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Abstract First, the authors give a Grobner-Shirshov basis of the finite-dimensional irre-
ducible module V() of the Drinfeld-Jimbo quantum group Uy(G2) by using the double
free module method and the known Grébner-Shirshov basis of Uy (G2). Then, by specializ-
ing a suitable version of Uy (G2) at ¢ = 1, they get a Grobner-Shirshov basis of the universal
enveloping algebra U(Gz2) of the simple Lie algebra of type G2 and the finite-dimensional
irreducible U(G2)-module V().
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1 Introduction

Reduction is a fundamental problem in studying the structures of algebras. Precisely, let A
be an algebra given by a group of generators and a set of relations between them. We denote
by S and (S) the set of these relations and the ideal generated by them, respectively. For any
element a in S, we often need to decide whether a belongs to (S) or not. This is the so-called
“membership problem” in algebra and it is often very difficult but important.

In his thesis [6], Buchberger provided a method to solve this problem in commutative algebra
and called his theory the Grobner bases theory. Later, Bergman [1] generalized Buchberg’s
theory to associative algebra. On the other hand, Shirshov [18] developed the same theory for
Lie algebras. In [2], Bokut proved that Shirshov’s method is also valid for associative algebras,
so the theory of Shirshov for Lie algebras and the universal enveloping algebras is called the
Grobner-Shirshov bases theory.

In [5], Bokut and Malcolmson developed the Grobner-Shirshov bases theory for the Drinfeld-
Jimbo quantum groups and as an application, constructed a Grébner-Shirshov basis for the
quantum group of type A,,. Recently, in [14-16, 19] the authors, by using the representation
theory of algebras, constructed a Grébner-Shirshov basis for the quantum groups of types Ga,
D4, EG, and F4.

In [12], Kang and Lee developed the Grébner-Shirshov bases theory for the modules over
associative algebras and in [13], by using their theory, constructed a Grobner-Shirshov basis for
the irreducible modules of simple Lie algebras of type A,,. Several years later, in [8] Chibrikov
used another approach to deal with Grébner-Shirshov bases for the modules, and the key idea
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in his approach is that a module of an algebra is viewed as a free module over a free algebra.
Later, in [7], authors gave a Grébner-Shirshov basis for the modules over associative algebras
by using the idea of Chibrikov.

In this paper, based on the Grobner-Shirshov basis for the Drinfeld-Jimbo quantum group
U,y(G2) given in [16], we construct a Grobner-Shirshov basis for the irreducible module V()
of U,(G2) by using the method in [7] and by specializing a suitable version of U,(G2) at ¢ = 1,
we get a Grobner-Shirshov basis for the universal enveloping algebra U(G2) of the simple
Lie algebra of type G2 and the finite-dimensional irreducible module V(A) over it. And by
comparing this new Grébner-Shirshov basis for U(G2) with the one obtained in [3] we found
that the new one contains the minimal basis in [3].

2 Some Preliminaries

For the convenience of the reader, in this section we recall some notions and results about
the Groébner-Shirshov bases of double-free modules and the quantum groups from [7], [9] and
[11], respectively.

Let k be a field, X a non-empty set of letters with integer index, and X* a free monoid of
monomials in the letters in X. Let k(X) be the free associative k-algebra generated by X. In
order to determine the leading term of an element f € k(X), we choose a well ordering “ < ” on
X*, and then this ordering naturally induces an ordering in the free associative algebra k(X).
For any element f € k(X), we denote by f the leading term of f. If the coefficient of the leading
term of f is 1, then we say f is monic. If f and g are two monic elements in k(X), and their
leading terms are f and g, then the composition of f and g are defined as follows.

(a) If there are a,b € X* such that fa = bg = w and the length of f, the number of the
letters in f, is bigger than the length of b, then the composition of intersection is defined to be
(fag)w = fa_bg'

(b) If there are a,b € X* such that f = agb = w, then the composition of inclusion is defined
to be (f,9)w = f — agb.

Note that in both cases above, we have (f, g), < w.

Let S be a non-empty subset of k(X) generated by some monic elements. We define a
congruence relation with respect to S on k(X) as follows: For any f,g € k(X) and w € X*,

f=gmod (S;w)&e f—g= Zaiaisibia

where a; € k, a;,b; € X*, s; € S, and a;5;b; < w for all 4. If this is the case, then we say that
f is congruent to g modulo S and w, and denote it by f = ¢g mod (S;w). If an element f is
congruent to 0 modulo S for some w, then we say f is trivial modulo S. If for any elements
fyg € S and w € X*, the composition (f,g)., whenever it is defined, is trivial modulo .S, then
we say S is closed under composition. If S is not closed under composition, then we will need
to expand S by attaching all nontrivial compositions (inductively) to S to obtain a completion
S¢. We call S¢ (if it is closed under composition, then S = 5¢) a Grobner-Shirshov basis for the
ideal (S) of k(X). Often, by abusing language, we call S¢ a Grébner-Shirshov basis of k(X).

Now we recall the definition of the double free module.

Definition 2.1 (see [8]) Let X,Y be two sets, and modyxy( Y) a free left k(X)-module

with the basis Y. Then modyxy(Y) = @ k(X)y is called a double free module.
yey
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Let X, Y be two sets with well orderings and X*Y = {uy | u € X*,y € Y}. Forany w € X*Y,
we have a unique expression w = x71 - - - ¥y, where x; € X, i=1,--- ,n, y €Y, n > 0. Set

wt(w) = (n,y, 1, -+, Tp).
We define an ordering “ <” on X*Y as follows: For any w,d € X*Y,
w=<we wiw) < wt(w),
where < is a lexicographical ordering. Clearly, the ordering < satisfies
w=<w=aw=<aw forallae X".

So the ordering “ <7 is admissible.

Definition 2.2 (see [7]) Let S C modyx)(Y) be a non-empty subset generated by some
monic elements, and “ <7 the admissible ordering defined above. We say that S is a Grobner-
Shirshov basis in the free module mody,xy(Y'), if all compositions in S are trivial modulo S.

The following is the composition-diamond lemma for the double free module, the central
result about the Grébner-Shirshov bases theory of the double free module.

Lemma 2.1 (see [8]) Let S C modyx)y(Y) be a non-empty subset generated by some
monic elements, and “ <7 the admissible ordering defined above. The following statements are
equivalent:

(1) S is a Grébner-Shirshov basis of mody xyY;

(2) If 0# f € k(X)S, then f = a5 for some a € X* and s € S,

(2 If 0# f € K(X)S, then f = a;a;s; with a;37 > as33--- , where a; € k, a; € X*, s; €
S;

(B) Irr(S) ={w e X*Y |w # a3, a € X*, s € S} is a k-linear basis for the factor module

The following theorem explains the relation between the Grébner-Shirshov bases of the
associative algebra and the double free module.

Theorem 2.1 (see [7]) Let X,Y be two sets with well orderings, “ <” a monomial ordering
on X* and “ <7 the admissible ordering defined above. Let S C k(X) be a subset generated
by some monic elements. Then, S C k(X) is a Grébner-Shirshov basis of k(X) if and only if
SX*Y C modyx)y(Y) is a Grébner-Shirshov basis of mody xy(Y) with respect to the ordering
<.

Next, we recall some notions about quantum groups from [9] and [11].

Let k be afield and A = (a;;) a symmetrizable n xn Cartan matrix, that is, an integer matrix
with a;; = 2, a;; <0 (i # j) and there is an integral diagonal matrix D = diag(dq,ds,- - ,dy)
such that DA is a symmetric matrix, where dy,--- ,d, are non-negative integers. Let g be a
nonzero element of k so that it is not a root of unity. The quantum group U,(A) is a free
k-algebra with generators { E;, K:*', F; | 1 <i,j < n}, subject to the relations

K ={KK; - K;K;, K;K; ' =1, K, 'K; — 1, E;K — g7 KHE,
K Fy — g7 i B K'Y,

K} - K * }
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1—a;;

s = {3 [P E i )
v=0 t
1—ay; 1
57 e { Z (_1)v|: _Ualj:| Fil—(l,ij_vFjFi’U Z# j, t — q2d1}
v=0 t
forall 1 <i4,j <n and
n pm—itl _ pimm—1
m| H yr—— for m >n >0,
nj, ) i=1 -
1 forn=0o0r n=m.

Let U2(A), U (A) and U, (A) be the subalgebras of Uy(A) generated by (Kf'|1<i<
n}, {E; |1 <i<n}and {F; |1 <i<n}, respectively. Then we have the following triangular
decomposition of the quantum group U,(A):

Ug(A) 2 US(A) @ UY(A) @ Uy (A).

The following is the main result in [5].

Theorem 2.2 If the sets ST and S™¢ are the Grébner-Shirshov bases of Uf(A) and
U/ (A), respectively, then the set STCUK UT US™ is a Grobner-Shirshov basis of the quantum

group Uy (A).

3 Grobner-Shirshov Bases of Irreducible Modules over the Quantum
Group G-

From now on, we consider the quantum group U,(Gz). We choose the following orientation

for Go
(1,3)

.

Then the corresponding Cartan matrix A and its minimal symmetrizer D are
(2 -1 _fdy O\ (1 0
A= (_3 2) and D_<O d2> - (0 3).

X = {El,E127E122,E12227E112227Ez;Kli,K2i7F17F127F1227F1222,F11222,F2}

Let

be the generating set of Uy(G2), where E1, Eva, Ev122, E1222, E11222, E2 are the modified images
of the isomorphism classes of indecomposable representations of the species of type G2 under the
canonical isomorphism of Ringel between the corresponding Ringel-Hall algebra H(G2) and the
positive part of the quantum group U;_(Gg), and Fy, Fio, Fia2, F1299,F11292, F5 are the images of
the F1, Fho, F192, F1222, F11222, Fo under the convolution automorphism of the quantum group
Uy(G2) (for details, see [16]). The following skew-commutator relations are computed in [16]:

Er220E> = ¢* B2 B1292,
E122E1920 = ¢° E1222F199,
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Er122:F122 = ¢° E122F11222,
E12F11920 = ¢° E11222F,
ErEyy = ¢°Ep B,
E192F> = qE2Fros — (¢ + ¢~ % 4 1) E1as2,

¢ —q¢' - +1 3
g+a )@ +qg2+1)
E13E12: = qE122E12 — (¢° + ¢% + 1) E11292,

3
E11222F1222 = q°E1222E11222 — (

6 _ 4_ 2
¢ —q¢ -qg+1 3
E\E = ¢®Fr1922F1 —
1E11222 = ¢° E11222 1 ET IR T e
P — g
E11992F2 = EaE11222 — PEY=) EZy,
3_ -1
q —q
Eq1oFE1220 = E1229F12 — PEy=) T2
3_ -1
q —q
EyE122 = E122 B — PEy=" T

BBy = ¢ 'EsErg — (¢ + ¢ ') Era2,
E1Ei292 = ¢ *F1202F1 — (¢ — 1)E122E12 — (¢* — ¢ — ¢ ') E11222,
E1E2 = q_3E2E1 — Elg,

K,K; = K;K;,
KK '=1,
K 'K =1,

EK; = qT i K E;,
KFFy = T G,

K2 _ K2
Eily = FiBi = 0ij i — —aa»

FioooFy = ¢* FyFiog,
Fi22F1292 = ¢° Fia22 F12,
Fi1222F122 = ¢° Fi22 F11992,
FioFi1222 = ¢° Fi1222F1a,
FiFiy = ¢°Fio Fy,
FiooFy = qFyFios — (¢* 4+ q7% + 1) Fion,
¢ - - +1 3
gta D)@ +qg 1)
FioFi90 = qF122F12 — (¢* 4+ ¢~ + 1) Fi1202,

3
F11222F1222 = q° F1222F 11222 — 0

6_ 4 _ 2
3 ¢ —q¢ —qg+1 3
FiFii222 = q¢° Frioeo Fy — Gra D@ +q 2+ >
¢ —q!
Fri200F5 = Fo Fr1222 — WFfQ%
¢ -q' 5

Fi9F1200 = Fio00F 19 — 122>

q+qt
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3_ -1
- qa —dq 2
FiFigp = FiooFh — FF12;

FioFy, = ¢ ' FyFio — (g + ¢ ) Flag,
F1Fia90 = ¢ *Frasa Py — (¢° — 1) Fi22F12 — (¢* — ¢ — ¢~ ) Fi120,
F\Fy = q *FFy — F,

where 7,5 = 1, 2.
The main result in [16] says that the set S of the above skew-commutator relations is a
minimal Grébner-Shirshov basis of the quantum goup U,(G2). Note that the ordering

Ey > Ei2 > Ei1222 > E122 > FBiaoe > Fo > K1 > K[ ' > Ko > Ky ' > Fy
> Fig > Fiigoe > Fioo > Fiooo > I

induces a lexicographic ordering on the monomials of these generators.

Now we are ready to construct a Grobner-Shirshov basis for the irreducible modules of the
quantum group Uy(G2). Let X* be a free monoid generated by X, and A1, A2 be fundamental
weights. Let vy be the highest weight vector with the highest weight A, where A\ = mi A1 +moAs
and mq, mg are non-negative integers. The finite-dimensional highest weight U,(G2)-module
Vg (A) with the highest weight A generated by vy is defined to be (see Definition 2.1):

Vo (N) = mody,x) (vx | Bivx =0, Koy = ¢ vy, FM oy =0, 1 <i <2, SX vy =0),

where S is a Grobner-Shirshov basis of U,(G2) and (—, —) is the symmetrization of the Euler
form (see [16]). From [10] we know that V,(\) is a finite-dimensional irreducible module, and
any irreducible finite-dimensional module on U,(G2) can be obtained in this way. Our main
result is the following theorem.

Theorem 3.1 The set
S1 = {FE;uy, Kjuy — q()"i)vA,Fim"'HU,\ (1<i<2)}USX" vy

is a Grobner-Shirshov basis of the finite-dimensional irreducible Uy(G2)-module V().

Proof For convenience, we let
_ _ A, o i+1
gi = By, hi = Koy — ™oy, pr= F oy,

where i = 1, 2.

Now we prove that S is closed under composition. Since S is a Grobner-Shirshov basis of
Uy(G2), we know from [7] that SX*vj is closed under composition, and there is no composition
between the elements of {E;uy, K;vy — ¢y, Fim"'Hv)\}. So we only need to prove that the
compositions between the elements of { Ejvy, Kjvy —¢™ vy, Fim"'Hv)\} and SX*vy are trivial.

For any u = savy € SX*vy, s€ S, a € X*,

(I) if a@ # 1, then we consider the following three cases.

(i) If SX*vy > u = sa1 E;vy, where s € S, a1 € X*, i = 1,2, then w = 5a1 F;v), so
(u, gi)w = sa1 B\ — 5a1 vy

= (s —3)a1 E;uy
=0 mod (S1,w).
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(ii) If SX*vy\ > u = sa1Flvy, s €S, a1 € X*, i = 1,2, then there is no composition when
0<l<m;+1,and when !l >m; + 1, we have w =u = §a1Filv)\ = §a1Fil_m"'_1pi. So

! — l—m;—1
(U, pi)w = sarFjux —Sa1 F;"™  "p;

=(s— E)alFil_m"’_lpi
=0 mod (S1,w).
(iii) If SX*vy 3 u = sa1 K;vx, where s € S, a1 € X*, i = 1,2, and s =35 +¢, t <3, we
have w = u = sa1 K;vy. So
(u, hi)w = sa1 K;v) —Sa1h;

= ta1 K;v) +Sa1 K;vy — Sa1 Ky + Ealq(”\’i)w

= talq()"i)v)\ + §a1q()"i)v)\ mod (S7,w)

= sa1q™M vy mod (S1,w)

=0 mod (51,w).

(IT) if a = 1, that is, u = sv) € SX*vy, where s € S = ST UK UT US™, then we consider
the following four cases.

(1) If s € S+, then s = EmEy, where Ex,Ey S A, A= {Elg,Elgg,Elggg,Euggg}. Since
we know from [17] that each Eja2, E199, F1222 and FEq1200 is polynomial of E; and Es without
constant term, the proof is the same as (i) in (I).

(ii) If s € S, then by using the convolution automorphism (see [10]) we convert this case
to the case (i).

(iii) If s € K, then we have the following three compositions:
If u = (K, K, — K,K;)vy, where (I,p) > (p,1), © = K;K,vy, then & = K;h; = w, when p = i,
where i = 1,2. So

(u, hi)w = KiKijvx — K Koy — KiKvx + ¢M Koy
=~ gDy, 4 ¢ODgNDyy mod (S, w)
=0 mod (S1,w).

If u = (K; 'K; — 1)uy, then @ = K; 'h;, when j = i. Thus
(’LL7 hi)w = K;lKi’U,\ — V) — K;lKiU)\ + q(/\’i)Kiil’U,\
= —vy + q()"i)KflvA mod (51, w).

Since K;uy—q¢M)vy € S, we have K;l(KivA—q()‘_i)v)\) € (S1). Again, since K;lKiv)\—v)\ €
(S1), we have K; *vy — ¢~ *Vuy € (S;). Hence

(u,hi)w = —vx+vx mod (S1,w)
=0 mod (S1,w).

If u=(E;K; —qT* K| E;)vy, then w = Ejh_i = w, when [ = i. So

(u, hi)w = EjKiU)\ - qia"’j KiEj’U,\ — EjKﬂ))\ + q()\’i)EjU)\
=0 mod (S1,w).

(iv) If s € T, then there is no composition.
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The proof is complete.

In order to specialize the quantum group U,(G2) at ¢ = 1, we give another version U, (G2)
of Uy(G2) as follows.

The k-algebra Ué(Gg) is generated by {E1, Eq, K1, Ko, Kfl, K;l, Fy, Fy, Ly, Ly} subject to
the relations

KzKJ:KJK“ KZK;1:1’ K;lK,L:].,
EK = ¢ KFE;, KPPy = 7o [ K
EiFy — FjE; = 045 Ly, (¢*% —q %)L = K? - K;*,  [Li,L;] =0,

where 1 <4,5 <2, and
1

(L1, B1] = ¢*(E1 KT — K2 By), (L1, E5] = —m(Esz ~ K[?EBy),
12 6

T +q +1 _ _

(L2, En] = —W(EJQQ — K5 *En), (Lo, Bs] = ¢° (B2 K3 — K5 ° ),
2

(L1 Fi) =~ (KT — K F), (L1 Ba] = 5 (BKE — K 2Fy)

6(,12 6

+q¢°+1 _ _ _
[LQ,Fl] = %(F&KZQ - KQ 2F1)a [LQ,FQ] =—q 6(F2K22 - K2 2F2)7
lfaij
v 1-— (73] 1—a;j—v ) . .

Z(—l) [ v j]Ei E;E] (1<i#j<2),
v=0 t
1—aq; 1
> (—1)U[ _vaij ] Fy7TUREY (1<i#j<2)
v=0 t

Then we have the following result.
Theorem 3.2 The two k-algebras Uy(Gz) and Uy(Gz) are isomorphic.
Proof We define two k-algebra homomorphisms ¢ and v as follows:
¢:Uy(G2) = Ui (G2) by Eij— E;, F;— F;, Kj— K;
and
P U;(Gg) — Uy(G2) by E;+— E;, F;— F;, K, — K;, L, — [E;, F}].

Then, we need to verify that these two maps are well-defined, that is, they are compatible with
the defining relations for U,(G2) and U,(G?2). Because of the definitions of ¢ and ¢, we only
need to consider the relations relevant to L;. First, we prove that ¢ is well-defined. Since

O([Ei, Fy]) = ¢(EiF) — F3E;) = EiFj — F;E; = [E;, Fj] = 645 Li,

Qg((guKiz_Ki_Q):(;..KiQ_Ki_Q :5..@;5.1/‘
vy qu,; _ q—Qd,; v qu,', _ q—2d1‘, v q2d1‘, _ q—2d1‘, =Yy
we have ) )
K? - K,
B ) = (83— -z )

and ¢ is well-defined.
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Next, we prove that 1 is well-defined. Clearly,

K2 K2
Y((Ei, Fj]) = (EiF; — FE;) = EiFy — FE; = [E;, Fy] = Oij i — g3
K2 K2
Y(6ij Li) = 6ij[Ei, Fy] = 0ij 53—
q?di — g2
So
V([Ei, Fj]) = ¥(6i;Li).
Since
2d 2d; 2d 2d 2d; aay Ki— K[ * 2 2
Y =g ) L) = (¢ — ¢ *)[Ei, Fy) = (% — ¢~ )qzdi. qudl =K - K; 7,

one can get
V(¢ — g2 L) = $(K - K2).

Similarly, we have

Y([Li, Lj]) = (LiLj — LjL;)

= [EF[E; Fj] — [E; F}[Ei Fi
KK KK KK kK
q2di _ q72di q2di _ q72di q2di _ q72di q2di _ q72di
U([Li, Ej]) = Y(LiEj — E;L;)

= [EiF]E; — Ej[E; F

K? - K;? K? - K;?
B e A e
q2dia,-j71 9 9
= 2 — g2 (E;K; + K; "Ej)
P (E1K} — K[ 2Ey),
1 _
_q2 4 1(E2K12 - Kl 2E2)a
= 12 6
g +q¢°+1 9 9
- q12(q6 + 1) (E1K2 - K, El)a
O (E2K2 — K, 2Fs),

U([Ls, Fj]) = (LiFj — FjLy)
= [EiFi|F; — F}[E: F}]

) —2

_ KK o g KoK
Phi —g—2di T i e ged;
q72diaij71

= W(ijﬁ? + K[ 2F))
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2(RKT - KPR,

L (BK} - KR,

¢°(¢"? +¢°+1)
¢°+1
—q (RK3 — K3 °Fy).

(K3 — Ky 2Fy),

So 1 is well-defined. Finally, we note that

So

oV(E;) = By, ¢oY(F;) = Fi,  ¢p(K;) = Ky,
Vo(E;) = By, o(F;) = Fi, ¢o(K;) = Ky,
¢¢(L ) (b[ ze] ¢(E1F1 — FzEZ) =FE,F, — F;Ei = [Eze] =L,

Vo =1y,c,) and oY = lyr(c,)-

Therefore, U, (G2) = U;(G2). The proof is complete.

This isomorphism gives the following Grébner-Shirshov basis for U, (Ga):
1) Ei222F2 — ¢*FE2Eq299,

2) E122F1222 — ¢ E1222F 122,

3) Er1222F122 — ¢* F122F11222,

4) E12E11222 — ¢®F11222 12,

5) E1E12 — ¢*Er2F,
6) E190FEo — qE2FE190 — (¢ + ¢~ + 1) E1229,
)

)

)

7) Er1220F1220 — ¢* E1222 F11292 — (q+g_T)(q7+q—2+1)E122,
8) F12E122 — qF122E12 — (2 + ¢~ + 1)E112227

gt
9) E1E1i222 — ¢* E11222 1 — (q+q_1)(q +q_2+1)E%27

®—q ' 2
10) Ei1222F2 — EaFEq1222 — WEHQ,
11

®—q- 2
Ei19F1200 — E1222E12 - Efys,

(

(

(

(

(

(

(

(

(

(10)

(11)

(12) E1E122 — E122Fq — W

(13) E12Ey — ¢ ' EyF12 — (¢ + ¢~ ') E122,
(14) E1E1299 — ¢ 3 F1202E1 — (¢* — 1)E192E12 — (¢ — ¢ — ¢~ ) Ev1222,
(15) E1Ey — g *EyEy — g,

(16) K; K; - K;K;,

(17) K; K_ -1,

(18) K -1,

(19) E Kil _ qq:d a”KilEJ
(20) KﬂF = gFhos K
(21) B;F; — F,E; — 5”%,

(22) Fiao2Fo — ¢ Fa Fi202,

(23) FiooFi902 — 3 Fio22 199,

(24) Fii200F122 — ¢® Fio2 Fi1222,

(25) FiaFi1222 — ¢®Fi1220F1,

(26) FyFiy — ¢ Fio Y,

(27) FiooFs — qFoFia0 — (¢* + ¢ 7% 4 1) Fia2,
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28) Fi1222F1222 — ¢*Fr2o0F11220 — (s 1)(1((121(1 £+1)F122’
29) FioFi2s — qF122F12 — (¢° + q6_2 + 1)2F112227
30) FiFiia22 — ¢°FriaaFy — (q+q_f)q(qfiq_2+1)F1327

(28)

(29)

(30)

3

(31) Frioo2ks — FoFi1900 — F122,
(32) FiaFi222 — F1222F12 - q+q F122,
(33) FiFi2s — FipoFy — T F1227
(34)
(35)
(36)
(37) L
(38)

34) FioFs — q~ F2F12 - (Q+ q 1) Fiaa,
35) FiFi200 — ¢ 3 Fio00F) — (¢ — 1) FiooFia — (¢® — ¢ — ¢~ 1) Fi1202,
36 F1 b — q 3Py — Fio,

37 — L;L;,
L E EjLi — LU (B K? — K2F
38 i W( i K — K °Ej)
L\Ey — E\Ly = (B, K? — K{°Ey),
LB - BLi= -5 +1(E2K2 K{*E,),

LoEy — E\Ly = %(&K& — K5 2Ey),
LyEy — E>Ly = ¢5(E2 K3 — K3 *Es),
—2dja;; _

(39) L,F; — F;L; W(F K? - K;%F))
IWFy — F L = — q 2(RK? - K[2R),
LiF; — FLy = g5 (FBKT — K ),

6 12 6
LoFy — FiLy = 441412 (qqeiql +1) (F1K22 - K2_2F1)7
LoFy — Fyly = —q S(FyK3 — K52 Fy),
where 7,5 = 1, 2.

437

We denote this Grobner-Shirshov basis of U, (G2) by S’. Moreover, by the isomorphism ¢

above, we define a U;(G2)-module structure on V;(A) as follows:

E;ovy =v¢(E;)vy = Ejuy =0,
Kiovy =(Ki)ux = Kivy = ¢Muy,
F{P oy = (o = F I, = 0,
Liowvy =(Li)vy
= [E;Fi]ux
2 2

_ q2()\,i) _ q72()\,i)

O’U)\

24 — g2 YA
. q72()‘7i) (q4()‘7i) — ]_)
= Uy

¢ (g = 1)
q2—2()\,1)((q4)()\,1)—1 + (q4)(/\,1)—2 4L q4 + 1)1))\7 ifi= 1,

= q6—2()\,2)((q4)()\,2)—1 + (q4)(k,2)—2 N q4 4 1)7})\
¢ +q +1 ’

if i =2,

and we denote this finite-dimensional irreducible U, (G2)-module by V;()). Then we get the

following Grobner-Shirshov basis for V,/()):

S1 = {Ez owvy, Kiouvy —qgMuy, FMH ouy,
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Ly oy — 2200 (gD (gD 4 g T,

q6—2(>\,2)((q4)()\,2)—1 + (q4)()\,2)—2 et q4 4 1)1))\
@ +agt+1

where X* is the free monoid of monomials in the letters in {F;, Kiil7 Fi,L; |1 <i<2}. We

denote by Uj(Ga) the specialization of U;(G2) at ¢ = 1. By using the Lie bracket and the
formulas (6), (8), (13) and (15), we have

Loouy — (1gi§2)}uS’X*w,

Ey = [E1Es),

Eioo = %[[ElEQ]EQL
Ei322 = %[[[E1E2]E2]E2]7
E11222 = %[[ElEQ][[ElEZ]EQ]]'

From the formulas (1)—(5), (7), (9)-(12) and (14), we have

6[E1222Fs] = [[[[E1 E2| E2| E2 Es],

12[E122 E1220] = [[[E1 B2 Ex][[[E1 E2] B2 E5]],
12[Era22 Bra2] = [[[E1 Ea][[Er Ea] Eb]|[[E1 E2] Ex]],

6[E12Ei202] = [[E1 Eo][[E1 Ex][[Ey E2] Eb]]],

[E1Eq2] = [Ex[E1 B2,
36[E1222 En202] = [[E1 E2][[E1 Ea] Eb||[[[E1 En] Eo] Ex]],

6[E1 Eri222] = [En[[Ey E2][[E1 E2] E2]],
6[E11222F2] = [[[E1 Es][[E1E2| Es)| Es),
6[E12Er222] = [[E1 Ex][[[E1 E2] E] Ex],

—2[Ey E122] = [[[E1 E2] Ex) E],

6[E1 Ev222] + 6E11220 = [E1[[[E1E2] E2) E2)] + [[Er E2][[Eq E2)Es]].

In the same way, we have

6[Fi202F>] = [[[[F1 F2] F2] F2) Py,
12[F192 F1922] = [[[F1 F2| F>|[[[F1 Fo) F2) F2)),
12[Fi202 F122] = [[F1 B [[Fy 2] B2 ] [[Fu F2) P2
6[F12F11922] = [P FL) [y B2 [[FLF ) P2 )],
[F1F1e] = [F1[FLF]],
36[F1202 F1292] = [[[F1FR) [y ] B |[[[Fy P2 B2 B2,
6[F1 Fi1292] = [F1[[F1F2][[Fy PR ] B,
6[Fi1222 %] = [[[F1 F2][[F1 F2] Fo]] F,
6[F12F 1292 = [Py F3][[[F1 F2] PR B3],
—2[F1F1g2] = [[F1 F2] 2] F,

6[F1 Fi222] + 6F11202 = [F1[[[FA Fo| Fo] Fo)] + [[Fu Fo)[[F1 Fa] o),
where [E11222E2] = [E12E1222], [F11222F2] = [F12F1222]. Then there is a surjection
f:U{(G2) — U(G2)
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defined by
Ey— a9, By — a1, Fi—ya, For—y1, Kj— 1, Li— by
and Kerf = (K; —1|1<i<2).So
U(Gs) 2 U (Ga)/(K; — 1|1 <1< 2),

where U(G2) is the classical universal enveloping algebra of the simple Lie algebra of type G.
Hence by replacing the ¢ and all K;’s by 1 in the Grobner-Shirshov basis S” of U, (G2), and
using the map f, we get the following Grobner-Shirshov basis Sy of U(G2):

fi = [wisy5] — b, f2 = [his hyl,

J3 = [hi,x5] — agjz;, Ja = [hi, y;] + asjy;,

f5 = [zazazn], fo = zaz12121 71,

fr = (w2w1)(z2212121), fs = (waz121) (R2w1 171 ),

fo = (z221)((2271)(222171)), fio = (zaz1) (222121) (T27121),
f11 = $2$1)($2$1$1)($2$1$1$1), f12 = ($2$1)($2$1$1)$2,

fi3 = z2w171 20, f1a = vaz1 2122 — (T271)(T27171),
f15 = [y29211], f16 = Y2y1y1y1Y1,

fir = (Y291) (Y2y1v191), fis = (Y2v191)(Y2019191),

fio = (Y2y1) ((y291) (Y29191)), f20 = (y2y1) (Y2y191) (Y2v191),
for = (y2y1) (yey1y1) (V2v1y1y1),  fa2 = (y2y1)(y2v191)y2,

f23 = y2y1v192, f2a = yoyr1vy2 — (Y2y1)(y21191),

where i,j = 1,2. In this Grébner-Shirshov basis, we omit brackets for convenience. The Lie
product [ab] will be written as (ab) or ab, [z1, 22+ 2] Will mean zq[z2 - - 2z,,] and (2122 -+ 2,)
will mean (2122 -+ Zm—1)2m. Thus, we have [2122 - 2] = (=1)™ 7!

In [4] a minimal Grébner-Shirshov basis of U(Gz) is given and by comparing it with the
basis above, we find that the minimal one is contained in the basis above.

Again, by replacing the ¢ and all K;’s by 1 in the Grobner-Shirshov basis S} of the
finite-dimensional irreducible U;(Gg)-module V,(\) and using the map f, we get the follow-
ing Grébner-Shirshov basis Sj) of U(G2)-module V(X):

Zm tt Z221.

Sy = {miva, hiva — (N i)ua, ¥/ ok U So X oy,

7

where X* is the free monoid of monomials in the letters in {x;, h;,y; | 1 < i < 2}. Note that
here we have used the fact (A, i) = m;, 1 <i <n (see [3]).

Acknowledgement The authors are grateful to the referee for the nice suggestions.
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