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Abstract The authors prove that the total descendant potential functions of the theory of
Fan-Jarvis-Ruan-Witten for D4 with symmetry group (J) and for DT with symmetry group
Gmax, respectively, are both tau-functions of the D4 Kac-Wakimoto/Drinfeld-Sokolov hi-
erarchy. This completes the proof, begun in the article by Fan-Jarvis-Ruan (2013), of the
Witten Integrable Hierarchies Conjecture for all simple (ADE) singularities.

Keywords Quantum cohomology, Frobenius manifolds, Singularity theory,

Integrable hierarchies
2010 MR Subject Classification 14N35, 53D45, 32505, 37K10, 37K20, 35Q53

1 Introduction

Twenty years ago, Witten proposed a sweeping generalization of his famous conjecture con-
necting the KdV hierarchy to intersection numbers of the Deligne-Mumford stack of stable
curves. The package includes (i) a first-order nonlinear elliptic PDE (Witten equation) to re-
place the d-equation in the Landau-Ginzburg setting; (ii) a conjecture asserting that the total
potential function of an ADE-Landau-Ginzburg orbifold (W, (J)) is a tau-function of the cor-
responding integrable hierarchy (see e.g., [4, 13]). Here, J = (exp(27iq1),- - ,exp(2wign)) is
the so-called exponential grading operator, where ¢; are the weights of the quasi-homogeneous
polynomial W. Some of the physical background, motivation, and computations for this con-
jecture were given in [3, 14, 18]. In a series of papers, Fan-Jarvis-Ruan have constructed the
theory Witten expected and solved the conjecture for the D- and E-cases except Dy, while the
Ap-case was solved earlier by Faber-Shadrin-Zvonkine [6].

But the story is still incomplete, and a resolution of the conjecture for the Dy and DT cases
is needed. This is the main purpose of this article. When we say Dy, we mean the singularity
Dy := 23 4+ 2y%. Recall that its exponential grading operator is .J = (exp (%), exp (%)) Its
dual or transpose singularity is D} = 23y + y?, and the exponential grading operator of D} is

JT = (exp (%), —1). Let ggfz\}v) and Qg‘?f‘gnax (see notation in the next section) denote the
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respective total descendant potential functions of the theory of Fan-Jarvis-Ruan-Witten for Dy
and D] with symmetry groups (J) and Gmax, respectively. The main theorem of this paper is
the following.

Theorem 1.1 (1) _@gi?\% is a tau-function of the Dy Kac-Wakimoto/Drinfeld-Sokolov
hierarchy.

(2) _@g%RXXMX is a tau-function of the Dy Kac-Wakimoto/Drinfeld-Sokolov hierarchy.

To explain the difficulty in the cases of D, and DZ with symmetry groups (J) and Guax,
respectively, let us briefly review the proof in [7] of the conjecture for other simple singularities.
The idea of the proof is to identify the theory constructed by Fan-Jarvis-Ruan for a given
singularity W with the Saito-Givental theory of a related singularity W’. The latter has been
shown to give a tau-function of the corresponding hierarchy (see [8]). The proof consists of two
steps.

Step 1 Prove two reconstruction theorems to completely determine the Fan-Jarvis-Ruan-
Witten theory and the Saito-Givental theory from the pairing, the three-point correlators, and
certain special four-point correlators.

Step 2 Compute the three-point and special four-point correlators explicitly and match
them. The reconstruction theorems apply to D4 and its dual singularity DI as well. But the
computation of the special four-point correlators is much more difficult for the cases of Dy
with symmetry group (J) and DT with symmetry group Guax than it is for all the other ADE
singularities.

In all cases except these two, the relevant insertions are what we call narrow (called Neveu-
Schwarz in [7, 10]). An early lemma of Witten asserts that the Witten equation with exclusively
narrow insertions has only the zero solution. In such a case, the problem under study can be
reduced to an algebro-geometric one and the computation can be carried out in a straightforward
manner.

But these two cases of Dy and DT are entirely different, and instead of being narrow, some
of the insertions are broad (called Ramond in [7]). Therefore, the algebro-geometric reduction
does not apply. The problem under study is a PDE-problem and we do not yet have techniques
to solve it explicitly in the case of broad insertions.

In the case of DT, we must compute two special correlators. One of the two correlators
has only narrow insertions and its value was already computed in [7]. The final result follows
(specifically, all the A-side correlators match those on the B-side) if and only if the other special
correlator vanishes. Although the correlator has broad insertions, its vanishing is fairly simple
to prove.

But in the case of Dy, those techniques do not work. Again we need to prove that one
special four-point correlator vanishes and that the other does not vanish. The vanishing part is
again simple, but the remaining special four-point correlator has broad insertions and cannot be
computed easily. To prove that it does not vanish, we need a new idea, namely, to look for other
correlators with only narrow insertions and use those to reconstruct the correlator with broad
insertions. Indeed, there is a unique primary correlator with purely narrow insertions— the
unique highest-point (seven) correlator for the Dy-theory.

INote that for DZ the symmetry group (J7) is equal to the maximal admissible symmetry group Gmax for
this theory, but for D4 the group (J) has index 2 in the maximal admissible symmetry group of Dj.
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We completely describe the genus-zero primary potential in terms of the one special four-
point correlator. We further show that this correlator vanishes if and only if the unique seven-
point correlator vanishes. This part of the argument uses the full strength of the WDVV-
equation. Then, with some work, we compute the seven-point correlator using algebro-geometric
methods, and show that it is not zero, as required.

2 Background and Notation

In this section, we briefly review the theory in [7] for D4 and DT to set up the notation.
Recall that for each quasi-homogeneous polynomial W € Clz1, - ,zn] of weights ¢1,- -, qn,
the exponential grading operator J := (exp(2wigi),- - ,exp(2wign)) lies in the group Aut(W)
of diagonal matrices v such that W(yz) = W(z). Given any non-degenerate W and any
subgroup G < Aut(W) such that J € G, the results of [7] provide a cohomological field theory
(Hv.a, ()W, {Agtfk}, 1) with flat identity.

The state space J%y ¢ is defined as follows. For each v € G, let (C]VV be the fixed point set
of v, let N, denote the dimension of (CJVV, and let W, = W|C£/v. Let 42, be the G-invariants of
the middle-dimensional relative cohomology

Ay = H™(CY, (ReW) (M, 00),€)°

of CIY for M >> 0, as described in Section 3 of [7]. Wall’s theorem [16-17] states that the
cohomology group H™4 ((nyv, (ReW)~1(M, 00), C) is isomorphic, as a graded G-module, to the
space Qw. w-, where 2y is the Milnor ring (local algebra) of W, and wy = dx;; A--- A dxiNW
is the canonical volume form on (C’VV . For computational purposes, it is generally much easier
to use the Milnor ring than the middle cohomology, so we will assume from now on that an

isomorphism
Ay = H™Y(CY, (ReW) (M, 00),C)“ = (2w, wy)® (2.1)

has been chosen for each v, once and for all.
The state space of our theory is the sum

Hve =P .
veG

The state space iy, admits a grading and a non-degenerate pairing ( )"V. The pairing is
essentially the residue pairing on the underlying Milnor rings Zyw. , but with the elements of
J, only pairing with elements of -1 = J7,. The grading is more subtle, as we now describe.

Definition 2.1 The central charge of the singularity W, is denoted by ¢y :
&= > (1—2q).

:07=0

Definition 2.2 Suppose that v = (™1, ... ,e2”i@7V) for rational numbers 0 < O] < 1.
We define the degree shifting number

by = Z(@Z - qi)

%
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- ¥ (o)

:07 #£0
¢y — N
= %‘f’ Z (©] —a)
i:@?;éO

For a class o € 72, we define

dege(a) = %deg(a) +iy = %N7 + 0y

The classes Ag‘fk S Hom(%v‘[%]é, H*(A , 1)) satisfy the usual axioms of a cohomological field
theory with flat identity, including symmetry and the composition axioms (see [7, §4.2] for
details). Here, ]g,k is the stack of stable, k-pointed, genus-g curves.

When an element v € G fixes only 0 € CV, we say that the sector %, is narrow (called
Neveu-Schwarz in [10]), and when the element 7 fixes a non-trivial subspace C¥+ c CV with
N, > 0, we say that the sector J#, is broad (called Ramond in [10]). For each narrow sector
€, the isomorphism (2.1) defines an element (3, as the image of 1 € C = 4%, in JZ,. The
exponential grading operator J is narrow, and the isomorphism (2.1) can be chosen so that the
element (37 is the flat identity 1. The elements 3, also play an important role in one additional
axiom that allows us to compute the classes A‘g/[,/k in some special cases, namely, the concavity
axiom, which we now briefly review.

As mentioned above, in the case that all the insertions are narrow, the construction of the
classes Ag‘fk reduces to an algebro-geometric problem on the moduli of W-curves # 4 1. The
universal W-structure on the universal W-curve ¢ - #jy,, 1, corresponds to a choice of orbifold
line bundles .Z%, - -+ , £y on ¥ which are roots of the log-canonical bundle Kjg, with certain
additional properties described in [7]. In the special case that these bundles are concave, i.e.,

N
when the pushforward 7r*( G}l.,%) = 0, then the class Ag‘fk (Byis- By,) is given by
1=

N

Agf/k(ﬂ“m T ’5%) = def(it) Sty (Ctop (Rlﬂ* @z)*),

i=1

where st : Wiy gr — %g,k is the canonical morphism from the stack of W-curves to the stack

N *
of stable curves, where ciop is the top Chern class, or the Euler class, and (le &b ,,Sﬁ) is
i=1

N
the dual of the bundle R'7, @ .%,.

i=1
Another essential property of the classes A‘g/[,/k is that the cohomology classes have complex
dimension equal to D+ %Nw where — D is the sum of the indices of the W-structure bundles:

N k
D:=— Zindex(.fi) =cw(g—1)+ Z by
i—1 j=1

and N, is the complex dimension of the fixed locus (CV)7 of ~.
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Definition 2.3 For the cohomological field theory (Hy.c, {,)V, {Agfk}, 1), we define cor-
relators in the standard manner as

AN (o) [T e

[ g,1] i=1

k
(miy (), sy (o)) ::/

The genus-zero, three-point correlators of any cohomological field theory define an associa-
tive multiplication * on the state space, making the state space into a Frobenius algebra. In
our case the new (degree-shifted) grading on Jfy ¢ is also compatible with the multiplication,
making JAy,q,* into a graded Frobenius algebra.

The main selection rules in this theory are

(i) (o, -+, o)y =0 unless
k R
elg—1)+ ) dege(a;) = dim(Agx) =39 — 3+, (2.2)
i=1
(i) (o, -, o)y = 0 unless for each of the coarse line bundles |.%;| underlying the W-
structure, the degree
k
deg(|Z)) = ¢;(29 -2+ k) = ) _ O] (2:3)
=1

is integral.
Furthermore, the selection rule (2.3) must hold on each irreducible component of a stable

curve.

Remark 2.1 When the group G < Aut(W) is not equal to the maximal group Aut(W) of
diagonal symmetries, then Aut(TW) acts on the A-model state space, and the correlators are all
invariant under this action. In particular, this property forces many correlators to vanish.

Definition 2.4 Let {cp, - ,as} be a basis of the state space 7y such that ag =1 := [y,
and let t = (to,t1,---) with t; = (¢, ¢, -+ 17" being formal variables. Denote by ®" (t) €
A"2C[[t, N]] the (large phase space) potential of the theory:

oW (t) == O (t) =) AW Z% o> mlan) e m (i)
l if

920 g=>0 k 10 le Qg s,y

Theorem 2.1 (see [7, Theorem 4.2.8]) The potential ®W (t) satisfies analogues of the string
and dilaton equations and the topological recursion relations.

3 Frobenius Algebras

3.1 Frobenius algebra for the B-model of D,
The Frobenius algebra for Dy is the local algebra (Milnor ring)

2p, =C[X,Y]/(3X%+Y?, 2XY)
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with the residue pairing. That is, if

Hess Dy 24 X2 —8Y?2
+ lower order terms = « +lot. =«

+ l.o.t.,

fg=a

then
(f,9) = o

We have ¢ = 2 and deg¢(X) = degp (V) = 4.

3.2 Frobenius algebra for the A-model of (DZ, Gmax)

The singularity DI is defined by the polynomial W = x3y+y?2, and the exponential grading
operator J is

J=(£,6%), where £ =exp (%)

The element J has order 6 and generates the maximal group Guax of diagonal symmetries of
DT,

For k = 1,3,5, (DI = 0, so Qprywyr = (1). For k = 2,4, (DY = 92, so
Q(DI)§WJk = (1dy). However, 1dy is not fixed by the action of the group element J. For
k=0, (DI = DT, so Q(Dz)ljwﬂ = (1dx Ady, zdz Ady, 2?dz Ady, ydz Ady). Only the
element x2dzAdy is fixed by the action of J, and therefore, by all of Gpax. Thus, the set
{B1,22B0, B3, 35} is a basis of HDT G Where

Bo = dzAdy € H™id
61 =1le Hmid
ﬂB =1c Hmid
ﬂB —1le Hmid

Ch, W52,Q) = H™9(CH, W53, Q),
Ch, W3,Q) =C,
cih, Wss,Q) = C,
Ch, W, Q) =C

—~ o~ o~ o~

The Frobenius algebra structure on %DI,Gmax was determined in [7, §5.2.4], where it was
shown that the structure is given by an isomorphism to 2p, as follows: C[X,Y]/(3X? +
Y2,2XY) — DT G WitH

max

1B, Y 3az®f,
XHO‘ﬂZS; X2'—>C¥265,

where o2 = %

As in the previous case, we have ¢ = 2 and degp(X) = dege(Y) = 1.

3.3 Frobenius algebra for the A-model of (Dy, (J))

The singularity Dy is defined by the polynomial W = 22 + zy?, and the exponential grading

operator J is
2mi
(g2 2 _ 27l
J = (£9,¢%), Whereg—exp((i).
The element J has order 3 in the group Aut(Dy) = (\) & Z/6Z, where X := (£72,¢).
For k = 1,2, (D4)Jk = 0, SO Q(D4)I;WJk = <1> For k = O7 (D4)Jk = D4, SO Q(D4)I;WJk =

(1dz Ady, zdx Ady, 22dx Ady, ydr Ady). Only the elements xdzAdy and ydxAdy are fixed by
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the action of J, and therefore by all of G. Thus the set {1,280, y00, 52} is a basis of H#p, (),
where

Bo :=dzAdy € H™Y(CH., W55, Q) = H™(CH, W3, Q),
1=03 =1 H™YCH,W,Q) =C,
fa=1¢€ Hmid((C]J\]%WL?SaQ) =C.

The Frobenius algebra structure on J#p, ;) was determined in [7, §5.2.4], where it was
shown that the primitive classes are z3y and yGy. The D4 case is unusual because the primitive
classes are all broad.

It is shown in [7, §5.2.4] (and is straightforward to check directly) that the pairing is given
by

1 -1
(280, z0) = 5’ (xBo,yBo) =0,  (yBo,ybo) = -5

We note that the “obvious” isomorphism of Frobenius algebras .#p, 5y — Zp, = C[X,Y]/
(3X2 +Y?2,2XY) given in [7, §5.2.4] does not turn out to be the right one for our purposes in
this paper. Instead, we will use the following isomorphism of Frobenius algebras:

0 Y

0= —,
v-=3

Bo — 6X2, yBo — vV —3X.

61'_)1a

Via this isomorphism we also have
1 -1
<X’X>:6’ (X,Y) =0, <Y,Y>:7.
As in the previous two cases, we have ¢ = 2 and deg¢(X) = dege(Y) = 4.
Definition 3.1 Hereafter, we will take {1,X,Y, X%} as the standard basis for all the
three cases: the A-models %DZ,Gmax and HAp, 5y, and the B-model Zp,. The dual basis is
{6X2,6X,-2Y,61}.

4 Shared Properties of the Correlators and Potentials

In this section, we will discuss some properties that all three of our theories share, including
various relations among the primary correlators and the potentials.
Recall the selection rules (2.2) and (2.3). In all three of our cases, (2.2) can be restated as

(51, ,5;) =0 unless Zdegc(%i) = 3k3_ 7. (4.1)
Moreover, we have
(st1,-++ ,2t5,-1,1) =0 unless k=3 (4.2)
and
(s, 502, 1) = (31, %2). (4.3)

From these selection rules, we can see immediately that in all three theories, all the three-
point correlators vanish except (X, X,1) = (X2,1,1) = %, and (Y,Y,1) = _%.
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Theorem 4.1 In all three cases (Saito for Dy, FJRW for (DY, Gunax), and FJRW for
(Dy, (J))) the four-point correlators (Y,Y,Y, X?) and (Y, X, X, X?) vanish.

Proof For the Saito Frobenius manifold, it was computed in [7, Proposition 6.4.4].

For the FJRW theory of (DI, Giax), the selection rule (2.3) can be applied; namely, we will
show that for the two correlators in question, the degree of the line bundle |.%,| is not integral,
and hence the correlator must vanish. To do this, we only need the fact that ®§CJT)a = &, which
is straightforward to check. We have for (Y, X, X, X?),

k
deg(|-Z:|) = ¢2(29 —2 + k) — Z@;Z
(=1
1 3 3 0 5 3
=—(244)—|=+=-+=-4+=)=—= €Z.
320 -(G+5+5t5) "¢

This shows that the correlator (Y, X, X, X?) must vanish. A similar computation shows that
the correlator (Y,Y,Y, X?2) must also vanish.

Finally, for the FJRW theory of (Dy, (J)), we note that the maximal group of symmetries
contains an element A = (£72,¢) which is not contained in (J). A simple computation gives
the action of A on the basis:

A =1, MX =X, MX?2=X2% but\Y =-Y.

As observed in Remark 2.1, all correlators must be A-invariant. This forces all correlators with
an odd number of Y-insertions to vanish, as desired.

Proposition 4.1 For all three of our cases, the only genus-zero primary correlators that
are not a priori forced to vanish by the selection rules (4.1) and (4.2) are

(1,1,X?%), (1,Y,Y), (1,X,X),

V,Y,X,X?), (X,X,X,X?),

VY, X%, X% X%, (V,X, X% X% X%, (X,X,X% X2 X?),
v, X%, X% X2 X2 X%, (X,X2 X% X% X2 X?),

(X%, X2, X% X% X2 X2, X?).

Proof For example, the only nonzero genus-zero three-point correlators must satisfy the
3

equation (4.1): > dege(a;) = % Our choices are (1,1, X?), (1, X, X), (1, X,Y), and (1,Y,Y).
i=1

Apply (4.3).
The other k-point correlators can be found by using the selection rules (4.1) and (4.2) with
the results of Theorem 4.1.

A key tool that we will need in this paper is the following generalization of the reconstruction

lemma in [7].

Lemma 4.1 For both the A- and B-models, given any genus-zero, k-point correlator of the
form (1, ,Yk—3,, B, x @), choose a basis {0;} of /v, such that 6o = € x ¢, and let 8] be

the dual basis with respect to the pairing (i.e., (3;,0%) = 6;5).
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Let K ={v1, - ,vk—3}. The correlator (v € K, «,3,e x @) can be rewritten as
<7k S Kaaa675*d)> = Z ZCI,J<7i S Iva76761><527¢7ﬂ77j € J>

K=IuJ ¢

— Z ZCI,J<71‘€Ivavﬂ761><527¢7577j6J>7

K=IuJ ¢
J#D

where

oy — — LInr(&)!
o ITne(E) g (6)!
are integer coefficients. Here, nx (&) refers to the number of elements equal to &, in the tuple
X. The product [[nx(&;)! is taken over all distinct elements &, in X .

Proof Let B be a basis for Jfy,¢ which contains the element € x ¢, and let §y be the
corresponding element in the dual basis. Summing over B in the definition of the product gives

€*¢ = <E7¢750>€*¢7 S0
<'W€ S Kaaaﬁ7€*¢> = <€a¢560><7k S K7a7675*¢>'
The WDVYV equations show that

Z ZCI,J<’W€ S K7a7ﬂ76l><7k € K)E)¢’51/>

IUJ=K 1

- Z ZCI,J<7/€EK7O[7E751><'W€EKaﬁa¢761/>'

InwJj=K 1
So,
<7k S K,OK,B,E*¢> = <57¢750><7k S Kaaaﬁ7€*¢>
- Z CI,J<7/€EK7O[7E751><'W€EKaﬁa¢76;>

I|_IJl:K

- Z CI,J<’W€ € Kvavﬂv 6l><7k € K)E)¢ﬂ51/>'
TUJ=K
J#D
1
Using the reconstruction lemma and a genus reduction argument, one can show the following

theorem.

Theorem 4.2 (see [7, Theorem 6.2.10]) In both the A- and B-models, the total descendant
potential function 9 for our three cases (Saito for Dy, FJIRW for DI Guax, and FJRW for
Dy, (J)) is completely determined by the pairing, the three-point correlators (i.e., the Frobenius
algebra structure) and the four-point correlators.

Theorem 4.3 Denote the four-point correlator by
a:=(X,X,X,X?.

For all three cases (Saito for Dy, FJIRW for DI Guax, and FIRW for Dy, (J)), the primary
genus-zero potential has the following form:

S R PRI R S
T X T YT ety

36a* -

3a .
d(t) t3tx2 + 7txt§,tx2 + a5 t5s — 3a*t3 5. + =5 txe
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Proof This follows by running the reconstruction lemma “in reverse”. First we apply the

Reconstruction Lemma 4.1 to the four-point correlator

(X, YV, X%) = ey x1 (X, Y, 006, X, Y, X) + ) epxyo(X, Y, X, 6)(0",Y, X)
é S

- Z C{X}7®<X’ X’ X’ 6><5/ﬂ Ya Y>7
8

where the sums run over a basis § of the state space, and ¢’ is the element dual to d. Notice

that cpxy =c{xy,0 = 1. This yields
(X,V,Y,X?) = —(X, X, X,X?(6,Y,Y) = 3a.
Now we apply the Reconstruction Lemma 4.1 to the 5-point correlators:

2!
<XaXaX27X27X2> = Z—<X7X27X761><5117X7X2aX>

11!
l
=2(X% X, X, X)(6X,X,X, X% 4+ 2(X% X, X, V)(-2Y, X, X, X?)
= 124>

A similar computation for (Y,Y, X% X2 X?) gives us
(X%, X2 X2 V,Y) = —4Y,Y, X, X?)? = —36a>
and
(X%, X%, X% X,Y)=0.
Applying the reconstruction lemma to the six-point correlator
(X%, X2 X% X% X, X% = —%(XQ,XQ,XQ,XQ,X, Y?)

yields
!

—3(X% X7 X2 X2 X XP) = ) o (X X X2 Y ) (67, X, Y, X
2111

3!
=Y (XA XX XY, 6) (6, Y. Y. X)
1121

=3(X% X% X2 Y, Y)(-2Y,X,Y, X?)
—3(X% X% X% XY, X)(6X,Y,Y, X?)
= (—6)(—36a*)(3a) — 18(12a%)(3a) = 0,

and a similar calculation shows that (X2, X2 X2 X2 Y, X?) = 0. Thus both the 6-point
correlators are zero.
Now applying reconstruction to the seven-point correlator (X2, X2 X2 X2 X2 X2 X?)

gives us

4!
(X%, X2, X% X% X2, X%, X%) =) ﬁ<X2,X2,X2,X, o (0], X2 X, X2, X?)
—~ 212!
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= 6(X2 X% X2 X, X)(6X, X% X,X? X?)
l
= 6(12a%)(6)(12a%) = (72)%a™.

Inserting these correlators into the potential

k

1t
(I)(t) = Z Z <%17"' 7%k>1=2!

k>3 501, 5

gives the desired result.

Corollary 4.1 The potential @%4 for the Saito Frobenius manifold of Dy = 3 + xy? with
primitive form dxAdy is

1 1 1 1. 1
S o 2 2 2 3 2
(I)D4 (t) = ﬁtxtl - Ztytl + Etx2t1 - 2—16txtx2 - ﬂtXthXz
1 2 43 1 2 43 1 7
— 243, - — 3¢ S—
T 2502 XX T gV IX2 F 39709740" X7

Proof In [7, Proposition 6.4.4], we computed that for the primitive form 6dzAdy, we have
(LY,)Y) = =3, (1,X,X) = (1,1,X% =1, (X, X, X, X?) = —%, and (V,Y, X, X?) = —1.
Rescaling the primitive form by a non-zero 3 rescales the entire potential (and hence also the
metric) by 5. The choice of the primitive form dxzAdy, corresponding to 8 = %, gives us the
same metric and three-point correlators we computed earlier in this paper. Substituting the

value of a = —% gives the result.
We also have the fundamental result of Frenkel-Givental-Milanov.

Theorem 4.4 (see [8-9]) For any ADE-singularity W, the Saito-Givental (B-side) total de-
scendant potential 9§VG is a tau-function of the corresponding Drinfeld-Sokolov/Kac- Wakimoto
ADE-hierarchy.

Theorems 4.2 and 4.4 will allow us to prove the following lemma.

Lemma 4.2 For both the FJRW theory of DI with symmetry group Guax and the FJRW

theory of Dy with symmetry group {J), if the correlator (X, X, X, X?) is non-zero, then the

JRW

corresponding total descendant potential function Qgi%w or @gT Tr 18 a tau-function of the
; T,

Dy Kac-Wakimoto/Drinfeld-Sokolov hierarchy.

Proof For each x in the standard basis, the change of variables t,, — 098¢, rescales the
degree-three part of the Saito genus-zero potential (that is, the metric and all three-point cor-
relators) by oW, and it rescales the degree-four part of the potential (the four-point correlators)
by oW1 but it leaves the flat identity element 1 unchanged.

Rescaling the primitive form by a non-zero scalar § also leaves the identity element 1
unchanged, but it rescales the entire potential by the same element 3. If we choose 8 = oW,
then the composition of the change of variables followed by rescaling the primitive form leaves
the degree-three part of the potential (i.e., the entire Frobenius algebra structure) completely
unchanged, and it rescales the degree-four part of the potential by o.
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If the correlator (X, X, X, X2) is non-zero, we can change variables and rescale the primitive
form to make the Saito (B-model) correlator (X, X, X, X?) precisely match the FJRW (A-
model) correlator. Since all the four- and higher-point correlators are completely determined by
(X, X, X, X?), this means that the genus-zero potentials ®/EW and @54t will match exactly.

By Theorem 4.2, this shows that the total descendant potential function ng?}v) or .@g%ﬁgﬂax
will precisely match the Givental-Saito total descendant potential function .@843. The desired

result now follows from Theorem 4.4.

5 Proof of the Main Theorem

In this section we will finish the proof of Theorem 1.1. The hardest part of this proof boils
down to proving that the seven-point correlator (X2, X2 X2 X2 X2 X2 X?) is non-zero in
the FJRW theory for D, with symmetry group (J). We do this by a long computation in
Lemma 5.1.

Proof of Theorem 1.1 By Lemma 4.2, all that is required is to show that the correlator
(X, X, X, X?) does not vanish for the FJRW D] and D, theories.
In [7, §6.3.7] the correlator (X, X, X, X?) for the FJRW theory of DI with symmetry group

2 = 1. This proves the theorem for the case of DY .

Gmax is computed to be 6%, where o

As noted in the introduction, computing the correlator a = (X, X, X, X?) in the Dy case
directly is very difficult because three of the insertions are broad. Computing the correlator in
such a case is a difficult PDE problem, and we do not yet have techniques to solve it explicitly.
However, by Theorem 4.3 we know that the seven-point correlator (X2, X2, X2 X2 X2 X2 X?)
satisfies

(X%, X% X% X%, X% X% X% = (72)%%,

so showing that a is non-zero is equivalent to showing that (X2, X2 X2 X2 X2 X2 X2) is
non-zero. This is proved in Lemma 5.1 below.

Lemma 5.1 In the FJRW (A-model) theory of D4 with symmetry group (J), the genus-zero
seven-point correlator (X2, X2, X2, X2 X2 X2 X2) is non-zero.

Proof This correlator has only narrow insertions and has deg(|-%;|) = deg(|-%,|) = —3; to
verify that it is a concave correlator we must check that 7. (%, ®.%,) = 0. To do this we verify
that the degree of %, and .Z), is negative on each irreducible component of each curve ¢ in
Wo7(X2 X2 X2, X2 X2 X2 X?). We examine all possible degenerations of a genus-zero seven-
point graph I' € Lo 7.p, (J?, J?, J%,J?, J?,J%, J?). The single-edge degenerations are shown in
Figure 1. Checking all of these line bundle degrees is a straightforward but tedious computation
done by using the code described below in Remark 5.1. The correlator is concave and can be
computed directly by using the concavity axiom (see [7, Axiom 5.a]). Because %, and %, are
concave, the pushforwards satisfy —R*m. (%) = R'm.(%) and —R°7.(%,) = R'm.(%,) and
they are vector bundles. By Riemann-Roch the (complex) rank of each of these push-forward
bundles is 2. By the concavity axiom, we have

AP (X2, X% X2, X2, X2 X2, X?) = c1(R'm (L) ® R (%))

deg(st)

1 1 1
= dea(s) Co(R 7o (L)) ca(R (L)) (5.1)
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J J?
72
7 =J>
J? I
+_ Jz
J 2 Jz
deg(LZ; 1) = deg(.Z; 1) = ~2 deg(LZ; 1) = deg(LZ, 1) = -2
J 7
2
, y.=J”
7 S
72
J 2 J2
deg(Z; 1) = deg(LZ; ) = ~2 deg(.Z; 1) = deg(.Z; 1) = -2

Figure 1 The three forms that a one-edge degeneration can take for a seven-point graph
I € Toyrp,(J?, J?,J%, 0%, J% J% J?). The first corresponds to both |I| = 2 and |I| = 5,
the second corresponds to |I| = 4 and the third to |I]| = 3.

In order to compute these Chern classes, we will use Chiodo’s formula (see [2, Theorem
1.1.1]) for the Chern character of the pushforward of an rth root of Kios. To do this, we
note first that the stack % j (7y(D4) can be identified with the open and closed substack of
Wy ke Guox (Da) corresponding to (Dy+x2y)-curves (see [7, §2.3]). That means that £23 = Ky,
and £, & Koy ® $y®*2 and %, & Kjop ® Z272. This implies that

Ly =, and 73 = Kiog.

1

This shows that the stack % () (Da) is canonically isomorphic to the stack .# ; ; of the third
roots of Kigg.

This stack is endowed with a tautological ring, similar to that of ]g, k- We briefly mention
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a few special cohomology classes now. We use the ¢, k, and A classes as defined in [7, §2.4].
Note that the 9 classes on %\ are the pullbacks of the corresponding v classes on ]g, k, and
the x classes on #; ; are the pullbacks of the x classes on ]9 k-

Chiodo’s formula states that for the universal rth root .Z of the sheaf K3

jog O1 the universal

family of pointed orbicurves 7 : € — .# §'7k(71, -++,7,) and with local group (v;) at a marked
point p; acting as exp(27i©77) on £, we have

S k Vi
Ch(R*m.(2)) =3 {Mm -y B (07)

2 L@+ (d+ 1)
Py Z rdeJF—l’— 1@A/ Fcut* ( Z (_w+)lw]—):| )
=

where the second sum is taken over all decorated stable graphs I'cy; with one pair of tails
labeled + and —, respectively, so that once the + and — edges have been glued, we get a
single-edged, n-pointed, connected, decorated graph of genus g and with additional decoration
(7+ and y_) on the internal edge. Each such graph ', has the two cut edges, decorated with
group elements ~v4+ and 7y_, respectively, and the map pr,,, is the corresponding gluing map

%F H%gk(r}/la"'fyk)
Notice that our version of the formula looks slightly different from that in [2, Theorem 1.1.1]

cut

cut

because we have used orbifold line bundles which are roots of Kj,s on a stable orbicurve &,
while Chiodo used invertible sheaves which are roots of the sheaf wiog on a stable curve (with
no orbifold structure). It is shown in [7, §2.1] that if the local group acts by exp(27i©7) on
£ with ©7 = %, then the corresponding invertible sheaf of sections on the underlying stable

k
curve (without an orbifold structure) is an rth root of the sheaf wiog ( -3 ajpj)—matching the
j=1

part of Chiodo’s formula corresponding to the classes ;. But at the nodes, Chiodo’s original
formula is written in terms of group actions on an invertible sheaf—that is, in terms of the
orbifold structure on the node. In this case, if the local group (v4) acts on a line bundle as
exp(27wi©7+), then it acts on the sheaf of sections as exp(—2miO7+) = exp(27i©7~). This is
why the formula here has ©7~ in the last sum.

Note that we have £, = %, and we can use Chiodo’s formula for both %, and .Z,. We
have r =3, s =1, and % = % for every i € {1,---,7}. Expressing cs in terms of the Chern
character, we have

c2(R' 1. (L)) = co(—R°7.(L))
= A(R*m.L) — c2(R*T.2)

— CR(R*m. ) — % Ch2(R*7..%) + Chy (R, %)
1

Ch}(R*7..Z) + Chy(R*7..Z)

~2
1 1 ! 2 1 N 2
=5(B(3)m — 2B (5) 0+ 3 2 rBa(O7 (1)

(Y- D52 4 L (O e — )
i=1

Ceut
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1, 1 1 1 YR
:§<—1—8/€1+ZE¢1‘+52332(9 )AF)
i=1

I—‘cut

7
T YR ; 07+ 5 S BB(O (b — ),

cut
~ 1
where Ar is the boundary divisor in . ; corresponding to pr,,, (1)
1 _
We now push forward from .# 877 to the stack of stable curves .# 7. Recall that the kg

and the 1% are pullbacks of their counterparts on ]0,7, and since the morphism st : ](%77 —
M7 has three-fold ramification along the locus corresponding to T', we have 3pr,,..(¥7.) =
st*(p‘pcut‘*(wi)) and 3Ap = 3pp.,.(1) = PTewe|+(1) =: Ar, where [Tcyt| is the undecorated
graph underlying Teut, and pir,,,| : A4, — 0,7 is the associated gluing map.

Applying (5.1), we have

ADHX? X% X% X% X% X XP)

7
~ (- D S mean)
i=1

Fcut

7
+3(gma+ > 02+ 3 3 B(O (e — )]

We can use either Carel Faber’s MAPLE code (see [5]) or Drew Johnson’s SAGE code (see
[11]) to complete the calculation. For simplicity and to match standard usage, we index the
graphs T'cyt by the subsets I C [7] := {1,---,7} such that 1 € I and 2 < |I| < 5. That is, Ay

is the same as Ar_., where the graph I'cy; has its tails on one vertex labeled by the elements

of I and the symbol “+”, whereas the tails on the second vertex are labeled by the elements
of I° = [7]\ I and the symbol “—”. This indexing includes exactly half of all the graphs— the
other half come from swapping the positions of the + and — labels. If we denote by I'. , the
graph obtained from I'cys by swapping the + and — labels, then it is easy to see that the

following hold:

Are, = Ary,,s
chuc*(er) = PF;M*Z/L?
PPewer (V=) = pro, « s
Moreover, since for any decorated graph we have 'yj_l = v_, we have either 7~ =1 — ©7+

if ©,, # 0, or ©~ = 07+ = 0 otherwise. And the Bernoulli numbers B, (t) satisfy the
well-known relation
B, (1 —t) = (=1)"By,(t).

Therefore, we have
APH(X? X2 X7 X% X2 X2, X?)

SHC R T R )

1eI1C(7]



190 H. J. Fan, A. Francis, T. Jarvis, E. Merrell and Y. B. Ruan

7
+ %(2%&2 + ; 2%1/112 + ) Bi(@ )pr(yp- — 1/J+))r~ (5.2)

1eI1cC(7]

We now need to compute the values of «y_ that occur for the various choices of I. The graph

.yt must be one of the three forms depicted in Figure 1. There are (g) = 21 choices of ways to

label the external edges of the first graph and (3) = 35 choices for the second and the third. In

the first case, we have Bg(0) = % and B3(0) = 0. For the second case, we have Bg(%) = —%
and Bg(%) = —%, while in the last case we have Bg(%) = —% and Bg(%) = %

Faber and Johnson’s codes compute intersections of divisors on the stack of stable curves,
so we must express every one of the classes in (5.2) in terms of divisor classes. The only classes
that are not already products of divisors are ko and pr.p+. To rewrite the first, we use the fact
that on %075 we have

K(0,5),2 = H(o,s),1A1,273-
This follows, for example, from [12, Corollary 2.2]. Moreover, k2, ©; and A; pull back (see [1,
Lemma 1.2]) along the forgetting tails map 7 : %01714,1 — ]()’n as

T* (K(O,n),a) = K(0,n+1),a — 1/)3+17
T (i) = Vi — Ding1s
T (A1) = A1+ Arugnsy-

Using the pullback twice, we get

Keo,7),2 = T (K(0,6),2) + P2

(T (K(0.5).2) + V5) + 07

=7 (" (ks 0128) +¥8) + ¥7

™ ((K0,6),1 — V6)(A1,23 + A12.36) + ¥5) + V7

= (kom0 — 7 — (Y6 — A6,7))(A1,2,3 + A1237 +A1236 + A1,236,7)
+ (Y6 — Ne,7)” + 3.

For easiness of computation, we further rewrite the boundary divisors in this equation so
that they all have 1 in their index set. This can easily be done by means of the obvious equality

Ar=Ape.
It is messier to rewrite the classes pr.(14) in terms of divisors. To do this, we use the
following well-known relation: For any distinct a,b,i € {1,---,k}, we have
vi= Y Ap
i€l
a,bl

And a straightforward computation now yields the following lemma.

Sub-Lemma 5.1 For any subset K with 1 € K and for any distinct 7, s € K\ {1} and any
distinct ¢, u €K, we have

pr-(s) =0, if K] <2,
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pre() = D AxAr+ Y AxBuke

{1,r,s}CICK 1€eICK\{r,s}
b ) =0, if || > 5,
pix(_) = Z AgAruk.

0AICK®
t,ugl
To complete the computation, we make all these substitutions into (5.2) and then use either
Drew Johnson’s SAGE code (see [11]) or Carel Faber’'s MAPLE code (see [5]) to integrate
the resulting (enormous) sum of degree-four monomials of divisors. Both the SAGE and the
MAPLE computations yield
<X2,X27X27X2aX27X27X2>0D4 = 2_77
which is not zero, as desired.

Remark 5.1 The code which we used to make our computations is available at http://math.
byu.edu/ jarvis/D4Code.html. We made the computations both in SAGE in [15] and in
MAPLE. The SAGE computations depend on code in [11] written by Drew Johnson for com-
puting intersection numbers of classes on M ,,, while the MAPLE version depends on code in
[5] written by Carel Faber for computing intersection numbers of classes on M .
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