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A Parameterization of the Canonical Bases of Affine
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Abstract For a symmetrizable Kac-Moody Lie algebra g, Lusztig introduced the cor-
responding modified quantized enveloping algebra U and its canonical basis B given by
Lusztig in 1992. In this paper, in the case that g is a symmetric Kac-Moody Lie algebra of
finite or affine type, the authors define a set M which depends only on the root category
R and prove that there is a bijection between M and B, where R is the T?-orbit category
of the bounded derived category of the corresponding Dynkin or tame quiver. The method
in this paper is based on a result of Lin, Xiao and Zhang in 2011, which gives a PBW-type
basis of U™,
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1 Introduction

Let UY be the positive part of the quantized enveloping algebra U associated with a Cartan
datum. In the case of finite type, Lusztig gave two approaches to construct the canonical
basis B of UT (see [11]). The first one is an elementary algebraic construction. By using
the Ringel-Hall algebra realization of UT, the isomorphism classes of representations of the
corresponding Dynkin quiver form a PBW-type basis of UT and there is an order on this basis.
Under this order, the transition matrix between this basis and a monomial basis is a unipotent
lower triangular matrix. By a standard linear algebra method one can get a bar-invariant basis,
which is the canonical basis B. The second one is a geometric construction. Lusztig constructed
the canonical basis B by using perverse sheaves and intersection cohomology. The geometric
construction of B was generalized to the cases of all types in [12]. In the case of affine type,
Lin, Xiao and Zhang in [10] provided a process to construct a PBW-type basis of UT and the
canonical basis B by using the Ringel-Hall algebra approach.

Let U be the modified quantized enveloping algebra obtained from U by modifying the

Cartan part U® to @ Q(v)1x, where P is the weight lattice. U can be considered as the
AEP
limit of tensor products of the highest weight modules and the lowest weight modules. Lusztig
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introduced the canonical bases of the tensor products and then the canonical basis B of U (see
[13-14]). Kashiwara also studied the algebra U and its canonical basis B (see [9]).

Happel studied the bounded derived category D°(A) of a finite dimensional algebra A in [6-
7]. In the case that A is hereditary and representation-finite, he proved that there is a bijection
between the isomorphism classes of indecomposable objects in R = D®(A)/T? and all the roots
of the corresponding Lie algebra, where T is the translation functor in the triangulated category
DP(A). Hence R is called a root category. It was proved in [15] that R is still a triangulated
category. In [15-16], Peng and Xiao gave a realization of all symmetrizable Kac-Moody Lie
algebras via the root categories of finite-dimensional hereditary algebras.

Note that the construction of the canonical basis B is abstract and depends on the con-
struction of the canonical basis B of UT. Inspired by the method of Peng and Xiao, we want
to study the relations between the canonical basis B and the corresponding root category R.
In this paper, first we associate a set MtoR. In [10], Lin, Xiao and Zhang associated a set
M to a hereditary category and the definition of M is based on that of M. However, M is
independent of the embedding of the hereditary category to R. Fixing an embedding of the
hereditary category to R, we can get a bijection between M and the canonical basis B xof Ul,
for every A € P. Hence we say that the set M provides a parameterization of the canonical
basis B.

Since [21], it has been an open problem: How to realize the whole quantized enveloping
algebras by using Hall algebras from derived categories or root categories. A lot of efforts have
been paid on the progress (see [3, 8, 20, 22]) and the most recent progress is given by Bridgeland
in [1]. We hope that the main result in the present paper can provide a strong evidence for the
connection between canonical bases and root categories.

In Section 2, we first give some notations of quantized enveloping algebras and modified
quantized enveloping algebras. Then we review the definitions of Ringel-Hall algebras and root
categories. In Section 3, we study the case of finite type, which is simpler and can reflect the
idea clearly. In Section 4, we study the case of affine type. We first review the construction of
the PBW-type basis of UT in [10]. Then we define a set M depending on the corresponding
root category R and a PBW-type basis of U1, with M as an index. By a standard linear
algebra method, we get a bar-invariant basis and prove that each element in it is the leading
term of an element in By. At last, we prove that there is a bijection between M and B,.

2 Preliminaries

2.1 Quantized enveloping algebras

Let @Q be the field of rational numbers and Z be the ring of integers. Let I be a finite-
index set with |I| = n and A = (a;;)i jer be a generalized Cartan matrix. Denote by r(A)
the rank of A. Let PV be a free Abelian group of rank 2n — r(A) with a Z-basis {h; | i €
INu{ds|s=1,---,n—r(A)} and h = Q ®z P be the Q-linear space spanned by PV. We
call PV the dual weight lattice and h the Cartan subalgebra. We also define the weight lattice
tobe P = {\ e b* | \(PY) C Z}.

Set IV = {h; | i € I} and choose a linearly independent subset II = {a; |7 € I} C h*
satisfying o (h;) = ai; and oj(ds) =0or 1 foralli,j € I, s=1,--- ,n —rankA. The elements
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of II are called simple roots, and the elements of IIV are called simple coroots. The quintuple
(A, TV, P, PY) is called a Cartan datum associated with the generalized Cartan matrix A.
We shall review the definition of quantized enveloping algebras (see [14]). From now on,
assume that the generalized Cartan matrix A = (a;;); jer is symmetric.
Fix an indeterminate v. For any n € Z, set

" —
o = S
Set [0],! =1 and [n],! = [n]y[n — 1], - - - [1], for any n € Z~o. For any two nonnegative integers

m > n, the analogue of binomial coefficients is given by

[m} [m],!

nle ” [n]l[m —nl,!

Note that [n], and ['"'] are elements of the field Q(v).

The quantized enveloping algebra U associated with a Cartan datum (A, IT, 11V, P, PV) is an
associative algebra over Q(v) with 1 generated by the elements E;, F; (i € I) and K, (u € PY)
subject to the following relations:

Ko=1, K,K, =K, forallpu €PY;
K,E;K_, =vWE;, forallicl, uec PV,
K, F;K_, = v WE foralliel, ue PY;

— foralli,j el

for all ¢ # 7, setting b = 1 — a;,

b b
Z(_ (k)E E (b— k) Z kF(k)F F(b k) _ —0.
k=0 k=0

Here K; = K, and Ei(n) = Bl g B

[n] ! © e [n],!"

Let Ut (resp. U~) be the subalgebra of U generated by the elements E; (resp. F;) for
all i € I, and UY be the subalgebra of U generated by K, for all p € PY. The quantized
enveloping algebra U has the following triangular decomposition:

Ux2U U@ U .

Denote by U the unique Q-algebra automorphism of U given by
E,=E, F;=F, K,=K_, foralliel, pe P,
fr=fz forall feQ), €U,

where f(v) = f(v1).

Let f be the associative algebra defined by Lusztig in [14]. f is generated by 0; (i € I)
subject to the following relations:

b
ST =0R0M 0,007 =0 for all i # 4,
k=0
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where b = 1 — a;; and L‘)En) = [:]v,
There are two well-defined Q(v)-algebra homomorphisms * : f — U and ~ : f — U

satisfying E; = 0 and F; = 6; for all i € I. The images of ¥ and ~ are Ut and U~
respectively.

Denote by () the unique Q-algebra automorphism of f given by

0; = 6; foralli €I,
fr=fz foral f€Qv), v€f.

Note that, for all z € f, zF = 7F.

Let A = Q[v,v™!] and Z = Z[v,v"!]. Denote by U§ the Z-subalgebras of U* generated
by Eés) and Fi(s) for all 7 € I and s € N respectively. Also, denote by Uz the Z-subalgebra of
U generated by Ei(s), Fi(s) and K, foralli € I, s € Nand p € PY. Let Uﬁ = U§ ®z A and
U4 =Uz ®z A. Similarly, let fz be the Z-subalgebra of f generated by 9§S) for all i € I and
s € N. At last, let f4 =fz @z A.

In [11-12, 14], Lusztig defined the canonical basis B of f.

2.2 Modified quantized enveloping algebras
Let us review the definition of the modified form U of U (see [13-14]).
For any X', \ € P, set
U

> (K= 0+ 3 UK, )
pEPY HEPY

X'U)\” =

Let my/ a» : U — xUy» be the canonical projection and
U= & +U..
N\ eP

Consider the weight space decomposition U = @ U(f), where
BELT

UB)={zeU| KHOCK;l =Wy for all p e PV}.

Here, the set I is viewed as a subset of P and 7 is identified with «; for each i € I. The images
of summands U(f) under my y» form the weight space decomposition

)\/U)\N = @ A/U)\N(/B),
BELI
Note that Uy (8) = 0 unless X — X\’ = (.
There is a natural associative Q(v)-algebra structure on U inherited from that of U. It is
defined as follows: For any \|, N/, A5, \J € P, 31,82 € ZI such that A} — X/ = 1, Ny — ) = B9
and any z € U(81), y € U(52),

T o (zy), if N = M
Ty oy ()T oy (y) = {OA“AQ( v othelrwise%
7 .
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For any A € P, let 1) = m A(1), where 1 is the unit element of U. They satisfy the following
relations:
1,1y = (5)\,)\/1)\.

In general, there is no unit element in the algebra U. However, the family (1))xep can be

regarded locally as the unit element in U.

Note that )\/U)\// = ].XU].)\N. Define U].)\ = @ 1)\/U1)\. Then U = @ U].)\.
NeP AEP

The Q-algebra automorphism () : U — U induces a linear isomorphism » Uyr — xUjy»
for any X', \/ € P. Taking direct sums, we obtain an algebra automorphism () : U — U. Note
that Ty = 1, for any A\ € P.

The elements b+~ 1y for all b,b’ € B form a basis of the Q(v)-vector space Uly (see [14,
Section 23.2.1]). Denote by Uz the subalgebra of U generated by the elements Ei(")l)\ and
F™1, over Z foralli € I, n € Nand A € P. The set {b*0/'~1, | b,/ € B, A € P} is a Z-basis
of Uz.

As the notations in [14], the canonical basis of U is denoted by

B = {bO\b' | b,b' € B,\ e P}.

Note that {bdpb" | b, b € B} is also a Z-basis of Uz1l,. According to the proof of Theorem
25.2.1 in [14]
bOAY = b 71, mod P(tr|b] — 1,tr[b| — 1). (2.1)

Here P(tr|b| — 1,tr[p'| — 1) is the Q(v)-submodule of U spanned by the set
{bby 1, | b1, by € B such that tr|by| < tr|b| — 1, tr|by| < tr[d'| — 1 and |by| — |bo| = |b] — [b'|},
where |b] is the weight of b and trp = > a; if p =3 a;q;.

2.3 Ringel-Hall algebras

In this subsection, we shall review the definition of Ringel-Hall algebras (see [5, 10, 18]).

A quiver Q = (I, H, s, 1) consists of a vertex set I, an arrow set H, and two maps s,t: H — I
such that an arrow p € H starts at s(p) and terminates at t(p).

Let k be a field and A = kQ be the path algebra of ) over k. Denote by mod-A the category
of finite dimensional left A-modules and rep-Q the category of finite dimensional representations
of @ over k. It is well-known that mod-A is equivalent to rep-Q). We shall identify A-modules
with representations of (Q under this equivalence.

Let P be the set of isomorphism classes of finite dimensional nilpotent A-modules and ind(P)
be the set of isomorphism classes of indecomposable finite dimensional nilpotent A-modules.
For any a € P, fix a A-module M («) in the isomorphism class .

The set of isomorphism classes of nilpotent simple A-modules is indexed by the set I and
the Grothendieck group G(A) of mod-A is the free Abelian group ZI. For any A-module M,
the dimension vector dimM of M is an element in G(A) = ZI.

The Euler form (—,—) on G(A) = ZI is defined by

(0 8) =D aibi = ) as(pbup),

icl pEH
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where a = " a;i, 0= > b;i € ZI. For any A-modules M and N, one has
icl iel
(dimM, dimN) = dimy, Homp (M, N) — dimy, Exta (M, N).

The symmetric Euler form is defined by («, 5) = («, 8) + (8, «) for all a, 8 € ZI. This gives rise
to a symmetric generalized Cartan matrix A = (ai;)i jer, where a;; = (i,7). The generalized
Cartan matrix A depends only on the underlying graph of quiver Q.

From now on, let k be a finite field with ¢ elements. Given three modules L, M and N in
mod-A, let g%, be the number of A-submodules W of L such that W ~ N and L/W ~ M in
mod-A. Let v = /g € C. By definition, the Ringel-Hall algebra H,(A) of A is the Q(v)-vector
space with basis {upy) | [M] € P} whose multiplication is given by

U] = ) IRNUL)
[LleP
It is easily seen that H,(A) is an associative Q(v)-algebra with unit ujo), where 0 denotes the
zero module. Note that, the Ringel-Hall algebra H,(A) is an NI-graded algebra by dimension
vectors of modules.
The twisted Ringel-Hall algebra H;(A) is defined as follows. Set H;(A) = H,(A) as Q(v)-
vector space and define the multiplication by

gy * upy) = v AN N G G
[L]eP

Let S; be the nilpotent simple module corresponding to ¢ € I and define u; = u(g,). The
composition algebra C;(A) is a subalgebra of Hj(A) generated by w; for all i € I. For any
A-module M, denote

(M) = = dime Mdimy, EndA(M)u[M].
Note that {(M(a)) | a« € P} is a Q(v)-basis of H,(A).

Let @ be a finite quiver. Then consider the generic Ringel-Hall algebra associated with Q.
Let k be a finite field and Ay = kQ. Denote by H}(Ax) the corresponding twisted Ringel-Hall
algebra. Let K be a set of some finite fields & such that the set {¢x = |k| | k¥ € K} is an infinite
set. Let R be an integral domain containing Q@ and vg, , where vy, = /gy for any k € K. For
each k € I, the composition algebra C;(Ax) is the R-subalgebra of H;(Ay) generated by the
elements u;(k) for all i € I. Consider the direct product

H(Q) = ][ HaAe)
ke
and the elements v = (vg, Jrex, v~ = (v, )rex and u; = (ui(k))rex. By C*(Q)a we denote
the subalgebra of H*(Q) generated by v, v~! and u; over Q. We may regard it as an A-algebra
generated by u;, where v is viewed as an indeterminate. Finally, define C*(Q) = Q(v) @C*(Q) 4,
which is called the generic composition algebra of Q.
Then we have the following well-known result of Green and Ringel (see [5, 18]).

Theorem 2.1 Let Q be a connected quiver, A be the corresponding generalized Cartan
matrixz, and £ be the Lusztig’s algebra of type A. Then there is an isomorphism of algebras:

crQ) =f,
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Hence, we always identify C*(Q) with f.

2.4 Root categories

A triangulated category (C,T) is called 2-periodic if the translation functor T satisfies T2 ~
id.

Let k be a field. Given a finite dimensional hereditary k-algebra A, denote by D®(A) the
bounded derived category of the Abelian category mod-A and T the translation functor in
this triangulated category. Consider the orbit category R(A) = D’(A)/T? of D’(A) under
the equivalent functor T2, Let F : D’(A) — R(A) be the canonical functor. The translation
functor T of D°(A) induces an equivalent functor in R(A) of order 2, which is still denoted by
T. By [15], (R(A),T) is also a triangulated category and the functor F : D’(A) — R(A) sends
each triangle in D(A) to a triangle in R(A). It is clear that the root category R = R(A) is a
2-periodic triangulated category.

Let Q be a connected quiver and R(Q) = D?(kQ)/T?2. Denote by P the set of isomorphism

classes of objects in R(Q)) and ind(P) the set of isomorphism classes of indecomposable objects

in R(Q). Note that mod-kQ can be embeded into R(Q) as a full subcategory and ind(P) =
ind(P) U ind(T(P)), where U means disjoint union.

3 The Finite Type

3.1 The PBW-type basis of Ut

In this section, let @ be a connected Dynkin quiver, k be a finite field and A = kQ. Denote
by ®* (resp. ®~) the set of positive (resp. negative) roots of the Dynkin quiver Q. Note that
& and ®~ can be viewed as subsets of ZI. By Gabriel’s theorem, the map dim induces a
bijection between ind(P) and ®*. Given a positive root «, the corresponding isomorphism
class is also denoted by a.

Since @ is representation-directed, we can define a total order on the set

O ={ay, a0, ,an}
such that the corresponding indecomposable A-modules
{M (), M(ag),- -, M(an)}
satisfy the following conditions:
Hom(M (o), M(ctj)) # 0 =4 < j.

Define
Nind®) = fa: ¢+ - N}

For any a € N"4(P) we can define a representation

acdt

and any representation can be written in this form.
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Since the Hall polynomials exist in this case, we can consider the generic composition algebra
C*(Q) directly. Note that the set N4(P) is independent of the choice of the finite field and
(M (a)) can be viewed as an element in C*(Q) for any a € Nind(P),

By [19], we have the following proposition.

Proposition 3.1 The set {(M(a)) | a € N"P)} is an A-basis of C5(Q).

3.2 PBW-type basis of Ul,

Let R(Q) be the root category corresponding to a connected Dynkin quiver ) over some
finite field k. Remember that ind(75) is the set of isomorphism classes of indecomposable objects
in R(Q). Let ® = {dim(M) | M € ind(P)}. Then ® is the root system of the corresponding
Lie algebra and there is a bijection between ind(ﬁ) and ® by Gabriel’s theorem. Note that
® = ot U d~. For any element a € ®, we also denote by M («) the corresponding object in
R(Q).

Define

Nnd(P) — (3. ¢ — NJ.
For any a € Nind(ﬁ), we can define an object
M(a) = @ a(a)M(«)
acd

and any object in R(Q) can be written in this form.

Note that the category R(Q), so the set Nind(ﬁ), depends only on the underlying graph of
Q. If Q' is another quiver such that D°(kQ) ~ D®(kQ’), they give the same set Nind(P)

Given any symmetric generalized Cartan matrix A = (a;j)nxn of finite type, consider a
quiver Q, the quantum enveloping algebra U and the modified quantized enveloping algebra U
corresponding to A.

Remember that mod-kQ can be embedded into R(Q) as a full subcategory and

ind(P) = ind(P) U ind(T(P)).

For any a € Nind(ﬁ), let a; = aljpq(py and az = alina(r(p)), which is denoted by a = (a;,az).
Since we always identify C*(Q) with f, the elements in the following set

{(M(@))x = (M(ar))" - (M(ag)) 1, | @ € NP}

can be regarded as elements in Ul,.
We have the following proposition.

Proposition 3.2 The set {(M(a)), | a€ Nind(ﬁ)} is a Q(v)-basis of Uly.

Proof The modified quantized enveloping algebra U is a free £ ® foPP-module with basis
(1x)aep (see [14, Theorem 23.2.1]). So the set

{{M(a1))" - (M(az))"1x | a1 € ind(P),as € ind(T(P))}
is a basis of Uly. By a = (a;,a), the set {(M(Q)), | a € Ni“d(ﬁ)} is a Q(v)-basis of Uly.

Denote by Bg(U1,) the PBW-type basis {(M(a)), | a € Ni“d(ﬁ)}. Note that this PBW-
type basis depends on the embedding of mod-k@ into R(Q).



A Parameterization of the Canonical Bases 243

3.3 A bar-invariant basis of Ul)‘

As before, let @ be a connected Dynkin quiver and R(Q) be the corresponding root category.
Remember that the set of positive roots ®+ = {ay, -+ ,a,}. For any a,b : &7 — N, define
b < a if and only if there exists some 1 < j < n such that b(a;) = a(q;) for all ¢ < j and
b(a;) > a(a;). For any 5,l~) : ® — N, define a < b if and only if a; < by and as =< by but
a# lN)7 where a = (a;,a2) and b= (b1, ba).

For any ¢ : " — N, there exists a monomial w,(c) on Chevalley generators u; satisfying

wi(e) = (M(e)) + ) ace (M(c)),

where acer € A (see [19]). Note that the transition matrix a = (deer) from {(M(c)) | c: T —
N} to {ws(c) | ¢ : @+ — N} satisfies that ace = 1 and acer = 0 unless ¢/ < ¢. That is, a is a
unipotent lower triangular matrix.

Let @ = (Gee’). Since wy(c) = wy(c), we have

wy(c) = wy(c) = Zﬁcc/ (M(c)),

and thus

(M(e)) =Y @ lcowa(c) =D > @ ccrteren (M(c")).

Let h = @ 'a. The matrix h is again a unipotent lower triangular matrix and h = h~%.
There exists a unique unipotent lower triangular matrix d = (deer) with off-diagonal entries in
v~ !Q[v™1], such that d = dh. Then the canonical basis of f is

£° = (M(c)) + > dee (M(c')),

c’<c

with deer € v71Q[v™1 (see [19]).
Similarly, we can get a bar-invariant basis of U1y from

Bo(U1y) = {(M(c))* - (M(ez)) " 1x | €@ — N, &= (e1,c2)}
and
{woer)” wa(e2) 1y [E:® = N, & = (o1, ¢2)}

under the order < on Nind(ﬁ) defined above.

First define w,(€)x = w.(c1)" - ws(c2) 15, where € = (cq,c2). Since

we have
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and
wa(Ca)” = (M(c2))” + D deyey (M(ch))™
Cl2<C2

in U respectively. Hence, we have

W (€)x = wi(c1) ¥ - wa(c) 1y

= (e + Y aclcg<M<ca>>)+-(<M<c2>>+ > aCZC;<M<c'2>>)‘1A

cj<cy ch<ca
= (M(c1))™ - (M(c2)) " In+ (M(c1))T - Y acye (M(ch)) 1y
C2<C2
+ Z Qe ¢} (M(ch))F - (M(c2)) " 1x + Z Qe ) (M(ch)* - Z Geycl, (M (ch))~1x
¢} <cy ¢} <cy ch<cao
= (M@)r+ > Gge (M@
¢/ <c

where € = (c1,c2), € = (¢}, ¢3) and gz = e, ) Aeyey, € A

As before, the transition matrix @ = (age) from {(M(€))x | ¢ : & — N} to {w.(c)r | ¢ :
® — N} satisfies that agz = 1 and ager = 0 unless ¢’ < ¢. That is, @ is also a unipotent lower
triangular matrix with off-diagonal entries in A.

Let @ = (Gegr ). Since w.(€)y = w.(€)y, we have

w. (@) = (@ = Y Gee (@),

and thus

M@ = aeawa@n =33 Gagiae (ME")h.

r % P

7 =—1_ T . . . . - -
Let h = a a. The matrix h is again a unipotent lower triangular matrix and h = h~*.
There exists a unique unipotent lower triangular matrix d = (dger) with off-diagonal entries in
v~1Q[v!], such that d = dh. Then we get a bar-invariant basis of U1,

ES = (M@ + ) dear (M(@)),
¢’/ <c
with dge € v 2Q[v~1]. We denote this basis by Bo(U1y).
Theorem 3.1 Bo(Uly) = {5 |¢:® — N} = {bTV "1, | b1/ € B}.
We omit the proof of this theorem. The proof of Theorem 3.1 is simpler than Theorem 4.1
of the affine case, which will be proved in the next section.

3.4 A parameterization of the canonical basis of Ul

Let U = ) U1, be the modified quantized enveloping algebra corresponding to the quiver
A\EP

Q and B, be the canonical basis of Ul,.
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Theorem 3.2 We have a bijection

Uo - Nind(P) _, B,

given by
Cio ENONE?,

which is the composition of the following two bijections:

NP) By (U1,),

s £

and

BQ (Ul)\) — B)\,
b+b/_ 1)\ = b<>)\b/.
Proof The first bijection from Nind(P) Bg (Ul,\) comes from our construction of £$ and

the second bijection from Bg (U1,) to B, comes from (2.1). By Theorem 3.1, £§ = £91TE£% 1.
Hence, ¥ : Nind(P) _, B, is a bijection.

4 The Affine Type

4.1 The PBW-type basis of Ut
We first review the construction of the PBW-type basis in [2, 4, 10, 23].

4.1.1 The integral basis arising from the Kronecker quiver
Let @ be the Kronecker quiver with I = {1,2} and H = {p1, p2}:

P1
/\
1= = =2
P2

Let k be a finite field with ¢ elements, v = /g and A = kQ be the path algebra of Q.
The set of dimension vectors of indecomposable A-modules is

ot ={(1+1,1),(m,m),(n,n+1) | I,mn€Z 1>0, m>1, n>0}

The dimension vectors (I + 1,1) and (n,n + 1) correspond to preprojective and preinjective
indecomposable A-modules respectively.

Remember that P is the set of isomorphism classes of finite dimensional A-modules. Denote
by H, (vesp. H;) the Ringel-Hall (resp. twisted Ringel-Hall) algebra of A.

Define

Egii1n) = (M(n+1,n)) and Eq, 1) = (M(n,n + 1)),
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where M (n + 1,n) (resp. M(n,n+ 1)) is the corresponding A-module of the dimension vector
(n+1,n) (resp. (n,n+ 1)) for any n € N. Let § = (1,1). For any n > 1, define

Ens = En_1m) * Eq,0) — v 2Eq1,0) * E(n_1,n)-

Then, define inductively
1 @ -
Eos =1, Es = o] ZUHES(S x Bgy_g)5 forall k> 1.
s=1

Consider the generic composition algebra C*. Since Fis, E(y41,m) and E(, ,41) are defined
in each H;, they can be regarded as elements in [[ ;. Note that, these elements also belong
q

to C%.
Senote by P(m) the set of all partitions of m. For any partition
w=(w; > wg > >w) € P(m),
define
Eys = Ey s % Eyys x % Ey,s.
Proposition 4.1 (see [2, 10, 23]) The set
{(P) * Ews * (I)}

is an A-basis of C%y, where P € P is preprojective, w € P(m), I € P is preinjective and m € N.

4.1.2 The integral basis arising from a tube

Let A = A(n) be the cyclic quiver whose vertex set is Ay = Z/nZ = {1,2,--- ,n} and
whose arrow set is Ay ={i =i+ 1|i€ Ag}:

2——3——=4

/ N\

1 )

N /

Let & be a finite field with ¢ elements, v = /g and 7 = 7 (n) be the category of finite
dimensional nilpotent representations of A(n) over k. For any i € Ag, denote by S; the
corresponding simple object in 7. For any i € Ag and [ € N, denote by S;[I] the indecomposable
object in 7 with top S; and length [. Note that S;[l] is independent of the choice of finite
fields. Let P be the set of isomorphism classes of objects in 7. Denote by H (resp. H*)
the corresponding Ringel-Hall algebra (resp. the twisted Ringel-Hall algebra). Since the Hall
polynomials always exist in this case, they are regarded as generic forms. Denote by C* the
twisted composition subalgebra of H*.
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Let IT be the set of n-tuples of partitions 7 = (71, 72 ... 7)) where 7(* = (7r§i) >
Wéz) > ...) is a partition of some non-negative integer. For each 7 € II, define an object in 7
M(r) = @ Si=$").

i€Ag
i>1

In this way, we obtain a bijection between II and P.

An n-tuple 7 = (70, 7 ... 7(") of partitions in II is called aperiodic, if for each I > 1
there exists some ¢ = i(l) € Ag such that W](-i) 2 [ for all j > 1. Denote by I1* the set of aperiodic
n-tuples of partitions. An object M in 7 is called aperiodic if M ~ M (x) for some 7 € II*.
For any dimension vector a € NA(, define I, = {A € IT | dimM (\) = o} and 1I% = I1* N II,.

For any objects M and N in 7, there exists a unique (up to isomorphism) extension L of
M by N with the minimal dimEnd(L). The extension L is called the generic extension of M
by N, which is denoted by L = M ¢ N.

Let ©Q be the set of all words on the alphabet Ag. For each w = i1i5---1,, € , set
M(w) = S, ©Si, 0+, . Then there is a unique p(w) = 7 € II such that M (7) ~ M(w).
It has been proved in [17] that 7 = p(w) € II* and p induces a surjection p : Q — I1?.

For each object M in 7 and s > 1, denote by sM the direct sum of s copies of M. For
any w € §, write w in the tight form w = ji'j5?---j;* € Q with j,_1 # j, for all 7. Let pu,
be the element in II such that M(u,) = e,S5;.. For any A € Il ., write g for the Hall

erjr
r=1
polynomial gﬁgi‘z)w M) A word w is called distinguished if the Hall polynomial g
€ p~!(m) in tight form

e

P — 1,

For any 7 € II%, there exists a distinguished word w, = jy'js? - - j;*

by [4]. From now on, fix a distinguished word w, € p~!(r) for any m € II*. Thus we have a

section D = {w, | m € II*} of p over I1*. D is called a section of distinguished words in [4].

For each w = j{*j5% - -+ j;* € Q in the tight form, define in C* a monomial

m) = EiT s oox E5°
Then define F, for all 7 € II* inductively by the following relations:
E, =m'“")  if r € % is minimal
and

E, = m(w‘rr) _ Z Udgﬁ)ﬂ(’l)z)E)\,

A<
Acrig

t

where o = Y e,jp, d = —dim M (7) + dim EndM (7) + dim M (\) — dim EndM () and A <
i=1

p < dim Hom (M, M (X)) < dim Hom (M, M (p)) for all objects M in 7.

For any w € I1*, E, is contained in C*. We have the following proposition.

Proposition 4.2 (sce [4, 10]) Let D = {w, | m € II*} be a section of distinguished words.
Then both {m“~) | = € 1*} and {E, | 7 € 1%} are A-bases of C%. And the transition matriz
between these two bases is a unipotent lower triangular matriz with off-diagonal entries in A.

It has been proved in [4] that the basis {E, | 7 € II*} is independent of the choice of the
sections of distinguished words.
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4.1.3 The integral bases arising from preprojective and preinjective components

Let k be a finite field with ¢ elements and v = |/g. Let Q be a connected tame quiver
without oriented cycles and A = kQ be the corresponding path algebra. Denote by Prep
and Prei the sets of isomorphism classes of indecomposable preprojective and preinjective A-
modules respectively, which are independent of the choice of finite fields. Let H, (resp. H;) be
the Ringel-Hall (resp. twisted Ringel-Hall) algebra of A.

Since Prei is representation-directed, we can define a total order on the set

(b]i_rei = { o 763)ﬁ2761}

of all positive real roots appearing in Prei such that the corresponding A-modules

{--- M(B3), M(B2), M(51)}
satisfy the following conditions:
Hom(M (5;), M(5;)) #0=1i > j.
Similarly, since Prep is representation-directed, we can define a total order on the set
Dpop = {01, 00,03,
of all positive real roots appearing in Prep such that the corresponding A-modules
{M(ar), M(az), M(as),- -}
satisfy the following conditions:
Hom(M (ev;), M(cj)) # 0 =i < j.

Define
Nl;rei ={b: &t . 5N | b is support-finite}.

Prei

For any b € N?rei, we can define a preinjective representation

M(b)= O b(B)M(G)

Bicdl

Prei

and any preinjective representation can be written in this form.
Define

N?rep ={a: @;{rep — N | a is support-finite}.

For any a € Nl;rep, we can define a preprojective representation

M) = €P a(ai)M(w)
aiedt,

and any preprojective representation can be written in this form.

For any three elements b,b;, by € N?rei (resp. a,aj,as € Nl;rep), the Hall polynomial

M (b) M(a) .
I (by) M (bs) (resp. gM(al)M(aQ)) always exists.
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Consider the generic composition algebra C* of Q). Note that (M (b)) € C% (resp. (M(a)) €
Cyy) for any b € N (vesp. a € Nl;rep). Denote by Cp,; (11;esp. Chrep) the A-submodule of C
generated by {(M(b)) | b € N}**} (resp. {(M(a)) | a € N"P}).

Proposition 4.3 (see [10]) The A-submodule Cp,; (resp. Cp,.,) is a subalgebra of C} and

{(M(b)) | b e Nf*1} (resp. {{M(a)) |ae N?rep}) is an A-basis of Cp,o; (resp. Cho0)-

Prep

4.1.4 The integral basis for the generic composition algebra

Let k also be a finite field with ¢ elements and v = ,/q. Let @ be a connected tame quiver
without oriented cycles and A = kQ be the corresponding path algebra.

First consider the embedding of the category of representations of the Kronecker quiver into
that of Q.

Let e be an extending vertex of @ and P = P(e) be the projective cover of a simple module
Se. Let p = dimP(e) and ¢ be the minimal imaginary root vector. Note that (p,p) =1 = (p,d)
and there exists a unique indecomposable preprojective module L such that dimlL = p + §.
Moreover, Homy (L, P) = 0 and Exta (L, P) = 0. Let €(P, L) be the smallest full subcategory
of mod-A which contains P and L and is closed under taking extensions, kernels of epimorphisms
and cokernels of monomorphisms. The category €(P, L) is equivalent to the module category
of the Kronecker quiver K over k. Thus we have an exact embedding F' : mod-kK <— mod-A.
Note that the embedding F' is independent of the choice of finite fields. Hence, this gives rise
to a monomorphism of algebras F' : H*(K) — H*(Q). In H*(K), we have defined E,,s, for
any m € N. Define E,,5 = F(Epsy ). Since Eps, € C*(K), Ems € C*(Q).

List all non-homogeneous tubes 77,75, -+ , 7, in mod-A (in fact s < 3). For each 7;, let r;
be the period of 7;, C*(7;) be the corresponding generic composition algebra and C*(7;) 4 be its
integral form as we did in Section 4.1.2. For each 7;, denote by II{ the set of aperiodic r;-tuples
of partitions. We have constructed in Section 4.1.2 the elements E,; for any m; € II and the
set {Er, | m € II¢} is an A-basis of C*(7;) 4.

Let M be the set of

Cc= (aC7bCa7TCawC)a

where a; € N?rep, b, € N?rei, Te = (T1e, T2e, *+ , Tse) € 1§ X 1§ X -+« x 1% and we = (wy >
wg > -+ > wy) is a partition of m € N.
For each ¢ € M, define

E® = (M(ac)) * Ex,, * Er,, %% Ex  * Ey s % (M(be)),

where (M(ac)) and (M (b)) are defined in Section 4.1.3, Er,. is defined in Section 4.1.2 and
E,,.5 is defined in Section 4.1.1.
Note that the set {E€ | c € M} is contained in C*(Q). We have the following proposition.

Proposition 4.4 (see [10]) The set {E€ | c € M} is an A-basis of C*(Q) 4.

From this basis we can get a bar-invariant basis. But it is not the one considered by Lusztig.
Hence in [10], another PBW-type basis is constructed. Let us review its definition.

There is a bilinear form (—,—) on H;(A) defined in [5]. It is also well-defined on C*(Q)
which coincides with the one defined by Lusztig in [14]. Consider the Q(v)-basis {E€ | c € M}.
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Let R(C*(Q)) be the Q(v)-subspace of C*(Q) with the basis {Er,, % Er, - % Ex % Ey_ s},
where m¢ = (T, T2c, ++ ,Tse) € HF X II§ x -+ x T2, and we = (w1 > wy > -+ > wy) is a
partition. R(C*(Q)) is a subalgebra of C*(Q).

Let R*(C*(Q)) be the subalgebra of R(C*(Q)) with the basis {Ey, % Er, % % Ep | Te =
(T1ey Tacy ++ s Tse) € Y x 1§ x -+~ x 1%}, For any «, 8 € NI, define o < fif 8 — a € NI. If
B <6, R(C*(Q))s = R*(C*(Q))s. Define F5 = {x | (z, R*(C*(Q))s) = 0},

In [10], it is proved that

R(C(Q))s = R*(C*(Q))s & Fs
and dim Fs = 1. By the method of Schmidt orthogonalization, we may set

E(/S = E5 - Z aﬂ'icEﬂ'ic
M(ﬂ‘ic)
dimM (7ic)=6
1<i<s

satisfying F5 = Q(v)Ej.
Now let R(C*(Q))(1) be the subalgebra of R(C*(Q)) generated by R*(C*(Q)) and Fs. If
5 < 26, R(C*(Q))(1)3 = R(C*(Q))s. Define

Fas ={x | (z, R(C*(Q))(1)26) = 0}

Then dim Fp5 = 1 and R(C*(Q))25 = R(C*(Q))(1)25 & Fas.
In general, define

Fns = {x | (z, R(C*(Q))(n — 1)ns) = 0}

Let R(C*(Q))(n) be the subalgebra of R(C*(Q)) generated by R(C*(Q))(n — 1) and Fy5. Then
dimF,s = 1 and R(C*(Q))ns = R(C*(Q))(n — 1)ns & Fpns. Similarly, choose E! s such that
E.s — Els € R(C*(Q))(n — 1),5 and F,s = Q(v)E! s for all n > 1.

Let P,5 = nE] . For a partition w = (12" ---¢"*) of m € N, let Pys = P§* .-« Pj".
For any ¢ € M, let S,,_s be the Schur function corresponding to P,_s and

F¢ = (M(ac)) * Ex, * Ep, %% Ex__ % Sy_s5 % (M(be)).

Proposition 4.5 (see [10]) The set {F°€ | c € M} is an almost orthonormal Q(v)-basis of
C*(Q) = 1.

4.2 The PBW-type basis of Ul

Let @ be a connected tame quiver without oriented cycles and R(Q) be the corresponding
root category over some finite field k. Remember that P is the set of isomorphism classes of

objects in R(Q) and ind(P) is the set of isomorphism classes of indecomposable objects in

R(Q). The set ind(P) can be divided into four parts as follows:

ind(P) =P U T U T(P) U T(T).
Fix an embedding of mod-kQ into R(Q). Then P = Prep(Q) U T'(Prei(Q)) and T is the set of
isomorphism classes of all indecomposable regular representations of Q). T consists of isomor-
phism classes of indecomposable representations in homogeneous tubes and non-homogeneous
tubes 71,75, - -+ , 75 appearing in mod-kQ.
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Let M be the set of

~ (A a1y
c= (dc,wcawcad'éa']r'évwé)v

where
dz e N§, de Ny,
Te = (M1, Moz, -+, Tse) € I x I x -+ x IIZ,
71—':3 = (Wllévﬂé'éa"' vﬂ;‘é) € Hllz X Hg X X HZ,
and
wg = (w1 > wy > -+ > wy),

wh = (W) > wh > -+ >w))

are partitions of m € N and m’ € N respectively. NI; is the set of all support-finite functions
d: P — N and N?(P) is the set of all support-finite functions d : T(P) — N. Note that
e = (T1e, Mo, -+, Tse) and wg = (wy > wg > -+ > wy), defined in Section 4.1, come from the
set T, while 7} = (74, Ths, -+ ,Tl) and wl = (wy > wy > --- > wy,), defined in Section 4.1,
come from the set T'(T).

Note that the category R(Q), so the set M, depends only on the underlying graph of Q. If
Q' is another quiver such that D(kQ) ~ D®(kQ’), they give the same set M.

Given any symmetric generalized Cartan matrix A = (ai;)nxn of the affine type, consider
a quiver (), the quantum enveloping algebra U and the modified quantized enveloping algebra
U corresponding to A.

Remember that mod-kQ can be embedded into R(Q) as a full subcategory and

ind(P) = ind(P) U ind(T(P)).

For any € = (dg, e, we, di, wh, wh) € M, let di = dg|r(prei(q)) and da = dg|prep(q), Which
is denoted by dg = (d1,ds2). Also, let d} = df|pyei(g) and dj = d%|r(prep(0)), Which is denoted
by di = (d,dj). Then ¢; = (da, s, ws,d}) and co = (dj, 7%, w%,di) can be regarded as
elements in M and they are denoted by ¢ = (cy, c2).

Since we always identify C*(Q) with f, the elements in the following set

[FS = (M(d) ™ (M(de)) B3, B, - B2 3 (@) (M(dy) " By, By By, Sy,10)

Tie Tae Tse We

can be regarded as elements in Uly. Denote by Bo(U1,) the set {F{ | € € M}
We also consider the following subset of Uly:

{Ff€ = F'F . F®~1, | ¢ = (c1,¢2), € € M}.
This set is denoted by By, (U1,).
Lemma 4.1 The set B’Q(Ul)\) is a Q(v)-basis of Uly.

Proof By Proposition 4.5, {F° | c € M} is a basis of f. Remember that U is a free
f ® foPP-module with the basis (1x)xep (see [14, Theorem 23.2.1]). So the set

{FC1+~FC271)\ | c1 € M,co € M}
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is a Q(v)-basis of Uly. By € = (c1,¢z), the set {F{€ | € ¢ M} is a Q(v)-basis of Ul,.

For any € = (c1,¢p), €& = (cj,ch) € M, if tr|Fe1| # tr|F| or tr|Fe2| # tr|F|, we
define ¢ < ¢ if and only if tr|F°| < tr|F°/1| and tr|Fe2| < tr|F°/2|; if tr|Fe| = tr|F°/1| and
tr|Fe2| = tr|F°/2|, we define ¢ < ¢ if and only if ¢; =< ¢} and ¢ = ¢}, but ¢ # ¢, where < is
the order on the set M defined in [10].

Lemma 4.2 The transition matriz from Bo(U1y) to Bb(UlA) under the order < defined
above is an invertible lower triangular matriz, whose diagonal entries are powers of v and
off-diagonal entries belong to A.

Proof For any z,y € f homogeneous, write
(rel)r Zm1®x2®m3
with zj € f homogeneous and

(T 1)7r(y Zy1®y2®y3

with y; € f homogeneous, where r : f — f ® f is defined by r(6;) = 6; ® 1 + 1 ® 6; and
7(x) = r(T). By Proposition 3.1.7 in [14], the following equality holds in U:

xnyr _ Z(—l)mml‘7“'“’3'@7“‘11‘Hr‘m‘ (551, yl)lel‘y;xE {:L‘g, y3}K—|9€3|’

where {z,y} = (T,7). Since tr|ze| < tr|z| and tr|zs| = tr|z| if and only if 2y = 3 = 1, or
trlys| < trly| and tr|yz| = tr|y| if and only if y; = y3 = 1, we have

-yt =yt 1\ mod P(tr|z| — 1,tr|y| — 1).
Let ¢ = (c1,c2). We have

FY = (M(dv))™(M(do))" Ef _Ef, -~ EF_SF (M(BY)) " (M(dy)) E, B, - By S5l

Tie™ T2e Tee ™~ wed 2
(M) FoH M) B By By S5l
FeH(M(dy))”

2¢

(
(M(d3))~ Eﬂ, E_, ---E_ S, s1x modP(m,n),
le 2¢ sc c

where
m = tr|F|
and
n=tr[(M(dy)) * (M(d5)) = Er o Epy sk B xSy s| = tr| .
Hence

F§ = Fo (M (dh)™(M(dy)) "B, B, - By Spyda+ Y e P
c¢c/'<c

for some eger € A.
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From the definition of the order < on M,
FOr(M(dy))~ (M(dy))~ E., E_, ---E_ S ;1\
le 2c sC c

= ol Pt ((M(dy)) " By, By, -+ By Sps(M(d))™ + D pey 47 )1

Cl2l<C2
= vaclJr(FCz* + Z echgFCg’)lx

c.’z'—<(:2
— vac1+F6271)\ + Z vfeczc/z/FerFCz 1y
Cl2l<02
~ "
= ’UfF)/\c + Z Ufech/z/Fcl+Fc2_1)\

1
c; <c2

’UfF),\C + Z FGVEENF),\C s

<@, =c

where @ = (c{, ¢4), f = (|(M(dy))], [{M(d))* Exy #Exy s s #5,75]) and ez = v ecyey.

Hence
= va Z €ce! F)\ s
e<e
where ezg € A.
The proof is finished.

Then, we have the following proposition.
Proposition 4.6 The set Bo(Uly) = {F§ | € € M} is a Q(v)-basis of Ul,.

Proof By Lemma 4.1, {F}€ | ¢ € Mv} is a Q(v)-basis of Uly. By Lemma 4.2, the transition
matrix from Bg(Uly) to Bb(Ul ») under the order < defined above is an invertible lower
triangular matrix, whose diagonal entries are powers of v and off-diagonal entries belong to A.
Hence, the set {F§ | ¢ € M} is also a Q(v)-basis of Ul,.

4.3 A bar-invariant basis of Ul)‘

As before, let @ be a connected tame quiver without oriented cycles and R(Q) be the
corresponding root category. There is an order < on the set M in [10]. For any ¢,¢’ € M,
define ¢ < ¢’ if and only if ¢; < ¢} and c3 < ¢, but € # ¢’, where ¢ = (c1, ¢c2) and ¢’ = (¢}, cb).

For any ¢ € M, there exists a monomial m. on Chevalley generators u; satisfying

me = F€ + Z aCC/FCI,
c’'<c
where acer € A (see [10]). Note that the transition matrix a = (aeer) from {F° | c € M} to
{m. | ¢ € M} satisfies that acc = 1 and acer = 0 unless ¢’ < ¢. That is, a is a unipotent lower
triangular matrix.

Let @ = (Geer). Since Mg = me, we have

me = Mg = E oo FO,

c/
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and thus
Fe = Zﬁilcc/mcl = Z ZaflcclaC/Cch .
c/ c/ c//

Let h =@ 'a. The matrix h is again a unipotent lower triangular matrix and A = h~!. Similar
to the case of finite type, there exists a unique unipotent lower triangular matrix d = (dee)
with off-diagonal entries in v~*Q[v~!], such that d = dh. Then the canonical basis of f is

EC=F°+ Y deF
c’<c
with deer € v Qv (see [10]).
Similarly, we can get a bar-invariant basis of U1, from
BL(U1y) = {Fot . Fe 1, ¢ e M, €= (c1,¢2)}

and

{m} -m_ 1, [CeM, €= (ci,c2)}

under the order < on M defined above.
First, define mgy = mJ, - mg, 1, where ¢ = (c1,¢2). Since

me = I'° + Z aCCfFC/,

c’'<c
we have
+ _ et 2: cy+
mg = FT 4+ aclcle 1
Cl1<C1
and

’
— ea— o —
m_ = F + g ac2c/2F 2

Cl2<C2
in U+ respectively. Hence, we have
. —mT -
mgy =mg -mg 1,
— (e Fc'1 + e: Fc.’z -
= + D e : + D Gese, 1
¢ <cy ch<ca
’
:Fc1+'Fc2_1)\+Fcl+~ E aC2C5F°2_1)\
C/2<Cz
’ ’ ’
+ g aclc’ch1+ - Fe2 ]-A + E aclc’lFC1+ . § ach’ch2 ]-A
¢} <cy cj<cy c,<ca
_ e ~ F/E'
— L\ + ager A
c¢/<c

~ S / / -~ _
where € = (c1,¢c2), ¢ = (¢, ¢3) and dger = e, ¢} Aeyey € A
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As before, the transition matrix @ = (dge) from {F{¢ | € € M} to {mg, | € € M} satisfies
that agz = 1 and aggy = 0 unless ¢’ < ¢. That is, @ is a unipotent lower triangular matrix with
off-diagonal entries in A.

Let @ = (ager ). Since Mgy = mg), we have
— e — = /c’
mgy = Mgy, = E age FY©,
E/

and thus

— ——1 —
F)/\C = Aeer Mg\ = E E acc,ac c//F)\

o’ oo

~ —1_
Let h = a a. The matrix h is again a unipotent lower trlangular matrix and h =hn L
There exists a unique unipotent lower triangular matrix d= (dCC ) with off-diagonal entries in

v~1Q[v!], such that d = dh. Then we get a bar-invariant basis of U1,
E=F+ ) dew
c’/<c
with dgez € v 1Q[v1]. We denote this basis by Bo(U1y).
Theorem 4.1 Bo(Uly) = {£5 | ¢ e M} = {b"b'~1, | b1 € B}.
Proof We use the above notations.
First, by the definition of @, we have
655/ = aclc’l ach’za

where € = (c1,¢2), ¢ = (¢}, ch). Hence, we have

ager = aclc’l ach’2 -

Note that
> U b = 1.
CI

‘We have

D (g Ty ) @) = D (T Ty ) (Aeyer Teges)
e

s o

C

= (@) Ace)) D (g, (@ce,)

Cy Co

=1

Hence, we have

=1 _ _1 _—
Oger = a’clc’l cach”
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Then
T j ::*1~
h’EE” = a’EE/aE’E”
~/
= ala a, 11 Q! !
Z C1C1 Czc/ cjef tehey
= 67 At 17 671 Q! 11
: : cic) "1 : : cach C2C
< <)
= hclc’l’ thc’z’ -
Next, we will check that
dEE’ = dclc’1 dCZC'Iz'
By the uniqueness of d, we only need to show
clc’l’dczc’z’ - § dclc1 (:2(:2 ol
We can calculate it directly:
E dclc’1 dczc/2 hgl‘éu § dclc/ dczc’2 hc’ c”hc’ cl
E/

- E dclc’1 hc’lc’l’ E chc2 hc’Qc’z’

= dc1 cy ch [

Hence, we have

dEE’ = dclc’1 dczc/2~
Now, by definition,
gi: = + Z dcc’
¢’/ <¢c
iE + Z dn::lc’1 chcéFlc

¢/ <¢c

=FoT P14 Yy do,cf doyoy FEIT - F27 1,
¢/<c
’ + / -
= (Pt 3 da ) (P 3 de ) 1
[t c,<ca

=gat.g=m1

The proof is finished.

Remark 4.1 Although we use the embedding of mod-kQ into R(Q) to construct the basis
Bg (Ul ), this theorem shows that this basis is independent of the choice of the orientation of
Q in fact.
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4.4 A parameterization of the canonical basis of Ul

Let U = &b U1, be the modified quantized enveloping algebra corresponding to the quiver
AEP

Q and B, be the canonical basis of Ul,.

Theorem 4.2 We have a bijection
Vg : M—B 2
given by
C ENONE?,
which is the composition of the following two bijections:

M= Bo(U1,),

~ C
c— &y
and

BQ(U—]_,\) — B,\7
b+b,71)\ — b<>)\b/.

Proof The first bijection from M to Bg(U1y) comes from our construction of &S and the
second bijection from BQ(UlA) to B, comes from (2.1). By Theorem 4.1, EE =gatge—1,.
Hence, ¥ : M — By is a bijection.

Note that the set M depends only on the root category R(Q), instead of on the embedding
of mod-k@ into R(Q). Then all elements in M give a parameterization of the canonical basis
of the modified quantized enveloping algebra by Theorem 4.2.
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