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Musical Isomorphisms and Problems of Lifts*
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Abstract Using the complete lift on tangent bundles, the authors construct the complete
lift on cotangent bundles of tensor fields with the aid of a musical isomorphism. In this
new framework, the authors have a new intrepretation of the complete lift of tensor fields
on cotangent bundles.
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1 Introduction

Let (M,g) be a smooth pseudo-Riemannian manifold of dimension n. We denote by

TM = |J T,M and T*M = |J T;M the tangent and cotangent bundles over M with
rEM, _ x€My B

local coordinates (z%,2%) = (2¢,y%) and (2,7%) = (2%, p;), i = 1,---,n; 4 = n+ 1,---,2n,

respectively, where y, = y° 6‘} € T,M and p, = p;da’ € T) M, Yo € M.

A very important feature of any pseudo-Riemannian metric g is that it provides musical
isomorphisms ¢ : TM — T*M and g* : T*M — TM between the tangent and cotangent
bundles. Some properties of geometric structures on cotangent bundles with respect to the
musical isomorphisms are proved in [1-5].

The musical isomorphisms ¢” and ¢* are expressed by

b I ~K

¢l = (@ah) = (@, y) - = (b,

= (J) ) ) = (5fl‘i,pk = gkiyi)

and

g TN = (2%, 7)) = (aF,pr) — 2" = (2, 2") = (612", v = g pr)

with respect to the local coordinates, respectively. The Jacobian matrices of ¢° and ¢! are given
by

Y2 0iGks  Ghi

== (55) = (oo o) (1)
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and

I i
@ =t = (552) = (poige o) (12
respectively, where § is the Kronecker delta.

We denote by 37(M) the set of all differentiable tensor fields of type (p,q) on M. Let
“Xr € SYTM), “or € SHTM) and “Sr € I3(T M) be complete lifts of tensor fields X €
SY(M), ¢ € SH(M) and S € I3(M) to the tangent bundle T M.

The aim of this paper is to study the lift properties of cotangent bundles of Riemannian
manifolds. The results are significant for a better understanding of the geometry of the cotan-
gent bundle of a Riemannian manifold. In this paper, we transfer via the differential ¢ the
complete lifts “ X1 € SETM), Y%or € SHTM) and © Sy € SL(TM) from the tangent bundle
TM to the cotangent bundle T*M. The transferred lifts ¢> “ X7, ¢2 ©pr and ¢° €Sr are
compared with the complete lifts “Xr. € S{(T*M), Cor € IHT*M) and ©Sz- € SL(T*M)
in the cotangent bundle and we show that (a) ¢2“Xy =Xy if and only if the vector field X
is a Killing vector field, (b) ¢2%pr =Cp7- if and only if the triple (M, g,p), ¢ = —Idys is
an anti-Kihler manifold, (c¢) ¢>¢Sy =CSp. if and only if the metric g satisfies the Yano-Ako
equations. Also we give a new interpretation of the Riemannian extension Vg € I(T*M), i.e.,
Vg should be considered as the pullback: Vg = (¢*)* “g, where “g is the complete lift of g to
the tangent bundle T'M.

2 Transfer of Complete Lifts of Vector Fields

Let X = X'9; be the local expression in U C M of a vector field X € S§(M). Then the
complete lift X7 of X to the tangent bundle T'M is given by

CXp = X'0; +y°0,X 05 (2.1)

with respect to the natural frame {0;, 0;}.
Using (1.1) and (2.1), we have

550 Xi
bC _ i
g A= <ys—%";i gki> <ys83Xi)

Xk
B (Xiysaigks + gkiysain)
Xk
N (ys((LXQ)sk — (0k XV gis — (0s XV gri) + gikysain>

Xk
N (ys(Lxg)sk - pi(akxi)) ’ (2.2)

where Lx is the Lie derivation of g with respect to the vector field X:

(Lxg)sk = X' 0ig51 + (0sX")gire + (06 X ") gsi.
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In a manifold (M, g), a vector field X is called a Killing vector field if Lxg = 0. It is well
known that the complete lift © X7+ of X to the cotangent bundle T* M is given by

“Xrpo = XF0), — psOL X505
From (2.2) we find

9. Xr = Xr- +y(Lxg),
where v(Lxg) is defined by

0
L = .
V(Lx9) (yS(Lxg)sk)

Thus we have the following theorem.

Theorem 2.1 Let (M,g) be a pseudo-Riemannian manifold, and let © X7 and € X« be
complete lifts of a vector field X to the tangent and cotangent bundles, respectively. Then the
differential (pushforward) of € Xrby g° coincides with € X, i.e.,

giCXT :CXT*
if and only if X is a Killing vector field.
Let X and Y be Killing vector fields on M. Then we have
Lixy)ig=I[Lx,Lylg=LxoLyg—LyoLxg=0,

i.e., [X,Y]is aKilling vector field. Since “[X,Y]r = [ X7, Y] and ¢ [ X, Y]p- = [€ X7, “Y7-],

from Theorem 2.1 we have the following result.

Corollary 2.1 If X and Y are Killing vector fields on M, then
gi[cXT7CYT] - [ XT*) CYT*]7
where g° is a differential (pushforward) of the musical isomorphism g°.

3 Transfer of Complete Lifts of Almost Complex Structures

Let (M, ) be a 2n-dimensional, almost complex manifold, where ¢ (p? = —I) denotes its
almost complex structure. A semi-Riemannian metric g of the neutral signature (n,n) is an

anti-Hermitian (also known as a Norden) metric if

g(PX,Y) = g(X,¢Y)

for any X, Y € 3}(M). An almost complex manifold (M, ¢) with an anti-Hermitian metric is
referred to as an almost anti-Hermitian manifold. Structures of this kind have also been studied
under the name: Almost complex structures with pure (or B-)metric. An anti-Kéhler (Kéhler-
Norden) manifold can be defined as a triple (M, g,¢) which consists of a smooth manifold

M endowed with an almost complex structure ¢ and an anti-Hermitian metric g such that
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Ve = 0, where V is the Levi-Civita connection of g. It is well known that the condition
Ve = 0 is equivalent to C-holomorphicity (analyticity) of the anti-Hermitian metric g (see [6]),
ie.,

(Pp9)(X,Y,Z) = (Lyxg — LxG)(Y,Z) =0

for any X,Y,Z € S§(M), where ®,g € SY(M) and G(Y,Z) = (go p)(Y,Z) = g(¢Y, Z) is the

twin anti-Hermitian metric. It is a remarkable fact that (M, g, ) is anti-Kéhler if and only if

the twin anti-Hermitian structure (M, G, ¢) is anti-Ké&hler. This is of special significance for
anti-Kéhler metrics since in such case g and G share the same Levi-Civita connection.

Let ¢ = gaé- 0; @ dz? be the local expression in U C M of an almost complex strucure .
Then the complete lift “@7 of ¢ to the tangent bundle TM is given by (see [8, p. 21])

Cour oy [ ¥ Q) 3.1
or=Coh = (ol o 1)
with respect to the induced coordinates (z,z?) = (z*,y") in TM. It is well known that ©pr

defines an almost complex structure on 7'M, if and only if so does ¢ on M.
Using (1.1)—(1.2) and (3.1), we have

= (D) = (AL k)

( s Sol 7 ks 7 (I)cl i) . (32)
Y5 (0i5s) 0t + 95iy° 050t + gips(D1g**)ph  gjigFl ol

Since g = (gi;) and g~! = (¢%/) are pure tensor fields with respect to ¢, we find

. . k
959" 1 = 959" 0l = 6,0, (3.3)
and
y* (Digjs) el + 9519°0s ) + 95ips (019" ) o4
= 43 (D1gjs + 0i(g 0 ©)js — 9s0501) + 95ips (019" ) o4
=y Pigs; +y°0i(g 0 ) js — Pi0j o} + 95ips (19" 0%
=y 01955 — pi0jps + Yy (g 0 ©)js + 95ips (019" b},
= y*®igs; — POl + Y° O gem@}") + 95i0s (019" )},
=y Pigs; —p183§01 Ty (8lg€m)303 Ty (8%0] )Gsm + g]mpe(8lg en
= y* ®195; — Pi0ip} + ¥ (O1gsm) @ + ¥* (O] ) gsm + gmrps (019" )]
= y*Pigs; — pidispi + ¥° (O1gsm) ] + ¥ (0107 )gsm — 9" Ps(Oigmi) ]
= y* P95 — Pi0ipi + ¥* (0195m) @) + Pm(010") — y* (O1gmi) ]
=y P1gs; + ps (D — 057, (3.4)
where

Prgij = Pr OmGi; — (90 Q)ij + Gm;i0iok + gimOj0h" -
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Substituting (3.3)-(3.4) into (3.2), we obtain
J
bC _ @7 0 )
Gum (ys‘l’zgsj + (015 — 0507) &

It is well known that the complete lift “pr- of ¢ € I} (M) to the cotangent bundle is given by
(see [8, p. 242])

J
C _ ¥7 0 )
T* =
v ( s(ps = 0507) ¢
with respect to the induced coordinates in T*M. Thus we obtain
9.%or =Cpr +7(24g),

where
0 0
7((I)<,0g) - <ysq>lgsj 0) .
From here, we have the following theorem.

Theorem 3.1 Let (M, g, ) be an almost anti-Hermitian manifold, and let o1 and € pr-
be complete lifts of an almost complex structure ¢ to the tangent and cotangent bundles, respec-
tively. Then the differential of € or by ¢° coincides with € -, i.e., g>%pp =C%pr- if and only
if (M, g,¢) is an anti-Kdhler (®,g = 0) manifold.

4 Transfer of Complete Lifts of the Vector-Valued 2-Form

Let S be a vector-valued 2-form on M. A semi-Riemannian metric g is called pure with
respect to S if
9(Sy X1, X2) = g(X1, Sy X>)

for any X1, X2,Y € S (M), where Sy denotes a tensor field of type (1,1) such that
Sy(Z)=8(Y,Z)=-8(Z,Y)=—-5z(Y)

for any Y, Z € S{(M). The condition of purity of g may be expressed in terms of the local

components as follows:

m

gmiQSlel = gllmegll .
We now define the Yano-Ako operator

Dg:SY(M) — SY(M)
associated with S and applied to a pure tensor field g by (see [6-7])

(®59)(X1, X2,Y1,Y2) = (Ls(x,,x2)9) (Y1, Y2) = (Lx, (g9 © 9))(V1, X2, Y2)
= (Lx, (g0 9))(X1, Y1, Y2) + (g 0 §)([X1, Xa], V1, Y2),
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where (g0 S)(X,Y1,Ys) = g(S(X,Y1),Y2). The Yano-Ako operator has the following compo-

nents with respect to the natural coordinate system:

((I)Sg)jihs = Sﬁamghs - (8]5}7;)9777,5 - (8]gms)5ﬁ - (815377}7;)9”15
= (0igms) Sy, + (OnS}i )gms + (0555} ) ghm- (4.1)
The non-zero components of the complete lift © Sz of S to the tangent bundle 7'M are given
by (see [8, p. 22])
Csl =05t =98l =8, OSk =a"0,5]; .

Using (1.1) and (1.2), we can easily verify that
929Sr = (84) = (AF AT AT O Silp),
and I,J,--- =1, ---,2n has non-zero components of the form

Qh _ sh skstCaom _ qh
‘S'jz'*(sm(sj(sé5 Sktfsjia

5%, = gnmg" 81O ST, = gurg" ST = 8,57 = 5.
St = gnm0yg" O ST = guug" S = 65,87 = Sip,
ST = 5" (Omns) 3501 STt + gm05 017 ST + g (939") ST + ghm 5, (9i9™)“ S
= 4*(Omgns)O5 0, Sty + gnm6} 6,y 0sSit + gnmps(059™°) S + ghmdy s (Dig"*) Sit
= Y (Omns) ST + Ghmy°0s ST} + ghmps(0;9"°) St + ghmps(9;9") ST
= y*(Ps9)jins + ¥°(05S1:)gms + Y° (05 Gms) Sk + y° (0:S]h) gms
+ 5 (0i9ms) Sy — y° (OnS))gms — ¥* (05 9km) Sit — ' (Digem) Sy
= y*(Ps9)jins + y°(9;54;) gms + Y (0iS]h) gms — y° (OnST} ) gms
=y (Ps9)jins — Pm(9; S, + 0iSy; + OnSTY),
i.e., the transfer ¢>“Sy coincides with the complete lift ©Sp. of the vector-valued 2-form S €
N2(M) to the cotangent bundle if and only if

(®s59)jins = 0.
Thus we have the following theorem.

Theorem 4.1 Let g be a pure pseudo-Riemanian metric with respect to the vector-valued
2-form S € No(M), and let St and ©Sr- be complete lifts of S to the tangent and cotangent
bundles, respectively. Then

9,980 =%

if and only if g satisfies the following Yano-Ako equation:
(®s59)jins =0,

where ®gg is the operator defined by (4.1).



Musical Isomorphisms and Problems of Lifts 329

5 Transfer of Complete Lifts of Metrics

Let ©g be a complete lift of a pseudo-Riemannian metric g to TM with components

°0s9i5 i
“9=(1s) = <y f,g] g0j> : (5.1)
gi]

Using (1.2) and (5.1) we see that the pullback of ©g by ¢ is the (0, 2)-tensor field (g#)* “g on

T*M and has components

(((g")* “9)kr) = (AL AL 11)
Al A g”—FAzA{ g”-i—AlAf 95 AQA%C%E
AL Ajcg” 0
Dsgrl + Ds (&cg“)gzz + (0197 )gk ;) O,
5k 0
_ (15" 091 = ps (9™ Ongi1 + 97°Ougrs) 9,
5k 0
—ps9" (Ogui + Ongie — Orgrt) O},
5k 0
—2p,Is, ot
()

On the other hand, a new pseudo-Riemannian metric Vg € SY(T*M) on T*M is defined by the
equation (see [8, p. 268])
Vo(°X,°Y) = —y(VxY + VyX)

for any X,Y € S§(M), where v(VxY + Vy X) is a function in 7=1(U) C T*M with a local
expression
Y(VxY + VyX) = pp(X'V,Y" + YV, X"),

and is called a Riemannian extension of the Levi-Civita connection Vg to T* M. The Riemannian

extension Y ¢ has components of the form
—2p,, I 57
Vo= g1s) = ( p&i Y 6) (5.3)
J
with respect to the natural frame {9;, 3;}. Thus, from (5.2) and (5.3) we obtain (g*)* “g = Vg,

i.e., we have the following theorem.

Theorem 5.1 The Riemannian extension Vg € IY(T*M) is a pullback of the complete lift
g € SYTM).
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