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Recognizing the Automorphism Groups of Mathieu
Groups Through Their Orders and Large
Degrees of Their Irreducible Characters*

Yanxiong YAN! Liangcai ZHANG? Haijing XU! Guiyun CHEN?

Abstract It is a well-known fact that characters of a finite group can give important
information about the structure of the group. It was also proved by the third author
that a finite simple group can be uniquely determined by its character table. Here the
authors attempt to investigate how to characterize a finite almost-simple group by using
less information of its character table, and successfully characterize the automorphism
groups of Mathieu groups by their orders and at most two irreducible character degrees of
their character tables.
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1 Introduction

All groups considered are finite groups and all characters are complex characters. Let G be
a group and Irr(G) the set of all irreducible complex characters of G. Also, we denote the set of
character degrees of G by c¢d(G) = {x(1) | x € Irr(G) }. In this paper, we will refer to character
degrees as degrees. We use cd™(G) to denote the multi-set of degrees of irreducible characters,
i.e., each element of this set ¢cd*(G) can occur many times upon the number of characters of
the same degree. In particular, [cd*(G)| = |Irr(G)|. H - M denotes the non-split extension of
H by M and H : M the split extension of H by M. For any group G, L1(G) and L2(G) denote
the largest and the second-largest irreducible character degrees of G, respectively. All the other
notations and terminologies are standard (cf. [1]).

It is a well-known fact that characters of a group can give some important information about
the group’s structure. For example, Chen [2] proved that a non-abelian simple group can be
uniquely determined by its character table. In [3], Huppert posed the following conjecture.
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Huppert’s Conjecture Let H be any non-abelian simple group, and G a group such that
cd(G) = cd(H). Then G = H x A, where A is an abelian group.

Huppert conjectured that each non-abelian simple group G is characterized by cd(G), the
set of degrees of its complex irreducible characters. In [3-5], he confirmed that the conjecture
holds for the simple groups, such as La(q) and S.(¢). Moreover, he also proved that the
conjecture follows for 19 out of 26 sporadic simple groups, and a few others (cf. [3-5]). In
[6-7], Daneshkhah, et al. showed that the conjecture holds for another three sporadic simple
groups Coy1, Coy and Cos. Xu, et al. attempted to characterize the finite simple groups by
less information of its characters, and for the first time successfully characterized the simple
K3-groups and sporadic simple groups by their orders and one or both of its largest and second-
largest irreducible character degrees (cf. [8-10]). For convenience, we summarize some results
of these articles which will be used later in the following Proposition 1.1.

Proposition 1.1 (cf. [9]) Let G be a finite group and M a Mathieu group. Then the
following assertions hold:

(i) If M is one of My1, My and Mag, then G = M if and only if |G| = |M| and Li(G) =
Ly(M).

(i) If M = May, then G = May if and only if |G| = |M24| and L2(G) = La(May).

(iii) If M = Mag, then G = Mayy or H x My, where H is a Frobenius group with an
elementary kernel of order 8 and a cyclic complement of order 7, if and only if |G| = |Mas| and
L1 (G) = L1(Ma2).

In this article, we continue this investigation, and show that the automorphism groups of
Mathieu groups can also be characterized by their orders and at most two irreducible character
degrees of their character tables.

We obtain the following main Theorem 1.1.

Theorem 1.1 Let G be a finite group and |G| = [Aut(M)|, where M is a Mathieu group.
Then the following assertions hold:
(1) If M = My or Mas, then G = Aut(M) if and only if L1(G) = Li(Aut(M)).
(2) If M = Maa, then G = Aut(M) if and only if Lo(G) = La(Aut(M)).

(3) If M = Mo, then G is isomorphic to one of the groups Aut(Mis), 2- Mqo and 2 X M
if and only if L1(G) = L1(Aut(M)) and La(G) = La(Aut(M)).

(4) If M = Maa, then G = Aut(M) or 2 - M if and only if L1(G) = Li(Aut(M)) and
Ly(G) = La(Aut(M)).

2 Preliminaries

In this section, we consider some results which will be applied for our further investigations.

a1 Q2

Lemma 2.1 Let G be a finite solvable group of order ¢{"'q3” ---q%°, where q1,q2, -+ ,qs
are distinct primes. If (kgs + 1)t ¢ for each i <s—1 and k > 0, then the Sylow qs-subgroup
is normal in G.

Proof Let N be a minimal normal subgroup of G. Since G is solvable, then we have
IN| = ¢™. If ¢ = g5, by induction on G/N, it is easy to see the normality of the Sylow
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gs-subgroup in G. Now, assume that ¢ = ¢; for some i < s. Considering the factor group
G/N, by induction, one has that the Sylow gs-subgroup Q/N of G/N is normal in G/N. Thus
@ < G. Let P be a Sylow gs-subgroup of ). Then Q = NP. By Sylow’s theorem, we have
|Q: No(P)|=¢ (I <m <aq;)and g5 | (¢ —1). But this implies that (kgs + 1) | ¢®¢, and then
k = 0 by assumption. Hence P < Q. Since @Q < G, we have P < (.

Lemma 2.2 (cf. [8]) Let G be a non-solvable group. Then G has a normal series 1 <
H 4K <G, such that K/H is a direct product of isomorphic non-abelian simple groups and
|G/K|||Out(K/H)|.

Lemma 2.3 Let G be a non-solvable group. Suppose that G has a normal series 1 < H <
K QG such that K/H = M is a non-abelian simple group with Mult(M) = 1 and H has a
normal series: H = H; > Ho > ---> H; = 1 such that

(1) Hi < K,’

(2) H;—1/H; is abelian and Aut(H,_1/H;) does not contain any simple section isomorphic
to M, where i =2, 3, ---, t.
Then K has a normal series 1 < Hy < K such that Hy = M. Moreover, if |Out(M)| = 1, then
G= M xT for some subgroup T < G.

Proof By hypotheses, we have H;/Hs; < K/H,. Considering the conjugate action of
K/Hj; on Hy/Hy, we can obtain that K/Hs/Cr /g, (H1/Hs) S Aut(Hy/Hy). Since H;—1/H; is
abelian, we have Hy/Hy < Ck/p,(H1/H2). Hence the factor group K/Hs,/ Cg p,(H1/Hz) =
M or 1. By assumption, we have that K/Hs = Cgp,(H1/Hs), i.e., Hi/Hy = Z(K/H3). Since
Mult(M) = 1, one has that K/Hs = M x Hy/Hs. Therefore, K has a normal series Ho <K 4K
such that K1/Hs 2 M and K/K;, = Hy/Ho.

Repeating the process of the above reasoning for the normal series Hs < Hy < K7, we can
get that K has a normal series H3 < K < K such that Ko/Hs =2 M, K1 /Ko = Hy/H3 and
Ki/K3 = M x Hy/Hs. Repeating the process of the above argument, we can get that K has
a normal series 1 = K41 <K, <--- I Ky I K, where Ky = M.

It is easy to see that H is solvable by (2), and therefore, K has M as its unique simple
normal factor, which implies that H; is a characteristic subgroup of K, so H; < G. Therefore,
G = Hy x T since |Out(H;)| = 1, as desired.

Remark 2.1 Let S be a Mathieu group, and then S is isomorphic to one of Mi1, M,
Maso, Msg and May. By [1], we can obtain [S|, |Out(S)|, Mult(S) (the Schur multiplier) and
|Aut(S)]. Applying the software Magma (V2.11-1) (cf. [11]), it is easy to compute the values
of L1(Aut(S)) and La(Aut(S)). For convenience, we have tabulated the results in Table 1.

Table 1
S [S] Mult(S) | [Out(S)] [Aut(S)] L1(Aut(S)) La(Aut(S))
M1 27.32.5.11 1 1 27.327.5.11 5-11
Mia 26.3%3.5.11 2 2 27.33.5.11 2111 2%.32
Moo 27.32.5.7-11 2 2 28.32.5.7-11 2157 5.7-11
Moz | 27-32.5.7-11-23 1 1 27.32.5.7-11-23 23.11-23
Moy | 2T0.33.5.7.11-23 1 1 21033 . 5.7.11-23 [ 33.5.7-11 | 22.3%2.7-11

Remark 2.2 Let S be a K3-simple group, and then S is one of A5, Ag, L2(7), L2(8), La(17),
L3(3), Us(3) and U4(2). By [1], we can get |S|, |Out(S)|, Mult(S) (the Schur multiplier) and
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|Aut(S)|. Using the software Magma (V2.11-1), we can compute the values of L;(Aut(S)) and
Lo (Aut(S)), and we have tabulated them in Table 2.

Table 2
S S| Mult(S) [ [Out(S)] | [Aut(S)] [ Li(Aut(S)) | L2(Aut(S))
As 22.3.5 2 2 27.3.5 6 5
Lo(7) 25.3.7 2 2 2t.3.7 8 7
As 2%.3%.5 6 4 2°.3%.5 20 16
La(8) | 2°-3%.7 1 3 2%.3%.7 27 21
Lo(17) | 2*-3% .17 2 2 2°.3%.17 18 17
Ls3(3) | 2%-3%.13 1 2 2°.3%.13 52 39
Us(2) | 2°-37-5 2 2 27.3%.5 90 81
Us(3) | 2°-3%.7 1 2 20.3%.7 64 56

3 Proof of Main Theorem

Remark 3.1 A group G is called an almost-simple group related to S if S < G < Aut(S5),
where S is a non-abelian simple group.

Proof of Theorem 1.1 By Table 1, if M is isomorphic to one of My1, Mso3 and May, then
|Out(M)| = 1, and hence Aut(M) = M. By Proposition 1.1, we see that conclusions (1) and
(2) hold in this case. In the following, we only need to discuss that the remaining conclusions
hold while M = Mjs or Mss. Obviously, it is enough to prove the sufficiency. We write the
proof by what M is.

Case 1 We are to prove that the theorem follows if M = Mjs.

In this case, one has that |G| = 27-3%.5.11 , L1(G) = 2* - 11 and Ly(G) = 2* - 3% by
hypotheses and Table 1. Let x, 3 € Irr(G) such that y(1) = 211 and B(1) = 2* - 32,

We first assert that G is non-solvable. If G is solvable, then by Lemma 2.1, G1; is normal
in G, where G11 € Syly;(G). Hence, x(1) | |G : G11] =27 - 3% -5, a contradiction. Therefore, G
is non-solvable, so the assertion is true.

By Lemma 2.2, G has a normal series 1 JH <K <G such that K/H is a direct product of non-
abelian simple groups which are pairwise isomorphic to each other and |G/K]| | |Out(K/H)].
Since |G| = 27-3%-5-11, we deduce that K/H can only be isomorphic to one of A5, Ag, La(11),
M11 and Mlg.

Subcase 1.1 K/H % As.

Otherwise, by Table 2, |G : K| = 1 or 2. In this case, we have |[H| = 2* - 3? - 11, where
4 < wu < 5. Since H is solvable, by Lemma 2.1, we have that Hq is normal in H. Hence, Hi;
Char H. Since H 4 G, one has that Hy; 9 G. Therefore, x(1) | |G : Hi1| =27-3%-5, a
contradiction.

By the similar arguments as before, we can prove that K/H % Ag.

Subcase 1.2 K/H % Lo(11).

If K/H = Ly(11), then we have |G : K| =1 or 2.

If |G: K| =1, then |H| = 2°-32. Let ¢ € Irr(H) such that [B,¢] # 0. Then 3(1)/¢p(1) |
|G : H| =22-3-5-11, and thus 12 | p(1). If ¢(1) > 12, then we have p(1)? > |H|, a
contradiction. Hence (1) = 12. Using the software Magma (V2.11-1), it is easy to check that
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there are only 1045 such groups of order 2° - 32 in small groups (2° - 3%) up to isomorphism
(cf. [11]). Moreover, we also know that the set of all irreducible character degrees of H, i.e.,
c¢d(H) can only be equal to one of the following sets:

{1.2}, {1}, {1,2,4}, {1,2,3,6}, {1,2,3,4,6}, {1,2,4,8}, {1,3,4},
{1.3,4}, {1,3}, {1,8}, {1,3,6}, {1,2,3,6}, {14}, {1,2,3,4}, {1,3}, {1,2,3}.

Hence, 12 ¢ cd(H), a contradiction.

If |G : K| =2, then |K| =2¢.3%.5-11 and |H| = 2*-3%. Let A € Irr(H) such that |3y, A] # 0.
Then 3(1)/A(1) | |G : H| = 23-3-5-11. Thus, we have 6 | A(1). If A(1) > 12, then A(1)? > |H|,
a contradiction. If A(1) = 12, then A(1)? > |H|, a contradiction, too. Therefore, A(1) = 6. Let
A € Irr(H) such that [y, A] # 0, and one has that x(1)/A(1) | |G : H| =23-3-5-11,50 2 | A(1).
Set e = [xu, A, t = |G : Ig(\)|. Then we have etA\(1) = 2*-11. Again, using the Magma, there
are only 197 such groups of order 2* - 3% in small groups (2%-32) up to isomorphism. Moreover,
if A € cd”(H), then ¢d*(H) can only be equal to one of the following sets:

{1,1,1,1,1,1,2,2,2,2,2,2,2,2,2,4,4,4,6},
{1,1,1,1,2,2,2,2,2,2,/2,2,3,3,3,3,6,6},
{1,1,1,1,1,1,1,1,1,1,1,1,2,2,2,2,2,2,3,3,3,3,6,6},
{1,1,2,2,2,2,2,2,3,3,4,4,4,4,6}, {1,1,1,1,2,2,2,2,3,3,3,3,4,6,6}.

By the structure of c¢d*(H), one has that A(1) = 1 or 2 or 4. Moreover, the following
conclusions hold:

(i) If AX(1) = 1, then t < 11 by the above cd*(H). Thus e > 2*. But [xu, xu| = €*t >
2811 > |G : H| =23-3-5-11, a contradiction to [12, Lemma 2.29)].

(i) If A(1) = 2 or 4, then t < 9 by the above cd*(H). But ¢t = |G : Ig()\)], and we have
t = 1 as any maximal subgroup has an index in G > 11 (cf. [1]). Hence e = 2% - 11. But
[xm,xu] =e*t=25-112 > |G : H| = 23-3-5-11, which by [12, Lemma 2.29], is a contradiction.

Subcase 1.3 K/H % M.

Assume that K/H = Mj;. Since |Out(Miq)| = 1, then |H| = 23-3-7. If H is non-
solvable, then H = Ly(7). In this case, we have G = My X La(7). On the other hand, since
L1(Mq1) = 55 and L1 (L2(7)) = 8 by Table 2, then by the structure of G, we can get that the
largest irreducible degree L1(G) = 2% -5 11, a contradiction to x(1) = 2* - 11.

If H is solvable, since |Out(My1)| = Mult(M;1) = 1, then by Lemma 2.3 we obtain that
G = Mi; x H, where |H| =23-3-7. By Table 1, we see that the largest irreducible character
degree of My is 55, and 22 ¢ cd(Mi1) by [1]. According to the structure of G = My1 x H, one
has that there exists no irreducible character in G of degree 2% - 11 , a contradiction.

Subcase 1.4 If K/H = M, then (3) follows.

If K/H = Mo, by Table 1, we have |G : K| =1 or 2.

If |G: K| =1, then |H| =2, s0 H < Z(G). In this case, we can get that G/H = Mjs.
Therefore G is a central extension of Z3 by Mjs. Since Mult(Mi2) = 2, G is isomorphic to one
of 2- Mys = Zs - My (a non-split extension of Zy by Mis) and 2: Mys 2 Zs x Mis (a split
extension of Zs by Mis).

By [1], it is easy to check that both 2- M7 and 2: My satisfy the conditions |G| = |[Aut(Mi2)|,
Ll(G) = Ll(Aut(Mlg)) and LQ(G) = LQ(Aut(Mlg)).
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If |G : K| =2, then K = M. Therefore G = My -2 = Aut(M;2). Hence, (3) follows. This
concludes Case 1.

Case 2 We are to prove that the theorem follows if M = Mas.

By Table 1, we have |G| = 28-3%-5-7-11. Let x, 3 € Irr(G) such that x(1) = L1(G) = 2*-5-7
and B(1) = Lo(G) =5-7-11.

We first prove that G is not a solvable group. Assume the contrary, and by Lemma 2.1,
we have that the Sylow 1l-subgroup Gi; of G is normal in G. Thus x(1) | |G : Gi1| =
28 .32.5.7, a contradiction. Therefore, G is non-solvable. By Lemma 2.2, G has a normal
series 1 4 H <4 K < @G such that K/H is a direct product of non-abelian simple groups
which are pairwise isomorphic to each other and |G/K| | |Out(K/H)|. As |G| =28-3%2-5-7-11.
We deduce that K/H can only be isomorphic to one of As, Ag, La(7), L2(8), A7, La(11), My,
L3(4), As and Ma,.

Subcase 2.1 K/H % As.

If K/H = As, by Table 2, we have |G : K| =1or 2. Thus |[H| =2"-3-7-11, where 5 < v < 6.
If H is solvable, then by Lemma 2.1, the Sylow-11 subgroup H1; of H is normal in H, and hence
Hy, Char H. Since H < G, one has that Hy; < G. Therefore, x(1) | |G : Hy;|=2%-3%2-5-7, a
contradiction.

If H is non-solvable, by Lemma 2.2, we can get a normal seriesof H: 1 < N < M <JH
such that M/N = Ly(7) and |H/M]| | |Out(As)| = 2. Thus |H : M| =1 or 2. In this case,
we have |[N| = 2™ - 11, where 1 < m < 3. Let A € Irr(N) such that [Gn,A] # 0, and then
B(1)/A(1) | |G : N| =28"™.32.5.7. Hence A(1) = 11. But we have that A(1)?> > |N|, a
contradiction.

The above argument is effective for the subcases that 11 1 |G/K|. Hence, we can prove that
K/H is not isomorphic to one of Ag, L2(7), L2(8), A7, L3(4) and As.

Subcase 2.2 K/H % Lo(11).

If not, we have |G : K| = 1 or 2. In the following, we only discuss the condition of
|G : K| =1, and we omit the details for |G : K| = 2 because the arguments are similar to those
proofs for |G : K| = 1. Hence, we may assume that |G : K| =1, so |[H| =253 -7 in this case.

If H is solvable, then there exists a subgroup T of H such that |H : T'| = 3. Considering
the permutation representation of H on the right cosets of T with the kernel Ty, the core of T’
in H, we get that H/Ty < S3. Then |Ty|=25-7 or 25-7.

If |Ty| =257, let 0 € Irr(Ty) such that [xzy,0] # 0, and then x(1)/0(1) | |G : Ty| =
22.3%.5-11. Hence, 22 - 7| 6(1). But 6(1)® > |Tg|, a contradiction.

If [Tg| = 2°-7, let 9 € Irr(Ty) such that [xr,,9] # 0, and then x(1)/9(1) | |G : Tg| =
23.32.5-11. Thus 14 | 9(1). If 9(1) > 14, then ¥(1)? > |Ty|, a contradiction. Assume that
9¥(1) = 14. Now, applying the software Magma (V2.11-1), it is easy to check that there are only
197 such groups of order 2° - 7 in small groups (2° - 7) up to isomorphism (cf. [11]). Moreover,
we can calculate that the sets of all irreducible character degrees of the groups of order 2° - 7,
i.e., cd(Tw), can only be equal to one of {1,2}, {1}, {1,2,4}, {1,7} and {1,4}.

However, by checking each set of cd(Ty) above, we know that there exists no such irreducible
character of degree 14 of Ty, i.e., 14 & ¢cd(Tx), a contradiction.

Therefore, H is non-solvable. Since |[H| = 2537, by Lemma 2.2, H has a normal series:
1< N <M < H such that M/N = Ls(7). Hence, there exist two composite factors of G, i.e.,
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My /Ny and My /Ns, respectively, such that My /Ny 2 Lo(11) and My /Ny 2 Lo(7). Considering
the action of G/N on M/N, we have that the factor group G/N/Cq/n(M/N) < Aut(M/N).
Let Cg/n(M/N) = W/N. Obviously, W /N has a section isomorphic to the simple group
Ly(11). Let N 9T <.S <W such that S/T =2 Ly(11). Since W has exactly one simple section,
we have S/T <G /T, so S IAG. Moreover, it is easy to see that T = T¢ < G. Hence, G/T has a
maximal subgroup S/T x TM/T = Ly(11) x L2(7). Consequently, we can obtain the following
composite group series of G: 1 < @ < P <G such that G/P 2 Ly(7) and P/Q = Ly(11). In
this case, |Q| = 8. Let n € Irr(P) such that [3p,n] # 0, and then 3(1)/n(1) | |G : P| =23%-3-7.
Thus n(1) = 55. Let A € Irr(Q) such that [ng, A] # 0. Let e = [ng,A] and t = |P : Ip(\)|, and
then we have A\(1) = 1 and et = 55. By checking the maximal subgroups of Ly(11) (cf. [1]),
we can get that t = 1. Hence, e = 55. But [ng,ng] = €*t =552 > |[P: Q| =2%2-3-5-11, a
contradiction to [12, Lemma 2.29].

Subcase 2.3 K/H % M.

Since |Out(Mi1)| = 1, one has that |H| = 2* .7 if K/H = Mj;. Since H is solvable and
|Out(Mi;1)| = Mult(M;1) = 1, then by Lemma 2.3, we have that G = M;; x H. Again, using
the software magma (V2.11-1), it is easy to check that there are only 43 such groups of order
2% .7 in small groups (2% - 7) up to isomorphism (cf. [11]). Moreover, we can get the sets of
all irreducible character degrees of the groups of order 2% - 7. In other words, cd(H) can only
be equal to one of {1}, {1,2}, {1,2,4}, {1,7}. By [1], we know that the largest irreducible
character degree of My is 55, i.e., L1(Mi1) = 55 and 22 ¢ cd(Mi;1). On the other hand, by the
structure of G = My, X H and as the largest irreducible character degree in the above sets is
7, we have L1(G) =5-7- 11, a contradiction to L;(G) =2*-5-7.

Subcase 2.4 If K/H = My, then (4) follows.

In this case, we can get that |G : K| =1 or 2.

If |G: K| =1, then |[H| =2 and H < Z(G). In this case, we have G/H = Mj,. Therefore
G is a central extension of Zs by Mass and G is isomorphic to one of 2 - Moy & Zs - Mas (a
non-split extension of Zy by Mas ) and 2 : Mas = Zs X Mo (a split extension of Zy by Mas).

If G =2 M, by [1], it is easy to check that |G| = |Aut(Mag)|, L1(G) = Li(Aut(Msz))
and Ly(G) = La(Aut(Maz)).

IfTG=2: MQQ, by [1], we get that Ll(G) = L1(2 : MQQ) =5.7-11. But L1(G) = 2457 = 560,
a contradiction.

If |G : K| =2, then K = My, and thus G = Mjs - 2 = Aut(Msz). Therefore, (4) follows.

This completes the proof of the main Theorem 1.1.
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