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Twistor Spinors and Quasi-twistor Spinors*
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Abstract The author studies the properties and applications of quasi-Killing spinors
and quasi-twistor spinors and obtains some vanishing theorems. In particular, the author
classifies all the types of quasi-twistor spinors on closed Riemannian spin manifolds. As a
consequence, it is known that on a locally decomposable closed spin manifold with nonzero
Ricci curvature, the space of twistor spinors is trivial. Some integrability condition for
twistor spinors is also obtained.
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1 Introduction

It is well known that the spectrum of the Dirac operator on closed spin manifolds detects
subtle information on the geometry and the topology of such manifolds (see [1]). The first
sharp estimate for the nonzero eigenvalues A of the Dirac operator is the well-known Friedrich
inequality, which says that

n
N> — —infR 1.1
*4(n—1)}\£fln ’ (1.1)
where R is the scalar curvature of the closed spin manifold (M™,g). The case of equality in
(1.1) occurs if and only if (M™, g) admits a nontrivial spinor field ¢ called a real Killing spinor,
satisfying the following overdetermined elliptic equation:

Vx¢ = —%X P, (1.2)

where X € T'(T'M™) and the dot “.” indicates the Clifford multiplication. Obviously, a Killing
spinor is a twistor spinor which is also an eigenspinor. The existence of Killing spinors implies
severe restrictions on the manifold. The manifold must be a locally irreducible Einstein manifold
and the simply connected manifolds admitting real Killing spinors were completely classified
(see [2]). Some classification results for manifolds with twistor spinors can be seen in [3-4].
On the other hand, Lichnerowicz [5] and Hijazi [6] noticed that a manifold admitting a
non-zero parallel k-form, for k # 0,n, carries no real Killing spinor. Furthermore, if (M",g)
possesses a locally product structure, then there is no Killing spinor. Consequently, this shows
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the estimate (1.1) cannot be sharp, for example, on (quaternionic) Kéhler manifolds, and on
manifolds with a locally product structure. Indeed, better estimates have been proved in these
cases by Kirchberg [7], Hijazi [8], Kramer et al [9], and Kim [10], respectively.

In the paper [8], Kéhlerian twistor spinors are introduced to get lower bounds for the
eigenvalues of the Dirac operator on closed spin Kéahler manifolds. Hijazi also studied the
uniqueness of Kéhlerian twistor spinors and obtained some vanishing theorems (see [11]). In
particular, he proved that on a Kéhler spin manifold with R # 0, the space of twistor spinors
is reduced to zero. Motivated by the paper [8], we study the properties and applications of the
quasi-Killing spinors and the quasi-twistor spinors which were used to get lower bounds for the
eigenvalues of the Dirac operator in [10-12], and obtain some vanishing theorems. Especially,
we prove that on a locally decomposable closed spin manifold with nonzero Ricci curvature, the
space of twistor spinor is trivial.

The article is organized as follows: In Section 2, some geometric conventions and prelimi-
naries are given. In Section 3, we discuss the quasi-Killing spinor and its application in lower
bounds estimation for the eigenvalues of the Dirac operator. In the final section, the quasi-
twistor spinor is investigated. Especially, we give an integrability condition for twistor spinors
(see Theorem 4.2). More generally, we study the uniqueness of quasi-twistor spinors on com-
plete Riemannian spin manifolds (see Theorems 4.3-4.4). As a corollary, we know that on a
locally decomposable closed spin manifold with Ric # 0, the space of twistor spinors is trivial.

2 Preliminaries

Let (M™, g) be an oriented n-Riemannian manifold. Let 8 be a (1, 1)-tensor field on (M™, g)
such that 82 = old, o = 41 and

g(ﬂ(X)vﬂ(Y)) = g(Xv Y)

for all vector fields X,Y € I'(T'M™) (here Id stands for the identity map). We say (M™, g, ) is
an almost Hermitian manifold if o = —1 and an almost product Riemannian manifold if o = 1,
respectively. Moreover, if 0 = —1 and f is parallel, (M",g, ) is called a Kdhler manifold.
Similarly, we have the following definition.

Definition 2.1 (see [10, 13]) An n-Riemannian manifold (M™, g) is called locally decom-
posable if it is an almost product Riemannian manifold (M™, g, ) and 3 is parallel.

In case that (M", g, 3) is locally decomposable, the tangent bundle TM™ decomposes into
TM"™ =TTM" @& T~M" under the action of the endomorphism 3, where

TEM" 2 {X e TM" | B(X) =+X}.

Obviously, the distributions T*M" are integrable since (3 is parallel. If (M™,g) is simply
connected and complete, then the De Rham decomposition theorem implies that there is a
global splitting (M™, g) = (M1 X Ma, g1 + g2).

Example 2.1 Suppose that an n-Riemannian manifold (M™, g) possesses a unit vector field
£ e T(TM™). Then the reflection 8 defined by

B(X) £ X —29(X,€)¢, X €T(TM)
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is an almost product Riemannian structure. Moreover, it is a locally decomposable Riemannian
structure if £ is a parallel vector field.

We now suppose that (M™,g) is a Riemannian manifold with a fixed spin structure. We
understand the spin structure as a reduction SpinM™ of the SO(n)-principal bundle of M™
to the universal covering Ad : Spin(n) — SO(n) of the special orthogonal group. The spinor
bundle ¥M" = SpinM" x, ¥,, on M" is the associated complex 2[2] dimensional complex
vector bundle, where p is the complex spinor representation. The tangent bundle T'M™ can be
regarded as TM"™ = SpinM"™ x 44 R™. Consequently, the Clifford multiplication on XM™ is the
fibrewise action given by

pw:TM" @XM — SM™,

X®Yr— X 1.
On the spinor bundle XM™, one has a natural Hermitian metric, denoted as the Riemannian
metric by (-,-). The spinorial connection on the spinor bundle induced by the Levi-Civita

connection V on M"™ will also be denoted by V. The Hermitian metric (-,-) and spinorial
connection V are compatible with the Clifford multiplication p. That is

X (¢, 0) = (Vx¢,0) + (6, Vxo),
Vx(Y -¢)=VxY -¢6+YVxo

Vo, p e T(EM™) and VX,Y € T'(TM™). Using a local orthonormal frame field {ey, -, ey}, the
spinorial connection V, the Dirac operator D and the twistor operator P, are locally expressed

as
Vekw = ek(w) + iei ' VEkei ' wa (21)
Dy £ e; - Ve,1h, (2.2)
Py 2o (Yot + e DY), (23)

respectively, which satisfy the following important relation:
1
(VP = [Py + Dy

for any ¢ € T'(XM™) (throughout this paper, the Einstein summation notation is always
adopted). The kernels of the operators D and P are respectively, the twistor spinors and
the harmonic spinors, and they are both conformally invariant. If M is closed, Ker D = Ker D?
on L*(XM™).

Let Rx vy Z 2 (VxVy — VyVx — Vix,v1)Z be the Riemannian curvature of (M™", g) and
denote by Rx,y¢ £ (VxVy —Vy Vx —V|x,y])¥ the spin curvature in the spinor bundle SM™.
They are related via the formula

1
Rxyy = ZQ(RX,Yeia ejlei - ej- . (2.4)

We also use the notation
Rijii = g(Re, e, ek, €1)
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and R;; = (Ric(e;), e;) £ Riikj, R = R;;. With the help of the Bianchi identity, (2.4) implies

i Rej ) = —%Ric(ej) -, (2.5)

which in turn gives 2e; - e; - Re, ;4 = R1p. Hence one derives the well-known Schrédinger-
Lichnerowicz formula

1
D? =V*V + 1 (2.6)

where V* is the formal adjoint of V with respect to the natural Hermitian scalar product on
YM™. The formula shows the close relation between the scalar curvature R and the Dirac
operator D.

On almost Hermitian manifolds or almost product Riemannian manifolds, we can also define
the following S-twist Dg of the Dirac operator D by

Dﬁi/) £ €; - Vﬁ(e,;)w = Uﬁ(ei) : Veﬂ/" (2'7)

It is easy to see that Dg is a formally self-adjoint elliptic operator with respect to L2-product,
if M™ is closed and div3 = 0. As in the Kihlerian case, Kim obtained that D? = D% holds on
the locally decomposable Riemannian spin manifold (M™, g, 3) (see Prop. 2.1 in [10]).

3 Quasi-Killing Spinors

Definition 3.1 (see [10]) A non-trivial solution v to the following field equation on the
almost product Riemannian manifold (M™, g, 3)

Vxth =aX - +b3(X) -, a,beC®(M,R) (3.1)

is called a quasi-Killing spinor of type (a,b).

Obviously, if ¢ is a quasi-Killing spinor of type (a, b), the energy-momentum tensor associ-
ated to ¢ is given on the complement of its zero set by

QuX.Y) & JRe(X - Ty +Y - Vi)
= _a‘<Xa Y> - bﬁ(Xv Y)

for any X,Y € T'(TM™). Especially, the quasi-Killing spinor of type (a,0) (or § = £Id) is also
called the generalized Killing spinor. In fact, in this case one can prove that the function a
must be a constant. That is, ¢ is in fact a Killing spinor. In addition, Hijazi proved that a
manifold admitting a parallel 1-form carries no real Killing spinors (see [6]). Furthermore, we
can prove the following theorem.

Theorem 3.1 Let ¢ be a quasi-Killing spinor of type (a,b) on a locally decomposable Rie-
mannian spin manifold (M™, g, 3), where 3 # +1d. Then ||? is a positive constant and

(1) if R #0, v is an eigenspinor of D, 0 # a=> (or 0 # a = —b) is constant, and R is a
positive constant;

(2) if R =0, then Ric = 0;
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(3) the real vector field Xy, defined by
9(X, Y) £ V=1, Qu(Y) -¢), VY € I(TM)

is a Killing field, i.e., Lx,g = 0.

Proof (1) First, from

V’Lw = veiw = ae; - 1/) + bﬂ(ez) . 1/)7
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we know that V;[1|? = 2Re(V;1), 1) = 0. Hence |1|? is a positive constant. One can also easily

check

D1y = e;Vip = —(na + btrf3)1p,
D2 = (na + btr3)? — (nVa + trfVb)i

and

Dgip = B(ei)Viy = —(nb + atrB)y,
D?ﬂp = (nb + atrf)*h — (nB(VDb) + trp3(Va))y.
In particular

na + btr3 = £(nb + atrf),
nVa + trfVb = np(Vb) + tr3(Va),

(3.2)

(3.3)

since D% = D?. Noting 8 # +Id, we have a = +b, which in turn implies that 3(Va) = +Va.

Hence the quasi-Killing equation can also be written as
Vit = ale; £ Ble)] - = —Qy(es) - ¥,

where Qy = —a(Id £ ). Moreover, by (2.5),

SRic(e:) -1 = Va- (e £ B(ed)) -6+ (0 £ trB)ast

+4a®(n £ trf — 2)[e; + Bles)] - .

Hence performing its Clifford multiplication by e; yields

[T 1QuP — 5@y = (drQy — divQy) o
Using (trQy)? = 1R+ |Qy[?, it follows that

R =4d*(n £ trf)(n + trf — 2).

By dtrQy = divQ, we infer that

(n £trB)Va = —(Qy)ijie; = Va+ 3(Va) = 2Va.

Consequently, Va = 0 since R is non-zero. Moreover, R is a positive constant and a = b = — 52—

ora=—b= —ﬁ, where n; £ dimT+tM™, ny £ dimT~M™.

(3.4)

(3.5)

(3.6)
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(2)IfR=0, (3.7) yieldsa=0orn+trf—2=0.Ifa =0, Vi =0 and Ric = 0. If
n+trf — 2 =0, we see by (3.5) that

%Ric(ei) ) =Va-(e;+ 0(e)) - ¥+ (n+trfB)ayp,
where 3(Va) = Va £ a;e;. Obviously

%Rm(v@) )= Va- [Va+ B(Va)] - & + 2|Val2e = 0, (3.9)

%Ric(X) Y =Va-[X +B(X)]- ¥ +2(Va, X))
=0, VX 1Va, (3.10)

from which the result follows.

(3) Since the Clifford multiplication by vector fields is skew-symmetric with respect to
(-,-), the vector field X is real. We need the following formula for arbitrary vector fields
X, Y, ZeT(TM)

(Lxg)(Y,Z2) =X (g(Y,2)) —9(LxY,Z) — g(Y,Lx Z)
:g(VYsz)_'_g(Ya VzX),

since V is metric and torsion-free. On the other hand, by the definition of X, at the point p
with Ve;|, =0,

9(ViXy,ej) = ei(g(Xy,e;))
=V=1{Qu(e;) - Qu(e:) - ¥, ) — V=1(Qy(e;) - Qu(e;) - 1, )

which is clearly skew-symmetric with respect to e;, e;.

Remark 3.1 We can compute if R % 0 and M™ is closed,
Rij = 4a*(n — 2+ tr03)(8ij % Bij). (3.11)

Hence, Ric > 0 and moreover, by the Bochner-Weitzenbock formula, we know that every
harmonic 1-form on M™ is parallel.

One application of the quasi-Killing spinor is another simple proof of the following theorem,
which is due to Alexandrov, Grantcharov and Ivanov [12]. The other related issues can be seen
in [10, 14-15].

Theorem 3.2 Let (M™,g),n > 3 be a closed Riemannian spin manifold of positive scalar
curvature admitting a non-trivial parallel vector field of unit length. Then any eigenvalue \ of
the Dirac operator D satisfies

s g (3.12)
T 4(n—2) Mn '
The equality in (3.12) occurs if and only if there exists a quasi-Killing spinor field of type

A A n
(- 2(n—1)7_2(n—1)) on (M™,g).
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Proof First suppose that £ is a unit parallel vector field and let

Tip £ Vip+ e+ Blei) - o, (3.13)

A
2(n—1) 2(n—1)

where Do = \p, (B(e;) = e; —2(e;, €)¢. Then, an elementary calculation provides the following

Tl = [Vel* + 5 (IDgp — Deol* — |Dgepl* — D). (3.14)

b
(n—=1)

At the same time, V& = 0 yields

| Dael = [ peP =3 [ el
Mn Mn Mn

Hence integrating (3.14) and applying the Schrédinger-Lichnerowicz formula (2.6), we find that

n—1
/ 2n — 1)|Tpf = / 2(n— DNl — "L RIpP 4 Dyp - Dol
Mn Mn 2
Note by the definition,

Blei) - Tip = Dy — Ap,
e Tip = Do — Ap.

So using the Cauchy-Schwarz inequality leads to
2
D — Dol < (3 18(ei) — eillTivl)

= (Te-2mme)
< 2(2 —2Bii) - Z |Tseol?

= 4|Typ|?.

From this, it follows immediately that

n—3 9 9 n—1 9
< < - — .
0= n—2/ Nk */Mn {’\ 4(n—2)R}|¢|

If A\? achieves its minimum, then T'¢ = 0, which implies the associated eigenspinor ¢ is a non-

trivial quasi-Killing spinor field on locally decomposable Riemannian spin manifold (M™, g, 5).

Remark 3.2 It follows from T'o = 0, §;; = 0;; — 2£;&; that
A
Vep =0, Vxp= —mX “p, VXLE.

By Bér’s result in [2], the universal covering space of the manifolds in the limiting case was
described in [12].

Remark 3.3 The proof given above also works if £ is just a harmonic vector field of unit
length, and hence the result in [14] is also obtained. In fact, with the help of the Bochner-
Weitzenbock formula on 1-forms, it is not difficult to check that for any ¢,

D3¢ = D?*¢—&-V*V(¢-¢) — V*Vo. (3.15)
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Note the fact that £ is a harmonic vector field of unit length implies div(3) = 0, hence Dg is
self-adjoint with respect to L?-product. Hence

[ psop 2 [ (D2 - e vrvie6) - vV
— [ IDoP 419 0P - Vo,

So, if D¢ = A\¢, one can use the classical Rayleigh inequality and (2.6) to conclude

[ psop= [ oo,

and the remaining proof is quite similar to that of Theorem 3.2.

4 Quasi-twistor Spinors
Analogous to the Kédhlerian twistor equation in [8], we have the following definition.

Definition 4.1 (see [10]) A non-trivial solution 1) to the following field equation on almost
product Riemannian manifold (M",g,(3):

Vx¢ =pX - D+ qB(X) - Dy, (4.1)
is called a quasi-twistor spinor of type (p,q), where p,q € R.

Remark 4.1 Obviously, the quasi-twistor spinor of type (—%,O) is the familiar twistor
spinor or called conformal Killing spinor which lies in the kernel of the twistor operator P (see

(2.3)).

On a locally decomposable spin manifold, a straightforward computation using (4.1) gives
the following $-Ric formula (see [10])

1.
§R1C(€i) cp = —pe; - D*h — (2p 4+ 1)Vi(Dp) — 2qV g(e,)(Dptp) — qB(e;) - DDgtp
and the following useful identity
4(p+q+1)D*p = Ry. (4.2)

Theorem 4.1 Suppose that i is a quasi-twistor spinor of type (p,q) on a locally decom-

posable Riemannian spin manifold (M"™,g,5), 8 # £Id and Dy = M), where X # 0. Then

1

g = __1 L
p_q_ 2n1 or 277,2'

Proof (1) If tr3 = 0, then from D*) = D31 = A\*3 # 0 and

(14 np) Dy + tr(B)gDsp = 0,
(1 4+ nq)Dgtp + tr(B)pDyp = 0,

one gets p=¢q = —%.

(2) Ifp = —%, q=0,o0rq= —%, p = 0, then the limiting-case in Friedrich’s inequality
is achieved, and moreover, M"™ carries a nontrivial Killing spinor with a real nonzero Killing

number. Hence M™ is locally irreducible, which is a contradiction (see [16]).
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(3) If tr3 # 0 and pq # 0, we know

qtr 1+4+nqg
1+np  ptrf

+1. (4.3)

Hence p = ¢ = —5— or —5. In this case, Dgyp = FDy = Fp. Consequently, ¥ is a

2n1 2n2 :
quasi-Killing spinor.

Now we turn to discuss the existence of twistor spinors. It is well-known that

dim(KerP) < 2[Z1+1 = orank(SM™)

if n > 3, and the maximal possible dimension is attained only for conformal flat manifolds as in
the case of conformal Killing fields. Furthermore, Hijazi proved that on a Kéahler spin manifold
with R # 0, the space of twistor spinors is reduced to zero (see [8]). Another proof of this result
can also been seen in [11]. Here, we prove the following theorem.

Theorem 4.2 Suppose that (M",g) is a closed Riemannian spin manifold admitting a
non-trivial harmonic vector field &, 1 is a non-trivial twistor spinor. Then on M™ the following
integrability condition holds:

EPVR - ¢ = n&(R)E - ¢ +2(n — 1)€ - D(Ric)(€) -, (4.4)
where D(Ric)(€) £ e; - (V;Ric)(€).
Proof Let ¢ be a non-trivial twistor spinor, i.e.,
1
Vi = ——e; - Dy, (4.5)
which implies the following integrability conditions
gRic(ei) = e; - DX — (n— 2)V; Dy (4.6)
and

D* = "Ry (4.7)

(n—1)
Hence from (4.6),
D(§PD*) = (2= n)D(§Ve D) — ZDI¢ - Rie(€) - . (4.8)

First, the harmonicity of the vector field £ = &;e;, together with the compactness of M, implies
that

0= D¢ = d¢ + €. (4.9)

This means that & ; = &;; and & ; = 0, respectively. Moreover,

1
Vel = &i&jiej = & ey = §d|§|2- (4.10)
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On the one hand,

2= n)D(EVeDY) " (2= n)e; - € Vi(VeDY)
— (n—2)(£- es + 26)Vi(Ve DY)
( 2)§ €e; - ( e, 6 VeV + V[ei’g])Dw + 2(71 — 2)V§V5D¢
%) (n— 9)[ 3¢ Ric() - Dy + VDM + £ e; - Vi, gDy

+ 2(n — 9)VeVeDy
WO =2 Ric(¢) - Db+ neVe D2 — gg “ei - Ric(V;€) -1
- nVE[Rm(f) ] + 2Ve€ - D3y,

and on the other hand,

~5DIé - Rie(§) - v] = —gei € VilRic(€) - v]

(f € + 251) [Ric(f) : w]
€+ [D(Ric§) - + e; - Ric(§) - Vit + nVe[Ric() - ]

wlzwlz

(4

=) §§ - D(Ric§) - — ic(€) - Dy + nV¢[Ric(€) - ).

Therefore (4.8) turns into
D(|§PD*) = nEVe D) +2Ve€ - D* + 26 - D(Ric(§)) - — 5€ - e - Rie(Vi€) - ¢
= nEVeD2 + 2V - D2 + gg - D(Ric)(€) - . (4.11)
From (4.5), (4.7) and (4.10)(4.11), it is clear that

EPVR - = né(R)E - ¢ + 2(n — 1)¢ - D(Ric)(€) - .
Hence the proof of the theorem is completed.
Remark 4.2 Note
D(Ric(§)) - ¢ = ek - Vi(§iRijes) -
= (&rRij +&iRijr)er €5 -

= Z(fi,kRij +&iRij e )er - e - ¢ — div(Ric(§))y
k#j

and any non-trivial twistor spinor on a spin manifold vanishes at most at one point (see [5]).
So taking the inner product of (4.4) with & - ¢ and comparing its real part, we obtain on M™,

2div(Ric(€)) — &(R) = 2¢; j Ry ,

which is also a corollary of the well-known fact that the Einstein tensor G £ Ric — %g is
divergence-free.

As an immediate consequence of the preceding theorem, we obtain the following corollary.
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Corollary 4.1 Suppose a closed Riemannian spin manifold admits a non-trivial parallel
vector field and R # 0, and then the space of twistor spinors is trivial.

Proof Suppose € is a unit parallel vector field, and we denote the dual one-form of £ also
by &. Since
A& = V*VE + Ric(§),

it follows that Ric(§) = 0. Hence the theorem above implies
VR -1 =n&(R)-¢ =0, (4.12)

for any non-trivial twistor spinor . FEventually, we find that R = constant > 0, since all
eigenvalues of D? are non-negative on closed spin manifolds. Hence (4.7) implies that the
limiting-case in Friedrich’s inequality is achieved, and moreover, (M™, g) is Einstein with R > 0.
In fact, 9 is the sum of two non-parallel real Killing spinors, or ¢ is parallel (in this case R = 0),
which is a contradiction.

Corollary 4.2 Suppose spin manifold (M",g) is a closed Riemannian symmetric space
with by (M) # 0 and R # 0, and then the space of twistor spinors is trivial.

Remark 4.3 In fact, from the proof of the theorem above one can easily see that if a (not
necessarily closed) Riemannian spin manifold admits a non-trivial unit parallel vector field and
R #0, VR -1 = n§(R)E - ¢ still holds for any non-trivial twistor spinor ¥. So R must be a
constant (< 0).

Now we return to studying the uniqueness of quasi-twistor spinors.

Theorem 4.3 Let ¢ be a quasi-twistor spinor of type (p,q) on a locally decomposable com-
plete Riemannian spin manifold (M™, g,3), B # +1d. Then
(1) If VR#0, then p=q = —5— or —ﬁ;

2n1
(2) If R is a nonzero constant and ¢ € L?(XM™), we also have p = q = —i or —ﬁ, here
ni £ dimTtM", and ny = dimT~ M™.
Proof (1) First, assume VR # 0. From
Vith = pe; - Dy + qB(e;) - Db,
we obtain
(14 np)Dy + tr(6)gDgy = 0, (4.13)
(14 nq)Dpyp + tr(B)pDy = 0. (4.14)
Noting R # 0, we also have
(14 np)(1 4 ng) = pqg(trB)? (4.15)
and
(14 np) D>y + tr(B)gD*Dptp = 0, (4.16)

(1+ng) D3y + tr(B3)pD3 Dy = 0. (4.17)
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NoteDQ:D?3 and 4(p+q+1)D*p = Ryp £ 0,50 p+q+ 1 # 0 and

(L+np)(VR -+ RDY) + tr(8)q[B(VR) - ¢ + RDgyp| = 0,
(1 +ng)[3(VR) - ¢ + RDg¢] + tr(B)p(VR - ¢ + RDY) = 0.

That is

(1+np)VR -1+ tr(8)gB(VR) - ¢ = 0,
(14 ng)B(VR) - + tr(B)pVR - ¢ = 0.

If ¢(m) # 0, it follows from (4.18) that

(1 +np)VR(m) + tr(8)gB8(VR)(m) = 0.

Suppose now t(m) = 0. Since 1 is a solution of the elliptic differential equation

1

2 _
b w74(p+q+1)

Rip,

Y. F. Chen

there exists a sequence of points m; converging to m such that ¥ (m;) # 0. Then we have
(1 +np)VR + tr(B)gB(VR) = 0 at points m; and with respect to the continuity of VR and
B(VR). We obtain again (1 + np)VR(m) + tr(8)gB(VR)(m) = 0. Hence from (4.18), using

(% =1d, one gets the system

(A) {(1 +np + qtrB)[VR + B(VR)]
(1+np—qtrB)[VR - B(VR)]

Similarly, from (4.19), we obtain

(B) {(1 +ng+ ptrB)[VR + B(VR)]

Hence, if VR + (VR) # 0 and VR # 0, then from (A) and (B)

14 ng+ ptrg =0,
14+ np+qtrg =0.

Note
£ # £1d.
So 8
tr n
n trf #0.

Hence solving the linear equations above leads to

p=q= L B(VR) = VR,

2n1 ’

and D = Dgy. Moreover, Vi) = —n%ei - D) for i <ny and V3 =0 for j > n;.

0,
0

Oa
(14 ng — ptrB)[VR — B(VR)] = 0.

(4.20)

If VR4 B(VR) =0 and VR # 0, then VR — 3(VR) # 0. Moreover, from (A) and (B),

14+ ng—ptrg =0,
14+ np—qtrg =0.

(4.22)



Twistor Spinors and Quasi-twistor Spinors 463

A similar argument shows that

and Dy = —Dg.
(2) Now suppose that R is a nonzero constant and ¢ € L*(XM™). Hence D*) € L?>(XM™)
by (4.2). Note for the L?-norm ||-|| and any number ¢ > 0, we have (see [17, p. 96])

1
1P| < ¢ D*|* + Z[1DY|1%,

which implies that Dy € L?(XM™). Therefore we know that 1 lies in the domain of the maximal

extension of D. Since M™ is complete, D is essentially self-adjoint as an unbounded operator in

L?(XM™), so the maximal and the minimal extensions coincide and ¢ € dom(D) = dom(D*).
On the other hand, by combining (4.13) and (4.14) we find that

p(1+np)|DY[* = ¢(1 + ng)| Dy |*. (4.24)
Therefore by integrating (4.24) and using D% = D?, one obtains
(p = @)ln(p +q) + 1| Dy|* = 0. (4.25)

Case 1 If |[Dy||?(= || Dgy||?) = 0, then Vi) = 0.
Case 2 If p = g, then (4.15) implies that

1 1
= = —— r — —.
p=4a 2n1 © 2n9o
Case 3 Suppose p+q = —%. Then
n
D*p = ————R.
v 4(n—1) v

Clearly, R is a positive constant. Hence M" carries a non-parallel real Killing spinor, which is

a contradiction.
Obviously, from the proof of the above theorem, one gets the following theorem.

Theorem 4.4 Let v be a quasi-twistor spinor of type (p,q) on a locally decomposable closed
Riemannian spin manifold (M™, g, ), 0 # +Id. Then

(1)p:q:—i or—ﬁ; or

(2) Vi =0.

Remark 4.4 When Dy = A\, Kim and Alexandrov classify all the types of spin manifolds
admitting non-trivial quasi-twistor spinors of type ( - i, —i)

Corollary 4.3 On a locally decomposable closed Riemannian spin manifold with 8 # +1d
and Ric # 0, the space of twistor spinors is trivial.
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