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Orientable Small Covers over a Product Space*

Danting WANG! Yanying WANG? Yanhong DING!

Abstract A small cover is a closed manifold M™ with a locally standard (Z2)™-action
such that its orbit space is a simple convex polytope P™. Let A" denote an n-simplex and
P(m) an m-gon. This paper gives formulas for calculating the number of D-J equivalent
classes and equivariant homeomorphism classes of orientable small covers over the product
space A™ x A" x P(m), where ni is odd.
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1 Introduction

The geometry of toric varieties is one of the fascinating topics in algebraic geometry and has
found applications in many branches of mathematical sciences. From a combinatorial viewpoint,
it is known that there is a one-to-one correspondence between fans in R™ and toric varieties
of complex dimension n. Given an n-polytope P™ with vertices in the integer lattice Z", a
fan is generated by the set of normal vectors corresponding to faces of codimension 1 of P™.
According to the above correspondence between fans and toric varieties, there is a toric variety
Mp associated to the fan. Let T™ denote a torus (S*)™. It turns out that as a topological space,
Mp =T" x P/ ~ for some equivalent relation ~. The torus T naturally acts on Mp, and P"
is the orbit space. Inspired by the above identification space description of a toric variety, Davis
and Januszkiewicz introduced a topological counterpart, namely, the study of small covers and
quasitoric manifolds in [5].

A small cover (see [5]) is a closed manifold M™ with a locally standard (Z,)™-action such
that its orbit space is a simple convex polytope P", where Zy denotes the cyclic group of order
2. For instance, the real projective space RP™ with a natural (Zy)"-action is a small cover over
an n-simplex. This makes the research on the equivariant topology of small covers possible
through the combinatorial structure of the orbit space.

In [7], Lii and Masuda showed that the equivariant homeomorphism class of a small cover

over a simple convex polytope P™ agrees with the equivalent class of its corresponding char-
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acteristic functions under the action of the automorphism group of face poset (i.e., a partially
ordered set by inclusion) of P™. This finding also holds true for orientable small covers by the
orientability condition (see Theorem 2.2). However, it is a hard task to obtain general formulas
for calculating the number of equivariant homeomorphism classes of (orientable) small covers
over an arbitrary simple convex polytope.

In recent years, several studies have attempted to calculate the number of equivalent classes
of all small covers over a specific polytope. Garrison and Scott used a computer program to
calculate the number of homeomorphism classes of all small covers over a dodecahedron (see
[6]). Cai, Chen and Lii calculated the number of equivariant homeomorphism classes of small
covers over prisms (see [2]). However, little is known about orientable small covers. Choi
calculated the number of D-J equivalent classes of orientable small covers over cubes (see [4]).
Chen and Wang calculated the number of equivariant homeomorphism classes of orientable
small covers over a product of at most three simplices (see [3]). From [9], we know the existence
of orientable small covers over the polytope A™ x A™2 x P(m), where A™ denotes a simplex
of dimension n; and P(m) an m-gon. The objective of this paper is to determine the number
of D-J equivalent classes and equivariant homeomorphism classes of all orientable small covers
over A" x A" x P(m), where ny is odd.

This paper is organized as follows. In Section 2, we review the fundamental knowledge
on small covers and list several known theorems. In Section 3, we calculate the number of
D-J equivalent classes of the orientable small covers over the product space and the number
of orientable characteristic functions corresponding to orientable small covers. In Section 4
we obtain a formula for calculating the number of equivariant homeomorphism classes of all

orientable small covers over the product space.

2 Preliminaries

The standard action of (Z3)"™ on R™ is that

(Z2)" x R™* — R™,
(g1 ygn) X (X1, ) — (=1)% 21, -, (=1)9"xy),

and the orbit space is R? = {(z1, - ,zn) € R" | 2; > 0,1 <i < n}.

A convex polytope P™ of dimension n is said to be simple if every vertex of P™ is the
intersection of exactly n facets (i.e., faces of dimension (n — 1)) (see [10]). An n-dimensional
closed manifold M™ is said to be a small cover if it admits a (Zy)"-action such that the action
is locally isomorphic to a standard action of (Z2)™ on R™ and the orbit space M™/(Z2)" is a
simple convex polytope of dimension n (see [5]).

Let P™ be a simple convex polytope of dimension n and F(P™) = {Fy, -, F;} be the set of
facets of P™. Suppose that 7 : M™ — P™ is a small cover over P™. Then there are [ connected
submanifolds 7= (Fy),--- , 7~ *(F}). Each submanifold 7—1(F}) is fixed pointwise by a subgroup
Zs(F;) of rank 1 in (Z3)™, so that each facet F; corresponds to a subgroup Zs(F;) of rank 1.

n

Obviously, the subgroup Zs(F;) actually agrees with an element v; in (Z3)™ as a vector space.
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For each face F' of codimension u of P", since P" is simple, there are u facets Fj,,---, F;
such that F'= F; N --- N Fj;,. Then, the corresponding submanifolds 7~ *(F;,),--- , 7' (F;,)
intersect transversally in the (n — u)-dimensional submanifold 7= (F), and the isotropy sub-

group Zs(F) of m=(F) is generated by Zo(F;,), - ,Zo(F;,) (or is determined by v;,, -+ ,v;,

in (Z3)™), and has rank w. Thus, this gives a function (see [5]):
A F(P") — (Z2)",

which is defined by A(F;) = v;. This function satisfies the non-singularity condition: A(Fj, ),--- ,
A(F;,) are linearly independent in (Z2)™ as a vector space whenever the intersection /5 M --- N
F;, is non-empty. We call A, which satisfies the non-singularity condition, a characteristic
function on P".

In fact, Davis and Januszkiewicz [5] also gave a reconstruction process of a small cover using
a characteristic function A : F(P") — (Z2)"™. Let Zs(F;) be the subgroup of (Z2)™ generated

by A(F;). Given a point p € P", we denote the minimal face containing p in its relative interior
by F(p). Assuming that F'(p) = F; N---NF;, and Zo(F(p)) = D Z2(F}; ), then Zy(F(p)) is
Jj=1 ‘

a subgroup of rank w in (Z3)". Let M (X) denote P™ x (Z2)™/ ~, where (p,g) ~ (¢, h) if p=¢
and g~1h € Zy(F(p)). The free action of (Z2)™ on P™ x (Z2)™ descends to an action on M ()
with quotient P™. Thus, M ()) is a small cover over P™.

Two small covers M7 and Ms over P™ are said to be weakly equivariantly homeomorphic if
there is an automorphism ¢ : (Z2)"™ — (Z2)™ and a homeomorphism f : M; — M such that
ft-xz)=p(t)- f(x) for every t € (Z2)™ and = € M. If ¢ is an identity, then M; and M, are
equivariantly homeomorphic. Following [5], two small covers M; and My over P™ are said to
be Davis-Januszkiewicz equivalent (or simply, D-J equivalent) if there is a weakly equivariant
homeomorphism f : M7 — Ms covering the identity on P™.

By A(P™), we denote the set of characteristic functions on P"™. We have the following result.

Theorem 2.1 (see [5]) All small covers over P™ are given by {M(\) | A € A(P™)}, i.e.,
for each small cover M™ over P™, there is a characteristic function A\ with an equivariant

homeomorphism M(X) — M™ covering the identity on P™.

Nakayama and Nishimura gave an orientability condition for a small cover in [9].

Theorem 2.2 (see [9]) For a basis {e1,--- ,en} of (Z2)"™, a homomorphism € : (Z2)" —
Zy = {0,1} is defined by e(e;) =1 (i =1,---,n). A small cover M(X) over a simple convex
polytope P™ is orientable if and only if there exists a basis {e1,--- ,en} of (Z2)™ such that the

image of e is {1}.

From Theorem 2.2, we know that a small cover M(\) over P" is orientable if and only
if there exists a basis {e1, -+ ,en} of (Z2)" such that A(F5) = e;; +es + o+ + €4y, 4,5 1 <
i1 < dg < -+ < dop,41 < m for any F; € F(P™). A characteristic function which satisfies
the orientability condition in Theorem 2.2 is called an orientable characteristic function. We
immediately have that all orientable small covers over P™ are given by orientable characteristic

functions on P™. So, we know the existence of an orientable small cover over P™ by the existence
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of an orientable characteristic function. However, it is worth noting that different orientable
characteristic functions may correspond to the same orientable small cover.

In order to classify orientable small covers over P™ up to D-J equivalence, by O(P"™)
we denote the set of orientable characteristic functions on P™, and consider a free action
of GL(n,Zs2) on O(P™) defined by the correspondence o x A +— o o A. We assume that
Fy, -+, F, of F(P™) meet at one vertex p of P". Let ey, --,e, be the standard basis of
(Z2)™ and B(P™) = {\ € O(P™) | AM(F;) = €;,i = 1,--- ,n}. Then B(P™) is the orbit space
of O(P™) under the action of GL(n,Zz). In fact, for A € B(P™) and n+ 1 <4 <, we have
AMF;) = ey +eip + 0+ €iyy g, 1 < iy <iz < -o- <igp41 < n. The relation between the
number of elements of O(P™) and the number of elements of B(P™) is given by the following

lemma.
Lemma 2.1 |O(P")| = |B(P")| x |GL(n,Zs)|.

It is easy to check that two orientable small covers M(A;) and M ()\2) over P™ are D-J
equivalent if and only if there is o € GL(n,Zs) such that Ay = o 0 Ay. Thus the number of D-J
equivalent classes of orientable small covers over P" is |B(P™)| = |O(P™)|/|GL(n,Zs3)|. From

n
[1], we know |GL(n,Zs)| = ] (2" — 2k-1).
k=1
For calculating the number of equivariant homeomorphism classes of orientable small covers

over a simple convex polytope P™, we consider a poset consisting of faces of P" (i.e., a partially
ordered set by inclusion). An automorphism of F(P™) is a bijection from F(P™) to itself
that preserves the poset structure of all faces of P". By Aut(F(P")), we denote the group of
automorphisms of F(P™). We define a right action of Aut(F(P™)) on O(P™) by A x h— Aoh,
where A € O(P") and h € Aut(F(P")). By improving the classifying result on unoriented

small covers in [7], we have the following theorem.

Theorem 2.3 Two orientable small covers over an n-dimensional simple convex polytope
P" are equivariantly homeomorphic if and only if there is h € Aut(F(P™)) such that Ay = Ayoh,

where \1 and o are their corresponding orientable characteristic functions on P™.
Proof It is proven true by combining Lemma 5.4 in [7] with Theorem 2.2.

According to Theorem 2.3, the number of equivariant homeomorphism classes of orientable
small covers over P" is equal to the number of orbits of O(P™) under the action of Aut(F(P™)).

The famous Burnside Lemma is very useful in enumerating the number of orbits.

Lemma 2.2 (Burnside Lemma) Let G be a finite group acting on a set X. Then the
number of orbits under the action of G equals ﬁ %:G | X,|, where Xy ={z € X | gz = z}.
g

To determine the number of the orbits of O(P™) under the action of Aut(F(P™)), the
Burnside Lemma suggests that the structure of Aut(F(P™)) should be understood.

Here we shall particularly be concerned with the case P = A™ x A" x P(m), where A" de-
notes a simplex of dimension n; and P(m) an m-gon. In this case, by O(ny,na, m), B(ni,na, m),
F(n1,ng,m) and Aut(F(ni,ng, m)), we denote O(A™ x A" x P(m)), B(A™ x A" x P(m)),
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F(A™ x A" x P(m)) and Aut(F(A™ x A2 x P(m))) respectively. Then we have the following

lemma.

Lemma 2.3 (see [8]) The automorphism group Aut(F(ni,ne, m)) is isomorphic to

Sni+1 X Za X Dy, ny>2,n,=1,m=3; ng >2,ne=1,m>4;

Sn1+1 X (Zg)?’ X 53, ny > 2,n2 = 1,m = 4;

(S3)? x (Zs)?, ny=2,ny=1m=3;

Sni4+1 X Snpt1 X Doy, ny>ng =2,m>3; ng>ne>2,m>3;

Sni41 X Snpt1 X Dy X Zo, My =no=2,m>3; ny=ng>2,m>3; ng>ng=2,m=3;
(53)4, ny =ng = 2,m = 3,

where Dy, is the dihedral group of order 2m and Sy11 is the symmetric group on n+1 symbols.

3 D-J Equivalent Classes and Orientable Characteristic Functions

Let {a1, - ,an,,an,+1} be the set of facets of A™ x A" x P(m) corresponding to F(A™)
X A" x P(m), {b1, -+, bny, bny+1} the set of facets corresponding to A™ xF(A™)x P(m), and
{c1,¢2, -+, cm} the set of facets corresponding to A™ x A2 x F(P(m)) in their general order.
Then F(ny,na,m) = {a1, -+ ,any, any413U{b1, -+, bny, bnor1 fU{c1, 2, -+, e . Without loss
of generality, we assume that a1, ,an,,b1, -+, bn,, c1 and co are facets of A" xA™2 x P(m)
which meet at a vertex. Let ey, e, -+ ,€n, 1n,42 be the standard basis of (Zg)™1+"2+2, By

definition,
B(n17n27m) - {>\ S O(nlanQ;m) | )\(ai) - eivi = ]-7 e anh)‘(bj) = 6n1+jaj = ]-a s, N2,
)‘(Cl) = €ny4ny+1, )‘(02) = en1+n2+2}'

Let f;(n1,n2,m) be the recursive functions which are listed in Appendix 1. Now we arrive

at the first main result.

Theorem 3.1 Let ny, ne and m be positive integers, with ni odd, n1 > 2, ny > 1, ny >
ne and m > 3. Then the number of D-J equivalent classes of orientable small covers over
A" x A" x P(m) is

[B(n1,n2,m)| = fi(n1,na,m) + Y fi(na,na,m),

i€l i€l

where Iy = {1,2,---,24} and I, = {8,12,17,19}.

Proof By the non-singularity condition of orientable characteristic functions, we have
ny no

AMan, +1) = Z i+ Z €iCny+i 1 Eny+1€ni+na+1 T Eny+2€n1+no+2

i=1 i=1

na ni
A(banrl) = E €ni4i T E diei + 6n1+16n1+n2+1 + 5n1+26n1+n2+2a
i=1 i=1

where g5, 0j =0or1,i=1,--- ;no+2,5=1,--- ,n1 + 2, and

ni+nz+2 ni+nz+2 ni+nz+2

Mem) = Y e, Mem-1)= > fiei, Mem—2)= > pie;
=1 =1 =1
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with v;,0;, p = 0 or 1.

The calculation of |B(ni,na,

Ba(ni,na,m

Bs(ni,na,m

By(ni,n2,m

B nl;nQa

Bs(ni,n2,m

Br(ni,n2,m

Bg(ni,n2,m

Then |B(n1, na,

=1
=1
=1
=1
=1
=1
=1

NS O ’I’Ll,ng7

NS O ’I’Ll,ng7

NS O ’I’Ll,ng7

A e O nl,ng,

A e O nl,ng,

A e O nl,ng,

A€ O ’I’Ll,ng7

8
m)| = > |Bi(n1,n2,
=1

) | )‘ a‘n1+1

m) [ Man, +1)

) | )‘ a‘n1+1

m) [ Aan,+1)

) | >‘ a’n1+1

m) [ Aan,+1)

m) [ Man, +1)

Case 1 Calculation of | B1(n1,n2,m)|.

(1) Bii(n1,n2,m)

= {X € Bi(n1,n2,m) | Mbp,11) =

m)|. Now we calculate |B;(n1,na,
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m)| is divided into eight cases. Write

ni

Bi(n1,ng,m) = {)\ € O(n1,n2,m) | XMan,4+1) = Zez‘}7

’L 1

Zei Zezemﬂ, de; # 0},

= Zei + en1+n2+1}7

Zez + eni+not1 + Zgzenl—ma Jde; # 0}

i=1 i=1

ni
= E ei+en1+n2+2}v

z 1

Zez + €ni4nyt2 + 25 €ny+i; JE; F 0}

i=1 i=1
n

1
= E €+ eny4ny+1 1 en1+n2+2}7

i=1
ni

= Z €+ €ni4not1 T Cny4ngt2

i=1

2
+ Zfienl_m‘, 351‘ 7é O}
i=1
m)| (1<i<8).

na ny
> enyti + 2 diei ).
=1 =1

i= i=
According to the non-singularity condition and the orientability condition of characteristic

functions, the number of §; = 1 is even for ny odd, the number of §; = 1 is odd for ny even,
and the coefficients in A(¢,,) and A(¢p,—1) are listed in Table 1.

Table 1
A(Cm) A(Cm—l)

. ) o 91;"'79n1+n271;0({j 9j7£0} :2k)
Vo s Ymang, 0,1 ({4 |5 # 0} = 2k) 01, Opana L1 10, Z0} =2k + 1)

_ 91;79n1+n271a0({] 9]7&0} :2k)

V1, 77n1+n27 ) (HJ |PyJ # 0}| 2k + 1) 91’. .. 79n1+n270’1 ({] Hj # 0} = 2]€)

Set
ni+na
Bii(n1,ng,m) = {/\ € Byi(na,ng,m) [ Mem-1) = Y bie; + €m+nz+1}

2
Bll(nlanQa

IfXe Bh(nl,ng,

and the values of \ restricted to ¢, have 271772 possible choices.

m) = Bn(nl

y N2,

i=1

m) \ B{;(n1,nz,m).

m), then the values of A restricted to ¢,,_1 have 2"1+72~1 possible choices

So, we obtain a recursive
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equation
|B1; (n1,n2,m)| = 2227271 By (ng, ng, m — 2)].

If A € B (n1,na,m), then A(c,,—1) has 2m1+7271 possible values. We have | B3 (n1,n2, m)|
= 2mtn2=H By (ny,ny,m — 1)]. So

|Bn(n1, no, m)| = 2”1+"2_1|B11(n1, ng, M — 1)| + 22"1+2”2_1|Bn(n1, ng, M — 2)|

Since A(b,,+1) has 27171 possible values, a direct computation shows that |Bi1(n1,n2,3)| =
(2n1+n2—1) oni— 1 22n1+n2 2 |Bll(n1,n2, )|_3 22n1+2nz 2 .on1— 1 =3. 23n1+2n2 3 SO

fl(nlanQ;m) = |Bll(n1;n2am)|'

( ) Bl?(n1’n2’ = {/\ € Bl nlan2a ) | )‘( n2+1) E €ny+i T €nytnotl T Z 0; 67,}

A similar argument shows that the number of §; = 1 i 1s odd for no odd, the number of§; =1
is even for ny even, and the coefficients in A(c,,) and A(¢y,—1) are listed in Table 2.

Table 2
Aem) AMem—1)
. ) _ 91;;Hnuoa705170(|{Z|0’L7é0}|:2k)
Vst Uy 0500+, 0,1 (|{i | vi # 0} = 2k) Or, - 00,0, 0,1,1 (1] 0; £ 0} = 2k+
1)
’717"'a7n1+n2a071(H’Yj#ovnl'*'lgjg 91;"'a6n ) Oalvo(l{i|0’i7é0}|:2k)
n +’I’LQ,|{Z | Vi 7é O}| — 2k51 S 1 S N1 +7’l2) 91;"' a0n177n1+17"' aryn1+n25170
717"';7711;07"';071;1 91;"'ﬂ9n17 70a170(|{2|91#0}|:2k)
({ilv #0} =2k+1) 01,-- ,0n,,0,---,0,1 ([{i [ 0: # O} =2k)
717"')7”14-%2)171(Hryj?éoﬂ/ll—"lgjg 91,"',67“, 705170(|{Z|6’L7é0}|:2k)
ni+na, |{Z | i 7£ O}| = 2k+1a1 <i< n1+n2) 91;"' a9n177n1+17"' a7n1+n2a071

ny
Let Biy(ni,n2,m) = {\ € Bia(ni,n2,m) | M(cm—1) = > biei + enyqny 41} and B2, (n1,na,

m) = Bia(ni,na,m) \ Biy(ni,na,m). Then |B%2(n1,n2m;)| = 22mtn2—H By (ny,ng,m — 2)|
and |B%y(n1,n2,m)| = 2M 7Y Bia(ni,n2,m — 1)|. With the similar argument above, we get
| B12(n1,n2,m)| = 2M =Y Bia(ny, ng, m — 1)| + 2251271 Bys(ny, na, m — 2)|, |Bia(ni, ne, 3)| =
gritna=l.gm=1 — 92m+n2=2 and |Byy(ny,ng, 4)| = 3 23m+12-3, So

fa(n1,na,m) = |Bia(n1, ng, m)|.

(3) Bis(ny,na,m {>\ € Bi(ni,n2,m) | AM(bp,y1) = Z €ny+i t €nytny42 Z i ez}
-1
Similarly, we have that the number of §; = 1 is odd for no odd and the number of §; =11is

even for ny even. The coefficients y; and 6; appear in Table 3.
ni-+na ni+nsg

Let Bis(ni,n2,m) = {\ € Big(n1,n2,m) | Ncm-1) = Y. bi€i + €n,4nas1 0r > bie; +
i=1 i=1

€nytnat1 + €niangtz (305 #0,n1+1 < j <ny+n2)} and Bs(n1,n2,m) = Bis(ni,nz,m) \

Bis(ni,n2,m). Then |Bi;(ni,ne,m)| = 22+m2=1B15(ny, ny,m — 2)| and |Bi;(n1,na,m)| =

2~ By3(ny, ng, m—1)|. We have |Byz(ni,n2, m)| = 2"~ Byz(ny, ng, m—1)|+22mtn2=1 g
(n1,n2,m —2)|, |B1z(n1,n2,3)| = 22172 and |B13(n1,ne,4)| = 23m1+nm2=2 4 23n1-3 Go

fa(n1,n2,m) = |Bis(ny, na2, m)|.
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Table 3
Aem) Aem—1)
91;"';971170;"' 0a170(|{2|91¢0}|:2k)
91;"'a9n1+n2a (EI 9j7£0an1+1§j§
. ny +no, |{i| 0; # =2k,1<i<n;+n
717"'7'%1’07""071(|{Z|%7é0}|:2k) 911-..291;{ |O }| (l{i|917é0}1|:2?€)+
1)

91;"' 56n1+n25171 (3 ej 7é 0,’[11 +1 < .7 <
ni+neg, [{i]0; # 0} = 2k+1,1 <i <nj+ng)

Y1, 7')%1;07"' 507151 91;"' ;9n170;"' 705170 (l{Z | H’i 7é O}l — Zk)
(i | v # 0} =2k + 1) 01, -+ ,0n,,0,---,0,1 ([{i | 6; # O} = 2k)
n2
(4) Bua(ni,na,m) = {X € Bi(ni,na,m) | Abpa1) = X €ni+i + €nitnat1 + €nyingta +
i=1
ni
257;61}.
i=1

The number of §; = 1 is even for ny odd and the number of §; = 1 is odd for ny even. The
coefficients y; and 60; are in Table 4.

Table 4
)\(Cm,) )\(Cm,— 1 )
. 01, 00,0, .0,1,0 (|{i | 0; £ 0}] = 2k)
. —2%) ) yUmnis ()
Yoot Yngs 0,000, 0,1 (i [ v A0} =2k) 01, 00,0, ,0,1,1 (|{i]| 0:; Z0} =2k +1)
91;"' Hnu y " 705170({Z 0 #0} _2k)
91;" 9n1+n2;170(39 #07’L1+1<‘]<7’L1+
1, 77n1;07 aov]-a]- 712(|{Z|9 7&0}|—2/€ 1§z§n1+n2)
61,"',67“.!,_”2,071(36j7é07n1+1§j§n1+
n2(|{i|9i7é0}|=2k+1,1§i§n1+n2)
1 ni+na nitmnz
Let Bi4(ni,n2,m) = {\ € Bua(ni,nz,m) | M(cm-1) = >, 0iei+enjqno41 06 Y, bie;+
=1 =1

iz
€ntnat2 (305 #0,n1 +1 < j <ny +n2)}and B (n1,n2,m) = Bia(ni, na, m)\Bis(ni, na,m).
So, |B%4(n1,n2, m)| = 22nutn2=1 By, (ny, ng, m—2)| and | B3, (n1, n2, m)| = 27| B14(n1, na, m
— 1)| Then |Bl4(n1,n2, )l = 2Mm- 1|Bl4(n1,n2,m - 1)| + 227l1+7l2_1|314(n1,n2,m — 2)|7
|Bl4(n1,n2,3)| =22m=2 and |Bl4(n1,n2,4)| = 23nitn2—3 + 23m =2 GQq

fa(ni,n2,m) = |Bra(ny, na, m)|.

4
Thus |Bi(ni,n2,m)| = > |Bii(ni,n2,m)| = fi(ni,nz, m)+ fa(ni,na,m) + fa(ni,ng, m)+
=1

fa(ni,nz,m).
Case 2 Calculation of |Ba(ni,ng, m)|.

na
(1) Bai(n1,n2,m) = {A € Ba(ni,n2,m) [ Mbpy+1) = 3 €nyti}-
i=1

If ny is even, then
| B21(n1, n2,m)| = 0.
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If ngy is odd, we consider the values of A(cy,) and A(c¢m—1) listed in Table 5.

Table 5
Mem) Aem—1)

: . _ 91""a9n1+n2a170({i 017&0} :2k)
Yo Amgnas O 1 ({0 i # 03 = 2K) e e g O = 2k + 1)
. ) o 91;"';9n1+n2;170({i 91¢0}:2k)

Yottt sy L L ([0 7 03 = 2k 4 1) g g 0y = 28

We get |Bgl(n1,n2,m)| = 27L1+7L2_1|Bgl(n1,n2,m — 1)| + 22"1"'2”2_1|Bgl(n1,n2,m — 2)|7
|Ba1(n1,ng,3)| = 2mit2n2=2 — gmitn2=l and |Byy(ny, ng,4)| = 3 - 22 +3n2=3 _ 3. 92nmitana =2,
So f5(n1,n2,m) = |Bai(ni, na, m)|.

na
(2) Baa(n1,n2,m) = {X € Ba(n1,n2,m) | Abno1) = Y. €nyi + €nyngt1 )-

=1
If no is odd, then |Baa(ni,ne,m)| = 0. If ny is even, we consider the values of A(¢,,) and

A(Cm—1) in Table 6.

Table 6
Aem) Alem—1)
717"'7’7”14-”270’1({1' 77/7&0} :2k> 0,---,0,1,0
Yy s Ynyangs 1,1 ({8 [ v # 0} =2k +1) 0,---,0,1,0

So |ng(n1,n2,m)| = 2”1+”2|ng(n1,n2,m - 2)|, |ng(n1,n2,3)| = 9mi+2n2—2 _ gmitna—l
and |Bag(ny,ng,4)| = 2m+2nz—1 _gmitnz Thus fs(ny, ng, m) = |Baa(ni, ng, m)|.

no
(3) Bas(n1,n2,m) = {\ € Ba(n1,n2,m) | AMbny41) = Y €ny i + €nyinata}-
=1

If nsy is odd, then |Bas(ni,ne,m)| = 0. If ny is even, we consider the values of A(¢,,) and
ACm—1) in Table 7.

Table 7
A(Cm) )\(Cm,—l) )\(Cm,—Q)
07"'a071 91;"';9n1+n2;170({i 917£0}:2k) 07"'a071
0,---,0,1 01, Onyins, 1,1 (|{i ] 0; #0} =2k +1) 0,---,0,1

So |Baz(n1,n2,m)| = 272 Byg(ny, ny,m — 2)|, | Baz(ni,n2,3)| = 0 and |Bas(ni,ng, 4)| =
gnit2n2—1 _ gnitna Thus f7(n1,n2,m) = |ng(n1,n2,m)|.

no
(4) Baa(n1,na,m) = {\ € Ba(n1,n2,m) | A(bpys1) = Y €nyti 4 €nytnat1 + €nynota -
=1

If ny is even, then |Bas(ni,n2,m)| = 0. If ng is odd:then A(em) = €nytnyt2, A(Cm-1) =
€nytnat1- Thus [Bag(ng,na, m)| = [Baa(ni, na2, m —2)|, |Bas(n1,n2,3)| = 0 and [Bas(n1,n2,4)|
=2m~1 1. So fs(ni,n2,m) = |Bas(ni,nz,m)|.

4
Thus |Ba(ni,na, m)| = > |Bai(ni,n2, m)| = fs(n1,n2, m) + fe(ni,n2,m) + fr(ni,ng2, m)+
i=1

fg(’l’Ll, no, m)
Case 3 Calculation of |Bs(ni,n2, m)|.
Because ny is odd, |Bs(n1,ng,m)| = 0.
Case 4 Calculation of |By(ni,ng, m)|.

na
(1) Bai(n1,n2,m) = {A € Ba(ni,n2,m) | Mbpy+1) = 3 €nyti}-
=1
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If ny is even, then |Baj(ni,n2,m)| = 0. If ny is odd, then A(c,,) and A(¢,,—1) have the
possible values in Table 8.

Table 8
Aem) AMem—1)
07"' a077n1+1a"' 77n1+n270a1 Oa"' 70597L1+17"' 07114—712) ) (|{Z | 91 7& 0}|
— 9k)
(|{Z|’yl¢0}|:2k) Oa 70a9n1+17"' 9n1+n2a ; (HZ | 0 7& O}|
=2k +1)
Y1, ;V7L1+n25071 (3 Yi 7& 071 S 1 S 0; 70507L1+17" 6711-{-712; ) (|{Z | 0 7é O}l

ny, {7 | v; # 0} =2k, 1 < j <mi+ng) | = 2k)
Y1, 7’7n179n1+1;"' ;9n1+n2;171

07...,077n1+1,-..,7n1+n271,1 0,-..70,67L1+17..-,671,1_’_7,,2,170 (|{Z | 91 7é 0}|
= 2k)

(HZ | Yi # 0}| =2k + ]-) 0; 70;9n1+17"' ;9n1+n2a071 (|{/L | 01 7£ O}|
= 2k)

R a7711+nz; L1 ( 7& 0,1 < .7 <10, 70;97z1+17"' 9711-{-712; ) (|{Z | 91 7& 0}|

ni,|[{j | v # 0} =2k +1,1 <i < | =2k)

ny + ng) Vs s Ynys Onatts 5 Onytng, 0,1

ny
Let By (n1,n2,m) = {X € By(ni,na,m) | ANcm—1) = 3 bi€; + €ny4na+1} and By (ny, no,
i=1

m) = Byi(n1,n2,m) \ Bi(n1,n2,m). Then |Bi1(n1,n2,7_n)| = 2mtI2=1 B (ny, ng, m — 2)|
and |B%, (n1,n2,m)| = 2727 By (n1,n2,m — 1)|. So |Ba1(n1,n2,m)| = 27271 Byy(n1,ne,m —
1)| —|— 2”1+27’2_1|B41(n1,n2,m — 2)|7 |B41(7’l1,7’l2,3)| = 271,1+n2—1 . 2"2_1 = 2n1+2n2—2 and

|Ba1(n1,n2,4)] =3 - gni+3n2—3

So fo(ni,n2,m) = |Bai(ni,n2,m)|.
no
(2) B42(n1an2am) = {/\ € B4(n1,n2,m) | )‘(bn2+1) = E €ny+i T en1+n2+1}'
i=1

If ny is odd, then |Baz(ni,na,m)| = 0. If ny is eveI;7 then A(cy,) and A(c¢py,—1) have the
possible values in Table 9.

Table 9
A Cn) (Cm 1)
’717"'77n1+n270a1({z 717é0} :2k) 0 ’0’1’0
717"'7'Yn1+n271a1({l 77/7&0} :2k+1) 0 ’071’0
We get |Baa(ni,ng,m)| = 2"+ Byy(ny,ng,m — 2)|, |Baa(ni,ng,3)| = 2"+2m2=2 and

|Bia(n1,n2,4)| = 2m+2271 Qo fi9(n1, ne, m) = |Baa(n1, na, m)|.

no
(3) Bas(ni,nz,m) = {\ € Ba(n1,n2,m) | A(bna41) = > €niti + €nytnat2}-
i=1

Table 10
AMem) AMem—1) AMem—2)
0,---,0,1 | 0, ,0,0n,41, 00140y, 1,0 (|{i | 0; # 0} = 2k) 0,---,0,1
0,---,0,1 | 0, ,0,0n,41, " 0n14ny, 1,1 (J{i ] 0; #0} =2k + 1) 0,---,0,1
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If ny is odd, then |Bys(ni,n2,m)| = 0. If ny is even, then A(c,,) and A(¢,,—1) have the
possible values in Table 10.

We have |Byg(n1,n2, m)| = 22| Bas(ny, na, m—2)|, | Bag(n1,n2,3)| = 0 and |Bys(n1, ne, 4)| =
2272 — 1. So fi1(n1,n2,m) = |Baz(n1,na, m)|.

(4) Baa(ni,n2,m) = {/\ € By(ni,n2,m) | A(bn,+1) = E €ny+i T €nytnotl T en1+n2+2}

If ny is even, then |Bys(ni,n2,m)| = 0. If ny is odd then Mem) = enytnat2, Mem—1) =
€nytnot1. We have |Byy(ny, ng, m)| = |Bas(ni, ne, m—2)|, |Baa(ni,n2,3)] = 0 and |Byg(n1,na,
4)| =2m271. So flg(nl,ng,nz) = |Baa(n1,n2,m)|.

Thus |B4(n1,n2, m)| = E | Byi(n1,n2, m)| = fo(n1,na, m)+ fio(n1, ne, m)+ f11(ni, ng, m)+

f12 (nl, na, m)
Case 5 Calculation of |Bs(ni,n2, m)|.
Because ny is odd, |Bs(n1,ng, m)| = 0.
Case 6 Calculation of |Bg(ni,ng2, m)|.
In this case, the number of ¢; = 1 is odd.

(1) Be1(n1,m2,m) = {\ € Bg(ni,n2,m) | A(bp,+1) = Z €nyti}

If ny is even, then |Bgi(ny,na,m)| = 0. If ny is odd then Acm) and A(c¢p,—1) have the
possible values in Table 11.

Table 11

Aem) Aem—1)

0, - ;079n1+1a"' ;0n1+n25170(|{Z|9’L7é0}|:2k)
b1, 79n1+n271;0 (3 0; # 0,1 <i < n1’|{j | ej # 0}|
0, 0,941, s Ynuna, 0,1 = 2k71 <js<m +TL2)

0 09n1+1a"' 9n1+n2a ) (|{Z|9 #O}|_2k+1)
(14 | % # 0} = 2K) T O LT 00, 2017 < {7 1 6 £ 0
—2k+1 1<j<ni+n9)

0,--- a077n1+1a"' 77n1+n27]-a1 0,--- a079n1+1a"' ;9n1+n2;170 (|{Z | 0; # O}| = Qk)

(HZ | i # 0}| =2k + 1) 0,--- a079n1+1a e a9n1+n2;071 (|{Z | 0; 7& O}| - Qk)
ni4na nitna
Let By (n1,n2,m) = {X € B1(n1,n2,m) | Nem-1) = Y. bi€i + €n,4nas1 0r > bie; +
i=1 =1

€nytngt1 + Cnytnat2 (30; 0,1 <i < nl)} , and B2, (n1,n2,m) = Be1(n1,n2,m)\ By (n1,na,
m). We have | B}, (n1,n2, m)| = 21427271 Bg, (nq, ng, m —2)| and | B2, (n1,na, m)| = 27271 Bg;
(n1,n2,m—1)|. Then |Bgi(n1,n2,m)| = 2721 Bgy(n1, ng, m — 1)| +2"1+272=1 By (ny, ng, m —
2)|, |Bs1(n1,n2,3)] = 227272 and |Bg1(n1,ne,4)| = 2m3n272 4 23m273 Qo f13(nq,na,m) =

|Bs1(n1,n2,m)|.

Table 12
AMem) Aem—1)
07"'5077n1+1a"'77n1+n27051({i 717&0} :2k) 0)"'705170
07"'a077n1+1a"'77n1+n271ﬂ1({Z' 717£0} :2k+1) 0,"',0,1,0

(2) BGQ(nlanQam) = {>‘ € BG TL1,TL2, ) | >‘( n2+1) E €ni4i T 6n1+n2+1}
=1

If ny is odd, then |Bgz(n1,na2,m)| = 0. If ny is even, then A(c¢,,) and A(cp,—1) have the
possible values in Table 12.
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We get | Bga(n1, n2, m)| = 272| Bga(n1, n2, m—2)|, |Bez(n1,n2,3)| = 2272=2 and |Bsa(n1, na,
4)| = 22"271. So fia(ni,na2,m) = |Bga(ni, na, m)|.
n2
(3) B63(n1’n2’m) = {/\ € Bﬁ(nlaHQam) | )‘(bn2+1) = E €ny+i T en1+n2+2}'
i=1

If ny is odd, then |Bgs(ni,ne,m)| = 0. If ny is eveI;7 then A(¢,,) and A(¢p,—1) have the
possible values in Table 13.

Table 13
Aem) Aem—1) AMem—2)
0,---,0,1 01, 0ny4ns, 1,0 (J{i] 0; # 0} = 2F) 0,---,0,1
0,"',0,1 917"' n1+n2a11({i 0’L¢0}:2k+1) 07"'a071

We have |B(53(’I’L1,’I’Lg,m)| = 2”1+"2|B(;3(n1,n2,m—2)|, |ng(n1,n2,3)| =0 and |B(53(n1,n2,
4)| =2m+2na—1 g4 f15(n1,n2,m) = |B43(n1,n2,m)|.

na
(4) BG4(n1an2’m) = {A € Bﬁ(nl’nQ’m) | A(banrl) = Z €ni4i T €nygng+1 T+ 6n1+n2+2}'

i=1

If no is even, then |Bga(ni,n2,m)| = 0. If ny is odd, then A(cym) = €ny4not2s A(Cm-1) =
€ni4no+1- SO, |Bg4(n1,n2,m)| = |BG4(n1,n2,m—2)|, |BG4(n1,n2,3)| =0 and |BG4(n1,n2,4)| =
ona—l, By definition, flg(nl,ng,m) = |Bg4(n1,n2,m)|.

4
Thus |Bg(n1,n2,m)| = > |Bei(ni,n2,m)| = fiz(ni,n2, m)+ fia(ni, na, m)+ fis(ny, na, m)
i=1
+ f12(n1,n2,m).

Case 7 Calculation of |Br7(nyi,n2, m)|.

(1) B71(n1an2am) = {>‘ € B7(n1an2a ) | >‘( n2+1) E enlJrl}

If ny is even, then |B7i(ni,n2,m)| = 0. If ny is odd then Aem) and A(¢p—1) have the
possible values in Table 14.

Table 14
Aem) A(em-1)
0, Y41y s Ynadnes 0,1 ] 0y o 00,00, 41,y Ony g, 1,0 (|4 ] 0; # 0} = 2E)
(|{Z|717é0}|_2k) 07 70a9n1+17"' 79n1+n271a1 ({Z 617&0} :2k+1)
0, ,0,0n,41, - ,O0ni4ns, 1,0 (J{7 ] 0; # 0} = 2k)
01, Onigny, 1,0 (30 # 0,1 < i < ny, [{j [ 6; # 0}

07"',077n1+1;"'77n1+n271,1 2](3 1<j<n1+n2)

917 9n1+n2;0 1 (EI 0; 7£ 0,1 <i < n1a|{j | 9j # O}|
=2k+1,1<j<ni+ny)
ni+ng ni+ns
Let B (ny1,ne,m) = {)\ € Br(ny,na,m) | AMem—1) = > 0iei + €nyqnot1 0r Y. bie; +
=1 i—1

i=
nitnat2 (30; #0,1 <i < ny)}, and B2 (n1,n2,m) = Bri(n1,n2,m)\ Bt (n1,n2, m). We have
|BY, (n1,n9,m)| = 2m+27271 Byy (nq, ng,m — 2)| and | B2, (n1, n2,m)| = 2"27 Y Byy(ny,n2, m —
1)|. Then | Bz (n1,n2, m)| = 27271 By (n1, no, m—1)|+ 242271 Boy (ny, ng, m—2)|, | Br1(n1,
no,3)| = 27271 and | Bri(ng,ng,4)| = 2mH2n2—2 4 92n2—1 Gg flﬁ(nl,ng, m) = |Br1(n1,ng,m)|.

( )B72(n1,n2, :{/\637 niy,Na, M ) |)\( n2+1) Eemﬂ—l—Zée“Hé 750}

The number of §; = 1 is even for ny odd, and the number of 5 = 1 is odd for ny even.
AMem) = enytng+2, MCm—1) = €n,4ny+1. We have |Bra(ni,ne, m)| = |Bra(ni,na,m — 2)| and
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| Br2(n1,n2,3)| = 0. Note that |Bra(ny,ng,4)] = 27171 — 1 for ny odd, and |Bra(n1,ng,4)| =
21 for ny even. So fi7(n1,n2, m) = |Bra(ny, na,m)|.

na
(3) B73(n1an2’m) = {>‘ € B7(n1’n2am) | A(banrl) = E €ni4i T 6n1+n2+1}'

=1
If ny is odd, then |B7s(ni,na,m)| = 0. If ny is even, then A(c¢,,) and A(cy,—1) have the
possible values in Table 15.

Table 15
Aem) AMem—1)
07"'5077n1+1a"'77n1+n27051({i 717&0} :2k) 07"'507150
07"'a077n1+1a"'77n1+n271ﬂ1({Z' 717£0} :2k+1) 07"'a071a0

We have | Brz(n1,n2, m)| = 22| Brz(n1, na, m—2)|, |Brz(n1,ne,3)| = 27271 and |Br3(n1,na,
4)| =2™2. So fis(n1,n2, m) = |Brs(ni,na, m)|.
no n1
(4) Bra(ni,n2,m) = {X € Br(ni,n2,m) | AMbny41) = Y €nyti + €nytnot1 + 2 0i€5, 3 6; #
i=1 i=1
0.

The number of §; = 1 is odd for ns odd, and the number of §; = 1 is even for ny even.
A(C’m) = Cni4na+2; A(C’mfl) = Cni+na+l- SO, |B74(n17n27m)| = |B74(n1an2am - 2)|7 and
|Br4(ni,n2,3)] = 0. Note that |Brs(ni,ne,4)] = 2™~! for ny odd, and |Brs(ni,na,4)| =
2m~1 —1 for ny even. So fi9(n1,na,m) = |Brs(ni, ne, m)|.

na
(5) Brs(ni,n2,m) = {\ € Br(n1,n2,m) | A(bna41) = D €niti + €nytnat2}-

i

If ny is odd, then | B7s(n1, na, m)| = 0. If ny is even, then A(c,,) and A(¢p,—1) have the possi-
ble values in Table 16. We have | B75(n1, na, m)| = 2"2|Brs(n1,ne, m — 2)|, |Brs(n1,n2,3)| =0,
and |Brs(n1,m2,4)] = 2"2. So fao(n1,n2, m) = [Brs(n1, na, m)|.

Table 16
Aem) AMem—1) Aem—2)
0,"',0,1 Oa"'a079n1+1;"'a9n1+n2;170({i 91¢0}:2k) 0,"',0,1
0,---,0,1 0, ,0,0n, 41, s Ony4ns, 1,1 (|{i ] 0; 0} =2k+1) 0,---,0,1

n2 ni
(6) B?G(n17n2vm) = {>\ € B7(TL1, na, m) | A(banrl) = Z en1+i+en1+n2+2+z (51‘61'7 )\(banrl)
i=1 i=1

# %2: €ny+i t en1+nz+2}-

folhe number of §; = 1 is odd for no odd, and the number of §; = 1 is even for ny even.
AMem) = enyjtnat2, MCm—1) = €nytny+1- We have |Bzg(ni,n2,m)| = |Brg(ni,na,m — 2)]
and |Brg(n1,n2,3)| = 0. Note that |Brg(ni,ne,4)| = 2~ for ny odd, and |Brg(ny, ng,4)| =
2m =1 1 for ny even. By definition, fi9(n1,n2,m) = |Brs(ni,na, m)|.

ns
(7) Brr(ni,n2,m) = {X € Br(n1,n2,m) | A(bnz+1) = 32 €niti + €nytnatl + €nytnata )

1=
If no is even, then |Bz7(ni,n2,m)| = 0. If ny is odd, then A(cym) = €ny4not2s A(Cm-1) =
€nytnat1- S0 |Brr(ni,na,m)| = |Brr(ni, n2, m—2)|, |Brr(ni, n2, 3)| = 0, and |Br7(n1, n2,4)| =
L. So fa1(n1,n2,m) = |Brr(ni, n2, m)|.
n2
(8) Brs(ni,na,m) = {X € Br(ni,na,m) | Mbnst1) = 3, €niti + €nitnat1 + €nyingta +

i=1

ni n2
> 0i€is Mbns+1) # 20 €niti + €nytnat1 + €nytnata ).
=1 i

i=1
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The number of §; = 1 is even for ns odd, and the number of §; = 1 is odd for no even.
)‘(C’m) = €ni4no+2; A(C’mfl) = €nitnot+l- SO, |B78(n1an2am)| = |B78(n17n27m - 2)| and
| Bzg(n1,n2,3)| = 0. Note that |Brg(ni, ng,4)] = 27171 — 1 for ny odd, and |Brg(ni, n, 4)| =
2m1~1 for ny even. By deﬁnition f1z(n1,n2,m) = |Brs(n1,n2, m)|.

So, |Br(n1,n2,m)| = Z | B7i(n1,n2,m)| = fie(n1, n2, m)+2 fiz(n1, no, m)+ fig(ni, na, m)+
2 fi9(n1, n2, )+f20(n1,n2, m) + fa1(n1,n2, m).

Case 8 Calculation of |Bg(ni,nz, m)|.

The number of ¢; = 1 is even.
na
(1) Bgl(nl,ng,m) = {)\ € Bg(nl,ng,m) | )\(bn2+1) = Z 6n1+i}~
i=1
If ny is even, then |Bgi(ni,na,m)| = 0. If ny is odd, then A(c¢,,) and A(c¢p,—1) have the
possible values in Table 17.

Table 17
AMem) Aem—1)
';07'Yn1+1;"' 77n1+n270;1 0,-- a079n1+1a"' ;6n1+n2;170({i 017&0} :2k)
(|{z | v # 0} = 2k) 0, ,0,0n,11,  ,Onytnsy 1,1 ({0 | 0; 0} =2k +1)
0, ,0,0n,41, s On,4ny, 1,0 ([{i | 0; # 0} = 2k)
01, Onigny, 1,0 (3 0; # 0,1 < i <y, ({7 | 0; # 0}

0,- ";077n1+1;"'77n1+n271;1 2k1<j<n1—|—n2)

(|{Z|')/7,7é0}|—2k+1) 0 0 9n1+1a"' 56n1+n25071 |{Z|917é0}|:2k)
91’ 9n1+n270 1 (EI 9i 7£ 071 <i < n1a|{j | gj # O}|
:2k,1§j§n1+n2)
1 ni+na nitna
Let Bii(ni,n2,m) = {\ € Bg(ni,n2,m) | A(cm-1) = > 0i€; + €nyynyq1 OF Z Oie; +

i=1

Enytnate (30; #0,1 < i < nl)} and B2, (n1,n2, m) = Bgi(n1,n2,m)\ B (n1, na, ) We have
|BL, (n1,ma,m)| = 2727271 Bgy (ny,na,m — 2)| and | B3, (n1,n2, m)| = 2"2~ Y Bg1 (n1, ng, m —
1)| Thus |Bgl(n1,n2,m)| = 2”2_1|Bgl(n1,n2,m—1)|+2”1+2"2_1|Bgl(n1,ng,m—2)|, |Bgl(n1,
na,3)| = 22122 — 9m2=1 and | Bgy (ny, ng,4)| = 2 +3n2=3 4 93n2=2 _ 92na=1 _ gmi+2na=2 g,
Ja2(n1,m2,m) = |Bg1(n1,nz, m)|.

n

(2) Bg?(n1’n2’m) = {/\ € Bg(nlaHQam) | )‘(bn2+1) = ien1+i + en1+n2+1}'
i

If ny is odd, then |Bga(ni,na,m)| = 0. If ny is even, then A(c¢,,) and A(cp,—1) have the
possible values in Table 18.

Table 18
Aem) AMem—1)
07"'5077n1+1a"'77n1+n27051({i 717&0} :2k) 07"'507150
07"'a077n1+1a"'77n1+n271ﬂ1({i 717£0} :2k+1) 07"'a071a0

We have |Bga(n1,n2,m)| = 2"2|Bga(n1,n2, m — 2)|, |Bsa(n1,n2,3)| = 227272 — 2n2=1 and

|ng(n1,n2,4)| = 22n2—1 —2"2 So fgg(’nl,’ng,m) = |ng(n1,n2,m)|.

no
(3) Bss(n1,n2,m) = {X € Bs(n1,n2,m) | N(bny+1) = 3 €nyti + nyanat2}-

i=1

If ny is odd, then |Bgs(ni,na,m)| = 0. If ny is even, then A(c¢,,) and A(cp,—1) have the
possible values in Table 19.
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Table 19
Aem) AMem—1) Aem—2)
0,"',0,1 Oa"'a079n1+1;"'a9n1+n2;170({i 91¢0}:2k) 0,"',0,1
0,---,0,1 0, ,0,0n,41,  ,Ony4ny, 1,1 ({7 | 0; A0} =2k + 1) 0,---,0,1

Then |Bgz(n1,n2, m)| = 2"?|Bgz(n1, n2, m — 2)|, [Bss(n1,n2,3)| = 0 and [Bgs(n1,n2,4)| =
2221 — 972 Qo fr4(ny, na, m) = |Bss(ny, na,m)|.
ng
(4) Bsa(ni,n2,m) = {\ € Bs(n1,n2,m) | Mbny11) = Y. €nyti + €nytnat1 + €nytngt2}
i=1

=

If no is even, then |Bgq(ni,ne,m)| = 0. If ny is odd, then A(¢p) = eny4nyt2, MCm—1) =

€ny+ny+1. We have | Bsa(ni, na, m)| = |Bsa(ni, na, m—2)[, |Bsa(ni, n2, 3)| = 0 and |Bsa(ni, ne,
4)| = 2m2=1 — 1. By definition, fs(ni,n2,m) = |Bs4(n1,na, m)|.

4
So, |Bs(n1,n2,m)| = >_ |Bsi(n1,n2,m)| = fa2(n1,n2,m)+ fas(n1, n2,m)+ fas(ni, na, m)+

i=1
fs(n1,nz,m).
8
From |B(ny,nge,m)| = >_ |B;(n1, ne, m)|, we have
i=1
|B(n1,ng,m)| =Y _ fina,ng,m)+ > fi(n1,na,m),

el icly
where I1={1,2,---,24} and [,={8,12,17,19}.
The proof is completed.
Remark 3.1 A direct calculation shows that |B(3,1,3)| = 106.

Theorem 3.2 Suppose ny is odd, ny > 2, no > 1, ny > ns and m > 3. Then the number
of orientable characteristic functions on A™ x A™ x P(m) is

nit+n2+2

|O(n1,n2,m)| _ H (2n1+n2+2_Qk—l){Zfi(nth,m)—i—Zfi(nl,TLQ,m) s

k=1 i€l 1€l
where I = {1,2,---,24} and I = {8,12,17,19}.

Proof By Lemma 2.1 and Theorem 3.1, we have

n1+ng+2
O(ni,na,m)] = [ @+ =25 B(ny, ng, m))|
k=1
ny1+ng+2
= [ @utrt_2t { > filna,ng,m) + Y filna,ng,m)|,
k=1 i€l i€l

where I1={1,2,---,24} and [,={8,12,17,19}.

4 Equivariant Homeomorphism Classes

In this section, we determine the number of equivariant homeomorphism classes of all ori-
entable small covers over A" x A" x P(m), which is denoted by F,(n1,na, m).

Let ¢ denote the Euler’s totient function, that is, (1) = 1 and ¢(N) for a positive integer
N(N > 2) is the number of positive integers both less than N and coprime to N. Recursive
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functions f;(n1,n2, m), gi(n1,m) and k;(n1,n2, m) are listed in the appendixes. Then we have
the following theorem.

Theorem 4.1 Suppose that ny is odd, n1 > 2, ny > 1, m > 3 and ny > no, then the number
of equivariant homeomorphism classes of orientable small covers over A™ x A™ x P(m) is
(1) formy >2,na=1andm=3 orny >2,no=1and m >4,

ni1+3

1 .
Eo(nl,l,m)zm [T @ -2 { > @(—)[Zfz n1,1,k)
1 : i=1 k>1,k|m =
m 1
+Zfz (n1, 1k) + oo— f1 (nlvlak)} (5+W)91(n17m)
i€l
+_Zgz ny,m +7g5(n1; )+mg6(n17m)+mg7(n1;m)}v
i€l3

where I = {1,2,---,24}, I, = {5,8,9,12,13, 16,17, 19, 22} and I = {2,3,4};
(2) forny >2,no =1 and m =4,

n1+3

A= gt T2 5 o) smn
Ci=1 k>1,k|4 i€ly
+ 3 film, LR+ g fulnn, LR+ (24 gy ) a(mn, 4)
i€ls
+2Zgi<n1,4)+6g5<n1,4)+4gs<n1,4)+4g7<n1,4)},
i€ls

where I, = {1,2,--,24}, I, = {5,8,9,12,13,16,17,19,22} and Iy = {2,3,4};
(3) forny >na =2 and m >3 orny >ny > 2 and m > 3,

ni+nz+2

1 ni+nso i— m
Balmonem) = qo Sy L@ ()
. {Zfi(nlan%k)‘f' Zfi(nlan%k)}
1ely 1e€ls
+%[Zki(nlan2am)+Zki(nlan%m)}}v
1ely 1€ls

where Iy = {1,2,---,24} and Iy = {8,12,17,19};
(4) forny >na =2 and m =3 orny =ng > 2 and m > 3,

ni1+na2+2

1 ni+ng i— m
Eo(n1,m2,m) = dm(ny + 1) (ng + 1)! 11;[1 e T 1){k>§;|m<p(z>
: {Z filna,ng k) + Y fi(nl,nz,k)}
i€l i€l,
+ % { Z ki(n1,na,m) + Z ki(n1,na, m)} }7
iely 1€l

where I = {1,2,---,24} and I = {8,12,17,19}.
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Proof According to Theorem 2.3, Lemma 2.1 and Burnside Lemma, we have

1
E,(n1,n2,m) = Z |0y,

|[Aut(F(ni,ne, m))]| gEAUN(F (n1,m2,m))

where Oy = {\ € O(n1,n2,m) | A = Xog}.

In order to determine |Og4| for g € Aut(F(n1,n2,m)), we exhibit a system of generators of
the group Aut(F(nq,ng,m)).

Let 2, y, s; (¢ =1,---,n1), t; (j =1,---,n2) and z; (kK = 1,2,3,4) be the elememts of
Aut(F(n1,n2,m)) with the following properties:

(1) z(c;) = ¢i1 (1 =1,2,--- ,m = 1), z(cm) = 1, z(a;) =a; (j =1,2,---,n1 + 1) and
x(bp) =bk (k=1,2,--- ;ng+1).

(2) y(ei) = emi1—i (i = 1,2,---,m), y(em) = a1, yla;) = a; (j = 1,2,---,n1 +1) and
ybr) =b (k=1,2,--- ,n2+1).

(3) si(a1) = ait1, si(ait1) = ax, si(ap) =ap (p# Li+1), i =1, ,n1, si(b;) =b; (j =
1,---,na+1)and s;(cx) =c (k=1,---,m).

(4) ti(b1) = by, ti(bipr) = by, ti(bg) = bg (q # Li+ 1), i =1, mo, ti(a;) = a; (j =
1, ,n+1)and t;(ck) =c, (k=1,---,m).

(5) z1(a;) =bi, z1(bj)) =a; (1 =1,---,n1+1)and z1(cx) =c (k=1,---,m) if ny = na.
( 2(bi) = ¢i, z2(c;) = by, and za(ag) = ax (k=1,--- ,n; + 1) if ng =2 and m = 3.
(7) z3(a;) = ci, z3(c;) = a; (1 = 1,2,3) and z3(b;) = b; (i = 1,2) if ny = 2, ng = 1 and
(8

za(b1) = c1, za(cr) = b1, za(ba) = c3, z4(c3) = ba, z4(c2) = c2, z4(cs) = c4 and
za(ag) =ar (k=1,--- ,n1+1) for ny > 2, ny =1and m = 4.

Every g € Aut(F(ni,n2,m)) can be expressed in the form x%y"(I]2)"([Ts:)*([1t;)",
U € L, v,w, o and B € Zy. The calculation of |Oy| is divided into the following cases.

Casel ny >2,ne=1,andm=3orn; >2 ny=1and m > 4.

According to Lemma 2.3, Aut(F(n1,na,m)) = Sp,+1 X Za X Dy, and g € Aut(F(n1,n2,m))
can be written in the form a"y "ty ([]s:)*, where u € Z,, v,w and « € Zs.

Subcase 1.1 g =z

Let k = ged(u,m) (i.e., the greatest common divisor of w and m). Then all facets in
F(n1,ng,m) are divided into k orbits under the action of g and each orbit contains 4* facets.
This means k # 1. An argument similar to that of | B;(n1, ne, m)| shows that |O4| = |O(n1, 1, k)|
for k > 2 and |Oy4| = nﬁ3(2"1+3 =270 (X filna,1,k) + X fi(ni,1,k)) for k = 2, where

i=1 el i€lz

L={1,2,---,24} and I> = {8,12,17,19}. For every k > 1, there are exactly go(%) automor-
phisms of the form z*, each of which divides all facets in F(ni,n2, m) into k orbits. Thus

ni1+3

S o= % (p(k> H(2"1+3 9i~1) {Zfz 1,1 k) + 3 fil n1,1,k)}

g=x* k>1,klm i€l i€l
where Iy = {1,2,---,24} and I, = {8,12,17,19}.
Subcase 1.2 g = z%t;.
In this case, A(b1) = A(b2) for A € O,4. An argument similar to that of |B;(n1,n2, m)| shows
ni1+3 . )
> 104l = X w(®) IT @7 =27 (gm=filna, 1k) + fs(n1, 1, k) + fo(ni, 1,k) +

g=xvty k>1,k|lm i=1
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fis(n1, 1, k) + fi6(n1, 1,k) + faz(n1, 1,k)).

Subcase 1.3 g = ="y, z“yt,, where m is odd, or u and m are even.

If A € Oy, then A restricted to some adjacent facets has the same value, which contradicts
the non-singularity condition. So |O4| = 0.

Subcase 1.4 g = z"y, where u is odd and m is even.

Because |0y, | = |Oy,| for g1,92 € Oy, suppose g = 2™ 1y (i.e.,, g = yx). Similarly to the
proof of Theorem 3.1, let X;(n1,1,m) = {\ | A € B;(n1,1,m), A(¢;) = A(¢m—j), m is even, and
j=1,---,m—1}, where i = 1,---,8. It is easy to show |Xa(ni,1,m)| = [X3(n1,1,m)| =
| X5(n1, 1,m)| = |Xs(ng, 1,m)| = 0.

(1) Calculation of | X5 (nq,1,m)|.

Let X1i(n1,1,m) = {A| A € Bii(n1,1,m), A(¢j) = Mem—j),j=1,--- ,m—1},i=1,2,3,4.
We have | X11(n1,1,m)| = 2" | X11(ng, 1,m — 2)| + 22MH | X1y (ng, 1, m — 4). | X11(n1,1,8)| =
24m+2 X (ng,1,6)] = 23T So gi(n1,m) = | X11(n1, 1,m)|.

Similarly, | X12(n1,1,m)| = 2"~ X152 (n1, 1,m —2)| + 22" | X15(ny, 1, m —4)|. |X12(n1,1,8)]
= 2", | X19(n1, 1,6)| = 2°™. So ga(n1,m) = [X12(n1,1,m)].

| X13(n1,1,m)| = 27 X13(n1, 1,m — 2)| + 22" X13(n1, 1,m — 4)]. | X13(n1,1,8)] = 3 -
24m=1 X 13(nqy, 1,6)] = 23", So g3(ni,m) = | X13(n1, 1, m)|.

| X14(n1, 1,m)| = 27 Y X 4(ng, 1,m — 2)| + 22" X14(ny, 1,m — 4)]. [X14(n1,1,8)] = 3 -
24m=2 | X1,(n1,1,6)] = 2371 So gs(n1,m) = | X14(n1,1,m)|.

4

X1 (1, 1,m)| = 30 | X1i(na, 1,m)| = ga(na, m) + g2(n1,m) + gs(na, m) + ga(na, m).

(2) Calculation olf |1X4 (n1,1,m)|.

Let X4i(n1,1,m) = {A| A € Byi(n1,1,m), A\(¢j) = Mem—j),j=1,--- ,m—1},i=1,2,3,4.
Then

|X41(n17 1am)| = |X42(n17 1am)| = |X43(n17 1am)| = 07
| Xaa(n1,1,m)| = [Xaa(na, 1,m —4)|,
|)(44(7’l17 1,8)| = |)(44(7’l17 1,6)| = 1

4
So gs(n1,m) = | Xaa(n1,1,m)|. Thus |X4(n1,1,m)| = > | Xai(n1,1,m)| = gs(ni,m).
i=1

(3) Calculation of | Xg(nq,1,m)|.
Let Xﬁi(nh 1am) = {)‘ | AE Bﬁi(nla 17m)7)‘(c_]) = )\(Cm—j)aj =1, ,m- 1}7 i =1, 27354'
Then

|X61(n1, 1,m)| = |X62(n1, 1,m)| = |X63(n1, 1,m)| = 0,
|X64(n1,1,m)| = |X64(n1,1,m—4)|,
|X64(n1,1,8)| = | X6a(n1,1,6)] = 1.
So | Xg(n1,1,m)| = | Xes(n1,1,m)| = gs(n1, m).
(4) Calculation of | X7(nq,1,m)|.
Let X7i(ni,1,m) ={A| A € By;(n1,1,m), A(¢j) = AMem—j),j=1,--- ,m—1}, i =1,---,8.
Then

| X71(n1,1,m)| = [X73(n1, 1, m)| = | X75(n1,1,m)| =0,
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|X72(n171am)| = |X72(n171am_4)|a
| X72(n1,1,8)] = | Xr2(n1,1,6)] =21 — 1.

So gs(n1,m) = | X72(n1,1,m)|.

| X74(n1, 1,m)| = | X74(n1, 1, m—4)|, | X74(n1,1,8)| = | X74(n1,1,6)| = 2171, So g7(n1,m) =
[ X74(n1, 1,m)].

| X76(n1,1,m)| = | X76(n1, 1, m—4)|, | X76(n1,1,8)| = | Xr6(n1,1,6)| = 2171, So g7(ny,m) =
|X76(n1,1,m)|.

| X77(n1,1,m)| = |X77(n1,1,m — 4)|, | X77(n1,1,8)| = | X77(n1,1,6)] = 1. So g5(ni,m) =
|X77(n1,1,m)|.

| X7s(n1,1,m)| = |Xrs(n1,1,m — 4)|, |X7s(n1,1,8)] = |Xzs(n1,1,6)] = 2m~1 — 1. So
ge(n1,m) = |Xzs(n1,1,m)|.

Thus |X7(n1,1,m)| = gs(n1,m) + 2g6(n1, m) + 2g7(n1, m).

We get

8
D IXi(na, 1,m)| = g1(ny,m) + ga(n1,m) + gs(n1,m) + ga(ni,m)

i=1

+ 3g5(n1,m) + 2g¢(n1, m) + 2g7(n1, m).

By Burnside Lemma,

TL1+3
m P —
> 10) =5 TT @ =27 gunn,m) + galna,m) + gs(na, m) + ga(na, m)
g=z"y i=1
u is odd
m 1S even

+ 3g5(n1,m) + 2g6(n1, m) + 2g7(n1, m)].

Subcase 1.5 g = z“yt;, where u is odd and m is even.
If X € Oy, then A(b1) = A(b2). A similar argument as in subcase 1.4 shows

ni1+3 1
Z |Og| _ H (2n1+3 _ 21—1)2n1 lgl(’nl, )
=z* i=1
3% odd '
m is even

Subcase 1.6 g = x“y"t¥ (] s:).
By the non-singularity condition, |O4] = 0.
From Burnside Lemma and |[Aut(F(ni,n2,m))| = (n1 + 1)!4m, we get

1 ni+3

Eo(nl,l,m):m H(2n1+3_2i 1 { Z @(—)[Zfz 1K)
o= k>1,k|m e
+zez;2fz ni,1,k) + ——fi (m,l,kz)} (%‘*’%)gl(nl,m)

3m
+_Zgz (n1,m +7g5(n1, )+m96(n1;m)+mg7(nlvm)}a
i€ls

where I = {1,2,---,24}, I, = {5,8,9,12,13,16,17,19,22} and I3 = {2,3,4}.
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Case 2 ny > 2, ny=1and m=4.

According to Lemma 2.3, Aut(F(n1,1,4)) = Sp,+1 x (Z2)3 x S3. g € Aut(F(n1,1,4)) can
be written in the form z%y®([]s;)*(I1t;)?(z4)?, where u € Zy,, v, a, 3 and 7y € Zs.

Subcase 2.1 g = 2"y ([]s:)*(I]t;)?(z1)?, where « = 1 or y = 1.

By the non-singularity condition, |O4| = 0.

Subcase 2.2 g = 2%y"([[¢;)".

The calculation is similar to the subcases 1.1-1.5. We omit the details. So

ni+3

Futn 1) = gy L =2 5 o)X st

k>1,k[4 ich

+ Y filn, 1, k) + 2"}—1 fr(na, 1,76)} + (2 + %)gl(nl,‘l)

i€l

+2 37 giln1,4) + 6g5(na, 4) + 4gs(n1,4) + dge(na, 4) },
icls

where I = {1,2,--+,24}, I = {5,8,9,12,13,16,17,19,22} and I = {2, 3,4}

Case 3 ny >ng >2and m > 3,orny >ne =2 and m > 3.

According to Lemma 2.3, Aut(F(n1,n2,m)) = Sp,+1 X Snat1 X D g € Aut(F(n1,n2,m))
can be written in the form x%y*([]s;)*([]t;)”, where u € Z,,, v, and 3 € Zo.

Subcase 3.1 g = z".

By an argument similar to that of the subcase 1.1, we have

ni+nz+2

Z |0g| = Z @(%) H (2n1+n2+2_2i71)[2fi(n17n27k)+Zfi(nhnmk)7

g=az* E>1,km i=1 il icly

where I1={1,2,---,24} and I = {8,12,17,19}.

Subcase 3.2 g = 2"y, where m is odd, or w and m are both even.

By the non-singularity condition, |O4| = 0.

Subcase 3.3 g = 2"y, where u is odd and m is even.

Without loss of generality, suppose g = ™ 1y (i.e., g = yx). Similar to the discussion in
the subcase 1.4, let X;(n1,ne,m) ={A| A € Bi(n1,n2,m), A(¢;) = Mcm—j),j=1,--- ,m—1},
where i = 1,--- , 8. It is easy to show |X5(n1,ne, m)| = |Xs(n1, ne, m)| = 0.

(1) Calculation of | Xy (n1,ng, m)|.

Let Xi;(ni,no,m) = {A | A € Byi(ni,na,m), A(¢;) = Mem—j),j =1,--- ,m =1}, i =
1,2,3,4. We have the following result.

| X11(n1, n2, m)|=2"171"271 X1 (ng, ng, m—2)|+22"1+2%2 71 X (ng, ng, m—4)|. | X11(n1, na,
4)| = 22mtr2=1 X0 (ng, ng, 6)] = 231127271 So ky(nq,ne,m) = | X11(n1,n2,m)|.

|X12(n1,n2,m)| = 2”1_1|X12(n1,ng,m—2)|—|—22"1+”2_1|X12(n1,ng,m—4)|. |X12(n1,n2,4)|
=221 | X 15(ny, ng, 6)] = 23" Hm271 S0 ko (ny, ng, m) = | X12(n1, na, m)|.

|X13(n1,n2,m)| = 2”1’1|X13(n1,ng,m—2)|—|—22"1+”2’1|X13(n1,ng,m—4)|. |X13(n1,n2,4)|
= 22mtna=l | X 5(ny, ng, 6)] = 23M1+"2=1 S0 k3(ny, ng, m) = | X13(n1, na, m)|.

| X14(n1,n2,m)| = 271 X14(n1, na, m—2)|+22 271 Xy (ny, ng, m—4)|. | X14(n1,n2,4)|
=221 X 4 (ny, ng, 6)] = 23171 So ky(ny, n2, m) = [ X14(n1,n2, m)|.

|X1(n1;n2;m)| = kl(n17n27m) + kQ(TLl,TLQ,m) + kB(nlanQ;m) + k4(n1;n2am)'
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(2) Calculation of | Xo(n1,ng, m)|.

Let Xoi(ni,no,m) = {A | A € Bai(ni,n2,m),A(¢;) = Mem—j),j =1,--- ,m =1}, i =
1,2,3,4. We have | Xa1(n1,ng, m)| = 27271 Xo) (ny, ng, m — 2)| + 2271127271 X0 (ny, ng, m —
D] 1 X21(n1,ng,4)| = 2mt2ne—l _gmdne X0, (ng,ng, 6)| = 2Zut3nz—l _ 92mt2na - g4
ks(ni,n2,m) = |Xo1(n1,ne, m)l|.

| Xo2(n1,n2, m)| = 2™M772| Xos(ny,ne, m—4)|. |Xaz(n1,n2,4)] = 27271 -1, Xa2(n1,n9,6)| =
gmit2na—l _gnitn2 Q4 kg(nl,ng,m) = |X22(n1,n2,m)|.

|X23(n1,n2,m)| = 2"1+"2|X23(n1,n2,m - 4)| |X23(7L1,7L2,4)| = omt2ne—1 _ gmitny —
|X23(7L1,7L2,6)|. So k7(n1,n2,m) = |X23(n1,n2,m)|.

| Xa4(n1,m2,m)| = | Xos(n1,n2,m — 4)|. |Xas(ni,no,4)] = 2271 — 1 = | Xo4(n1,n2,6)|. So
kg(nl,ng,m) = |X24(n1,n2,m)|.

| X2(n1,ne,m)| = ks(ni,n2,m) + k¢(ni,na, m) + kz(n1, n2, m) + ks(ni, na, m).

(3) Calculation of | X4(n1,na, m)|.

Let X4;(n1,n2,m) = {A | X € Bai(ni,n2,m),A(¢;) = Mem—j),j = 1,---,m =1}, i =
1,2,3,4. We obtain | X 41 (n1,n2, m)| = 2727 X 41 (n1, ng, m—2)|+2M 2721 Xy (nq, ng, m—4)|.
| X41(n1,n2,4)] = 227271 | Xy (n1, ng, 6)] = 23271 So kg(ng,na,m) = | X41(n1,n2, m)|.

| X42(n1,n2,m)| = 2772 X ya(nq,ne,m — 4)|. | Xa2(n1,ne,4)| = 27271 | Xy2(n1,n2,6)| =
2mit2n2=1-Go kyg(ny1,ne, m) = | Xaa(n1,n2, m)|.

| X43(n1,n2,m)| = 272| X43(n1,na,m — 4)|. | Xaz(n1,na,4)| = 227271 = | X 3(n1,n2,6)|. So
k11(n1,na,m) = | Xaz(ng, na, m)|.

| Xa4(n1,n2,m)| = [Xaa(n1,n2,m — 4)]. | Xaa(n1,n9,4)| = 2"271 = |Xy4(n1,n2,6)|. So
k12(n1,na,m) = | Xaa(ny, na, m)|.

| X4(n1,n2,m)| = ko(ni,n2, m) + kio(ni,n2, m) + k11 (ni,n2, m) + kia(ni, na2, m).

(4) Calculation of | Xg(n1,ng, m)|.

Let Xgi(ni,n2,m) = {A | A € Bgi(ni,n2,m), A(¢;) = Mem—j),j =1,---,m —1}, i =
1,2,3,4. We have | X¢1(n1,n2, m)| = 27271 Xg1 (n1, ng, m — 2)| + 2127271 X¢ (nq, no, m — 4)|.
| X61(n1,n2,4)] = 2 F22=1 1 X (ny,ng, 6)| = 271137271 So ky3(ny, no,m) = | Xe1(n1, ne, m)|.

| X62(n1,n2,m)| = 272|Xga(n1,n2,m — 4)|. |Xe2(n1,n2,4)] = 2" |Xga(n1,n2,6)| =
227271 G0 ky4(ny,no,m) = | Xea(n1,n2,m)|.

| X63(n1,n2, m)| = 2"1172| Xg3(n1, n2, m—4)|. |Xe3(n1,ng,4)| = 2m+2m2=1 = | X¢a(ny, ng, 6)].
So k15(n1,n9,m) = | Xes(n1, n2, m)|.

| X64(n1,n2,m)| = | Xea(n1,n2,m — 4)|. |Xea(n1,n2,4)] = 27271 — 1 = | Xg4(n1,n2,6)|. So
klg(nl,ng,m) = |X64(n1,n2,m)|.

| X6(n1,ne, m)| = k1a(ni,na,m) + kis(ni, ne, m) + kra(ni, no,m) + kis(nq, no, m).

(5) Calculation of | X7(n1,ng, m)|.

Let X7;(n1,n2,m) = {A | X € Bri(ni,n2,m),A(¢;) = Mem—j),j = 1,--- ,m —1}, i =
1, ,8. We have | X71(n1,n2,m)| = 27| X71(ny, ng, m — 2)| + 2M 2021 X0y (ng, ng, m — 4)|.
|X71(n1,n2,4)| = 2m2, |X71(n1,n2,6)| = 2272 Qo klg(nl,ng,m) = |X71(n1,n2,m)|.

| X72(n1,n2,m)| = |X72(n1,n2,m — 4)]. For ng odd, | X72(n1,n2,4)| = | X72(n1,n2,6)| =
2m=1 —1; for ny even, |Xra(ni,n9,4)| = |[Xr2(n1,n2,6)] = 271 So kiz(ni,n2,m) =
|X72(n1,n2,m)|.

| X75(n1,n2,m)| = 2" Xz3(ny,na,m — 4)|. | Xzz3(ni,n2,4)] = 1, | X73(n1,n2,6)| = 2"2. So
klg(nl,ng,m) = |X73(n1,n2,m)|.
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| X74(n1,n2,m)| = | X74(n1,n2,m — 4)|. For ns odd, |X74(n1,n2,4)| = |X74(n1,n2,6)| =
2m—L for ny even, |Xrz4(ni,ne,4)] = |X7a(n1,n9,6)] = 2m71 — 1. So kig(ni,ng2,m) =
|X74(n1,n2,m)|.

| X75(n1,n2,m)| = 2"2|X75(n1,na,m — 4)]. | Xz5(n1,n2,4)| = |Xrz5(n1,n9,6)] = 2. So
kao(n1,na,m) = | X75(n1, na, m)|.

| X76(n1,n2,m)| = |X76(n1,n2,m — 4)]. For ng odd, | X76(n1,n2,4)| = | X76(n1,n2,6)| =
2m~L for ny even, |Xr(n1,n2,4)] = |Xz6(n1,n9,6)] = 2m~1 — 1. So kig(ni,n2,m) =
| X76(n1, n2, m)|.

| X77(n1, ne,m)| = | X77(n1, ne, m—4)|. | X77(n1,n2,4)| = | X77(n1,ne,6)| = 1. So ka1 (n1, na,
m) = |X77(n1,n2,m)|.

| X78(n1,ne,m)| = | Xzs(ni,ne,m — 4)|. For ny odd, |X7s(n1,n2,4)| = |X7s(n1,n2,6)| =
2m—L — 1: for ny even, |Xrg(ni,no,4)| = |X7s(n1,ne,6)] = 2"~ So kiz(ni,n2,m) =
| X7s(n1, na, m)|.

Thus |X7(n1, ne, m)| = kis(n1, na, m) + 2k17(n1, ne, m) + kig(ni, n2, m) + 2k19(ny, na, m) +
kao(n1,na,m) + ka1 (n1, na, m).

(6) Calculation of | Xg(n1,na, m)|.

Let Xg;(ni,n2,m) = {A | X € Bgi(ni,n2,m),A(¢;) = Nem—j),j = 1,---,m =1}, i =
1,2,3,4. We have |Xgi(ni,ne,m)| = 2"271|Xgy(n1,n2, m — 2)| + 2m 27271 Xg, (nq, o, m —
4)| |X81(n1,n2,4)| = 22n2—1 _ 2m2, |X81(n1,n2,6)| = 28m2—1 _ 92n2 G4 k‘gg(nl,ng,m) =
|X81(n1,n2,m)|.

| Xg2(n1,n2,m)| = 2"2| Xga(n1,n2,m — 4)|. |Xsa(n1,n9,4)] = 27271 — 1, | Xga(n1,n2,6)| =
22n2—1 _9n2 Qg k‘gg(nl,ng,m) = |X82(n1,n2,m)|.

| Xg3(n1,n2,m)| = 22| Xg3(n1,n2, m—4)|. |Xsz(ni,ng,4)| = 227271 —2n2 = | Xg3(ny,na, 6)).
So kaq(n1,n2,m) = | Xgs(ny,na, m)|.

| Xs4(n1,n2,m)| = | Xga(n1,n2,m —4)|. |Xga(n1,n2,4)] = 27271 — 1 = | Xg4(n1,n2,6)|. So
ks(n1,na,m) = | Xga(n1, na, m)|.

| Xs(n1,n2, m)| = kaa(n1, na, m) + kaz(n1, ne, m) + kaa(ni, ne, m) + ks(ni, na, m).

8

> 1Xi(na,ng,m)| =Y ki(ny,ng,m) + Y ki(ng, ng,m),

i=1 i€l i€l

where Iy = {1,2,---,24} and I, = {8,12,17,19}.
By Burnside Lemma,

m ni+no+2 ‘
Z |Og| = 5 H (2n1+n2+2_2171)[Zki(n1an2am)+Zki(nlanQam) )
=g i=1 il i€l
ug isxoélgd ' = =
m is even

where Iy = {1,2,---,24} and I, = {8,12,17,19}.
Subcase 3.4 g = x%y"([]s:)*([[t;)?, where a =1 or 3 = 1.
By the non-singularity condition, |O4| = 0.

From Burnside Lemma, we get

Eo (nlv nz, m)
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ni+na2+2

1 22 _ gi-1)
i L 5 G s
+ Z fz‘(m,nz,k‘)} + % [ Z ki(ny1,ng,m) + Z k‘i(m,nz,m)] }7
i€l i€l iely

where I} = {1,2,---,24} and I, = {8,12,17,19}.

Case 4 ny >ny=2and m=3orn; =ng >2and m > 3.

According to Lemma 2.3, Aut(F(n1,n2,m)) = Sp,+1 X Snyt1 X Za X Dy, g € Aut(F(ny, na,
m)) can be written in the form z%y ([T s:)*([1t;)°(I12x)7, where u € Z,, v,, 3 and v € Zo.

Subcase 4.1 g = z%y"([[s)*([1t;)?(I]2k)”, where a =1or f=1o0r v = 1.

By the non-singularity condition, |O4| = 0.

Subcase 4.2 g =z%, z%y.

The calculation is similar to the subcases 3.1-3.3. We omit the details. So

nit+n2+2

1 )
2n1+n2+2 o 2171

Z @(-)[Zfz ni,no, k +Zfi(n17n27k)}

Eo(n17n27m) =

k>1,k|m i€l €1
m
+5 [ Z ki(n1,na2,m) + Z ki(nlanbm)} },
i€l i€l

where Iy = {1,2,---,24} and I, = {8,12,17,19}.
The proof is completed.

Remark 4.1 A direct calculation shows that E,(3,1,3) = 8679444480.

Appendix 1

Suppose that ny is odd, n1 > 2, no > 1, ny > ne and m > 2. We list recursive functions f;
as follows:

(1) fal
m > 5, fi(ni,ng,m) = 2MF2 7L (ny ng m — 1) 4 22 F2=1 1 () ny om — 2).

(2) fa(ni1,me,2) = 271 fo(ng,ng,3) = 22mtn2=2 £ (ny ng,4) = 3. 231+n2=3 and for
m > 5, fa(ni,na,m) = 2" 7L fo(ny,ng,m — 1) 4+ 22m+n2=1 fo(ny ny m — 2).

(3) fa(n1,ma,2) =2m =1 fa(ng, ng, 3) = 2272 f3(nq,ng,4) = 23m1+n2=2 4 93m =3 an( for
m > 5, fs(ni,ng,m) = 2" fs(ny,ng,m — 1) 4+ 22mtn2=lfo(n) ny m — 2).

4) fa(ni,n2,2) =271 fi(n1,ne,3) = 2272 fi(n1,ng,4) = 23mFn2=3 4 93m =2 "and for
m > 5, fa(ni,ng,m) = 271 fy(ny, ng,m — 1) + 220tn2=1 £, (n) ny m — 2).

(5) For ny even, fs(ni,na,m) = 0; for ny odd, f5(ni,n2,2) = 27271 — 1, f5(ny,n2,3) =
guit2na=2_gmitna=l - fi(n, ny 4) = 3.22m+3n2=3 _3.92m+2=2 and for m > 5, f5(n1,n2, m)
=2mitne=lfi(n) ng m — 1) 4 22m+2ne=1f(n) ny m — 2).

(6) For ngy odd, fe(ni,na,m) = 0; for ny even, fg(ni,n2,2) = 27271 — 1, fs(ni,n2,3) =
guit2na=2 _ gmitna—l fo(n, ny 4) = 2mtnz=l _ gmitnz and for m > 5, fo(ni,ne,m) =
2mt12 fo(ng, ng, m — 2).

(7) For ny odd, f7(n1,na,m) = 0; for ny even, fr(ni,n2,2) = 2"~ — 1, fr(ny,n2,3) =
0, fr(ny,ng,4) = 2m+2n2=1 _onitnz and for m > 5, fr(n1,ne,m) = 2172 fo(ny, ng, m — 2).

ni,n2, ) = 2"171,f1(n1,n2,3) = 22n1+n272’f1(n1’n2’4) =3 23n1+2n273’ and for

—
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(8) For ny even, fg(ni,na,m) = 0; for ny odd, fs(ni,ng,2) = 2271 — 1, fg(ni,ne,3) =
0, fs(ni,n2,4) =2"~1 — 1, and for m > 5, fs(n1,n2,m) = fs(ni,nz,m — 2).

(9) For ng even, fo(ni,na,m) = 0; for ny odd, fo(ni,n2,2) = 27271 fo(ni,n2,3) =
Qmit2n2=2"fo(ny ny 4) = 3. 2mT3n2=3 and for m > 5, fo(n1,na,m) = 27271 fo(n1,n2,m —
1) + 2mt2n2=1 £ (ny ng,m — 2).

(10) For ny odd, fip(ni,na,m) = 0; for ny even, fio(n1,n2,2) = 2271 fio(n1,ne,3) =
Qmit2n2=2_f0(ny ng,4) = 2mT22=1 and for m > 5, fio(n1, n2, m) = 2™+ f5(ny, na, m —2).

(11) For ny odd, fi1(n1,n2,m) = 0; for ny even, fi1(ni,n2,2) = 2"2=1 fi1(n1,n2,3) =
0, fi1(n1,n2,4) = 2272 — 1, and for m > 5, f11(n1,na, m) = 2" f11(n1, ne, m — 2).

(12) For ny even, fia(ni,na2,m) = 0; for ng odd, fia(ni,n2,2) = 2271 fia(ny,ne,3) =
0, fi2(n1,n2,4) =221 and for m > 5, fia(n1,n2,m) = fr2(ny, na,m — 2).

(13) For ny even, fi3(ni,na,m) = 0; for ny odd, fi3(n1,n2,2) = 2271 fi3(n1,ne,3) =
221272 f13(ny,ng,4) = 2mT3n2=24 93n2=3 "and for m > 5, f13(n1,n2,m) = 2"271 f13(ny, ng, m—
1) + 2"1+2”2*1f13(n1, ng, M — 2)

(14) For ny odd, fia(ni,na2,m) = 0; for ny even, fia(ni,n2,2) = 221 fi4(ni,ne,3) =
221272 f11(n1,ne,4) = 227271 and for m > 5, fi4(n1,ne, m) = 2" fi4(ny, ng, m — 2).

(15) For ny odd, fis(ni,na,m) = 0; for ng even, fi5(n1,n2,2) = 2271 fi5(n1,ne,3) =
0, fis(n1,n2,4) = 2m+22=1 and for m > 5, fi5(n1, n2, m) = 2M+"2 f15(ny, ny, m — 2).

(16) For ny even, fig(n1,na,m) = 0; for ny odd, fig(n1,n2,2) = 1, fig(n1,ne,3) = 2271,
fi6(n1,ng,4) = 2mF2n2=2 4 92n2=1 "and for m > 5, f16(n1,n2, m) = 27271 fig(n1,na,m — 1) +
2”1+2"2*1f16(n1,n2,m - 2)

(17) For ny odd, fi7(n1,n2,2) = 2m "1 —1, fiz(n1,n2,3) =0, fir(ni,ng,4) =2m~"1—1 and
form > 5, fiz(n1,n2,m) = fiz(n1,na, m—2); for ng even, fi7(n1,n2,2) =21 fiz(n1,n2,3) =
0, fiz(n1,n2,4) = 2"~1 "and for m > 5, fi7(n1,n2, m) = fi7(n1,n2, m — 2).

(18) For ny odd, fig(ni,ng,m) = 0; for ny even, fig(ni,n2,2) =1, fig(ni,ng,3) = 2m271,
fi1s(n1,ne,4) =22 and for m > 5, fig(n1,na, m) = 2"2 f1g(n1, no, m — 2).

(19) For ng even, fig(n1,n2,2) = 2" ~1—1, fi9(n1,n2,3) =0, fro(n1,n9,4) =2""1—1 and
for m > 5, fig(n1,n2,m) = fig(n1,na, m—2); for ny odd, fig(ni,ne,2) =2"-1 fig(ni,n9,3) =
0, fig(n1,n2,4) = 2"~1 and for m > 5, fi9(n1,n2, m) = fi9(n1,n2, m — 2).

(20) For ny odd, fao(ni,ma,m) = 0; for ny even, foo(ni,n2,2) = 1, foo(n1,n2,3) = 0,
f20(n1,m2,4) = 2" and for m > 5, fag(n1, na, m) = 2™ fag(n1, ne, m — 2).

(21) For ng even, fo1(n1,n2,m) = 0; for ny odd, fo1(n1,n2,2) = 1, for1(n1,n2,3) =
fo1(n1,mn2,4) = 1, and for m > 5, fa1(n1,na,m) = for(ny,na,m — 2).

(22) For ng even, faa(ni,n2,m) = 0; for ng odd, faz(ni,n2,2) =221 — 1, fos(n1,n2,3) =
22n2=2 _ gn2=l 0 (ny,ng,4) = 2mit3n2=3 4 93n2=2 _ 9na—1 _ gm+n2=2" anqd for m >
faa(n1,na,m) = 27271 fog(ny,mo,m — 1) + 220271 o0 (ny, ng,m — 2).

(23) For ngy odd, faz(n1,na,m) = 0; for ny even, foz(ni,ng,2) = 27271 — 1, foz(n1,ns2,3) =
22n2=2 _9gn2=1_ fo5(ny,ng,4) = 227271 272 and for m > 5, faz(n1,na, m) = 2"2 fo3(n1, ng, m—
2).

(24) For ngy odd, fas(n1,n2,m) = 0; for ny even, fog(ni,ng,2) = 27271 — 1, foy(n1,ns,3) =
0, faa(ni,na,4) = 227271 — 272 "and for m > 5, fas(n1, n2, m) = 272 fos(n1,n2, m — 2).

=

ot

)

Appendix 2
Suppose positive integers ny > 2 and m > 3. We list recursive functions g;.
For m odd, gi(n1,m) =0 (1 <i<7). For m even, g; is defined as follows:
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(1) gl(n174) = 22”17 gl(nlaG) = 23n1+17 and for m > 8; gl(nlam) = 2nlgl(n1ﬂm - 2) +
22ty (ng,m —4).

(2) ga(n1,4) = 2271 go(n1,6) = 23" and for m > 8, ga(n1,m) = 2" Lga(ny,m — 2) +
2271 go (ny, m — 4).

(3) 93(n174) = 22"17 93(n156) = 23"17 and for m Z 87 g3(n17m) = 2n1—1g3(n1,m - 2) +
2271 ga(ny, m — 4).

(4) 94(n1a4) = 22”1717 94(n1a6) = 23”171; and for m > 8; g4(n17m) = 2n17194(n1ﬂm_2)+
22M g, (ny,m — 4).

(5) 95(n174) = 95(n176) =1, and for m > 8, gB(nlvm) = gS(nlam - 4)

(6) gﬁ(n174) = gﬁ(n176) = 2n171 - ]-a and for m > 8; gﬁ(nlvm) = gﬁ(nlam - 4)

(7) g7(n174) = g7(n176) = 2n1—1, and for m > 87 97(n15m) = 97(n17m - 4)

Appendix 3

Suppose positive integers ny > 2, no > 1 and m > 3. We list recursive functions k;.

For m odd, k;(ni,n2,m) =0 (1 <4 < 24). For m even, k; is defined as follows:

(1) k1(n1,ng,4) = 22mFm2=L ki (ny,ng, 6) = 23+22=1 and for m > 8, ki(n1,na2,m) =
2mitne=lk (ng mg,m — 2) + 22 F2n2=1k (ng ny,m — 4).

(2) ka(n1,nge,4) = 2271 ky(ny,ng,6) = 237271 and for m > 8, ka(ni,ng,m) =
2”1_1]62(711,7@,771 — 2) + 22"1+"2_1k2(n1,n2,m — 4)

(3) ks(ny,ng,4) = 22m+m2=1 ka(ny ny, 6) = 23™+72=1 and for m > 8, k3(ni,ng, m) =
2”1_1]63(711,7@,771 — 2) + 22"1+"2_1k3(n1,n2,m — 4)

(4) ka(ni,n2,4) = 2271 ky(ng,ne,6) = 23171 and for m > 8, ky(n1,n2, m) = 2"~ ky(ny,
no,m — 2) + 222 =1k, (ny ng, m — 4).

(5) ks(n1,ng,4) = 2mt2n2=l_omitnz p(n) py 6) = 22mt3n2=1_92mi+2n2 and for m > 8,
ks(ni,ng,m) = 2m T2 = ko (ng ng m — 2) + 2222 1p (n) ny m — 4).

(6) ke(n1,n2,4) = 2271 —1 kg(ny, ng, 6) = 2m 22—l _gm+n2 and for m > 8, ke(ni, na, m)
= 2”1+"2k6(n1, ng, M — 4)

(7) k7(n1,n2,4) = ke(ng,ng,6) = 2mt2n2=l _gmtn2 and for m > 8, kr(ny,ne,m) =
2”1+”2k7(n1,n2,m—4).

(8) ks(n1,n2,4) = ke(n1,n2,6) = 2"2=1—1, and for m > 8, ks(ni,n2, m) = kg(ni,na, m—4).

(9) ko(ni,no,4) = 227271 kg(ny,ng,6) = 2m3n2=1 and for m > 8, ko(ni,ng,m) =
2”2*1k9(n1,n2,m - 2) + 2”1+2"2*1k9(n1,n2,m - 4)

(10) klo(nl,n2,4) = 2"2_1, klo(nl,NQ,fD = 2n1+2n2—17 and for m > 8, klo(nl,ng,m) =
2”1+”2k10(n1,n2,m—4).

(11) k11(n1,n9,4) = k11(n1,ne2,6) = 2272=1 for m > 8, ki1(n1,ne,m) = 2"2kyq(ny, ng, m —
4).

(12) le(nlan2;4) = le(nlanQaG) = 2’”2717 for m 2 87 le(nlanQ;m) = le(nlanQam - 4)

13\11, N2, = ! 2 , k13(n1, na, = 1= , all orm =~ o, ki13(ni,n2,m) =
13) k 4 gnit2ne—l 6 gnitina—1 d f >8, k

2”2_1]€13(TL1, ng, M — 2) + 2”1+2”2_1k13(n1,n2,m — 4)

(14) kia(n1,n2,4) = 27271 kiy(ng,ng,6) = 227271 and for m > 8, kis(n1,n9,m) =
2”2k14(n1,n2,m—4).

(15) k:15(n1,n2,4) = k15(n1,n2,6) = 2n1+2n2—17 and for m > 8, k15(n1,n2,m) = 2mitn2
k1s(ni,na,m —4).

(16) klg(nl,ng,ll) = 2”2,k16(n1,n2,6) = 22n2, and for m > 8, k16(n1,n2,m) = gn2—1
kw(nl, no, m — 2) + 2"1+2”271k‘16(n1,n2,m — 4)
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(17) k17(n1,n2,4) = /<:17(n1,n2,6) =2m~1 _1 with ngy odd, k17(n1,n2,4) = k17(n1,n2,6) =
21 ~1 with ny even, and for m > 8, k17(n1,na, m) = ki7(n1,ne, m — 4).

(18) kis(n1,n2,4) = 1,kig(n1,ne, 6) = 2™2, for m > 8, kig(n1,na,m) = 2™ kig(ny, ng,m —
4).

(19) klg(nl,n2,4) = k‘lg(nl,ng,G) = 2”1_1 with n9 Odd, klg(nl,n2,4) = k‘lg(nl,ng,G) =
2m~1 1 with ny even, and for m > 8, kig(n1,n2,m) = kig(ni,nz, m — 4).

(20) k2o(n1,m2,4) = k1s(n1,na,6) = 22, and for m > 8, kag(n1,na, m) = 2"2kag(ny, ne, m—
4).

(21) ko1(n1,m2,4) = ka21(n1,n2,6) =1, and for m > 8, ka1 (n1, na, m) = ka1 (n1, ne, m — 4).

(22) kgg(nl,n2,4) = 22n2—1 _ 2m2, kgg(nl, na, 6) = 23n2—1 _ 22n2’ and for m > 8, k‘gg(nl,ng,
m) = 2" koo (n1, na,m — 2) + 2 +2m2 = ko0 (ny ng, m — 4).

(23) koz(n1,ng,4) = 27271 — 1, kog(ny, ng, 6) = 227271 —2"2 and for m > 8, koz(n1,n2, m) =
2"2ko3(ny, no, m — 4).
(24) k24(n1,n2,4) = k24(n1,n2,6) = 22m2-1 _ 2"2and for m > 8, k'24(n1,n2,m) =
2"2kos(ny, no, m — 4).
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