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Abstract This work is devoted to studying a quasilinear elliptic boundary value problem
with superlinear nonlinearities in a weighted Sobolev space in a domain of R™ . Based on the
Galerkin method, Brouwer’s theorem and the weighted compact Sobolev-type embedding
theorem, a new result about the existence of solutions is revealed to the problem.
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1 Introduction

Let Q € RY(N > 1) be open (possibly unbounded) and consider a weak solution in
H;% ,(0,T) (see Section 2) to the following quasilinear elliptic problem:

Qu = [Njyu+ f(z,u)lp-G, =€, 1.1
we H!, (Q,T), (L)

p,q,p

where \j, is the joth eigenvalue of £ ((2.3) below) of multiplicity Jy, and Q is a singular

quasilinear elliptic operator defined by
N
1
Qu=—Y_ Di[p? (z)A;(x,u, Du)] + qBo(x)u. (1.2)
i=1

The nonlinear part f(z,u) in (1.1) satisfies certain superlinear conditions.

In fact, there have been many results about quasilinear elliptic equations, under the condi-
tions of which the nonlinearities satisfy sublinear or linear growth in weighted Sobolev spaces.
One can refer to [1-8]. For example, Shapiro [7] investigated the problem (1.1) aiming at the
first eigenvalue A\; whose corresponding eigenfunction space has better characters with superlin-
ear nonlinearities. In [8], Jia and Huang proved the existence of solutions to elliptic equations

similar to (1.1) for the semilinear operator with superlinear nonlinearities. Compared with the
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previous work, this paper is supposed to gain an existence result of (1.1) for any eigenvalue
Ajo (jo > 1), where the nonlinearties of quasilinear elliptic equations satisfy certain superlinear
growth conditions. Therefore we have to overcome the difficulties that the eigenvalue Aj;, may
be of multiplicity Jy and that the corresponding eigenfunctions may be sign-changing.

(1.1) is one of the most useful sets of p-Laplacian equations (see [9]). In fact, there are
some serious ones. It appears that certain nonlinear mathematical models lead to differential
equations with the p-Laplacian. One of them describing the behavior of compressible fluid in a
homogeneous isotropic rigid porous medium is presented below. But some purely mathematical
properties of the p-Laplacian also seem to be a challenge for nonlinear analysis and their study
leads to the development of new methods and approaches.

Our main ideas prove the existence of {u,} in the finite dimensional space S,, spanned

by {¢1,¢2, -, ¢n} via Brouwer’s fixed point theorem at first. Then we obtain the uniform

boundedness of {u,} under the norm of || - |54, by virtue of a new compactly embedding
theorem established by Shapiro in [7]. Finally, by the projective technique, the conclusion

for existence of solutions to (1.1) in S,, could be extended to H!  (€,T). To overcome the

P:ap
difficulties brought by A;,, *%-relationship is put forward in Definition 2.3 between the operators
Q@ and L, which is different from [7] and [8].

This paper is organized as follows. In Section 2, we introduce some necessary assumptions
and the main results. In Section 3, four fundamental lemmas are established. In Section 4, the

proofs of main results are given. Section 5 illustrates an example to cover Definition 2.3.

2 Assumptions and Main Results

In this section, we introduce some assumptions and give the main results in this paper.

Let T' C 09 be a fixed closed set (it may be an empty set) and p(z),p;(x) (i =1,--- ,N),
q(x) € C°(Q) be weight functions. ¢(x) is nonnegative (maybe identically zero). Denote by
p(z) the vector function (p1(z),p2(x), - ,pn(x)).

Consider the following pre-Hilbert spaces

Co(Q) = {u e CO(Q)‘ /Q luf2p < oo }

with inner product (u,v), = [ uvp, Yu,v € CI(Q), and

Cl, (T = {u cCc'@)n CQ(Q)‘u(x) —0,Vz € r;/ﬂ [EN: |Diul?p; + u?(q + p)} < oo}

i=1

with inner product

N
(U, V)p,q,p = /Q (ZPiDiUDiU + (g + P)U’U) (2.1)
i=1
ou
8xi ’
through the completion of C’g (Q) by using the method of Cauchy sequences with respect to the

Vu,v € C!(Q) and Dju =

. 2 . .
b i=1,---,N. Let LP(Q) be the Hilbert space obtained
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norm ||ul|, = (u, u>p ,and H} . (Q,T) be the completion of the space Cj , ,(Q,T) with the norm

1
wllp.q,p = (w,u)3 g, Similarly, we may have L2 () (i = 1,---,N) and L2(Q). Consequently,
(2.1) may lead to

N
<U'a U>;07<17p = Z<D1U,, Div>pa‘, + <’LL, U>p + <’LL, U>(I' (2'2)

i=1

Definition 2.1 For the quasilinear differential operator Q, the two-form is

Q(u,v) / szA (x,u, Du)D;v + (Bou,v)q, Yu,v € Hpq ,(02,1). (2.3)
For the linear differential operator
N
i=1
the two-form is
N
L(u,v) = / ZpiDiuDiv + (u,v)q, Vu,v € H; 0. T). (2.5)
Remark 2.1 Observing (2.2) and the two-form of £, we get
Lu,v) + (U, v)p = (U V)p,g,p- (2.6)

Definition 2.2 (Q,T') is a new-Vy, region if the following conditions (Vi,-1)-(V1,-5) hold:

(Vi-1) There exists a complete orthonormal system {@n}52, in L2. Also o, € H} , (Q,T)
NnC?(Q), Vn.

(VL-2) There exists a sequence of eigenvalues {\,}52 1, corresponding to the orthonormal
sequence {n o2 1, and satisfying 0 < A\ < Ag < A3 < -+ < A\, — 00 as n — 00, such that

_ 1
’C(Qpnﬂv)*A’ﬂ“Onﬂ > V’UéHpqp(Q,F).

(ViL-3) Q=Qy x -+ x Qu, where ; C R is an open set fori=1,--- ,N.

(Vi,-4) For each p;(xz) and p(x) in (VL-1)-(VL-2), associated with each Q; there are positive
functions p; (s), p;(s) € CO(S;) satisfying Jo, [P} (8)+p} (s)]ds <oo, and p(z)=pi(z1)- - -py(2N),
pi(x) = pi(a1) - piy (wim1)pi (2i)pis (Tia) - - py(an) fori=1,---,N.

(VL-5) For each Qy, pf,pf (i=1,---,N), there exists h; € CO(Qi)ﬂLZ: () for2 <0 < 0
with the property

|®(t)] < hi(t) VO € C1(Q,), YVt e,

2
where ||®]2, . = [o [pi (0] SH2]" + pr(H) @2 ()] dt.

There are many examples to illustrate new-Vi, region. One can refer to [7] and [10].

Remark 2.2 From (Vi-3) and (V1-4), it is easy to see that p(x),p;(x) are positive and

/ ) < o0, /pz <oo, 1=1,---,N. (2.7)
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Definition 2.3 Q is x-related to L if the following condition is satisfied:

lim Q(ua ’U) - Ajo‘c(uv U)

l[ullp.q.p—00 ll2llp,q.0

=0, uniformly for [|v]/pq, <1,

J

where Aj, = );\—TO Here Ai is a positive constant not greater than the first eigenvalue of L.

We make the following assumptions concerning 4; (i = 1,--- , N) and By:

(Q-1) Aj(w,5,€): Q x R x RY — R satisfies the Caratheodory conditions (i.e., 4;(x,s,¢)
is measurable about x in Q for every fixed (s,£) € R x RY and is continuous in (s,¢) for

a.e. x € Q).

(Q-2) There exist hf € wa i =1,---,N, and a positive constant ¢; so that a.e. z €
N 1
Q, [Ai(z, 5, < e1 20 p7 (16 + [h]]).
i=1

(Q-3) There exists a positive constant ¢y such that ]Zv: pi% (x)Ai(x,8,)& > co ]Zv: pi(z)&2 for
a.e. z € Qand V(s,&) € R x RV, - -

(0-4) ﬁ P2 (2)[As (2, 5,€) — Ay, 5,€](& — €)) > 0 for ae. x € Q, Vs € R, and Vé, & € RV
with € £ &

(Q-5) Bo(x) € C°(2) N L*°(Q2) with By(x) > 0g (a positive constant).

It is assumed throughout this paper that f(z, s) meets:

(f-1) f(z,s) satisfies the Caratheodory conditions.

£-2) (Superlinear growth condition) There exists § with 2 < # < 2% such that
N—1
If(z,8)| < ho(x) + K|s|”7t, VseR, ae z€Q,

where hg(x) € Lﬂ* (Q), K is a nonnegative constant and 6* = %.

(f-3) There exists a nonnegative function hy(z) € Lﬁ* (Q) and a constant 3 > 0 such that
sf(z,s) < —PBls]* + hi(x)]s], Vs€R, ae €.

Remark 2.3 Observing that for N = 2, f(z,s) = —g(z)s|s|? — s, where g(z) € C°(Q)N
L*°(Q) is a positive function, meets both (f-2) and (f-3).

Now we state our main results in this paper.

Theorem 2.1 Assume that (2, T) is a new-Vyi, region, the operator Q satisfies (Q-1)-(Q-5)
and is s-related to the operator L, f meets (f-1)-(f-3), and G € [H}, (Q,T)] (the dual of
H} , (Q,T)). \j, is the joth eigenvalue of L. Then the problem (1.1) has at least one nontrivial
weak solution, that is, there exists a u* € H;’q,p(Q,F) such that

Q(u*,v) = Ajy (u*,v), + /Q flz,u*)vp — G(v) Yo e H;7q7p(Q,F).
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To derive out Theorem 2.1, we first discuss the problem in S,, which is the subspace of
H;’%p(Q,I‘) spanned by ¢1,---,®,. Then by virtue of Galerkin method, the results will be
extended to H! (Q,T).

p,q,p
3 Fundamental Lemmas

In this section, we introduce and establish four fundamental lemmas. Lemmas 3.1-3.2 give
two useful embedding theorems. Lemma 3.3 constructs some approximation solutions in .S,.

Lemma 3.4 studies the properties of the approximation solutions.

Lemma 3.1 (see [7]) Assume that L is given by (2.4) and (Q,T') is a new-Vy, region. For
N > 2, then Hé7q7p(Q,F) is compactly embedded in Lﬁ(Q) Vo (2 <0< %), for N =1, then
H} , ,(Q,T) is compactly embedded in L%(Q) V0 (2 < 6 < cc).

Lemma 3.2 (sec [7]) Assume that L is given by (2.4) and (Q,T') is a new-Vy, region. Then
H} , (Q,T) is compactly embedded in L2(€2).

Lemma 3.3 Let all the assumptions in Theorem 2.1 hold. Then for n > jo + Jy, there

erists a u, € Sy, such that

1
Q(tun,v) = (/\jo - E)(un,wp +/ f(zyun)vp — G(v), YveS,. (3.1)
Q
Proof For fixed n (n > jo + Jo) and Voo = (a1, , ) € R?, set u = > appg. From
k=1
new-Vy, conditions, we obtain
n n
L(u,u) = Z)\kai, ||u||f) = Zai = |al?. (3.2)
k=1 k=1
And from Remark 2.1,
2 _ 2 2

lullp.g.p = L(uw, w) + [[ull, < (An + 1)lull, (3.3)

For m > 2, a positive integer, we put

f(xvm)v m < S
fm(xa 3) = f(J?,S), -m < s<m; (34)
flz,—m), s<-—-m.

Note from (f-2) that |f.(x,s)| < ho(x) + K|m|?~! Vs € R, a.e. z € Q. Also from hg(z) €
Lz*, Holder inequality, Minkowski inequality and (2.7), we get Vv € S,,,

ollzs < Toallvllzo, (3.5)

[ ool < ey

where T}, is a positive constant depending on m.
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The remaining proof is separated into two parts. The first part is to prove the claim (3.6)

for f,.(x,s). The second part is to get the conclusion by leaving m — oo based on (3.6).

Part 1 Fix m (m > 2). We are to show that there exists u;, ,, such that
* 1 * *
Q(“’n,m? U) = ()‘jo - H) <un,m7 U>P + o fm(xv U’n,m)vp - G(U)a Vv € Sn (36)

n
For u = ) aypk, we set
k=1

Fi(a) = Q(u, ¢r) — (/\jo - %)(u k) p —/Qfm(x,u)@kﬁ Gler), k=1,---,n.

n
It is clear that > Fj(a)ar = I(a) + II(«), where
k=1

1(@) = Quvu) ~ Ay L)~ [ finlaw)up + Gilu), (37)
Q
11(0) = Mgy £(u,) — (Ao — = ) () (3.8)
Jo ’ 70 n s Wip- .
For (3.7), observing the fact that the operator Q is x-related to £, G € [H;7q7p((2, ), by
(3.2)-(3.3), (3.5) and Lemma 3.1 we conclude that
| Jo fm(@, w)up|

=0 lim =0
’ |a|—o0 |a|2 ’

=0, lim

=00 |of? || o0 |of?
I
and lim | (a2)|
|a]—o0 |Oé|
For (3.8), considering Aj, = %‘) and Ay < Ay, it is clear that Aj Ay > Xj, (k=1,---,n).
By (3.2), we obtain

=0.

1
(a) = (AjOAk N, + —)ai > a2 (3.9)
k=1 "
n |a 2
Consequently, > Fi(a)ay > o where |a| > sg (here sq is a large enough constant). By
k=1
virtue of generalized Brouwer’s theorem (see [11]), there exists vy, = ('y,(llzn, e ,'y,(lnr)n) such

n
that Fi.(vn,m) =0, k=1,---,n. Taking uj, , = > 'y,(fzngok, then (3.6) holds.
k=1

Part 2 We claim that {||u}, ,,[l,};=2 (n fixed) is uniformly bounded according to m.

Arguing by contradiction, and without loss of generality, we suppose that
n,m

lim ||u), .1, = cc. (3.10)
m—00

Taking v = uy, ,,, in (3.6),

Ajo‘c(urz,m’ u:z,m) - )‘jo <u:1,m’ u;,m>p + ﬁ <u:1,m’ u;,m>p
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* * * * * * *
= /Qfm(x’ un,m)un,mp - G(un,m) + Ajo‘c(un,m’ un,m) - Q(“’n,m? U’n,m) (3'11)

holds, that is,

n

. Ly
D Ao Ak = Xjo) [t () + — [t
k=1

= / Fn (@, 15 ) g = Gt )+ Do LU, s ) = QU s Ui (3.12)
Q

where y, ., (k) = (@K, Uy, ) p-

On the other hand, using (f-3), for s > m, we have
Sfm(z,s) = =l -mf(x,m) < hi(x)ls|, ae ze. (3.13)
m
Similarly we can also obtain the same conclusion, where —m < s < m or s < —m. As a result,

Sfm(x,s) < hi(x)|s|, VseR, ae. xzell (3.14)
(3.12) and (3.14) imply that

1
~l s < Mhallzg: lluf mllog + 1G (7, 0)]

+ Ajoﬁ(u;,ma U:L,m) - Q(u;,mv u;,m) (3'15)

Dividing both sides of (3.15) by ||u},

2
n,m”p

is s%-related to £, G € [H} , (Q,T)]', hi(z) € Lﬁ*(Q) together with Lemma 3.1 and (3.3) that

% < 0. However, n is a positive integer. So we have arrived at a contradiction. (3.10) does not
hold, i.e.,

and leaving m — oo, we obtain from the fact that Q

dK; > 0, H’U, < Kl, Vm > 2. (316)

noml
n,mllp

*
n

(3.3) and (3.16) imply that there is a subsequence of {uy, ,,}7° 5 (for easy notation, take

the full sequence) and a u,, € S,, (see [12]) such that

"}ilnoo 47, = tnllp.g.p =0,
lim wy, . (2) = un(), a.e. T € {2, (3.17)
lim Dju;, () = Diun(z), ae x€Q,i=1,--- N.

Therefore from (3.17) with (9-1)-(Q-5), we obtain
lim Q(uy, ,,,v) = Q(up,v), Vv € Sy. (3.18)

And recall from Lemma 3.1 that

%p=0. (3.19)
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Moreover, we can get that there exists W(z) € L% and a subsequence {ur,m; 1521 C
{us, b=z such that |uy, , (2)] < W(z), ae. z €Q V.
By virtue of Holder inequality, (f-1)-(f-2) and Lebesgue-dominated convergence theorem,

we get

lim/fmj(x,u;’mj)vp:/f(x,un)vp, Yv € S,,.
Q Q

Jj—o0

Now replacing m by m; in (3.6) and taking the limit as j — oo on both sides of the equation,

we consequently obtain that (3.1) holds and Lemma 3.3 is established.

Lemma 3.4 Let all the assumptions in Theorem 2.1 hold. Then the sequence {u,} obtained

in Lemma 3.3 is uniformly bounded in H;!q,p(Q, r).

Based on Lemma 3.3 and -relationship, for the proofs of Lemma 3.4, one can refer to [7]
or [8].

4 Proof of Theorem 2.1

Since H;’q’ p(Q,F) is a separable Hilbert space, from Lemmas 3.1-3.2, we conclude that

there exists a subsequence of {u,};; | ; (for easy notation, we take the full sequence) and a

function u* € H! _ (Q,T) with the following properties (see [12]):

Pya,p
lim Hun—u*Hp—l—/ |un—u*|ep} -0, (4.1)
n—oo Q
W' (z) € Li(Q) N LZ(Q), st Jun(z)] < W'(2), ae z € Q, (4.2)
lim u,(z) =u*(z), ae xe (4.3)
n—oo
lim (Djun, v)p, = (Diu*,v)p,, Yv € wa t=1,---,N; (4.4)
lm (uy, v)q = (u*,v)g, Vo€ LZ; (4.5)
n—oo
lim G(uy,) = G(u"). (4.6)
n—oo

We prove the theorem through three steps.
Step 1 We intend to show the following that there exists a subsequence {u, };";1 such that

lim Duy,;(x) = Du*(x), a.e. xz €. (4.7)

Jj—o0

Before establishing (4.7), we prefer to show the following two facts first.

(1) There exists a subsequence {u,,}72; such that
N 1
lim pr (2)[Ai(2, Un;, D, ) — Ai(2, Un;, Du™)|[Dijuy,, (x) — Diu*(x)] = 0 (4.8)
j—o0 =1

for a.e. x € Q.
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(2) With {u,,}32, designating the same subsequence as in (1),
{|Dun, (x)]}52; is pointwise bounded for a.e. z € Q. (4.9)

Firstly, to show (4.8), we observe from (Q-2), (4.3) and Lebesgue dominated convergence
theorem that

n—oo

N
lim / Z |Ai(z,up, Du*) — Ai(z,u*, Du*)|? = 0. (4.10)
Q=1
Using (4.4), we obtain
lim [ Aij(x,u”, Du*)(Du, — Diu*)pi% =0, i=1,---,N. (4.11)
n—oo Q

It follows from Lemma 3.4 , (4.10)—(4.11) that

N
1
lim / ZAi(a:,un,Du*)(Diun —Du*)p? =0, i=1,---,N. (4.12)
Q=1

n—00

In addition, from (4.5) and (Q-5), we have

lim | Bo(x)u™(u, —u")qg =0. (4.13)
n—oo Q
Now if we can show that
lim Q(up,u, —u™) =0, (4.14)
n—oo

then it will follow from (2.3), (4.12)—(4.13) that

N
1
lim (Z[Ai(x, Uny D) — A (@, tn, Du*)|(Ditt, — Diu*)p?
+ Bo() (un — 0*)(un — u*)q) = 0. (4.15)

Observing (Q-4) and (Q-5), we have that the integrand in (4.15) is nonnegative almost every-
where in . Hence the integrand in (4.15) converges to zero in L'(Q2). However, from [13],
we have a subsequence of the integrand converging to zero almost everywhere in 2. And from
(4.3), Bo(z)|u, — u*|? converges to zero almost everywhere in . We conclude that (4.8) is
indeed true. So it remains to establish (4.14).

Observing u* € Hziq?p? we define a projection P, : H;7q,p — Sy, L.e.,
n
Pou® = 0" (k)pk € Sy (4.16)
k=1

From the definition, we get

lim || Pyu® — u*|[pg.p = 0. (4.17)
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It is easy to know
N 1
(U, Pou™ —u*) = / ZAi(a:, Un, Duy)Di(Pou™ — u®)p? + (Boun, Pyou™ —u®),.  (4.18)
Q=1

From (Q-2), (Q-5), Lemma 3.4, (4.17)—(4.18), we have

lim Q(un, Pyu® —u*) = 0. (4.19)

n—00

In view of (4.19), (4.14) will follow once we can show that
lim Q(un, uy, — Pyu™) = 0. (4.20)

n—00

From Lemma 3.3 and (4.16), we obtain

1
Q(un, up — Pyu®) = (/\jo — —) (Un, Up, — Ppu™),

n
+ / fz,un) (un — Pou™)p — G(up — Pou™). (4.21)
Q
Observing
(Un, Un, — Ppt™) p = (Un, Un, — u")p + (Un, u" — Pyu™),, (4.22)

from (4.1)-(4.2) and (4.17), we see (\j, — L) (un, un — Pyu*), — 0 as n — oco. Also from (f-2),
|

[z, un)(un — Ppu”)pl < ||h0(x)||Lg* Up — PnU*”Lg + [Jun Up — PnU*HLg- (4.23)

7o
Q Lo

Recall Lemma 3.1, Lemma 3.4 and (4.17), [, f(z,un)(un — Pyu*)p — 0 as n — oo. It is also
clear from (4.17) that G(u, — P,u*) — 0 as n — oo. Therefore (4.20) holds and hence (4.8) is
established.

Secondly, to establish (4.9), set ©; to be the set meeting the following three conditions
simultaneously:

(O1) u*(x), |Du*(zx)], h;(a:), Un; (), Ai(z,un; (x), Dun; (z)) and A;(x, u,, (v), Du*(x)) are
finite-valued for i =1,--- ,Nand j=1,---;

(02) (Q-2) and (Q-3) hold;

(O3) the limits in (4.3) and (4.8) exist.
Then

meas(2 —Qq) =0. (4.24)

Suppose, to the contrary, that {|Du,,(x)[}72; is not pointwise bounded in ;. Then there

exists zg € Q1 and a subsequence {|Dun;, (z0)[}72, such that

lim [Duy,; (z0)| = oco. (4.25)

k—oo k
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Set ¢5 = min{p1(xg), - ,pn(x0)}, and then c¢5 > 0. From (Q-3), we get
N 1
pr (20)Ai(w0, Uny, , Dun;, )Ditin;, (T0) > cacs|Duy,;, (z0)[%. (4.26)
i=1

Considering the left side of (4.26), we have

> " p? (w0)Ai(0, tn, , Dty ) Dy, (o)

N
+ > pZ (w0) Ai(wo, un,, . Du)[Dittn, (w0) — Dyu” (x0))]
N 1
+ pr (z0)[Ai(20, tn;, s Dy, ) — Ai(20, uny, , Du”)|[Ditn;, (x0) — Diu*(xo)].  (4.27)
i=1
Divide both sides of (4.26) by [Dun,;, (z0)|? and leave k — co. From (4.27), (Q-2), (4.3), (4.8)
and the definition of €1, we obtain
0> ca¢5|Dun,, (w0)]2. (4.28)

It is clear that cacs > 0. Therefore klim |Duy;, (w0)| = 0 which contradicts (4.28).
— 00

Consequently, {|Du,,(z)|}32; is pointwise bounded in ;. This fact in conjunction with
(4.24) establishes (4.9).

Now we have that (4.8)-(4.9) hold which will imply (4.7). Let Q2 be the subset of 2, where
(Q-1), (Q-4), (4.8) and (4.9) hold simultancously. Consequently,

meas(2 — Q3) = 0. (4.29)

Suppose that there exists g € Q2 such that (4.7) does not hold. Hence by (4.9) there exists

a further sequence {Dun;, (z0)}72, and a £ e RY with
Du*(zq) # &° (4.30)

such that khi& Dy, (x0) = &% From (4.3), we have
N 1
Jm pr (zo){[Ai(z0, un,, , Dun,, ) — Ai(zo, Un,, , Du*)][Ditn;, (z0) — Diu*(20)]}
i=1

N
= ZPE (o) {[Ai(wo, u*(0), &%) = Ai(wo, u* (w0), Du* (20))][€" — Dyu(x0)]}-

Observing zg € Q2 and (4.8), the limit on the left side of (4.31) is zero. But from (Q-4), the
right side of (4.31) is strictly greater than zero, which has led to a contradiction. Hence (4.7)
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holds at every point in s, and consequently by (4.26), it holds almost everywhere in Q. So
the statement (4.7) is fully established.

Step 2 We proceed with the proof and let vy € Sy, where J > jg + Jy is a fixed but
arbitrary positive integer. From (4.3), (4.7) and (Q-1) we can get

lim |A; (2, Uy, Dup;) — Ai(z,u”, Du*)| =0, a.e. zcQ. (4.31)

‘]4)00
Recalling Lemma 3.4, (Q-2) and by virtue of the Lebesgue-dominated convergence theorem, we

obtain

lim [ |Ai(2,un,, Duy,) — Ai(z,u*, Du*)]> = 0. (4.32)

j—o0 Q

Also from D;vjy € Lf,i, and by applying Schwarz’s inequality, we have

lim [ [Ai(2, un;, Dup,) — As(z,u”, Du*)]Divai% =0. (4.33)

Jj—oo Jq

Observing (4.5) and (4.34), we get

lim Q(un;,vy) = Q(u*,vy). (4.34)

Jj—0o0

From (f-2), (4.1) and (4.2), using the Lebesgue-dominated convergence theorem, we obtain

lim [ f(z,un;)vsp = / fla,u*)vyp. (4.35)
Q

Jj—oo

Replacing v by vy, n by n; in (3.1) and leaving j — oo, from (4.1), (4.6), (4.35)—(4.36), we

have
Q(u*,vy) = N (u*,v1), +/ flz,u ) vgp — G(uy). (4.36)
Q
Step 3 Given v € H, p 0.p(§, 1), from the definition of projection P,, we see
J
Pyv =Y 9(k)px € S, (4.37)
k=1

where v(k) = (g, v),. It is casy to get Jlim [I1Pyv —v|lp.q.p = 0. As a result, there hold
—00

lim Q(u*, Pyv) = Q(u*,v),

hm <u Pjv), = (u*,v),,

hm fQ z,u*)Pyup = [, f(z,u*)vp,
}LHOIO G(Pjv) = G(v).

(4.38)

Replacing v; by Pjyv in (4.36), passing to the limit as J — oo on both sides, and using
(4.38), we can obtain

Q" 0) = Ay ")y + [ fauyop = Glo). Vo€ Y, (2.T)

Hence the proof of Theorem 2.1 is complete.
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5 An Example for x-related

Now we give an example of Q which is x-related to L.
Take N =1, Q = (—1,1), I = the empty set, p(s) = 1 — 52, p(s) =1, ¢(s) = (1 — s2)7L.
From the definition of £, we get

Lu=—Dy(1 - s*)Dyu+ (1 —s*) " u. (5.1)
Then
LD, 1(s) =nn+ 1)@y, 1(s), n=1,2---, (5.2)

where ®,,1(s) is the first-order associated Legendre function of degree n (see [14]). And

{cb”(;—l(s)}j:1 properly normalized forms a CONS on  with respect to the weight p(s), where

2 _ 2n(n+1)
n = 2n+1

(i) F(t) € C°([0,0)) is nondecreasing and positive; (i) tlim t[1 — F(t)] =0.

a . Since Q is 1-dimensional, (2,T') is a new-Vp, region.

F(t) is a real-valued function with the following properties:

Given jo, observing 0 < Ay < A1, we take Ay =1 and Ajy =n(n+1), n =1,2,---. Then
the A;(z,s,€) of Q in (1.2) are defined to be

A
Ar(w,s,€) = 521+ F(l&Dp2&,  Bo(x) = Ay,
With this definition, it is clear that Q meets (Q-1)-(Q-5) and that

A
20 Dyl + F(|Diu|)]pDiu + Ajyqu. (5.3)

Qu = — 5

As a consequence,

A,
Qu,v) — Ay, £, v) = %/p[F(|D1u|)—1]D1uD1v.
Q

Now it follows from (ii) that there is a constant K3 such that |1 — F(t)|t < K3, ¥Vt € (0,00).

Consequently, if [|v]|p,q,, < 1, we obtain that

K3, 3
|Q(U7'U) — AJOE(U7'U)| S %(/{;p) S K47 \Vlu S H;;7q7p)

where K, is a constant.

That Q is x*-related to £ then follows immediately from this last inequality.
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