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The Pointwise Estimates of Solutions to the Cauchy
Problem of a Chemotaxis Model*
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Abstract This paper deals with an attraction-repulsion chemotaxis model (ARC) in
multi-dimensions. By Duhamel’s principle, the implicit expression of the solution to (ARC)
is given. With the method of Green’s function, the authors obtain the pointwise estimates
of solutions to the Cauchy problem (ARC) for small initial data, which yield the W*? (1 <
p < 00) decay properties of solutions.
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1 Introduction

Chemotaxis is a phenomenon describing the movements of bacteria or cells in response to
some chemical substances. According to the orientation of the movements, we can describe
the phenomenon by attractive chemotaxis and repulsive chemotaxis, respectively. The former
occurs when the movement is toward a higher concentration of the chemical, and conversely, the
latter occurs when the movement is in the opposite direction. One famous attractive chemotaxis
model named Keller-Segel model was proposed by Keller and Segel [3] in the 1970s describing
the aggregation process of amoebae by chemoattraction. In [9], Luca proposed a more general
attraction-repulsion chemotaxis model to describe the aggregation of microglia and formation
of local accumulations of chemicals observed in AD senile plaques. In this paper, we consider
the following attraction-repulsion chemotaxis system (ARC):

Ou — Au = 1V - ("™ Vw) — 32V - (u™2Vv), xR t>0,
Aw — Aw = u, zeR™ t>0,
AoV — Av = u, reR™ t>0,
u(z,0) = uo(x), r € R",

(ARC)

where the spatial dimension n > 1, u(x,t) denotes the density of cells, w(x,t) denotes the
concentration of chemorepellents, and v(z,t) denotes the concentration of chemoattractants;
the parameters 81 and (o represent the sensitivities of cells to the chemorepellents and the
chemoattractants respectively; \; (i = 1,2) are positive parameters and m; > 1 (i = 1,2) are
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positive integers. The aim of this paper is to show the pointwise estimates of solutions to the
system for small initial data and to obtain the decay rates of solutions in WP (R™) space.

When ;1 = 0, this model is just the well-known simplified Keller-Segel (KS) model, for
which a number of works were carried out from various viewpoints. For these background
knowledge and more information, we refer to [2, 10-11] and their references. We mention
here some related works for the (KS) model with small initial data. In [14], Y. Sugiyama
and H. Kunii proved that a global solution exists for the (KS) model with small initial data
and obtained the LP(R™) (1 < p < o0) decay rates of the solution. For n > 3 and mg = 1,
H. Kozono and Y. Sugiyama [4] considered local and global existence for the (KS) model with
initial data uo € L3 (R™) and proved the existence of strong solution with ug € L' (R™)N LY(R™)
for n < ¢ < co.

When f1, 82 > 0, because of the interaction of the two attraction and repulsion effects,
the (ARC) model can represent much richer phenomena. When the repulsion prevails over the
attraction, that is, when 31 > (2, one can expect the global existence of solutions for large
initial data, while when (1 < [32, the finite time blow-up may occur. Such results can be seen
in [15] where the authors considered the system (ARC) for m; = mo = 1 in a bounded domain.
For other results of the attraction-repulsion chemotaxis model, we can refer to [6, 12] and the
references therein. In this paper, we are interested in the Cauchy problem of the system (ARC)
with small initial data. We prove that no matter in what parameter regime, the system (ARC) is
always globally solvable for small initial data. More precisely, we study the pointwise estimates
of solutions to the system, which is very helpful for us to better understand the behaviors of
solutions to the system in both time and space. And we also derive the W*P(R™) decay rates
of solutions to (ARC).

For getting the precise pointwise estimates, to the authors’ best knowledge, Green’s
function is one of the most effective tools to describe the pointwise estimates. In [8], Liu
and Zeng investigated the pointwise estimates of solutions to general hyperbolic-parabolic
systems in one space dimension. D. Hoff and K. Zumbrun [1] considered pointwise decay es-
timates for multidimensional Navier-Stokes equations with an artificial viscosity term. Then
Liu and Wang [7] used the Green’s function method in odd multi-dimensional Navier-Stokes
equations, obtained long time behavior of solutions under small perturbation and proved the
generalized Huygen’s principle. After that more work involved in this field was done.

Most of the papers mentioned above are about hyperbolic-parabolic systems. For the
hyperbolic-parabolic-elliptic coupled type, there are also some results recently (see [5, 16]).
However, after the transformation of their systems, the elliptic effect is reflected in the nonlocal
linear term, while for the system (ARC), the nonlocal term is nonlinear, which is a difficult
point to deal with in this paper. Actually, we can solve the second and the third equations in
(ARC) with the help of Bessel potentials ﬁ (1 = 1,2). Then we can easily get the bounded-
ness estimates of w and v in the norms of u by the knowledge of pseudo-differential operators,
while for the more precise estimates, such as pointwise estimates, we cannot obtain them so
easily. Thus we must make more delicate calculations in our study. We shall show them later.

Before we show our results, we give some notations that are frequently used in the paper.

Notations Throughout the paper we denote generic constants by C' which may vary line
by line according to the context. W*P(R™) and LP(R"™) represent the usual Sobolev spaces
and the LP(R") norm of a function is denoted by || - ||,gn). For any multi-indexes a =
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(a1, az,-+ o) € Z", we denote 921992 - - 09 by 83, We also denote =z u = Ky * u with
%) 212 . %)
Ky(z) = (47)" 2 / e Nl s Hds = / e MG(x,s)ds, (1.1)
0 0
where
n z|2
G(z,t) = (dnt) " Fe & (1.2)

is the fundamental solution to the heat equation. The expression (1.1) of the kernel of Bessel
potential can be seen in [13, Chapter V, Section 3.1]. We also denote

Bu(lal, 1) £ (1+ Hi)_m (1.3)

—lz|?

for any m > 4 which can be seen as some substitution of the function e™7
The main results of this paper are stated in the following.

Theorem 1.1 Let (u,w,v) be the solutions to the Cauchy problem (ARC). Then there
exists € > 0, such that if up(x) satisfies
|05 uo(2)] < e(1+[f*)™, (1.4)

where r > %, |a| < h, and h is a given positive integer, then we have the estimate

02 u(x, )| < a(e)(1+1)" 2" B, (|a], 1) (1.5)

for allt >0, |a| < h. a(e) depends on n, h, v, € and the parameters in the equations. w(x,t)
and v(z,t) satisfy the same estimates as (1.5).

Corollary 1.1 Let (u,w,v) be the solutions to the Cauchy problem (ARC), and ug €
W#eP(R™), where s > 0 is an integer, p € [1,00]. Then there exists ¢ > 0, such that if ug(x)
satisfies

|05 uo ()] < (1 + |=*)7", (1.6)

where r > &, |a| < s, then we have the estimate
n lo]
|05 ullzogen) < ale)(1+1)” 20757 (L.7)
forallt >0, |a| < s. a(e) depends on n, s, r, € and the parameters in the equations. w(x,t)
and v(xz,t) satisfy the same estimates as (1.7).

From Theorem 1.1 and Corollary 1.1, we can conclude that both the attraction and repulsion
effects can be dominated by the diffusion term under the smallness condition, and therefore the
behavior of solutions is similar to the heat equation. We also state that our global existence
result and decay rates of solutions are independent of the parameters m; and f; (i = 1,2) and
the signs of 3; (i = 1,2).

For simplicity and convenience to carry on in this paper, we transform the system (ARC)
into the following form:

Oyu — Au = 1V - (uml/\liAu) — 32V - (umz)\QYAu), zeR™ t>0,

u(z,0) = uo(x), x € R™.

(1.8)



114 R. K. Shi and W. K. Wang

We investigate the pointwise estimates and W#P(R") decay rates of solution u(z,t) to the
problem (1.8), and we can prove that the solutions to the original system (ARC) satisfy the
same estimates. In deriving these results, we also omit the proof of some lemmas to make this
paper brief.

The rest of the paper is arranged as follows. In Section 2, we shall give some lemmas which
are very useful for the proof of the main theorem. The pointwise estimates of solutions will be
carried out by Duhamel’s principle in Section 3.

2 Some Lemmas

In this section, we shall give some lemmas which will be used in proving the main theorem
in the next section.

n

5, and nz = min{ny,na}, then

Lemma 2.1 Ifny,ng >

[z —yf il

/ (1 n 17“)7"1(1 +ly[2)medy < 0(1 + 1%)7”3, (2.1)

where C' depends only on ny, ny and n.
The proof of Lemma 2.1 can be seen in [17].

Lemma 2.2 Assume that G is the heat kernel given by (1.2), and f(x) satisfies
fla) < @+ (2.2)
and
05 f(@)] < (L +[a?)™™ (2.3)

for some multi-indexes o € Z™ and m > 5. Then we have

n+|al

107 (G + f)(a, )] < C(A+4)" 72" Bu(|al, 1), (2.4)

where C depends only on n, m and «, and By, (|x|,t) is defined by (1.3).

Proof When t > 1, we can easily deduce

n+tlal

109G (z, 1) < O +t)~ "2 Bom (|2, 1). (2.5)
Then by (2.2) and Lemma 2.1, it holds that
0%(G * )] = [(09G) * f| < CA+ 1)~ "2 Bou(lz|,t) fort > 1. (2.6)
When t < 1, it follows from (2.3) that
02(G* ) =GOS f| < C | % 5T (1+ |y>) "dy. (2.7)

]Rn
Now denote

]

7= {yER" |y|270r |x—y|§1}. (2.8)
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If Jy| > 2L it holds that

1
1+ yP > Z(1+|9c|2),

and if |z — y| < 1, it holds that

T+ 2P =14z —y+y> <142z —y*+2y> <31+ y?).

Therefore, when y € Z, we always have
(L+[y) ™™ < O+ 2™,

hence

z—y|?
/ 3o =R (11 Py mdy < O+ o)
T

Else if y € R™\Z, then we have
|z]

e —yl>= Je—yl>1
Therefore, we can deduce

_n_Jz—y|? a1 le—y?
t  2e at <t 2e Bte 8t

o —y|?

SCe_ 8t
— 2\ —m
§C<1+ |z tyl )

SO+ |z -y~
<CO A+ a7,

where we have also used the fact of ¢t < 1. The corresponding integral satisfies

n

z—y|?
/ e (14 Jy?) Ty < O+ [2f)
RPM\T

where m > . From (2.7), (2.12) and (2.15), we can bound the whole integral:

ntlal

02(G* H < COUA+[2)™™ <CA+1)”

By (2.6) and (2.16), we complete the proof.

2 By, (|z|,t) fort < 1.

115

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

To obtain the precise estimates of the nonlocal terms of equation (1.8), we next give a very

useful lemma which plays an important role in our proof of the theorem.

Lemma 2.3 If
[f(z.8)] < (1+8) " B(J2], 1)
for some nonnegative constant b and m > %, then

VK * f| < C(1 +t)"°B,.(|z|, 1),

(2.17)

(2.18)

where C depends only on n, m and \, Ky is given by (1.1) and By, (|x|,t) is defined by (1.3).



116 R. K. Shi and W. K. Wang

Proof Without loss of generality, we take b = 0.

VxSt = | [ VR = 05w 0d)

| [ ([ eVt - .sas) s 0]

g/ e (VG(-, 8)] # Bl £))ds
0
< C’/Oo e Mg2 / s_%e_‘x;y‘2 (1 + m>imdyds
=7/ . 1+t
! 1 n lz—y|? |y|2 -m
—|—C/ e*)‘ssfi/ s 2e” s (1+ ) dyds
0 ly—z|<1 L+t

! . 0 _lz—yl? ly|2 \—m
+ C/ e M52 / §T2e " ®s (1 + —) dyds
0 ly—z|>1 1+t

=1 + 12’1 + 12’2. (219)

We first make estimates for I;. Since s > 1, we have

n z—y|? —y|?\ —2m
5_56_‘ Ss‘ SC(1+M>
S
=Cs™(s+ |z —y|?) 7"
< Cs*™(1+ |z —y>) 2™, (2.20)

Then it follows from Lemma 2.1 that

> —As 2m—3 2\—2m |y|2 -m
I, <C e Mgt I+ |z —yl?) 1+ dyds
. . 1+t
o 1
SC/ e M2z B (||, t)ds
1
< CBp(Jzl, ). (2.21)
For I 1, since |y — x| < 1, it naturally holds that
il |z —y +yl?
1 =1
* 1+t * 1+t
a2 2
<14 -l 2l
1+t 1+¢
<3(1+ |y|2) (2.22)
S0
(1+ lyl” )_m < C(1+ oI )_m ifly -z <1 (2.23)
1+t) = 1+¢/ 0 BTHES '

which implies

1 2
n |z—y|
Iz,léC/ e*ASS’%/ sTie™ 5 By (x|, t)dyds
0 ly—=z|<1

< OBz, 1). (2.24)



Pointwise Estimates of a Chemotazis Model 117

And for I 5, noticing that s € [0,1] and |y — x| > 1, we have

amyl? T —y[2y2
3_%e_%(1 + |J; — y|2)2m S 5_56_‘ 8:‘ (1 -+ u)
S

n

_ 2.2 o2 _ 2. n
S(le yl ) U (Iw yl ) vl
S S

_ yl2\2m z—y|2 _ g2\ 2
S(le yl ) e_%(lw yl )
S S
<C, (2.25)
that is
a‘,—yz
sTEe RS < C(l+ e —y) 2, ifs<1, ly—a|>1. (2.26)
Then by Lemma 2.1, we can get
2\ -m
122<C/ A __/ (1+]z—y*)~ 2m(1—1— l ) dyds
ly—z|>1 T+¢
< c/ 253 B ([2], £)ds
< OBy (|2, 1) (2.27)

Combining all the estimates of above, we complete the proof.

The next lemma is also very important for our proof, which deals with the nonlinear parts
in the equation.

Lemma 2.4 If

102Gz, 1)) < Ct*L‘?‘“e*%, (2.28)
o g 2ntlal
1025 (2, 1) < C(1+ 1)~ 2" By(Jl, 1), (2.29)

where m > 5, n > 1, then we have

= 8;(/;@(-,75—3) *S(-,s)ds)‘

<O+t

B[], 1). (2.30)

Proof Because of the singularity of the function G (z,t) at t = 0, we divide the integrating
range into several parts and study them respectively. We have

s -
I < c/ |a;;(G(-,t—s)*5(-,3))|ds+c/ (Gt — 5) % 09S(-, 5)|ds
0 5

=P +Q. (2.31)
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From the conditions (2.28) and (2.29), we have

p— 0/2 105G (t — 5) % S(-, 5)|ds
0

3 _ ndlal+l o lzmwi® |y|2 —m
<C (t— )" (1 + 5) e S0 (1 + —) dyds, (2.32)
n 1+s
P= C/ Lt —8) % 0SS(-, 8)|ds
< C/ / (t— )~ 2 (1 4 )~ 25l 5% (1 L )7md ds (2.33)
" 1+s J '
and
Qs C/ / (t—s) ) el ‘;‘:‘? (1 + i )_md ds (2.34)
n 1+s yas: '

We consider P first and study it in two different cases: ¢ > 1 and ¢ < 1. When ¢ > 1, noticing
that s € [0, £], the following holds:

ntlal+1 ntlal+1

(t—s)" 2z <Cl+t—s) =z . (2.35)

Therefore, it follows from (2.32) that

% n+\a\+1 _lz—y)? |y|2 -m
P < C/ (1+t—s)" (1+s)” / e Fi—9 (1 + ) dyds. (2.36)
0 n 1 + s
If |z|? < t, it is easily shown that
2 —m
1<27(1 12 ) =2 Bu(jal.t 2.37
<om (1440 (2] 1), (237

SO

— O ) / (1+5)" */ (14 |22) ™ dzds
0 n
<O+t
<C(l+1t)” By (|z|,t) fort>1, |z|* <t (2.38)

Else if |z|? > ¢, we have estimates

2\ -m
(1+ 19l )
1+s

IN
Q

|z[* \—m
)
( * 1+s

=C(1+8)m™1+s4+z[H)™™

2
01+sm(1+ +ﬁ)

<CA4+8)"(1+t+|xf*)™™

(F5) (e qTg) " iz e

IN
Q
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and

o—y _ 2. —
o 1)<C( liiyl) ”

— S

1
<Of—s)"(=+ =+
<C(t—s) (3+3+ 3
t—s\™ jzf? ]
C 1 fly <— 2.4
(1+t> (+1+t> ’ 1|y|—2’ (2.40)
where we have also used the fact of |22 >t > 1. (2.39)—(2.40) imply
Sl JylP N
8(t—s) (1 ) d
/ne ( + 1+s Y
z—y|2 , 2 —m
<c ef;(f,_; (ﬂ)m(Hﬂ) "y
e N R A /]
C 1 1+-—) d
1+s n(t—8\m
< — 2 .
_c[(t s)% (1+t) +(1+s)2(1+t) }Bm(|x|,t) (2.41)

for |z[* >t > 1. Substituting (2.41) into (2.36) and noticing that s € [0, £], we get

0e CB’“('x"ﬂ/f“ =) Ry -0 (1) a v 0 (55) s

U Bo(lz),t) fort>1, |22 >t (2.42)

<C(1+t)”
Combining (2.38) and (2.42), we have

P<C(+t)"2"By(z|,t) fort> 1. (2.43)

Now let us consider the other case t < 1 for P. In this case, the following estimates hold:
|z]?

2 —m —m
(1+1|y+| ) gc(1+1‘i )

il :
< —x| < .
C’(l—i— 1—|—t> , iy —x| <1, (2.44)

_lz—y? —2m
o ST (¢ — 5) <C’(1+|a:—y| ) it <1, jy—a| > 1, (2.45)

where (2.44) and (2.45) can be proved in exactly the same way as (2.23) and (2.26), alternatively.
We mention that (2.44) always holds for any ¢ > s > 0 if |y — z| < 1. From (2.33) and (2.44)-
(2.45), we can obtain

3 n nt|o lz—y|? 2\ -m
P SC/ / (t—s)_%l(l_f_s) = ;‘ ‘e_S(t 5) (1+ |J)| ) dyds
0 Jly—=z|<1 L+t

3 _ 2n4al —2m |y|2 -m
+C/ / 1+s 1+ |z —y|? 1+-——) dyds
AT () (1 )

for t <1. (2.46)




120 R. K. Shi and W. K. Wang

By using Lemma 2.1, we can get

t
277+\a\

PgCBmmmﬂéiﬂ—Q*ﬂl+Q*2§ mmm@%fu+s) ds

< CBm(|z],t)

<O+t B(jzl,t) fort < 1. (2.47)

Combining (2.43) and (2.47), we have

P<C(1+t)"" 2 Bun(zlt). (2.48)

Next we consider the other term Q. Obviously, from (2.34), we have

¢ n n+|o | 1/\2 2 —m
Qg(?/‘/ @_sya¥u+ﬁy“2‘es,g(l+lm ) dyds
L Jly—z|<1

1+s
t Jo—yl? 2 (—-m
c [ ] e e B (1 ) s
L Jy—z|>1
= Q1+ Qa. (2.49)
For Qq, it follows from (2.44) that
t 1 2n+|af n _ le—yl?
ng(ij@ﬂJX/(t—syv(1+sym7f‘/‘ =9 ie T ayas
% y—x|<1
<O+ )" By(lz], 1) (2.50)

For Qga, when ¢t < 1, it follows from (2.45) that

t et 2 (—m
ngc/“/ (1+Q—L%Ju+¢x—m%—%(1+iﬂ—) dyds
L Jly—z|>1 S

<C(+1)""2 Bp(z|,t) fort <1, (2.51)

where we have also used Lemma 2.1. When ¢ > 1 and |z|? < t, by virtue of (2.37), we have

ntla |z —y|?
Q2<C// (t—s)" 1(1+s) el iy < dyds
ly— x|>1

rt+\

<C1+1t)"
<C+1) "

Bm(|x|,t) fort > 1, 2> <t (2.52)

And when |z]|?> >t > 1, we follow (2.41) and Lemma 2.1 to derive

e o= o et (G (5

x
2

<COA+t)""72" Bu(a|,t) fort>1, |z|* >t (2.53)

Then it follows from (2.51)—(2.53) that

Q< C(1+1t)” By (|z],t). (2.54)
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Combining (2.49)-(2.50) and (2.54), we have

n+tlal

Q< CA+t)" 2 Bullzl,t).

Finally, from (2.48) and (2.55), we obtain
ntlal

L, < C(1+ )~ By (|z],1).

The proof is complete.

3 Proof of the Main Theorem

Now, we can prove Theorem 1.1 on the basis of the above lemmas.

121

(2.55)

(2.56)

Proof of Theorem 1.1 By (1.8) and Duhamel’s principle, the solution u can be expressed

by the formula

t
u(z,t) = G*ug + /0 G(,t—8)* V- [f1u™ (VK xu) — fou™?(VK), xu)](-,s)ds.  (3.1)

Therefore, we consider the following successive approximation forms:

t
uj+1(a:,t):u1(a:,t)+/ Gyt — 5)# V- [Bru™ (VK * ;)
0

= Bau? (VK xuj)|(-s)ds, j=1,2,---,

where
ui(z,t) = G * uo.
Let
Mj(t) ‘= Sup |8§Uj(l‘, T)|30;1(.23,T),
0<r<¢t
lal<h
xeR™
where

n+|a|

Yalz,t) = (1 +1)""2" B,(|l2],1).

From the assumption and Lemma 2.2, it holds that

n+lal

10%u1| = [09G * uo| < Ce(1 + )2 B, (jz], 1).

By Lemma 2.3, we have

|07 (uf" (VK = u;))(z,1)] = ‘ > 0w - 0n" g - (VE, * 0Juy)

m+-+nm, +yv=a

< CMjmiJrlSOm (J?, t) P, (l‘, t)sﬁv(% t)
= OMP (14 0) DB (), i=1,2,

(3.2)

(3.3)

(3.6)
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and obviously,

ntloj4l _ |xf?
2 e 8t

|0S(VG)(x,t)] < Ct~™
Then by Lemma 2.4, we have
t
0 ([ Glot =9V @ (VK ) 5)ds)|
0

<CM (1 41)”

BT(|x|7t)a Z:1a2
(3.2), (3.5) and (3.8) yield

1001 (2, )] < Cle+ MM () + MP=H(0)(L + 1) 7" B, (|al 1).

Recall the prior assumption (3.3), which holds that

My () < Cle + M) + M= (1)),

(3.9)

(3.10)

Now choose e sufficiently small such that the equation x = C(e+x™1+1 4 x™2+1) has a positive

solution a(e) satisfying Ce < a(e) < 1. Then we have the following uniform estimate:
Mj(t)éd(&), ]:1a27

Therefore,

100w, (2, 8)] < a(e)(1+ 1)~ B,(|al,t).

Next we show that {u;}32, is a Cauchy sequence in LP(R") for 1 < p < 400. Let
Wj+1(t) = ’U,j+1(f,) — ’U,j(t) for j = 1, 2, s
and
w1 (t) = ul(t).
By (3.2), we have

wj+1(t)

/ divG(-,t —s) (w]Zu :11(VK)\1 *uj) —|—u;”_11(VK)\1 *wj>)(',s)ds

/leG (wJZumz k k 1(VK>\2*uJ)+u (VK>\2*w]>)( s)ds.
Let
aj = sup [[w;(®)[Lr@n)-
0<t<o0

Then from (3.12)—(3.13), we can deduce that

t
l3a(0) lzsgey < Calelay [ (=) H(1+9) ¥
0

1

t
SCa(e)aj/ (t—s)_is_%ds
0

el s

= Cma(e)ay,

(3.11)

(3.12)

(3.13)
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that is
ajy1 < Crma(e)a;
with

a; = sup |lwi(t)||zr@n) < Ce
0<t<o0

Take e sufficiently small, such that
Cra(e) <

)

N =

which yields that {u;}52, is a Cauchy sequence in LP(R") (1 < p < +oc). Therefore, there
exists a limit u(t,-) € LP(R™) that satisfies

lu;(t) —u(t)||Lrrny — 0 as j — 4o0.

Now letting j — +oo in (3.2), we see that u(f,x) satisfies (3.1). By induction and a similar
process, we can prove that {95u;}52; is also a Cauchy sequence in LP(R") for every 1 < p < +o0
and |a| < h and the limit is obviously the weak partial derivative of u(z,t). Finally, from (3.12)
we obtain

0%u(@, t)] < ale)(1 + )~ T B, (2], 1). (3.14)
By Lemma 2.3, the solutions w(z,t) and v(x,t) satisfy the same estimate as (3.14). The proof
is complete.
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