined on B7((0,1)) by

Vi) ::/0 Gla, O f()dt,  V,f(z) ::/0 Glx, ) f(D)dt, € [0,1].

By using the above results and a perturbation argument, we prove Theorem 1.2. Finally, we

give some examples to illustrate our existence results.

2 Fractional Calculus and Estimates on the Green’s Function

2.1 Fractional calculus

For the convenience of the reader, we recall in this section some basic definitions of fractional
calculus (see [12, 25, 27]).

Definition 2.1 The Riemann-Liouville fractional integral of order 3 > 0 for a measurable
function f:(0,00) — R is defined as

Bpip) = — L [ (pppt .
@) =5 [ @00 a0,

provided that the right-hand side is pointwise defined on (0,00). Here T' is the Euler Gamma

Sfunction.

Definition 2.2 The Riemann-Liouville fractional derivative of order 3 > 0 for a measurable

function f:(0,00) — R is defined as
1 d\n [* d\»
DPf(z) = ———r (— )" P At = (— ) 1P
1@ = 5= () [ @0 rmar= () 1@

provided that the right-hand side is pointwise defined on (0,00). Heren = []+1 and [3] denotes
the integer part of the number 3.

Lemma 2.1 Let 3 >0 andu € C((0,1))NLY((0,1)). Then we have the following assertions:

(i) For 0 <~y < B3, D'I%u=I°""u and DPIPu = u.

(ii) DPu(x) = 0 if and only if u(x) = 2% 4P 24 HepaP™™, ¢, €R, i =1,--- ,m,
where m 1s the smallest integer greater than or equal to 3.

(iil) Assume that D”u € C((0,1)) N L*((0,1)), and then

I°DPu(z) = u(x) + 12t + a2 - ¢,

¢ €R,i=1,---,m, where m is the smallest integer greater than or equal to [3.
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2.2 Estimates on the Green’s Function

In this section, we derive the corresponding Green’s function for the homogeneous boundary

value problem (1.2) and we prove some estimates on this function.

Lemma 2.2 Let 3 < a <4 and [ € C([0,1]), and then the boundary-value problem

{D%(m) = f(@) i (0,1),
u(0) = u(1) = D*3u(0) =u/(1) =0

has a unique solution

utw) = [ Gla.sat (2:2)
where for z,t € [0, 1],

Gl t) = ﬁ(ma—%l )t (a- 2t - )] + (- 0D (23)

is the Green’s function of boundary-value problem (2.1).

Proof By means of Lemma 2.1, we can reduce equation D*u(z) = f(z) to an equivalent

integral equation
u(w) = I*f(z) + 12 + ez 2 + 303 4 gz, (2.4)

where (c1, ca, c3,c¢4) € R The boundary condition u(0) = 0 implies that ¢4 = 0. Applying the
operator D2 to both sides of (2.4) and using Lemma 2.1(i), we obtain that

Do Bu(x) = 01¥x2 + (32@3: + e3T(a = 2) + I f(x). (2.5)
The boundary condition D*~3u(0) = 0 gives c3 = 0. Hence
u(z) = 12t + epx® % 4 I f(2). (2.6)
Now, using (2.6) and the boundary conditions u(1) = «/(1) = 0, we obtain
cr=(a=2)If(1) = I°7'f(1), e2=17"f(1) = (a = I*f(D).
Therefore the unique solution of problem (2.1) is

u(z) = ﬁ(/ox(‘” — ) ()dt

+/0 (@ —1)2°2(1 — 2)(1 — )" 2f(t)dt
+ [ o =22 = (@ = 1) 20 -0 o))
- /0 Gt S0,
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Proposition 2.1 Let3 < a < 4 and k = max((a—2)%, a—1). The Green’s function G(z,t)

satisfies the following properties on [0,1] x [0,1]:
(i) (o —2)H(z,t) < T(a)G(z,t) < kH(x,t), where

H(z,t) =231 — 2)t(1 — t)* 3 min(x, t)(1 — max(z,t)).

(ii) (= 2)z°72(1 — 2)2t2(1 — 1) 2 < T()G(z,t) < kz*3(1 — 2)t2(1 — t)* 2.

(iif) G(a,t) = G(1 —t,1 — ).

Proof (i) We divide the proof into two cases.
Case 1 0 <t <z <1. First, we remark that

21— )2t - 2) + (x— 1)
= (@~ )&~ 2)* 2 — (z — 1)*?)

r—xt

e 2)/ 3 ds,

r—t
This implies that

r—xt

INo)G(x,t) = —(z —t)(a —2) / 597 3ds 4 (a — 2)(t — tx)(z — xt)> 2

So, we get
I'(a)G(x,t)
> —(z—t)(a—2)(z —xt)* 3 (t — tz)
+ (a = 2)(t — tx)(x — xt)* 2
= (a—2)(z — at)*3(t — tx)?
That is

D()G(x,t) > (o —2)x*3(1 — ) 313(1 — z)2.
On the other hand, using (2.7), we obtain

I'(a)G(z,t)
< —(z —t)(a—2)(x —t)*3(t — tx)
+ (@ = 2)(t — ta)(z — at)* 2
— (@ = 2)(t — ta)((z — 2)*2 = (& — )*2)

x—xt

= (a —2)%(t — tx) /_t s 3ds

< (a—2)%(t—tx)*(x — at)*3
That is

D(a)G(z,t) < (a0 —2)22*73(1 — )32 (1 — x)2.

(2.7)

(2.8)

(2.9)
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Combining (2.8) and (2.9), we get, for 0 <t <z <1,
(a —2)H(z,t) < T(a)G(z,t) < (a — 2)?H(x, t). (2.10)
Case 2 0 <z <t<1. We have
I'(a)G(x,t) = 22721 — ) 2[(t — ) + (a — 2)t(1 — z)]. (2.11)
Since t — x > 0, we get
INo)G(x,t) > (. — 2)H (x,t). (2.12)
Moreover, using (2.11) and the fact that t — x < ¢t(1 — ), we obtain that
IN'o)G(x,t) < (a—1)H(x,t). (2.13)
From (2.12) and (2.13), we have, for 0 <z <t <1,
(a0 —2)H (z,t) < T()G(z,t) < (v — 1)H(z,1). (2.14)

The assertion (i) holds immediately from (2.10) and (2.14).
(ii) The assertion follows from (i) and the fact that for x,¢ € [0, 1], we have

xt <min(z,t) <t, (1—2z)(1—-1t)<1-—max(z,t) <1-—t.
(iii) The assertion follows from (2.3) and a simple computation.

Remark 2.1 Note that estimates on the Green’s function G(z,t) obtained in the previous

proposition improve those obtained in [32, Lemma 2.4].

As an immediately consequence of the assertion (ii) of Proposition 2.1, we obtain the fol-

lowing.

Corollary 2.1 Let f € BT((0,1)), and then the function x — V f(x) is continuous on [0, 1]
if and only if the integral fol t2(1 — )22 f(t)dt converges.

Proposition 2.2 Let 3 < o < 4 and f be a function such that the map t — t>(1—1)*"2f(t)
is continuous and integrable on (0,1). Then V f is the unique solution in C ([0, 1]) of the boundary
value problem

Du(x) = f(z), x€(0,1),
{U(O) = D*~3u(0) = u(1) = v/(1) = 0. (2.15)

Proof From Corollary 2.1, the function V f is in C([0, 1]). This implies that I*=*(V|f]) is

bounded on [0, 1]. So by using Fubini’s theorem, we obtain

=V f)(x)

_ 1 xx_ 33—«
_F(4—a)/o( B3OV f(1)dt
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_ ﬁ /0 1 ( /0 “( 1P Gt 5)dt) f(s)ds
= /01 K(z,s)f(s)ds,

where K (z,s) := ﬁ Jo (@ = t)37*G(t, s)dt.
Next, we aim at giving an explicit expression of the kernel K (x,s). To this end, observe
that by making the substitution ¢t = s 4+ (x — s)6, we obtain, for v,v > —1,

’ Y(t —s) _F(’y+1)r(y+1)x_syul
/g(x—t) (t —s)¥dt = e (x — s)V L, (2.16)

Using this fact and (2.3), we deduce that

K(z,s)
B PR LR
T TE-—a)l(a) (@ =1) /0 (& —t)* e 2at
~(+(=2s) [ @@=ttt
L emag _ gye-t
+F(4—a)r(a)/0( 0> ((t—s)T)* de
=(1—-s)"? ExQ - LG_Z)SQ:B}
S S Y E N P
+F(4—a)1“(a)/0( )77 ((t—s)")"dt.

Now, assume that s < z, and then by (2.16) we have
x
/ (x —t)> " ((t — s)")*de
0

= / (x — )37t — s)*"1dt

On the other hand, if 0 <t <z < s, we have
x
/ (x —t)372((t —s)T)>"tdt = 0. (2.18)

0

So, combining (2.17) and (2.18), we obtain
K(z,s) = (1 —5)*2 FmQ -+ 6((33 —5)T)3.

2 6

Hence for x € [0, 1], we have
61~V f)(x)

:6/0 K(x,s)f(s)ds
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=z : — a—2)s — 5)* 21 f(s)ds
- /0[1 (14 (@ — 2)s)(1 - 5)* 2] f(5)d
— 83 S S XT 52 S S

/0 f()d+3/0 f(s)d

- 33:2/0 (1 (1— )*2)sf(s)ds

+ 322 /1 s(1—5)*72f(s)ds

- x‘3/ (1+ (o — 2)s)(1 — 5)°2 f(s)ds
=J1(x) + Ja(2) + J5(z) + Ja(z) + Ts(x) + Je(2).

We claim that

DV f)(z) := d—(I4_“(Vf))(x) = f(z) foraze(0,1).

da?

Indeed, firstly note that from the hypothesis, the function s — s?f(s) is continuous and inte-
grable near 0 and the function s — (1 — s)*~2f(s) is continuous and integrable near 1. This

implies in particular that J5(z) and Jg(x) are differentiable on (0,1). On the other hand, since
1= 1+ (a=2)s)1-5)"""=0(s%)

and (1 — (1 — 5)®2)s = O(s?) near 0, it follows that J;(x), J2(z), J3(x) and J4(x) are differen-
tiable on (0,1).

So, by simple computation, we obtain

d 4—a
— (61 (V) )

P /Ep S (14 (= 2)8)(1 — 5)°2]f(s)ds

0

+3/0 s°f(s)ds — 63:/0 (1—=(1=9)""")sf(s)ds
+ Gx/ s(1—5)*2f(s)ds
- 33:2/ (1+ (@ — 2)8)(1 — 5)°2 f(s)ds.

By similar arguments as above, we obtain

d4
V(@) = f@)  for 2 € (0,1).

Next, we need to verify that the function V f satisfies the boundary conditions. By Propo-

sition 2.1(ii), there exists a nonnegative constant ¢ such that

[V f(z)] <cx®3(1 — x). (2.19)
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So, it follows that V f(0) = V f(1) = 0. On the other hand, by Proposition 2.1(i), for each

t € [0,1], we have

G(x,t) _0, o< G(z,t)
z—1 1 —2x 1—2x

E

t2(1 —t)* 2

<

—

(@)

This implies by the dominated convergence theorem that (V f)’(1) = 0. It remains to prove

eV )(@) -1 (vHo) _ IV ()

a—3 . — —
DEEVH0) = ;llg%) x N ;1lcl—>0 x =0
To this end, we only need to verify that
hmM =0 fori=1,2,3,4,5,6.
z—0
The assertion is clear for Jy(z), J3(z) and J4(z).
Now, since % <[5 %I f(s)|ds, we deduce that ;}L%J%(x) =0.
By applying [17, Lemma 2.2], we conclude that lim % =0 for i = 5,6. Hence D> 3V f(0)

= 0. Finally, we prove the uniqueness. Let u,v € C(]0,1]) be two solutions of (2.19) and put
w =u—v. Then w € C([0, 1]) and D*w = 0. Hence, it follows from Lemma 2.1(iii) that w(z) =
17 L+ cr® 2 + 30273 4 42, Using the fact that w(0) = D 3w(0) = w(1) = w'(1) = 0,

we deduce that w = 0 and therefore u = v.
Remark 2.2 Note that the conclusion of Proposition 2.2 is also valid for o = 4 (see [2]).
Proposition 2.3 We have, for each z,r,t € (0,1),

Gle, )G ) K ro— (1 — )l
Gt S @—ar@ 4T (2.20)

where k = max((a — 2)%,a — 1).
Proof Using Proposition 2.1(i), we have, for each z,r,t € (0, 1),

G(z,m)G(r,t) - k?
G(z,t) ~ (a—=2)T(a)
min(z, r)(1 — max(z, r)) min(r, t)(1 — max(r,t))
min(z,t)(1 — max(z,t)) '

ra72 (1 o r)a72

We claim that

min(z,)(1 — max(z, r)) min(r, t)(1 — max(r,t))

min(z, £)(1 — max(z, ) <r(l—r). (2.21)

Indeed, by symmetry, we may assume that x < t¢. Then we deduce that

min(z, r)(1 — max(z,r)) min(r, t)(1 — max(r, t))
x(1—1t)

< min(r,t)(1 — max(r,t))

<r(l-r).

Now, by using (2.21), we obtain the required result.
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Next we recall that w(z) := ahq(z) + bha(z), where

hi(z) = ﬁxa_g(l — )2

and ho(z) = 2% 2(1 — ) for = € [0,1].
Proposition 2.4 Let q be a function in Ky, and then we have that
(i)
k?2

aq <

where k = max((a — 2)%,a — 1) and oy is given by (1.11);
(i) for z € [0,1],

A<%%WMMﬂm&§awd@;

(iii) for x € [0, 1],

1
/0 Gla, Oha(8)]q()]dE < agha(x).

In particular for x € [0, 1],
/Gmt Maq(@®)|dt < aqw(z).

Proof Let g be a function in /.
(i) The inequality (2.22) follows from (1.11) and (2.20).
(ii) Since for each z,t € (0, 1), we have }136 g((;:)) = 211((;)),

and (1.11) that

/

which implies that for z € [0, 1],

7)

1
/0 Gla, )hy (8)]g()]dE < aghy (x).

(iii) Similarly, we prove inequality (2.24) by observing that

Gl e
r—1G(z,r)  ha(z)’

Inequality (2.25) follows from (2.23)-(2.24) and the fact that w(z) = ahyi(x) + bha(x).

3 First Existence Result

In this section, we aim at proving Theorem 1.1.

m/{) rTH1 =) g(r)] dr < oo,

t, )
q(t |dt<hm1nf/ G(z, t l[q()|dt < ay,

13

(2.22)

(2.23)

(2.24)

(2.25)

then we deduce by Fatou’s lemma
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3.1 Karamata class and sharp estimates on some potential functions

In this subsection, we recall some fundamental properties of functions belonging to the class

K and we establish estimates on some potential functions.

Lemma 3.1 (see [22,29]) Let v € R and L be a function in KC defined on (0,7n]. Then we
have that

(i) if v > —1, then [} s7L(s)ds converges and f(f s7L(s)ds it tHlliLv(t);
(i) if v < =1, then [ s7L(s)ds diverges and [ s7L(s)ds it —%Lv(t).

Lemma 3.2 (see [5, 29]) (i) Let L € K and € > 0. So then we have
lim t°L(¢) = 0.
A
(ii) Let Ly and Lo € K defined on (0,71] and p € R. Then functions
L1+ Lo, L1Ly and LY belong to the class K.

(i) Let L € K defined on (0,7n]. So then we have

lim L(?)

t—0+ /”Mds
] s

n
t—>/ @dSEK.
t

S

=0.

In particular,

If further fon @ds converges, then we have tli]%{r [‘jﬁds =
- Jo s

t
t—>/ @dselc
0

S

In particular,

Next, we shall prove sharp estimates on the potential function V (pf?), where p is a function
satisfying (H) and 6 is the function given by (1.5).

To this end, we need the following proposition.

Proposition 3.1 Let v <3, v <a—1 and L3, Ly € K such that
n n
/ 277 Ls(t)dt < oo, / tA 72TV Ly (t)dt < . (3.1)
0 0
Put
b(x) =2 "La(x)(1 —x) "La(l —z) forz e (0,1).
Then we have, for x € [0,1],

Vb(i[,’) s xrrlitl((y—Z,(y—'y)z3(x)(1 - x)min(Q,a—l/)f“l(l - (E),
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where
L, if v <2,
M.
/LJ(s)d& ify=2,
=~ s
Ly(z) = { 7*
a@) =97 z), if2 <~ <3,
x
L
26) g, iy =3
O S
and
1, ifv<a-—2,
n
/L4(s)ds, ifv=a-—2,
=~ s
La(z) = {7*
4(@) Ly(z), ifa—2<v<a-—1,
xL4(S)ds ifv=a-—1.
0 5 ’

Proof For z € [0, 1], we have
1
Vb(z) = / Gla, )b(t)dt.
0
Using Proposition 2.1(i), we obtain that
Vb(z) ~ (1 — 2)2203 / 21 = )3 Ly(t) La(1 — t)dt
0
1
+ (1 — x)z*2 / (1 — )22V La(t) La(1 — t)dt.

In what follows, we distinguish two cases.

Casel 0<z < % In this case, we have 1 — x =~ 1. So, we obtain

Vi) ~ (1 — 2)220 /0 "1 1) I Ly () La(1 — t)dt

. x)x(’_2</§ BV = )% 2V Ly(£) La(1 — £)dt

+ / LA 02 Ly (1) La(1 f)dt).

1
2

%a:(’_3/ t2= Y La(t)dt
0
3 1
+x“—2(/ tl—VLg(t)dtJr/ (1—t)“‘2_”L4(1—t)dt>
:x(’_3/ 277 Ly (t)dt
0

1 1
+xa*2(/2 17T Ly (£)dt + /2 tQ*Q*”L4(t)dt).
x 0

15
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Since [ t*727¥ L4(t)dt < oo, we deduce that

Vb(x) ~ xa—3/ 1277 Ly (t)dt +x“—2(1 + /2 tl—VLg(t)dt).
0 x

Using Lemma 3.1 and hypothesis (3.1), we deduce that
237V L3(x), if v <3,

x s B .
/t Ly(t)dt ~ /—L3(S)ds, if v=3
O S

0

and

1, if v<2,
1

5 n L
1+/z YLy (t)dt = / ﬁds, if v =2,
x x S

2?2V L3(x), if 2<y<3.

Hence, it follows by Lemmas 3.1-3.2 and hypothesis (3.1) that for 0 < z < 3,

2, if y<2,
L
xa_Q/ 3(5) ds, if y=2,
. S
Vb(z) ~ x® 7 L3(x), if 2<vy<3,
T L[
xa*?’/ 3(5) ds, if ~=3.
0 S
That is
Vb(x) ~ a™(@=20=0) Lo (1), (3.2)

Case 2 % <z < 1. In this case, we have z ~ 1. Therefore, we obtain

Vb(z) ~ (1 — x)%a—?'( /0 21— )0 Ly(0) La(1 — )t

+ /x 277 (1 —t)* 37V La(t) La(1 — t)dt)

2
1

+ (1= 2)2o2 / HY(1 = )22 Ly(t) La(1 — )dt

~ (1 —x)Q(/OétQ_VLg(t)dt—i—[

2

xT

(1— 1) 3" Ly(1 - t)dt)

+(1-2) /1(1 — )"V L, (1 - t)dt.

1

= (1—x)2(/ét2m3(t)dt+/2 ta’3’”L4(t)dt)
0 1

—x

1—x
+(1 - x)/ t* 27V Ly(t)dt.
0
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Since [J' t*77Ls(t)dt < oo, we deduce that

% 11—z
Vb(z) ~ (1 — a:)Q(l +/ t“‘3_”L4(t)dt) (- a:)/ 12V L (1) dt.
1—x 0
Using again Lemma 3.1 and hypothesis (3.1), we deduce that
(

1—x) L1 -2), fr<a-1,

1—x
tO2 7V L (t)dt ~ l—z
/0 (0 / 4(S)ds, ifr=a-1
0 S
and
1, ifvr<a-—2,
i moL
1+ / t* 37V Ly(t)dt ~ / ﬁds, ifrv=a-2,
1—x 1—x S

(1—-2)>7Ly(1—2), ifa-2<v<a-1.
Hence, it follows by Lemmas 3.1-3.2 and hypothesis (3.1) that for % <x<1,

(1—x)
(1—2x)
(1—2)*¥Lyl—2), ifa-2<v<a-—l,
(1—x)/01_xL4—(S)ds, ifr—a—1.

2, ifvr<a-—2,
L

/ 4(S)ds, ifv=a-2,
1

xT

[ V)

—x S

Q

Vb(x)

S

That is
Vb(z) &~ (1 — 2)™e (1 — ). (3.3)
This together with (3.2) implies that for 2 € [0, 1], we have
Vb(z) ~ ™20 N La(2)(1 — )™ eI L (1 — ).
This ends the proof.

The following proposition plays a crucial role in the proof of Theorem 1.1.

Proposition 3.2 Let p be a function satisfying (H). Then we have, for x € [0, 1],

V(p?)(z) = 6(x).

Proof Let p be a function satisfying (H). Let v = A\ — o min (a -2, ‘.fT_i‘) and v =

a—p
’1—0o

i< a—1+o0, we verify that v < 3 and ¥ < a — 1. On the other hand, by using (1.3) and
(1.5), we get

{1t — o min (2 ), where the constants A and 1 are given by (H). Since A <3+ (a —3)o and

p(@)07 (@) ~ &~ 7(1 — ) ¥ Ly(@) (L (2)) 757 Lo — )(La(1 — 2)) .
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So, using Lemmas 3.1-3.2 and Proposition 3.1 with L3 = Ll(zl)ﬁ and Ly = Lg(zg)ﬁ, we
deduce that for each z € [0, 1],

V(pga)(x) ~ xmin(a72,a7'y)53(x)(1 o x)min(Q,afu)Zél(l o (E)

Since

o — A
1—0

min(a — 2, &« — v) = min (a -2, ), min(2, & — v) = min (2, g),

— 0

we conclude by elementary calculus that for « € [0, 1],
V(pf)a)(x) ~ xrrlitl(a—Q,a—'y)Z3(x)(1 o x)min(Q,oz—l/)f“l(l o (E) ~ 9(1_)
This completes the proof.

3.2 Proof of Theorem 1.1

Let p be a function satisfying (H) and let 6 be the function given by (1.5). By Proposition
3.2, there exists M > 1 such that for each x € [0, 1],

1
Me(a:) <V (pb?) (x) < MO(z).
We shall use a fixed point argument to construct a solution to problem (1.2). For this end, put

¢ = M7 and consider the closed convex set given by
1
A= {u e C([0,1]) : 29 <u< 09}.

Obviously, the function € belongs to C([0, 1]) and so A is not empty. We define the operator T'
on A by

Tu =V (pu?).

For this choice of ¢, we can easily get that for u € A, we have %9 < Tu < cf. Now, since the
function (z,t) — G(x,t) is continuous on [0, 1] x [0, 1] and the function ¢ + t2(1—)*2p(t)67 (t)
is integrable on (0, 1), we deduce that the operator T is compact from A to itself. So, by the

Schiuder fixed-point theorem, there exists a function w € A such that
u=V(pu?).

It remains to prove that w is a positive continuous solution of problem (1.2). Indeed, since
t = t2(1—1)*"2p(t)u’(t) is continuous and integrable on (0, 1), then it follows from Proposition
2.2 that the function u is a positive continuous solution of problem (1.2). Finally, let us show

that problem (1.2) has a unique positive solution in the cone

F={ueC(0,1]): u~0}.
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So, we assume that u and v are arbitrary solutions of problem (1.2) in f . Since u,v € F, then

there exists a constant m > 1 such that

< —<m in(0,1).

1 U
m v
This implies that the set J := {m >1: % <u< m} is not empty. Now, let mg :=inf J. It is
easy to see that mg > 1. This gives that u” < mg’lv".

o]
0

On the other hand, put z := mgy 'v — u, and then we have

D%(z) = p(x)(mg’lv" —u%) >0 in (0,1),

This implies by Proposition 2.2 that mg’lv —u = V(p(mg’lv" — 7)) > 0. By symmetry, we
lo| lo|

obtain that mg 'u > v. Hence, my ' € J. Using the fact that mg := inf J and |o| < 1, we get

mo = 1. Then, we conclude that u = v.
To illustrate our result proved in Theorem 1.1, we give the following example.

Example 3.1 Let 0 € (—1,1) and p be a nonnegative continuous function on (0,1) such

that

pla) =70 (10g (3)) (1~ 10 (s (125)))

where 4 < @« — 1+ 0 and § € R. Then by Theorem 1.1, problem (1.2) has a unique positive
solution u in C([0,1]) satisfying the following estimates:

HIfpu<a—2(1-0c)orp=a—2(1—o0)and > 1, then for z € [0, 1],

N 3\\ T+
u(z) = 2> 3(1 — a:)Q(log (;)) :
(i) f p=a—2(1 — o) and 8 =1, then for x € [0, 1],

1

ate) 2501 =0 o (2)) 7 (10w (102 (125)))

(ii) If p = a—2(1 — o) and B < 1, then for z € [0, 1],

(1)) i (T )

(iv)Ifa—2(1—-0) < p < a— 1+ o, then for z € [0,1],

w501 i ()™ (o (220)) ™
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4 Second Existence Result
In this section, we aim at proving Theorem 1.2 and Corollary 1.1. To this end, we need the

following preliminary results. For a nonnegative function ¢ in K, such that o, < 1, we define
the function G(z,t) on [0, 1] x [0, 1] by

G(z,t) = Z(—l)”Gn(x,t), (4.1)
n=0
where Go(z,t) = G(z,t) and
Gn(z,t) :/0 G(z,7)Gp—1(r,t)q(r)dr, n >1. (4.2)

Next, we establish some inequalities on G, (z,t). In particular, we deduce that G(x,t) is well
defined.

Lemma 4.1 Let q be a nonnegative function in Ko such that ag < 1, and then for each
n >0 and (x,t) € [0,1] x [0, 1], we have

(i) Gu(z,t) < ay G(x,t). In particular, G(x,t) is well defined in [0,1] x [0, 1].

(i)

Lpz® ?(1 = 2)*2(1 = 1)*72 < Gu(2,t) < Rpz®*(1 - 2)t*(1 - 1)* 72, (4.3)
where ( 2)n+1 1
L= gy () 0= o)
and
_ fnt1 lrafl -, w1 Ndr n
R = e ([ 177 0= atryar)
with

k= max((a — 2)%, o — 1).
(iii) Gpy1(z,t) = [y G2, )G(r, t)q(r)dr.
(iv) fo G, 1)G(r,t)q(r)dr = [} G(w,m)G(r,t)g(r)dr.

Proof (i) The assertion is clear for n = 0. Assume that inequality in (i) holds for some
n > 0, and then by using (4.2) and (1.11), we obtain

1
Grt(z,t) < ozf;/ G(z,r)G(r,t)q(r)dr < o 'G(x,t).
0

Now, since 0 < G, (z,t) < ag G(z,t), it follows that G(x,t) is well defined in [0, 1] x [0, 1].

(ii) Using Proposition 2.1(ii) and (4.2), we obtain (4.3) by simple induction.

(iii) The equality is clear for n = 0. Assume that for a given integer n > 1 and (z,t) €
[0,1] x [0, 1], we have

Gn(fc,t):/o Gr1(z,r)G(r, t)q(r)dr. (4.4)
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Using (4.2) and the Fubini-Tonelli’s theorem, we obtain
Guis(ot) = [ Gl [ Gur (616 D) atrar
= [ 6t triar) cte.nateras

/ G2, )G(E, alE)de.

(iv) Let n > 0 and z,r,t € [0,1], By Lemma 4.1(i), we have
0 < Gn(z,r)G(r,t)q(r) < agGla,r)G(r,t)q(r).

Hence the series > fol Grn(z,7)G(r,t)q(r)dr converges. So, we deduce by the dominated con-
n>0

vergence theorem and Lemma 4.1(iii) that

/O g(x,r)G(r,t)q(r)drzg(—l)” /O G, 1) G (r, £)g(r)dr

Proposition 4.1 Let g be a nonnegative function in Ko such that ag < 1. Then the function

(x,t) — G(x,t) is continuous on [0,1] x [0,1].

Proof Firstly, we claim that for n > 0, the function (x,t) — G,(x,t) is continuous on
[0,1] x [0,1]. The assertion is clear for n = 0. Assume that for a given integer n > 1, the
function (x,t) — G,—1(z,t) is continuous on [0, 1] x [0, 1]. So, for each r € [0, 1], the function
(x,t) = G(z,7)Gp-1(r,t) is continuous on [0,1] x [0,1]. On the other hand, by Lemma 4.1(i)
and Proposition 2.1(ii), we have, for each (z,¢,r) € [0,1] x [0,1] x [0, 1],

G(:L’, T)anl (7", t)Q(r) < agilG(xv T)G(T, t)Q(r)

2

r T 1 =) (),

where k = max((a—2)?, a—1). So, we deduce by (4.2) and the dominated convergence theorem
that the function (x,t) — Gy (x,t) is continuous on [0, 1] x [0, 1]. This proves our claim. Now,

by using again Lemma 4.1(i) and Proposition 2.1(ii), we have, for each z,t € [0, 1],

Gn(z,t) < agG(z,t) < P(k) n.

This implies that the series > (—1)"G,(x,t) is uniformly convergent on [0,1] x [0,1] and
n>0
therefore the function (x,t) — G(z,t) is continuous on [0, 1] x [0, 1].
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Lemma 4.2 Let q be a nonnegative function in K, such that oy < L. Then for (x,t) €

2
[0,1] x [0, 1], we have

(1 —ag)G(xz,t) < G(x,t) < G, 1), (4.5)

Proof Since oy < 3, we deduce from Lemma 4.1(i) that

G| < 3 (0)" Gl 1) = = — G 1), (16)
n=0 q

On the other hand, from the expression of G, we have
G(,1) = Gla,t) = 3 (~1)"Grpa (2, ). (4.7)
n=0

Since the series Y fol G(x,7)Gy(r,t)q(r)dr is convergent, we deduce by (4.7) and (4.2) that
n>0

G(x,t) = Gl ) — S (~1)" /O Gz, 1) G (r, )(r)dr
n=0

G t) - /01 G (Y2 (1) G0 )

n=0

That is
G(z,t) = G(z,t) =V (qG (1)) (). (4.8)

Now, from (4.6) and Lemma 4.1(i) (with n = 1), we obtain
1

V(08 (1) (@) € 7=V (06 (1) (1) = 1o Gaent) € T2 Glat). (49
This implies by (4.8) that
G(r1) 2 G(r.1) ~ 121Gl t) = ~20G(z 1) > 0.

So, it follows that 0 < G(x,t) < G(z,t) and by (4.8) and Lemma 4.1(i) (with n = 1), we have
Ga,t) = G(x,t) =V (qG (-,1)) (2) = (1 = ag)G(, ).

We recall that for a given nonnegative function g € K, such that o < %, the kernels V' and Vj,
are defined on BT((0,1)) by

Vi) ::/0 Gla, O f()dt,  V,f(z) ::/0 Glx, ) f(D)dt, € [0,1].

Also let us introduce the kernel V' (g.) defined on B*((0,1)) by

Vi) i@ = [ Gansoin. el

Using Proposition 4.1, (4.5) and Proposition 2.1(ii), we obtain the following corollary.
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Corollary 4.1 Let q be a nonnegative function in Ko such that ag < 3 and f € BT((0,1)),
and then the following statements are equivalent:
(i) The function x — Vg f(x) is continuous on [0, 1].

(ii) The integral fol t2(1 — )22 f(t)dt converges.
Next, we will prove that the kernel V; satisfies the following resolvent equation.

Lemma 4.3 Let q be a nonnegative function in Ko such that ay < % and f € BT((0,1)),

and then Vg f satisfies the following resolvent equation:
V=Vof +Vo(aV [) = Vof +V(aVyf). (4.10)
In particular, if V(qf) < 0o, we have

(I =Vy(g))T+V(g)f =T +VI(g)I =Vy(a))f = F. (4.11)

Proof Let (z,t) € [0,1] x [0,1], and then by (4.8), we have
G(l‘, t) = Q(a:, t) +V (qg ('a t)) (.13)7
which implies by the Fubini-Tonelli theorem that for f € B*((0,1)),
1
Vi@ = [ G+ Vg (.0) @) fe)
=Vof(2) +V(gVef)(z).

On the other hand, by Lemma 4.1(iii) and the Fubini-Tonelli theorem, we obtain, for f €
B*((0,1)) and z € [0,1],

/ / G(a,r)C(r, 1)q(r) f(t)drdt = / / G, )G (r, a(r) f (t)drdt,
0 0 0 0
that is,
VoV (&) = V(aVy ) ().
So, we obtain

VI=Vof +V(aVal) = Vaf + Va(aV f)(2).

Proposition 4.2 Let g be a nonnegative function in Ko,NC((0,1)) such that oy < 1 and
f € BT((0,1)) such that t — t*(1—t)*=2f(t) is continuous and integrable on (0,1). Then V, f is
the unique nonnegative solution in C([0,1]) of the perturbed fractional problem (1.12) satisfying

(L—a)Vf<Vf<VF. (4.12)
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Proof Since by Corollary 4.1 the function x — V,f(z) is in C([0,1]), it follows that
the function x — ¢(x)V, f(x) is continuous on (0,1). Using (4.10) and (2.19), there exists a

nonnegative constant ¢ such that
Vof(x) <V f(x) < cx®3(1 — ). (4.13)

So, we deduce that

1 1
/ 21— 1) 28V, f(£)dt < c/ L1 — 1)oTq(1)dt < oo.
0 0
Hence by using Proposition 2.2, the function u =V, f =V f — V(¢V, f) satisfies the equation

“u(z) = f(x) — q(@)u(z), = €(0,1),
() u(1) = D?u(0) = w'(1) = 0.

By integrating inequalities (4.5), we obtain (4.12). It remains to prove the uniqueness. Assume
that v is another nonnegative solution in C([0,1]) of problem (1.12) satisfying (4.12). Since
the function t — q(t)v(t) is continuous on (0,1) and by (4.12)-(4.13), the function t — t3(1 —
t)*~2q(t)v(t) is integrable on (0, 1), then it follows by Proposition 2.2 that the function v :=
v+ V(qu) satisfies

0(0) =v(1) = (0):v(1):0~

From the uniqueness in Proposition 2.2, we deduce that

{ “o(z) = f(z )7 € (0, 1),

Ti=v+V(g) =VF.
Hence
(I+V(g)(v—u) =0,
Now, by (4.12)-(4.13) and (2.23), we have
V(glv — ul) < 2V (q[T(a — 2)hy + hal) < 2caq(T (e — 2)hy + hy) < oo

we deduce by (4.11) that u = v.

Proof of Theorem 1.2 Let ¢ > 0 and b > 0 with ¢ + b > 0 and recall that
w(x) := ahyi(x) + bha(x).

Since the function ¢ satisfies (Hz), there exists a positive function ¢ in ,NC((0, 1)) such that
g < 1 and for each z € (0,1), the map t — t(q(z) — ¢(z, tw(z))) is nondecreasing on [0, 1]. Let

S:={ueB(0,1):(1-ay)w<u<w}
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and define the operator L on S by
Lu = w — Vy(qw) + Val(g — o, u))u).
By (4.10) and (2.25), we have
Vi(qw) < V(qw) < aqw < w (4.14)

and by (Hz) we obtain

0<¢p(,u)<q foralluels. (4.15)
So, we claim that S is invariant under L. Indeed, using (4.14)-(4.15), we have, for u € S,

Lu < w = Vy(qw) + Vy(qu) <w
and

Lu>w—V,(qw) > (1 — ag)w.

Next, we will prove that the operator L is nondecreasing on S. Indeed, let u,v € S be such
that u < v. Since for each = € (0, 1), the function ¢ — t(¢(x) — ¢(z, tw(z))) is nondecreasing on
[0, 1], we obtain

Lo — Lu = Vy([v(q — ¢(-,v)) —ulg — (-, u))]) > 0.

Now, we consider the sequence (u,) defined by uy = (1 — ag)w and u,41 = Lu, for n € N.
Since S is invariant under L, we have u; = Lug > ug and by the monotonicity of L, we deduce
that

(1-ag)w=uy <up <+ <up <upyr S w.

Hence by the dominated convergence theorem and (H;)-(Hz), we conclude that the sequence

(un) converges to a function u € S satistying v = (I — Vy(q))w + V4((q — (-, u))u). That is

(I = V(g))u = (I = Vo(g))w = Vy(uep(, w)).

On the other hand, by (4.14), we have V (qu) < V(qw) < w < oo, then by applying the operator
(I +V (gq-)) on both sides of the above equality and using (4.10)—(4.11), we conclude that u

satisfies
u=w—V(up(-,u)). (4.16)

It remains to prove that u is a solution of problem (1.7). Using (4.15), there exists a constant
¢ > 0 such that

u(t)p(t, ult)) < q(t)w(t) < ct* (1 = t)q(t). (4.17)
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This implies by Corollary 2.1 that the function z — V(up(-,u))(z) is in C([0,1]) and so by
(4.16), uis in C([0,1]). Now, since by (H;) and (4.17), the function ¢ — 2(1—t)*2u(t)p(t, u(t))
is continuous and integrable on (0,1), we conclude by Proposition 2.2 that w is the required
solution. It remains to prove that under condition (Hs), w is the unique solution to problem
(1.7) satisfying (1.13). Assume that v is another nonnegative solution in C([0,1]) to problem
(1.7) satisfying (1.13). Since v < w, we deduce by (4.17) that

0 <w(t)p(t,v(t)) < q(t)w(t) < ct* > (1= t)q(t).

So, the function t — t2(1 — ¢)*2v(t)¢(t, v(t)) is continuous and integrable on (0,1) and by

Proposition 2.2, we conclude that the function v := v + V (ve(+,v)) satisfies

D*(z) =0, =z€(0,1),
2(0)=2(1) =0, D*39(0) =a, '(1)=—b.

From the uniqueness in problem (1.10), we deduce that v := v + V(ve(+,v)) = w. That is
v=w—V(vp(,v)). (4.18)

Now, let h be the function defined on [0, 1] by

(IE) ’ if U(J?) 7é U(l‘),
0, if v(z) = u(x).

Then by (Hsz), h € BT((0,1)) and by (4.16) and (4.18), we have(I + V(h-))(v — u) = 0. On the
other hand, by (Hz), we remark that h < ¢ and by (2.25) we deduce that

V(h|lv —u]) <2V(qw) < 20w < 0.

Hence by (4.11), we conclude that u = v.

Proof of Corollary 1.1 Let p(z,t) = Ap(x)f(t), 0(t) = tf(t) and p(z) = p(zx) -

0<I€n<ax( )9’(§). It is clear that hypotheses (H;) and (Hs) are satisfied. Since the function

q(z) := Ap(z) belongs to the class Ko, we have oy < 1 for A € [0, 52

,E] Moreover, by a

simple computation, we obtain

%[t(fJ(x) — ¢z, tw ()] = q(z) — Ap(x)6' (tw(z)) > 0

for t € [0,1] and « € (0,1). This implies that the function ¢ satisfies hypothesis (Hg). So, the
result follows by Theorem 1.2.

Example 4.1 Let 3 < o <4 and a,b > 0 with a+b > 0. Let ¢ > 0, and p be a positive

continuous function on (0,1) such that

1
/ r("_l)"’(o‘_g)"(l - r)a+"_1p(r)dr < 00.
0
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Let p(z) := (0 + 1)p(z)(w(z))°. Since p € Kq, then for A € [0, 72—], the problem

Du(z) + Ap(z)ut(z) =0, =z € (0,1),
w(0) = u(l) =0, Do=*u(0) =a, w'(1)=—b

has a unique positive solution u in C([0, 1]) satisfying

(1= dap)w(z) <ulx) <w(z), =ze]l0,1].

Example 4.2 let3<a<4anda>0,b>0witha+b>0.Let c >0,v>0andp be

a positive continuous function on (0,1) such that

Let 0(s) = s log(1 + s7) and p(t) := p(t) - max ¢'(£). Since p € Ky, then for A € [0

1
}[ = DH@=8)(e+7) (1 _ pyotot =1y dr < 0o
0

30 )
0<e<a(n) z

the problem

Du(x)

+ Ap(z)ut(z)log(1 +u7(x)) =0, =z € (0,1),
w(0) = u(1) = 0, "

DY 3y(0) =a, u/(1)=-b

has a unique positive solution u in C([0, 1]) satisfying

(1= dap)w(z) <ulxr) <w(z), =z e€l0,1].
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