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Abstract In this paper, the authors consider the Harry-Dym equation on the line with
decaying initial value. They construct the solution of the Harry-Dym equation via the
solution of a 2 x 2 matrix Riemann-Hilbert problem in the complex plane. Further, one-
cusp soliton solution is expressed in terms of the Riemann-Hilbert problem.
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1 Introduction

The following nonlinear partial differential equation

is known as the Harry-Dym equation (see [1]). This equation was obtained by Harry Dym and
Martin Kruskal as an evolution equation solvable by a spectral problem based on the string
equation instead of the Schrodinger equation. The Harry-Dym equation plays an important role
in the study of the Saffman-Taylor problem which describes the motion of a two-dimensional
interface between a viscous and a nonviscous fluid (see [2]). The Harry-Dym equation shares
many of the properties typical of the soliton equations. It is a completely integrable equation
which can be solved by the inverse scattering transform (see [3]). It has a bi-Hamiltonian
structure (see [4]), an infinite number of conservation laws and infinitely many symmetries (see
[5]), and has reciprocal Backlund transformations to the KdV equation (see [6]). The Harry-
Dym equation has been solved by different methods such as the inversing scattering method
(see [3]), the Bécklund transformation technique (see [7]), and the straightforward method (see
[8]). Especially, Wadati obtained the one-cusp soliton solution (see [3])

q(z,t) = tan h™ 4 (ke — 463t + Kao + 64 ) — 1,

1
€y = ;[1 + tan h(kz — 463t + k2o +4)]

by using inverse scattering transformation.
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The main aim of this paper is to develop the inversing scattering method, based on a
Riemann-Hilbert problem for solving nonlinear integrable systems, which has further developed
and applied many equations with initial value problems on the line (see [9-11]) and initial
boundary value problems on the half line (see [12-17]). In this paper, we consider the initial
value problem of the Harry-Dym equation

1
qt—Q(\/T—q) :O, x€R,t>0,

q(z,0) = qo(z),

(1.2)

where the go(z) is a smoothly real-valued function and decays as |z| — co. The organization
of the paper is as follows. In the following Section 2, we perform the spectral analysis of the
associated Lax pair for the Harry-Dym equation. In Section 3, we formulate the main Riemann-
Hilbert problem associated with the initial value problem (1.2). In Section 4, we obtain the
one-cusp soliton solution in terms of the Riemann-Hilbert problem, which has a similar, but
not the same, form constructed by the inverse scattering method (see [3]).

2 Spectral Analysis

2.1 A Lax pair

In general, the matrix Riemann-Hilbert problem is defined in the A plane and has explicit
(z,t) dependence, while for the Harry-Dym equation (1.2), we need to construct a new matrix
Riemann-Hilbert problem with explicit (y,t) dependence, where y(z,t) is a function unknown
from the initial value condition. For this purpose, we make a transformation

p=1+q

and (1.2) can be expressed by
1

Wr-2(3),, =0

Then the initial value problem (1.2) is transformed into

1
(pQ)t—Z(;) =0, z€R, t>0,
rxrx

p(,0) = pol) = VI F 00(2), (2.1)

poe) = 1, Jz] = oo.
It was shown that (1.2) admits the following Lax pair (see [3]):

w;czc = _/\2(1 + Q)w,

(2.2)
= () 4]

p=v1+q w—(i),

Making a transformation
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then the Lax pair (2.2) can be written in the matrix form

0z = Mo,
@t:]V¢a

Where
p z

—4A4p-2A2(1)

0 1
Mﬁ (—AQPQ 0>7 N*

Further, by the gauge transformations

xrx

VAp 0
1 i
¢==<i 1) 1| %
0 -
VAp
we have
¢z +iApozp = U,
(11 3 _
¢r + 1<>\; (;)M +4A )03¢ =V,
where

p

2p
/01 (0 i /1 0
=1 0/ 27\ o) 7 o -1

375
(2.3)
4A21
p
1
2 p—
2A (p)z
(2.4)

V(xJ,A):-—Al<l)xx01——2A2(l)maz

).

It is clear that as |z| — oo, U(z,t) — 0 and V(z,¢,A) — 0. We define a real-valued function

y(x,t) by

oo

Mao=x+/‘u—p@wme

It is obvious that

ye = pla,t), %:—/ P, 1)dE.

w=(=5((G)) 426 =0

The conservation law

implies that
1//1 2 171
O (DAREON
2 p/x p\p/xx
Extending the column vector ¢ to be a 2 X 2 matrix and letting
1= gexp(i\y(x, t)os + 4iX3tas3),

then p solves

fa + 1Az (03, ] = [7,“7 ~
pe + iy + 4X3)[o3, 1] = Vi,
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which can be written in the full derivative form

d(ei<y(x,t)x+4x3t)€3u) _ ei(y(x,t)x+4x3t)a“3(ﬁdx + thm,

where
U=U,
= ((2) Yo al(Y) o -2e(d) a
2 p/x p\p/zx p/a
and [o3, 1] = o3p — pos. As |z — oo, V. — 0. The lax pair in (2.5) is very convenient

for dedicated solutions via the integral Volterra equation, which is also what we study in the
following paper.

Remark 2.1 By the representation of M, N and U,V in (2.3) and (2.4) respectively, we
find that ., ¥ and ¢,, ¢; have no singularity in A = 0. Therefore, ¢ has no real singularity in
A=0.

2.2 Eigenfunctions

We define two eigenfunctions gy of (2.5) as the solutions of the following two Volterra
integral equations in the (z,t) plane:
(z,t) ) , s o
wla,t,\) =1 _|_/ e~ AW (z,t)—y(z',t)) +4iN* (t—7)] 73 (U, ), t, \)dz'

(z*,t%)

+ V(@ 7, N, 7, \)dr, (2.6)

where I is a 2 x 2 identity matrix, and o3 acts on a 2 x 2 matrix A by 634 = 03 Ac3. Since the
integrated expression is independent of the path of integration, we choose the particular initial
points of integration to be parallel to the z-axis and obtain that for uy and p_,

o0
H+ (l‘, t, )‘) =1I- / e—ik(y(x,t)—y(;c’,t))agU(xl7 t)M+ (l‘/, L, )‘)de7
JA o (2.7)
po(z t,\) =1 —|—/ e MW@ =y@ T (1! ) (2!, N)da'.

—00

Define the following sets:

Dy ={\ e C|Im\ > 0},
Dy ={X e C|Im\ < 0}.

Since for any fixed t, y, = p(x,t) > 0, y(x,t) is an increasing function of x for fixed ¢t. As
x—a <0, yz,t) —y(,t) <0;as x — 2’ >0, y(z,t) — y(2',t) > 0. We can deduce that
the second column vectors of py and p_ are bounded and analytic for A € C provided that
A belongs to D7 and Ds, respectively. We denote these vectors with superscripts (1), (2) to
indicate the domains of their boundedness. Then

2 1 1 2
py = WP, u),  pe =@, 1),
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For any x and ¢, the following conditions are satisfied:
m M 1
(n’ py ):I—i—O(X), A— 00, A€ Dy,
1
(,uf) M(Q)) I+ O(X)’ A— 00, A€ Do,

ui:I—i-O(%), A — 00.

2.3 Spectral functions

377

For A € R, the eigenfunctions p, p— being the solution of the system of differential equations

(2.5) are related by a matrix independent of (x,t). We define the spectral function by

pa (.8, 0) = po(x, b, e QU@ HINOT g ()

From (2.5), we get
det(p(z,t, 7)) =1

Since E(m,t) = —U(a, 1), the pus(z,t,A) have the relations:

{:u‘:i:ll(xatv >‘) = M:I:22(xatvx)v ﬂi?l(xatv >‘) = M:I:lQ(xvtaX)a
,u’:i:ll(xa t, _>‘) = ,u’:i:22(xa t, >‘)a ,LL:t12(CL', t, _>‘) = ,u’:i:Ql(xa t, >‘)

The spectral function s(\) can be written as

a(y) b\
b_X)a
j

oAy (@’ O)USU(J; 0)p (2,0, N)da',

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

From the (2.9), det(s(\)) = 1. Equations (2.8)—(2.9) imply that a(\) and b(A) have the following

properties:
(1) a()) is analytic in D; and continuous for A € Dj.

2.4 Residue conditions

We assume that a(\) has N simple zeros {\; } ", in the upper half plane. These eigenvalues

are purely imaginary. The second column of (2.8) is

,LLS_l) b(}\)‘u(_l)6721()\y(x,t)+4A3t) + ,LL(_Q)GO\).

For (2.9) and (2.13), it yields
a() = det(u), p),

(2.13)
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where we have used that both sides are well defined and analytic in D; to extend the above
relation to D;. Hence, if a(Aj) =0, the u(_l), ug_l) are linearly dependent vectors for each x and

t, i.e., there exist constants b; # 0 such that
H(_l) _ bjezi(,\Jy(ac,t)+4>\§t)ugrl)7 z R, t>0.
Recalling the symmetries in (2.10), we find

H(_Q) _ Bj672i(xjy(z,t)+4xgt)uf)7 zE€R, t>0.

(1) (2)

Consequently, the residues of % and % at A; and Xj are
1, t,\) 2\ y(@,t)+4r3t) | (2)
/\Iie)\gw =Cje (A y(z,t)+4r3 )ﬂ+ (z,t,)), j=1,---,N,
p Pt ) Yo (1), <
€5 _7_ = Cj6721()\]y(z,t)+4)\jt)u,+ (fE,t, )‘j)a ] = ]-a e 7N7
k=X;  a(\)
by .
where Cj = a0y a(k) = 42

Remark 2.2 There is the relation of pi that the s(\) is the scattering matrix for the

one-dimensional Schodinger equation:
Wyy + NW = flyw
via the Liouville transformation:

y=m+/wu—mamma Wy, A) = (5. Npoy).

polu) = pole), F() = 3 (powura” — 5rRu05°)

Therefore, in terms of the spectral problem of the Schrodinger equation, we deduce that a()\)

has only pure imaginary part of simple poles in the upper plane.

3 The Riemann-Hilbert Problem

3.1 A Riemann-Hilbert problem for (z,t)

We now solve the initial value problem for (2.1) on the line, and the solution can be expressed
in terms of a 2 x 2 matrix Riemann-Hilbert problem. Let M (x,t, \) be defined by

—

M+=(5;,,u$)), A€ Dq; M_:(uf),%>, A€ Do, (3.1)

N

and let the M satisfy the jump condition:

Mi(z,t,\) = M_(x,t, \)J(x,t,\), Im\=0,
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where

1 b(A) e—Qi(x\y(gc,t)+4/\3t)

J(x,t,\) = ___a(Na(}) a(A) . Im\ =0. (3.2)
_b( )eQi()\y(;c,t)+4)\3t) 1
a(A

These definitions imply

detM (z,t,\) =1 (3.3)
and
M(z,t,\) :I+o(1) A — . (3.4)
Y A )

This contour of the Riemann-Hilbert problem is the real axis.

The jump matrix J(z,t, A), and the spectral a(\) and b(A) are dependent on the y(z,t),
while y(z,t) doesn’t involve initial data. Therefore, this Riemann-Hilbert problem can not be
formulated in terms of initial data alone. In order to overcome this problem, we will reconstruct
a new jump matrix by changing

(J?,t) - (yat)v yzy(l‘,t),

where y is a new scale. Then we can transform this Riemann-Hilbert problem into the Riemann-
Hilbert problem parametrized by (y,t).

3.2 A Riemann-Hilbert problem for (y,t)

Theorem 3.1 Let qo(z), € R be a smooth function and decay as |x| — oco. Moreover
1+ qo(z) > 0. Define the Uy, po and yo(x) as follows:

Do) = 220 @) = VIF (@),

2 po(x)
yam:x+/ (1 - po(€))dé.

Let py(x,0,A) and p_(x,0,\) be the unique solution of the Volterra linear integral equation
(2.5) evaluated at t = 0 with Uy(z,0) = Up(z), po(x) = p(,0) and yo(x) = y(z,0). Define
a(A)v b(>‘)a Cj by

b(/\) _ _ e idyo(xz')os1T ’ / / _
(a(/\)> =[s(N)]2, s(\)=1- /700 MWo@T 70 (4 (27,0, \)da!,  TmA =0 (3.5)
and
[M*(va’Aj)]l = d(Aj)CjeQiAij(x)[MJr(xa07Aj)]?a ] = ]-a 7N7 (36)

here and here after ([A]1 [A]2) denotes the first (second) column of a 2x 2 matriz A. We assume
that a(X) has N simple zeros {\;}}_, in the upper half plane and is pure imaginary. Then
(1) a()\) is defined for k € Dy and analytic in D;.
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(2) b(A) is defined for A € R.

(3)a(>\)a() bAD(X) =1, A€ R.

(4) a(X) = O(%), A — o0, A€ Dy.

(5) b(A) = O(X),)\—>oo,/\€]R.

Suppose that there exists a uniquely solution q(x,t) of (1.2) with initial data qo(x) such that

po(z) = /1 + qo(x) has sufficient smoothness and decays for t > 0. Then q(x,t) is given in the
pammetmc form by

g(x(y, 1), 1) = &Sm0y (3.7)

and the function x(y,t) is defined by

y oo
x@w:y+/ (e~ mEDdE _ 1)qy (3.8)

— 00

where m(y,t) = —i)\lim (AM (y,t,\)12, and M(y,t, ) is the unique solution of the following
—00
Riemann-Hilbert problem:

(1)
_ M*(yvta >‘)7 AE D27
M(y7t,A)_ {MJr(yatv)‘)’ A€ Dy

s a sectionally meromorphic function.
(2)
My (y,t,0) = M—(y,t, \)J¥ (y,1,A), ImA =0,

where JW) (y,t, \) is defined by

1__ Lﬁ)e—Qi(Ay+4/\3t)
T tn) = | —aMald) a(A) . Im\=0. (3.9)
( ) o i()\y+4)\3t) 1
an©
(3)
M(y,t, ) :I+O(§), A — oo, (3.10)

(4) The possible simple poles of the first column of M1 (y,t,\) occur at A\ =X;, j=1,---,N,
and the possible simple poles of the second column of M_(y,t,\) occur at X\ = Xj, j=1--- N
The associated residues are given by

)]\;ie)\S‘[M(yvta A)]l = Cje2i()\jy+4)\?t)[M(yatvAj)]Qv ] = ]-a' o 7N7 (311)
Res [M(y,t,\)2 = e 20wt 0[0 (y, ¢, X,)]1, j=1,---,N. (3.12)
A=)y

Proof Assume that pu(z,t) is the solution of equation (2.5), and its asymptotic expansion
is

(1) (2) (3)
_ o P @t)  pP () op(w,t) 1
wlx, t,\) =1+ \ + 32 + P +O(F)’ A — 00
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into the z-part of (2.5), where u(")(x,t), u® (x,t) and p® (x,t) are 2 x 2 matrices, dependent
on z,t. By considering the terms of O(1), We get

1 (1) = _P;(f”vt), (3.13)

By construction of the new Riemann-Hilbert problem about (y,¢, A), we can deduce that

pD(a,t) = =1 lim (AM(y,1,\)1z = m(y,?). (3.14)
Then
1 pa(z,t)
__ = . 1

(3.13) can be expressed in terms of y = y(z,t). Indeed, using g—g = p, then (3.15) becomes

1py
——= = t). 1
i, m(y,t) (3.16)

As |y| — oo, p(y,t) — 1, by the evaluation of (3.16), we get

plyt) = et 1T m 0

Therefore

As |z| — oo, |y|—>ooand%=p>0,

Y oo
x=y+/ (e~ ]y mENdE _1)q,

—00

Remark 3.1 It follows from the symmetries (2.10) that the solution M(y,¢,A) of the
Riemann-Hilbert problem in Theorem 3.1 has the symmetries:

{Mn(?JJfa A) = Mas(y,t,N),  Moi(y,t,\) = Mia(y, t,\), (3.17)
Mll(yv t, _>‘) = M22(ya t, >‘)a M12(y7 t, _>‘) = M21(ya t, >‘)

4 Soliton Solution

The solitons correspond to the spectral data {a(\),b()),C;} for which b(\) vanishes iden-
tically. In this case, the jump matrix J® (y,¢,\) in the (3.9) is the identity matrix and the
Riemann-Hilbert problem of Theorem 3.1 consists of finding a meromorphic function M (y, ¢, \)
satisfying (3.10) and the residue conditions (3.11)—(3.12). From (3.10)—(3.11), we get

[M(y,t, N1 = ( > +Z - A QG+ AN (y, £, Aj)]a- (4.1)

For the symmetries (3.17), (4.1) can be written as

Maa(y,t,\) < ) j 21(,\,-y+4,\3.t) (MlQ(yatv)‘j)>
+ J ¥ . 4.2
(Mlz(y,t A)) Z A= Mas(y, t, Aj) (4.2)
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Let A = A, (4.2) becomes

- N
Moo (y,t, An) cj e (Mia(y.t, ;)

Mio(u.t. N ) A =1.---.N. 4.
<M12(y,t A )) < ) Z Maa(y,t, ;)] e (4.3)

J:1

Solving this algebraic system for Mia(y,t,A;), Maa(y,t,A;), n=1,---, N, and substituting
them into (4.1) provide an explicit expression for the [M(y,t, A)]1. In terms of the symmetries
(3.17), we can get Mia(y,t, A), which solves the Riemann-Hilbert problem. Then

N
—i im (AM (y,t,A))12 = m(y,t) = —izCjezi(/\jy""l/\?t)Mlg(y,t,)\j).
A—00 =

Therefore, the N soliton solution g(x,t) is expressed by the (3.7).

4.1 The one-soliton solution

In this section, we derive an explicit formula for the one-soliton solution, which arises when
a(A) has a pure imaginary A; of simple zero. Letting N =1 in (4.3), from the the symmetries
of (2.10), we can deduce that a(A\;) = a(=\;) = 0, and then \; = —X\; and a(\;) = a(—\1).
Since the by is a real constant, we find that C; = —C1, and thus C; is pure imaginary. Making

use of the symmetries of (3.17), we can obtain
N N Gy 2i(A1y+4A3t)
M22(yat7)\1):1+— € ! M12(y7ta>\1)a
1— A1

LQQi(MHD\?OMm (y,t, A1)

MlQ(yathl) - X \
1 — 1

Then _
(M= \)?

(M1 — A1)2 + |C|2eRiCay+aND) o —2i(ay+4X71) |

Mo (y,t, M) =

Substituting this result into (4.3), we get
Ci(A = \)?
(A — X1)[(X1 _ Al)zezi(leHXft) + |C«1|Qe2i(/\1y+4)\§t)]~

Let Ay =ie, € > 0, and in order to conveniently study the properties of the one soliton solution,

Ml?(yvt; >\) = (44)

we choose C7 = £2ie. When € = —2ie, substituting both parameters into (4.4), it comes into
being that

216672(6y74€3t)

Mz (y,t,\) = (A +ie)[1 — e—4(sy—4s3t)]'

(4.5)

Then
—i )\ILI{.IO(AM(yv L, A))12 = —(al"ctanh e_Q(Ey—4s3t))y,

where the arctanh z is the inverse function of tanh z. Furthermore,

o0 o0
/ m(y',t)dy = —i/ )\hm (AM (3, t, X)) 12dy’
y y — 00

o0
= —/ (arctanhe_z(ey_‘legt))y/dy’
y

= arctanh e 2(ev—4<’1), (4.6)
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The solution ¢(z,t) in (3.7) can be transformed into

72(5y7453t)

q(x,t) _ eSarctanhe —1. (47)

—2(ey—4e3t)

Letting a(y,t) = edrctanhe , we find that Lna(y,t) = arctanh e~2(e¥y=4t) and then

tanh(lna(y,t)) = 6_2(51/—46315)7

ie.,
elna(y,t) _ eflna(y,t)

ef2(ey74s3t) ]

elna(y,t) + e—Ina(y,t) =
We deduce
o?(y,t) = —tanh ™ (—ey + 4e3t).

(4.7) can be written as

—2(ey—4e3t)

q(z,t) = (etretanhe )8 — 1 =tanh™*(—ey + 4e%t) — 1. (4.8)

Substituting y with x, (4.8) becomes
q(z,t) = tanh™*(—ex + 4¢3t — en(x, 1)) — 1, (4.9)

where y(z,t) = f;o(l — p(€,1))d€ and p(z,t) = tanh™?(—ex + 463t — ey(z,t)). Then (4.9) can
be varied as (1+q(z,t))2 — 1 = cosh?(—ex + 4¢3t — ey(z, 1)), and hence the one soliton solution
q(z,t) has a singularity at the peak of the soliton, the so-called cusp soliton.

When A\ = ie and C;7 = 2ie, the corresponding one soliton solution ¢(z,t) of (1.2) can be

expressed as
q(z,t) = tanh™*(—ex + 4% — ev(x, 1)) — 1, (4.10)

where y(z,t) = [7°(1 = p(&,t))dE, p(x,t) = tanh™2(—ex + 43t — ey(x, 1)).

Remark 4.1 In this paper, we use the Riemann-Hilbert approach to obtain the solution
q(z,t) of (1.2) expressed by (4.9)—(4.10). While [3] applies the inverse scattering method to
get the solution g(x,t). If ¢ = k (k in [3], to the one soliton solution, when C; = —2ie, the
expression of the solution in both papers is similar, identical with —ex + 4€3¢ in the

tanh ™ *(—ex + 463t — ev(x, 1))

and kx — 4k3t in the tanh™*(kz — 4k3t — koo + £ ) in [3]). There is a different point about the
expression of the one soliton solution in the two papers, i.e., one is dependent of the —evy(z,t)
of x and the other is —kxg + €4+ of .
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