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Constructing Invariant Tori for the Spatial
Hill Lunar Problem
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Abstract In this paper, the spatial Hill lunar problem is investigated, and the existence of
invariant tori of hyperbolic type in a neighborhood of its equilibrium is shown. Moreover,
the author checks the non-degenerate condition analytically and obtains two-dimensional
elliptic invariant tori on its central manifold as well.
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1 Introduction and Main Results

The Hill lunar problem deals with the motions of two small masses under the mutual inter-
actions perturbed by a massive body, and it covers some interesting astrodynamical systems,
which include a satellite orbiting the planet and perturbed by the Sun. Stemming from the cir-
cular restricted three-body problem, Hill’s approximation is achieved by translating the origin
of the rotating reference frame to the planet and the unit of the length is scaled by l%, where [
is the mass parameter of the circular restricted three-body problem. For the planar circular Hill
lunar problem, [5, 10] showed its rich dynamics by computing Poincaré surfaces of the section.
In [9], Hénon discovered the main families of periodic orbits and computed the width of the
stability regions. For the planar elliptic Hill lunar case, [18] established its dynamics about the
periodic solutions and stability regions.

Similar Hill’s approximation can be applied to the spatial Hill lunar problem (see [11] for
reference). In [17], Villac derived the following normalized equation for the spatial Hill lunar
problem by selecting proper length and time scales:

x—2y:—r—3—|—3m, (1.1)
i+ 2i = —%, (1.2)
. z
P=—g % (1.3)

where r = /22 4+ y% + 22 denotes the magnitude of the relative position vector between the
small masses. Moreover, he used this model in the space mission orbit design. In [7], accurate
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numerical procedures were developed to compute homoclinic and heteroclinic orbits in the spa-
tial Hill lunar problem, while [6] computed the scattering map between the normally hyperbolic
invariant manifolds associated to the equilibrium points in the spatial Hill lunar problem. [16]
studied a single averaged model for the spatial Hill lunar problem and found some particular
solutions.

Our purpose in this paper is to investigate the existence of invariant tori for the spatial Hill
lunar problem. We rewrite the above spatial Hill lunar equation as a Hamiltonian system, and
then its Hamiltonian takes the form

H = Sls+ ) + (g — ) + 7] - 5 (2> = 2%) - (14)

and the corresponding 2-form is
w=dx Adp, +dy Adpy +dz Adp..

It is natural to note that this Hamiltonian has two collinear equilibrium points along the z-axis,
and we can obtain three pairs of eigenvalues of the linearized equation around the equilibrium

solutions, which read

A =421, A5 =£V2VT -1, Af=+£\/2V7+1.

Thus we can put the quadratic term into the normal form

Hy =211 +\/2V7 — 11, +\/2V7 + 1p3q5 .

By the Birkhoff normal form lemma (see [3]), we can put this Hamiltonian into the partial
Birkhoff normal form (that is, (2.5)), and then by making use of Moser’s theorem (see [14,
Theorem 5.2]), we can derive the hyperbolic invariant tori for the spatial Hill lunar problem.
Moreover, the above Hamiltonian has 4-dimensional central manifold, and the standard KAM
theorem guarantees the reduced Hamiltonian on its central manifold has 2-dimensional elliptic
invariant tori, the motions on which are quasi-periodic. Thus our main results in this paper
can be summarized as follows.

Theorem 1.1 For the spatial Hill lunar problem (1.4), there are hyperbolic invariant tori in
the neighbourhood of the equilibrium, and the corresponding reduced Hamiltonian on the center
manifold around the equilibrium has 2-dimensional elliptic invariant tori with quasi-periodic
solutions along them.

Let us make some comparisons with earlier papers. Villac [17] had never considered the
reduced Hamiltonian on the central manifold, while Gémez, Marcote and Mondelo [7] proceeded
with the analysis of the dynamics in the central manifold in a semi-analytical way, and provided
accurate numerical procedures to compute homoclinic and heteroclinic orbits. However, in
our work, we manage to check the non-degenerate condition of the standard KAM theorem
analytically, and establish the existence of invariant tori in a neighbourhood of the collinear
equilibrium points for the spatial Hill lunar problem.

The following paper is organized as follows. In Section 2, we derive the normal form for the
spatial Hill lunar problem. In Section 3, we present the proof the our main theorem with the
aid of the KAM theorem.
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2 Normal Forms

In order to apply the KAM theorem to the spatial Hill lunar problem, we will derive the
normal form of its Hamiltonian at the equilibrium points in this section.

2.1 The normal form for the quadratic term

Consider the spatial Hill lunar problem (1.4), and it is not hard to derive its equilibrium
points

From now on we only take L1 into consideration for convenience. After expanding H into Taylor
series at L1, we have

1 1
H=C+35lpe+9)° + (py —2)° +p2] = 532" = 2%)

1
b3 (607 3% +327)
3 3
_ 3% ( — x3 —+ Exyz + 5332’2)
3 3 3
—33 (a:4 — 32%y? — 32%2° + Zy2z2 + §y4 + §z4) +o (2.1)

where C' is a dynamically irrelated constant, and we omit the terms with order higher than 4.
Consider the quadratic term

1
Q= 5 + Py + P2+ 2pay — 2apy — 827 + dyy + 42%)

1
- _(xay7Z7px7pyapz)s(xay7z7px7py7pZ)Ta

2
where
-8 0 0 0 -1 0
0 401 0 0
g 0 04 0 0 O
o 0 101 0 0]}
-1 0 0 0 1 0
0 00 0 0 1
and the corresponding Hamiltonian matrix takes
0 1 0 1 00
-1 0 0 0 1 0
0O 0 0 0 01
A=J5= 8 0 0 0 10
0 -4 0 -1 00
0 0 -4 0 00
After simple computations, we derive the eigenvalues of A

A =421, AT =£V2VT -1, Af =£\/2VT 41,
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and )\f, )\; , )\gr, A3 correspond to eigenvectors:

ﬁ2_3\/2f7—1

0
0 (V7 - 5)i
51: Bl 5 52: (2) 5
0 (11 — 4V7)i
2 VovT—1
0
C(VTH3)VVT+ I C(VTH3)V2VT+1
2 2
VT+5 VTS
&3 = 2 , &a= 2
0 0
47— 11 114+4V7
2V/7 +1 2/7+ 1
0 0

By making use of discussions about the canonical forms for Hamiltonian matrices in [12, 19],
we seek a real symplectic matrix 7" to put A into the canonical form, such that

0 0 0 2 0 0
0 0 0 0 V2v7-1 0
T 0 2V7+1 0 0 0
TmAT=B=1 _, 0 0 0 0 0
0 —V2V7-1 0 0 0 0

0 0 0 0 0 V2741

Denote T' = (P;T, Pyt , Py, P, Py , Py ), and since TTJT = J, we have
(PP} =6, i,j=12,3,
where Lol
(R
From the fact T-'AT = B and AT = T B, we have

{AP1+ =2oP], |APf = —\/2yT 1Py, [AP§ =27 +1P;,
AP =2pf, APy =\2V7—1P5, APy = —\/2\V7+1P; .

Denote &; = uq + ivy. Then we have
Auy = —2v;, Avy =2uy, {uy,vi} =2,

and thus
1 1

P{F:E’Ufl, Pl_:ﬁ

V1.
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We can construct P2+ , Py, P;‘ , Py~ similarly, so T" takes the following form:

i VT-3)VT-1T  _ (VT+3)V/2VTH1 N 1
0 0 0 — e
2¢/11v/7-28 2 1(28+11V7)
VT+45 (V-5)(2/T-1) "4 Nl
0 0 . 0
) 2¢/11v/7-28 4(28411VT)V/2vT+1
0 0 0 - 0 ) 0
4T — 11 (I—avnVT-1"% 4Tl
0 0 . VT 0 V11728 2(28+11v7)V/2v7+1
(2vV7-1)4 - 1
0 11v/7—28 2\/7+ 1 0 0 2(28411/7)
L V2 0 0 0 0 0 i

So we can derive the normal form for the quadratic part of H,
L
Q= SY Su

u=Tw 1
= in (TTST)w

= %wT(JTTflAT)'w

1
= EwT(JTB)w

2 2 2 2
:2~q1;p1+\/2ﬁ—1~qz_gp2+\/2\f7+1p3q3,

u = (m)y7z7px7py7pZ)Ta w = (p17p27p37Q1aQQ7Q3)T-

where

Next, we introduce a symplectic transformation

(plap2ap3aQI7quq3) L — (IlaI27p3a @1,@27@‘3),

where
Pk = Ikei“”’“, qr = i/ Ikeiitpk, k=1,2.

Q=20 + \/2VT7 — 1L, + \/2VT + 1psqs.

2.2 The partial Birkhoff normal form

Then @ takes the form

To derive the partial Birkhoff normal form, we introduce the symplectic coordinates

1 . 1 .
P = ﬁ(uk —iw), @ = 75(—11% +wvk), p3=p3, @=g¢3 k=12

Then
Il = —iulvl, IQ = —i’u,gvg.

Under these variables, we have

€T = (\/7_3)(2\/7_1)%@2—1@2)—(ﬁ+3) 2ﬁ+1p3+ ﬁ+3 q3
2227 — 56 2 4(28 4+ 11v/7)
- ﬁ+5p3+ (ﬁ—5>(2ﬁ—1>—i(02_m2)+ VT+5 "
2 2v/227 — 56 A28+ 1IVDV2VT+1
z= —%ql = —%(vl —iuq).
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It is not difficult to note the fact that there are no integers kq, ko, k3 satisfying
0 < |ki| + |ko| + |ks| < 4,

such that

2k1+\/2ﬁ—1k2+\/2ﬁ+1k3:0.

So by the Birkhoff normal form lemma (see [3]), we can put H into the partial Birkhoff normal
form. As a result, we can find Hamiltonian W = W + Ws, where W; denotes the homogeneous
polynomial of order i + 2 about uy,v1,u2, v2, p3, g3, such that H o X}, is in the partial Birkhoff
normal form, where X};, denotes the time-1 map of Hamiltonian vector field Xy .

To proceed, we introduce some notations. Denote

Ao WIZ3VT-nr o VT VT+3 VTS
2v/22/7 — 56 2 428+ 1177 2
p_VT-pVT-n V745
2227 - 56 A28+ 1IVTDV2VT + 1

> [
=2 A
i=0
where HY denotes the homogeneous polynomial of order i 4+ 2. Then we have

H(()) = —2i’u,1’U1 —\ 2\/? — 1i’U,2’U2 + \/ 2\/_+ 1p3q3a

HY = 35 [(A‘3 + ;AEQ)ug + ( 3143 + 1AE2)u2v2 + (— 343 + gAEQ)ugvg

+ (4% + iAE2)vg + (3A20 + 3IAEF + §CE2)u§q3 + %Bpguf

_|_

+ (—6iA2B + 3iBE*)usvaps + ( —3A2B + 3iADE — ;BE2)v§p3

( 3420 — §CE2 + 3iAEF) v2qs + (3A2B + gBEQ + 3iADE) u2ps
(=
+ <3A02 Sap2 4 3iCEF) Uusg? + (03 - ;CFQ)qg + ZiCulvlqg

+ (6ABC — 3ADF + 3iBEF + 3iCDE)uspsqs + (—61A%C + 3iC E*)ugvaqs
+

3
SiBurvips + Cu1q3 + (=6iABC + 3iADF — 3BEF — 3CDE)v2p3q3
ZAlUlUQ’Ul Alul’l)g + (336’2 — —BF2 — SCDF)p3q3 + AuluQ
3 3
2 2 2 2 3_ Y 2 2 A30,2
+ (3B°C - 3BDF CD Joas — = Auzet + (B~ SBD )p3 + SAwva
+ ( 3AC? + 51AF2 - SCEF) vag? + ( _3iAB? + ;iADQ - SBDE) vop?
2 2 : 2 § 2 § 2 §
+ (3AB AD + 3iBDE |uaps 801)1 qs3 8Bp3v1 + 4Au1v1v2 ,
HY =2.33 [(241A23091DE2F — 121A2DF — 12iBCE?)usvap3qs3

9 9
- (6B2C* + SDF? —3B2F? 12BCDF )pia} + —ufvd
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+ <6A4 + §E4 — 6A2E2)u§v§ — (3A2 — ZEQ)ulvlugvg
— (3130 — ZiDF)ulvlpgqg 4o ]
From
Hoxév:HgoX§V+HfngV+%HgoX5V+...
= Hy + {Hg, W} + %{{HS, W}, W} + HY + {H{, W} + %HS +oo

1
= H + {H§, Wi} + HY + S [HY + {{H§, Wi}, Wi} + 2{H, Wi} + 2{HJ, Wa}] + -+,

we have
H(% :{H87WI}+H?:07 (22)
H§ = Hy + {{Hg, W1}, Wi} + 2{H}, W1} + 2{Hg, W2} (2.3)
Assume
Wy = Z ,yglll;zzba:utlllugzp?vllh,ngqg3.
aitaztag
+b1+b2+b3=3
Then
u® uagpa;; ,Ubl ,UbZ qb:s
{Wl,Hg} _ Z ,yglggbag 1 %2 M3 Y1 Y2 43
a1 tanTas P 20(by — ay) + V2T — 1i(by — az) + V2VT + 1(as — bs)
+b1+b2+b3=3
=HY.

Thus we can solve the above equation and get

S {(A3 + 3AE*)u} N (=343 + 21AE?)udv, N (—3A% 4+ 2AE*)ugv3
=
—3v/2V7 — 1i —/2/T - 1i 27 — 1i
(143 + %iAEQ)US’ N (3A2C + 3iAEF + %C’EQ)ugqg N (—6iA%C + 3iICE?)ugvaqs
3vV2VT7 — 1i VoV — i = V2VT + 1 Vo7 +1

(—3A42C — 3CE? + 3iAEF)v3qs N (3A2B + 2BE”? + 3iADE)u3ps
227 - 1i— V2V7+ 1 —2V/2VT — li+V2VT+1
(—=3A?B + 3iADE — 2BE®)vjps  (3A%C — 2AF? + 3iCEF )uzq3

22T — i+ V2T + 1 " V2T —li—2V2VT + 1

—V/2VT7 - 1i 2V7+1
N (=6iABC + 3iADF — 3BEF — 3CDE)vapsqs  (—31AC? + 3iAF? — 3CEF)v2q3
T —1i VoVT —1i— 227+ 1

(3AB? — $AD? + 3iBDE)usp? N (—3iAB? + 31AD? — 3BDE)vap}
V2T L 2V2VT 4 1 V2VT - 1i+2vV2VT + 1
N (C3 — 2CF?)q3 N (3BC? — 2BF? — 3CDF)psq? N (3B2C' — 3BDF — 2CD?)piqs
—3V2VT+1 —V2VT+1 27 +1
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(B — %BDQ)pg B %Augv% N %Au%uz N %Aiulugvl
3V2VT+1 4 —V2VT =11 —4i—V2V7T—-1 —V2V7—1i
B %Aiu%vg n %A’U;ﬂ]ﬂ]g B %vipg n %Bu%pg n %iBulvlpg
VoVTi—4i V2VT—-1 V2VT+4 V2VT+1 -4 W7+ 1
B %C’v%qg N %C’u%qg %Ciulvlqg N %Aiv%vg }
L—V2VT+1  —4i—V2VT+1 —V2VT+1  V2VT—1i+4i

Meanwhile, (2.3) turns into

and then by the Birkhoff normal form lemma (see [3]), we can derive Wy similarly such that
there are only homogeneous monomials about ujvi, usva, p3qs in HZ. Thus we have

2 2 2 2 2 : : 2 2
Hi = a11ujvi + a12u1v1u2v2 + a22usv5 + aduivipsgs + Biusvapsqs + vp34s,

where
A 3%(3 N S A%/2VT -1 N 2BCV2VT+1 N 242 N SBC )
32 27— 17 27+ 17 VovT—1 V2vT+1
s 1
f— 33 . %’
s /9BCE? — 1842BC 1 9A2 9A2E? — 1844
aig =33 —2A%+ ZE% + +
( 2V/7+1 2 17— 27 Vo7 — 1 )
_ a8 (70 — 3v/7)V2V7 — 1
o 3654 ’
" 53 [GOAG — 36A*E? + 27 A%E* N 72A*BC + 18BCE* — 712A?BCE?
22 —
VovT—1 VoVT+1

t a0 11%ﬁ( —24/2V7 4+ 1A*BC — 4\/2v/7T — 1A3BEF — 21/ 2V/7 + 1A>BCE?
2¢/7+ 1BCE* :
_ — 2/2V/7 — 1ABE®F + 4\/2V/7 — 143CDE
5 VT + \/T C

f 3E4
. 2 2 . 3 4 A A2T2
21/2V7 + 1A DE?F + 24/ 2V7 1ACDE)+4A += 4AE}

252218+/7 — 246617
6500928 ’

— 33

and «, 3,7 are real numbers.

Hence, the partial Birkhoff normal form of the spatial Hill lunar problem is

Hyew = 20 +\/2V7 = 11 +\/2V7 + 1p3gs

1
+ 5(—a11]12 —aiol1 Iy — agI3) — alipsqs — Blapsgs +Yp3qs

+H+(Il7127<)015302;p35q3)7 (25)

where «, 3,7, a11, a12, ass are real numbers.
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3 Proof of Theorem 1.1

To prove the first part of our main theorem, we investigate the Hamiltonian Hyew = Ho+H T
in the neighbourhood of the equilibrium point L, where

Hy = F(I, 1)+ G(I1,I2,ps, q3),
1
F(I, L) = 21 +\/2V7 — 11 + 5(—6111]12 —aaly Iy — aga13),
G(I1, Iz, p3, q3) = \/ 2V7T + 1pags — alipaqs — Blapags + vp3gs.

Treat H' as a perturbation of Hy, for the non-perturbed Hamiltonian Hj, which has 2-
dimensional invariant tori

1
p1 = (_2+a111i)+ §a12lg)ta L =1, ps=0,

1
P2 = (- V2V7 -1+ 56121'?4'@22]8)@ L =19, q3=0.

The Moser’s theorem (see [14, Theorem 5.2]) ensures the preservation of those invariant tori

with a slight deformation for the perturbed Hy.y. Next we need to check the conditions of
Moser’s theorem:

(1) Hyew is 27 periodic in ¢;, ¢ = 1,2, and
G(I1,15,0,0) = Gp, (11, 12,0,0) = Gg, (11, 12,0,0) = 0.
(2) (The non-degenerate condition) If ps = g3 = 0, then

0%F 1
det(W) =ajia2 — ZG%Q ~ 0.496 # 0.

(3) When p3 = g3 =0, I = (I1, I5) belongs to some open set in R?,

( GQ3P3 G%qg )
_Gpsps _Gq3p3
is a diagonal matrix with real entries, so it does not have any pure imagine eigenvalue.

Hence all the conditions in Moser’s theorem are fulfilled, which makes sure that the Moser’s

theorem can be applied. To proceed with the proof of the second part in the main theorem, we
need the following KAM theorem.

Lemma 3.1 (see [2]) Consider a Hamiltonian system with n degrees of freedom in a neigh-
bourhood of an equilibrium point located at the origin, and w1, -+ ,w, are its eigenfrequencies.
Suppose that the Hamiltonian function has the following Birkhoff normal form:

H = Hy(7) + h.o.t,

n n
1 1
HQ(T):;WjTj+§iJz_:1wijTiTj, Tiza(p?—l-qiz).

Then,
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(i) if the system fulfills the non-degenerate condition

9°H,
det < 5.2 > = det(w;;) # 0,
then, the Hamiltonian system has invariant tori close to the tori of the linearized system, and
these tori form a set whose relative measure tends to 1 as it tends to the origin.

(i) if the iso-energetically non-degenerate condition

0*Hy, 0H,
2 iy )
det or or = det (w” wz> #0
8H0 T 0 Wi 0
ar 0

holds, the Hamiltonian system also has invariant tori, and such tori occupy a larger part of
each energy level passing near the equilibrium position.

Remark 3.1 For the proof of this KAM theorem, see [1, 15].

The first step is to study the spatial Hill lunar problem on its central manifold. Under the
symplectic variables (I, I, 1, 92,3, q3), the Hamiltonian for the spatial Hill lunar problem
takes the form

Hnew = H2(II;I2ap3aq3) + H4(I17]2;p3aq3) + H+(IlﬂI27<p17<p27p3vq3)v

where

Hy(I1, I2,p3,q3) = 211 + \/Qﬁ =1l + \/2ﬁ+ 1p3qs,

1
Hy(I1, 12, p3,q3) = 5(—6111112 — a2 Ir — axl3) — alipsqs — Blapsqs + YP363,

and HT (I, I, 1, p2, p3, q3) denotes the terms with order higher than 4.

From the discussions about the central manifold in [4, 8, 13], we know that the spatial
Hill lunar problem has the 4-dimensional central manifold at L;, and moreover, a Hamiltonian
reduced on its central manifold is still a Hamiltonian. Furthermore, if we take ps = 0, and
g3 = 0, we will obtain the reduced Hamiltonian on this central manifold, that is,

H (I, Io,01,92) = Heo(In, I2) + Ho (11, I2, @1, ¢2),

where
1
Heo(Ir, Io) =211 + 1/ 2T — 11y + 5(—a11[12 —ajali Ir — azl3).

For the integral part H.g, it has 2-dimensional elliptic invariant tori
I = {I,; = constant} x {I; = constant}.

In the neighbourhood of the equilibrium point, we can treat Hei(I1, I2, @1, p2) as a small per-
turbation of Heo(I1,I2), and the above standard KAM theorem guarantees the preservation of
the elliptic invariant tori II.

The second step is to check the non-degenerate conditions:



Constructing Invariant Tori for the Spatial Hill Lunar Problem 135

(1) (the non-degenerate condition)

1
O0%H. —a11  — =012 1
D, = det( aIch) = 1 2 = ai11a22 — ZG%Q ~ 0.496 # 0,
—Sa12 —a22

2

(2) (the iso-energetically non-degenerate condition)

0°H.y 0OH
2
Dy = det or ) or
8HCO 0
or 0

Since Dy continously depends on I7, I, we only need to check the condition at the equilibrium

Dy =1/ 2\/? —lay; — (2ﬁ— 1)@12 + 4ags # 0.

Thus Lemma 3.1 holds true, which guarantees the existence of 2-dimensional elliptic invari-
ant tori for the reduced Hamiltonian of the spatial Hill lunar problem on its central manifold.
Moreover, along these tori, the motions are quasi-periodic

1
an[g)t’ (3.1)

1
oo(t) = ( — V2T -1+ el + aQQIg)t. (3.2)

Finally, we finish the proof of Theorem 1.1.

v1(t) = (— 2+anl) +

Acknowledgement The author is very grateful to the referees for their invaluable sugges-
tions.
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