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1 Introduction

The kinematic formulas are the most beautiful and also useful formulas in integral geometry.
At the beginning of his classical paper [4] Chern said: “One of the basic problems in integral
geometry is to find explicit formulas for the integrals of geometric quantities over the kinematic
density in terms of known integral invariants.”

For instance, Chern proved in [3] the fundamental kinematic formula in the n-dimensional
Euclidean space E™. Let Dy and D7 be two domains with smooth boundaries 0Dy and 9Dy,
respectively, in E™. If we denote by G the group of rigid motions of E™ with density dg, and
by O,,_1 the volume of the unit sphere S"~! in E®, then the fundamental kinematic formula is

/ x(Do N gD1)dg
{9g€G|DoNgD1#0}

= Oua-+- 01| O x(D)o(D1) + OnaX(D1)o (Do)

1 n—2

n ~ ~
+ E 2 <h N 1) Hy, (8D0)Hn,2,h(8D1)},

where x(-) denotes the Euler characteristic, o(-) the volume and H; the i® total mean curvature.
In [4], Chern gave the integral formulas of the quantities which appear in Weyl’s formula
for the volume of tubes. Let My and M; be two closed smooth submanifolds of dimension p
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and ¢ respectively in E", and then

e

/ pe(Mo M gMy)dg = > cipti(Mo)pe—i (M), (1.1)
{9€G|Mong M1 #0} i=0

iis even

where the quantities p. appear in Weyl’s formula for the volume of tubes (see [14]), 0 < e <
p+ q—n and e is even. The coefficients ¢; are constants depending on n, p, ¢ and e.

These formulas can also be found in books [11-12].

In his paper [18], Zhou obtained the kinematic formulas for mean curvature power integrals
in the n-dimensional Euclidean space, which are the generalization of the formulas of the 3-
dimensional case in [1, 16] and are of the extrinsic type. Let S; (i = 0,1) be two closed smooth
hypersurfaces in E”. Denote by H the mean curvature of Sg N ¢S, and 0 < 2k <n — 1. Then
(see [18])

/ ([ #ao)ag= 3 il SR (S),
{9€G|SoNgS1#0} SoNgS1

phetih
where cpgxin are constants depending on the indices, £L29(S;) is a kind of total curvature of
Si, i = 0,1. This is a remarkable work in which the moving frame method is effectively used
and a successful application of the kinematic formulas is given.

The novel approach to study the containment problem and geometric inequalities by using
kinematic formulas has been systematically developed. For the recent developments, interested
readers can refer to [8-10, 15-23]. We also recommend the books [11-12] for the classical results
of integral geometry and its applications.

In fact, integral geometry can be set up within the framework of the theory of homogeneous
spaces.

Let G be a unimodular Lie group with kinematic density dg and H a closed subgroup of G.
Let M and N be two compact submanifolds in the homogeneous space G/H, M fixed and gN
the image of N under a motion g € G. Let I(M N gN) denote some kind of global geometric
invariants of M N gN which may be volume, curvature integral, etc. Then the goal of the
kinematic formulas related to the invariant I(M N gN) is to evaluate the following integral

/ I(M NgN)dg
el

by the known integral invariants of M and N.

Howard proved in [7] a theorem of kinematic formulas in arbitrary homogeneous spaces. It
indicates the computability of kinematic formulas with which the related invariants are of the
following type

109N = [ P))do(a),
MngN
where h is the second fundamental form of M NgN in G/H, P is an invariant polynomial in
the components of h with value P(h)(x) at € M NgN, and do(z) is the volume element.
This theorem is general and implicit. However, it still requires concrete calculation to obtain
explicit formulas, particularly when the kinematic formula is of the extrinsic type.
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We prefer the formulas in the Euclidean case. First, because they are important from the
point of view of their applications, and second, because they lead to more computable results.

In this paper, we give another kind of explicit kinematic formulas about two closed orientable
hypersurfaces in E”, n > 3. The manifolds that appear are assumed to be smooth.

We will denote the group of rigid motions of E™ by G. The isotropic subgroup of G is
denoted by Gg. Indeed Gy is the special orthogonal group SO(n). The groups G and Gy are
unimodular with canonical densities dg and dgg respectively. Let do be the Lebesgue measure
of E™, and then we have dg = do A dgg. Moreover, the total volume of Gy denoted by J,, is
finite and given by

Jn=0,-10p,_o---0O1,
where O;_; is the volume of the 4 — 1 dimensional unit sphere in E? with the value
273
r(z)

Our motivation comes from the following formulas in [6, 12-13]. For example, let M be a

O;_1 =

(1.2)

closed hypersurface in E™, and then

/ FEM L = =29 o, (1.3)
MAL#0 On—1-i

In this formula, the integer ¢ satisfies 0 <4 < n —2, L is a random oriented hyperplane, and d_
is the canonical invariant measure at L. IA{QL(M N L) denotes the i*® mean curvature integral
of M N L which is considered as a hypersurface in L. Similarly, H;(M) is H, E"(M) for the sake
of simplicity.

Taking an arbitrary orientable closed hypersurface in place of L, we obtain the following
kinematic formula. It is not of Howard’s type.

Theorem 1.1 Let Sy and Sy be two closed oriented hypersurfaces in the n-dimensional
FEuclidean space E™. For any integer i satisfying 0 < i < n — 2, we have an asymmetric
kinematic formula

/ HI% (SongSi)dg = > elp,i,n)Hi—p(So) Hy(Sh), (1.4)
{g€G|SoNgS1#£0} ,.,.=0
where the coefficients c(p,i,n) depend only on p,i and n with value

c(p,i,n) = Ju_1 (;) —0”528"*??00.
pYn—1—1

Note that the formula (1.3) can be viewed as a limiting case of (1.4).

Remark 1.1 By direct observation, if ¢ is even, then (1.4) is just a special case of (1.1) for
the hypersurfaces.

But the situation is different if 7 is odd. The simplest case is ¢ = 1. Since ro(-) is actually
the volume o(+), we have the following result.
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Corollary 1.1 Let Sy and S1 be two closed oriented hypersurfaces in the n-dimensional
FEuclidean space E™. Then

/ H{™ (S0 N gS1)dg = Jo(S1)Hy(So). (1.5)
{9€G|SoNgS1#0}

More specifically, for n = 3, f[fsl(so N ¢S7) is the total geodesic curvature of the curve
So N ¢Sy in ¢S1, denoted as k95 (So N ¢gS1). Then the above formula is

/ K991 (So N gS1)dg = 8725 (S1) Hy (So)-

{9€G|SongS1#0}

The formula (1.5) gives exactly an integral representation of the total mean curvature based on
any given closed hypersurface.

2 Preliminaries

In the papers [3-4], Chern associated each given Riemannian manifold certain fiber bundle
with canonical densities. These concepts and the moving frame method have been proved to
be effective in integral geometry. We would like to follow this way in this paper.

We agree in this section on the following indix ranges:

1<AB,C<n, 1<ijk<m, m+1<apfvy<n, 1<abc<k.

2.1 Fundamental equations of submanifolds

Let M be an m-dimensional submanifold in an oriented n-dimensional Riemannian manifold
N with Riemannian metric (, ), and z : M — N be the identity map.

First of all, we mention the local structure of M (see [5]). Locally M can be attached
to a Darboux frame eq, -, €m, €mt1,"* ,€n, which is a smooth orthonormal frame field and
satisfies that eq, -+ ,e,, is tangent to M. In the rest of this article, when we mention frames
tangent to an oriented manifold, it is always assumed that the orientation of the frames has
been chosen to be compatible with the orientation of the given manifold. So here the orientation
ofer, - ,em and €1, -+ ,€m,€my1,- - ,€n is the same as that of M and N respectively.

Let w4, wé respectively be the canonical forms and the Levi-Civita connection forms on
the orthogonal group SO(n) principle bundle SO(N) under arbitrary extension of the given
Darboux frame. These forms can be pulled back on M by the Darboux frame. The images are
still denoted by w4, wg.

Let V be the Levi-Civita connection on the tangent bundle TN, and then we have

dr = wle;, w® =0,
Ve, = w{ej +wileq,

Vea =wlej +wles
and

WAL =0.
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From the above equation, we obtain
j
w; = hijw 5 hij = hji'

The quantities hf; are the components of the second fundamental form of M.
We review the definition of the mean curvature integrals of a hypersurfaces as follows. Let

m =n — 1, and then M is an oriented hypersurface in N, which has a chosen orientation. The

i*™™ mean curvature is related to the following characteristic polynomial of (h};), or (hs;) for

simplicity in the hypersurface cases. Let
det(0ij + Ahij) = T4+ A+ X + - b AV,

and then the i*" mean curvature is defined as

-1
H - (”f 1) i,
(A

and the i*" total mean curvature, if it exists, is denoted by
M

In this paper, we write ﬁzN(M) instead of H;(M) to emphasize that the calculation is done in
N, since M may be simultaneously a submanifold of other ambient spaces. Notation HY is
used for the same purpose.

2.2 Associated fiber bundles of M

For a fixed nonnegative integer k, we define a space & associated with M by the set
{(m;617 e )ek) | HARS M)el7 L, €Ek S T$M7 <ea7eb> = 6&1)}'

&k is a fiber bundle with the base space M and the fiber SO(m)/SO(m — k). & is called the
tangent k-bundle of M here. In fact, & is an orientable differentiable manifold of dimension
%(k‘ +1)(2m — k). At any point where (x;e1, -+ ,er) € &, one extends (x;e1, -+ ,e) to be a
Darboux frame ey, --- , e, beside x, and then defines the following form:

0= /\wi /\ wl =do AdV™,
i a<j
where do = w! A+~ Aw™ is the volume element of M, and the restriction of dV;™ = /\a<j wl on

the fibers is indeed the density of SO(m)/SO(m — k). It is proved in [3], that © is independent
of the choice of extension and is well defined on &. It gives rise to a density of &.

3 Proof of Theorem 1.1

Let Sy and S; be two closed oriented hypersurfaces in the n-dimensional Euclidean space
E™. The tangent (n — 2)-bundles of Sy and Sy are denoted by &,_2, and &,_21, respectively.

For cach g € G such that dim(Sy N gS1) =n —2, En—20 N gEn—21 is the tangent (n — 2)-
bundle of Sy N ¢Sy with density ®,. Then &, A dg is a density of the set D = {(X,Y,g) €
En—20%XEn_21 xG| X =gY}.
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For any point (z;e1,---,ep—2) of En_20 N gE€n—21, we complement it into an orthonormal
frame (z;eq, - ,en—_2,€,_1,€,) such that e, is orthogonal to Sy and also into an orthonormal
frame (x;e1, -+ ,en_2,€,_q,€,) such that e}, is orthogonal to gS;. Let 6 € (0,7) be the angle

between e, and e}, and then the following differential formula (see [3-4, 11-12]) is well known
for the density of D:

@, Adg =sin""10d A Oy A Oy, (3.1)

where Oy and O, are the densities of &£,_2¢ and &,_2 1, respectively. Indeed the right side of
(3.1) is a density of D = (0,7) X Ep—2,0 X En—2.1-

Observe that the subset of D is £,_2,0 N g€n—2,1 for fixed g € G, and the left side of (1.4)
writes as

1
/ HI5 @, A dg.

Jn—2 D
By (3.1), we see that the above integration is

1
Jn72

/N HY®' sin™ 1 9df A ©g A O1. (3:2)
D

We turn our attention to the computation of Hfsl. The problem is to give Hfsl a repre-
sentation by the curvatures of Sy and ¢S7 at € Sy N ¢S7, when the motion ¢ is fixed.

From now on, the indexes ¢, j, k are agreed to range from 1 to (n — 2), and A, B from 1 to
(n—1).

The induced Levi-Civita connection of ¢S is actually d of E™ projected on the tangent
space of gS1. Hence the curvature of Sy N ¢Sy with respect to ¢S; is given by

hijwj = <d€i,€;71>.

We here denote by w!, - -+ ,w" ™2, w™ 1, w'™ the dual basis with respect to the frame ey, - - - , e,_2,
e, _i,el, and by wl -+ w" with respect to ey, ,e,.
From the relation
en =sinf e, | +cosf e,

/

e can be represented as

n—1
el | =sin"!fe, —tan"t e/,
Then
hijw? = sin~! 0(de;, e,) — tan' O(de;, e],). (3.3)
If we attach an orthonormal frame field vq, -+ ,v,—1 on Sp and v{,--- ,v/,_; on ¢S near z,
the correspondent dual orthonormal frame fields are n',--- , 7"~ and ’*,--- ,n/®~!, and then

there exist orthogonal matrices (c5) and (¢/ f) such that

B 1B B / 1B /
e, =c;vg=C,; Vg, €n_1=C, VB, €, 1=C, 1Up.

Now we assume that v4 and v/, are the principle tangent vectors of Sy and ¢.S1, respectively,
and then

<dUA; en> - KAnAa <d’Uﬁ4, 6{n> = H/An/Aa
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where k4 and k’; are the principle curvatures of Sy and ¢S; at z, respectively.
With the aid of these notions, we reformulate the right side of (3.3) into

sin~! §(de;, e,)) — tan~! O(de;, e!,)
= sin~! 0 (dva, en) — tan~' 0 (dvy, €l)

- . A
=sin 14 E ctran® —tan"1 0 E Rl
A A

- : _ A A
=sin 4 E ctrhaclw’ —tan'0 E iRy W
A A
m—1 _ 0

The reason of the last equality is that we calculate in Sy N ¢S; and W" ! = w
By the linear independence of w?, we represent the curvature of Sy N ¢S as
hij =sin" ' Z ctrac —tan' 0 Z c’?n%c’f.
A A
Following Chern [3], we are going to expand the determinant of (h;;) as the polynomial of

k4 and k'4. By the multilinearity of the determinant, one has

det(hij)
_ -1 A A -1 1A 1 A
—det(sm 95 ¢ kac; — tan HE ciﬁch)
A A
_ A1AzAq,B1B2-Bp i —q g _ -P Lk K
= E E v a Psin”?0(—tanb) Pra,ka, KA, K Kp, KR,

p+g=n—2 1<Ay,--- ,Ag<n—1
1<By,-,Bp<n-—1

where WA1A42:4a,B1B2By g the sum of some (n — 2) x (n — 2)-determinants, and one term in

the summation is

Ay Ay Ay A Aq Aq 1B1 1B 1By yBs /Bp 1Bp
ol (e 0}40?4 c}gchﬂ 0}30?2 0}30%72
Ay A Az As q . Aq 1B1 1 B1 1Bz B2 1By 1 5p
G 1 C7Cy T GG Co Cgt1 C2 Cgpa 77 Co Cpig
(34
Ay Ay Ay As Aq  Aq /B1 B /By B> /Bp  1Bp
Cn—2C1  CploCy™ rr CpoCg Cp_oCgpq Cp2Cgya 7 Cp9Cy o

while others can be obtained by permuting some upscript A’s with some upscript B’s in (3.4),
but preserving the orders of A1 As--- A, and B1By--- B, to themselves. If some elements of

A1As---Aj or BBy --- B, appear twice, then clearly

gArA2-Ag BiBaBy _ (3.5)
By this observation, one has
det(hi;)
=sin?"" 0 E (—1)? cos” 0 E A AaBiBo Boy ) kg K K, K,
p+qg=n—2 1<A;<---<Ag<n-—1
1<B1<-<Bp<n-—1
where

PA1A2Ag,B1B2 By _ E YA Ao2)Av(a):Br) Br2) = Bow)
o, T
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with o and 7 running through the permutation groups of order ¢ and p, respectively.
The equations (3.5) then imply that

JA1A2-+Aq,B1B2-B,

/B B /B, B, Aé 1Bt B
S e SOl S e DRl e, S
/Bt lBt /Bt lBt /Bt lBt
B > cgers +Z > g ey +Z Sy Cn 2 Z
As  As 1By By As A 1By By As  Ag 1By 1By
POECPIC RS D DI APTED DE P o) DY P - SRR DY AP bt ch—QC n—2
Aq Aq Aq
CIA 0124 ... 0272
2 2 2
S Co T n=2
Ay Ao Ag 1B1 /B2 /Bp
@ 01 e C,l4 c L c o c L :
Ay Ag q 251 152 15p A A A
Co Ca G €2 €2 o Co L Y N
= . . 1B1 1B1 1B1
: r O S
Ay Ao Aq 1B1 /B2 1Bp cdyrodyr o
Cplo Cplo 1t Cplyg Chplo CpZo o0 Cply ! 2 n—2
B B B
/2P /1 Pp /Pp
cq Co Cn—2
2
A Ao q 1B1 /B2 1Bp
Cl Cl Cl C 1B C 1B C 1B
Al As q 1 B1 1 B2 15p
4 c [ s s c
- )
Ay A Aq 1 B1 /B2 1Bp
Ch—o CpZo " Cu_9g Cp_o Cp_o = Cp_o

where the summation index s runs from 1 to ¢, and ¢ from 1 to p. So we obtain the following
formula about det(h;;):

n—2
det(h;;) = sin®> "6 E (—1)? cos? 6.7,
p=0
where
~ ...B. /
yp: 2 : \I,A1A2 Ay,B1B2 BPHAl"'HAqKBl""%,Bp
1<A;<-<Ag<n—1
1<Bj<--<Bp<n-—1
2
Ay Aq /Bl /Bp
€1 ¢ Cq Cq
- Z . . ’ /
= : : KAI...HAqRBl...HBp,
1<A1<--<Ag<n—1 Al Aq /Bl /Bp
1<B1<---<Bp<n—1 Ch_2 e Ch_o2 Cp_9 cee C,_9

andg=n—2—p.
More generally, we will discuss the coefficients of the characteristic polynomial

det(éij =+ /\hz]) =1+ ’Lpl/\ =+ 1&2/\2 —+ -4 ’Lpn_g)\n72.
It is clear that det(h;j) = ¥n—2. By a result in linear algebra, the i*? coefficient is given by

hjljl T hjljf,

b= Y

1< <<jisn=2| p

Jijt JiJi
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A similar discussion about det(h;;) gives that

Yy =sin"" 0 Z(—l)p cos? Hyp(i),
p=0

where
CAl e CAi’_p C/Bl e C,Bp 2
J1 J1 J1 J1
(1) — E : : ... ok
S’ = : : KA, KA;,_,Kp, " "Kp,
1SA; < <A;_p<n—1 A, Ai—p B 1Bp
1<Bj<--<Bp<n-—1 Cji, i Cji ij,

1<j1<--<j;<n—2

P / !
PHAl .'.K’Ai—pK’Bl ...HBP.

_. Z (i) A1AzAi_y,B1B2-B
VI w i

One notes that the coefficients W(#) A1d2-Ai—p.BiB2-By at g are only dependent on the relative

position of Sy and Sy, and they are invariant if the frame eq,--- ,e,_o is acted by an element

of O(n — 2).

Then the integration (3.2) continues as follows:

1 n—2 -t . -1
—_— . ; sin™ 7 0dO A\ Oy A Oy
Jn_2 7 )

_ Jnl_Q (”;2)12 (/OW(—l)psin"_l_iQCosp 0a0) (/S

p=0

| 1N i
In i p=0 I‘(Lp—'—l) En—2,0XEn_2,1 b ’ '
p is even 2

= Z C(p7 i, n)f[i—p(so)f[p(sl)'
p=0

00y A ©1)

n—2,0XEn_2,1

The last equality deserves more explanations. Now we are going to discuss the integral of Yp(i)
over £,_9.0 X En—21. By fiber integration, we have

/ FD0g A O,
En—2,0XEn_2,1

Z (i) A1Ag-A;_ . ByBaB / /
:/ ( \Ij(’b) 142 py P12 pHA1"'HAi7pHBl"'KB:,,)@O/\(—)l
En—2,0XEn_2,1
a,(i) A1As---A;_,,B1B>---B, / ’
= E / (\I/(z) 142 »,B1B2 P”A1"'KAifp”Bl"'HBp)@O/\Gl
En—2,0XEn_2,1

= Z/S s (/p A de_‘il)
0Xo1

/ /
KAy KA kp, o Kp dog Adoy.

One notes that the densities dV,:l:Q{O and an":;’l are SO(n — 1) invariant respectively.
One also remembers that ¢! and ¢/ ZB are coefficients of e; and e with respect to vg and vz,
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respectively. For any combinations 1 < j; < ---

SO(n — 1) by which ey, - - ,e; is rotated to the position of e;, , - - -

N(’L) A1A2~~~Ai7r ,Ble~~~B n—1 n—1
/ v v rdV 0 x AV 5
P

2
Ay Ai—p 1B 1Bp
S € Ci €
= E : / : : AV x AV,
0<hi<-<gisn—2"F | Av o Ay B B
Ji Ji Ji Ji
Ay A’ifp 1B1 1Bp
n 2 cl DY Cl C 1 DR C 1
_ - n—1 n—1
= ( i )/P : dV, 5o 0 x dV, 55 5.
Ay Aip 1B 1Bp
G G i i
On the hypersurface Sy, for two sets of different indexes A;,---, A, and Ay, ---

M. Li and J. Z. Zhou

< 7; < n — 2, there exists a rotation in
,€j,- So the fiber integral is

1
,1

,Ag, there

exists a rotation g in SO(n — 1), such that <g(es),vgt> = (es,v), s,t = 1,--- ,q. The same

statement is also valid for S;. Let

2
Ay Ai—p  yB1 1By
€ o b i
. - . . n—1 n—1
Q(p,i,n) = / . dV," 5o x dV 5 4,
P
Ay Ai—p  1B1 1By
s G, S Cji
and then Q(p,i,n) are independent of the choices of Ay,---,A4,_, and By,--- , Bp.

If we denote the i*" elementary symmetric polynomial of the elements ag,as, - - -

{aa, ---aa,}, then the integration of Yp(i) on &,_20 X Ep_a1 I8

/ BRI
En—2,0XEn—21

-2
= (n . )Q(p,i,n)/ {Ka, kA, HKp, - Kp, ydog Adoy
? SoXSl

- <n i 2) (TZL:D <n; 1)9@72&”) /SS Hi ) (So) Hy(S1)dog A doy.

y p—1 as

Instead of direct calculation of Q(p,i,n), we prefer to determine the universal constants

c(p,t,n) by taking Sy and S; to be hyperspheres, and then evaluate (p,i,n).

The constants will be determined in the last section. We complete the proof of Theorem

1.1.

4 Determination of the Constants

Let Sp = S™71(1) and S; = S""!(R) be hyperspheres in E" of radii 1 and R (0 < R < 1)
respectively. Let Sy be centered at the origin point O. For a fixed motion g, let y be the

distance from O to the center of gS; = gS" 1(R).

When Sy N ¢gS1 # @ which is equivalent to 1 — R <y < 1+ R, Sg N gS; is a hypersphere

S"=2(r) in a hyperplane of radius

[y” — (1= R? +y*)°)
2y '

(4.1)
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It can be proved that

7N 2
HgS1 _ (1 B ﬁ)
1 rl °
So we obtain .
~ . r 5
H,igSl (S() n 951) = On727'n7271 (]. — ﬁ) ’ .

In this specific case, the left side of (1.4) reads

2
n—2— 1, _
On - /G dao / ) RQ) do. (4.2)

By the polar decomposition of Lebesgue measure do and using (4.1), the above integration is

TR 2 2 ; 1
n—2—1 o n—
On710n72=]n /1_R r (]— R2> Yy dy
On_10p_od, [1TE no2—i
= 7"2317535 "/1 Ry[4y2 — (1= R+ )" [42R — 4y® + (1 - R? + )2 dy.

Putting 2Ru = 3% — 1 — R?, we reformulate the integration as

1
On_lon—QJanilii/ (1 — u2)n_22_

-1

[ . 1 -
= 0,-10,_2Jp Z (12) Rn—l_p/ (1 —u?) 2 du
-1

L even

i . T pt+1 r n—t
 OniOnzln ; (Z?)Rnlp F(<n2 ¢)+§o+21))'
2

(R + u)'du

p is even

By the formula (1.2), the kinematic formula for the hyperspheres Sy = S"~1(1) and S; =
S"~1(R) is proved to be

/ 95 (So M gS1)dg = Ju 1 3 i y(S0) L, (S)).
{g|SongS1#0} o

p is even

(Z> On 20n 7,+p00
p OpOnflfz

So the universal coefficients in (1.4) are given by

. o { On—QOn—i—i-pOO
C(p,z,n) - Jnfl (p) Oponflfi .

As a consequence, one has

win =0t ()("5) (15)
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