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Exact Controllability with Internal Controls for
First-Order Quasilinear Hyperbolic
Systems with Zero Eigenvalues
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Abstract For first-order quasilinear hyperbolic systems with zero eigenvalues, the author
establishes the local exact controllability in a shorter time-period by means of internal
controls acting on suitable domains. In particular, under certain special but reasonable
hypotheses, the local exact controllability can be realized only by internal controls, and
the control time can be arbitrarily small.
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1 Introduction

Consider the following first-order quasilinear hyperbolic system:

ou ou

— +Alu)— =F 1.1
2 A5 = Flu), (11)
where u = (u1,- -+ ,uy)"T is the unknown vector function of (¢, ), A(u) is a given n x n matrix
with suitably smooth components a;;(u) (i, = 1,---,n), F(u) = (fi(u), -, fo(u))" is a
smooth vector function of v and
F(0) = 0. (1.2)

By hyperbolicity, on the domain under consideration, the matrix A(u) has n real eigenvalues
Ai(w) (¢ = 1,---,n) and a complete set of left eigenvectors l;(u) = (l;1(u), -+ ,lLin(u)) (i =
17 DY s n):

Li(w)A(u) = Ni(u)li(u) (1.3)
with
det |Z”(’U,)| 75 0. (14)

Suppose that there are no zero eigenvalues, namely, on the domain under consideration we

have

A(u) <0< Ag(w), r=1,---,m; s=m+1,-- ,n. (1.5)
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For general first-order quasilinear hyperbolic systems with general nonlinear boundary con-
ditions, Li Tatsien et al. [1-4] proposed a constructive method to establish the local exact
boundary controllability by means of boundary controls. Since the speed of wave propagation
is finite, the control time 7" > 0 can not be too short. However, in many practical problems,
we always hope to reduce the control time. For this purpose, Zhuang Kaili, Li Tatsien and Rao
Bopeng [7] added some suitable internal controls, and established the local exact controllability
in a shorter time by using the combined effect of boundary controls and internal controls.

In this paper, we will discuss the quasilinear hyperbolic system (1.1) with zero eigenvalues.
Assume that on the domain under consideration, the eigenvalues of A(u) satisfy the following

condition:
)‘p(u)<)‘q(u)50<)‘7'(u)7 p21)"'7l;q:l+17"'am;T:m+17"'an' (16)
Consider the simplest equation with zero eigenvalue
ou
— =0. 1.7
5 (1.7)
It is easy to see that the exact controllability cannot be achieved only by boundary controls.
Therefore, different from the situation that the eigenvalues satisfy (1.5), in order to realize the
exact controllability for quasilinear hyperbolic systems with zero eigenvalues, we should use
not only suitable boundary controls but also suitable internal controls. For general first-order
quasilinear hyperbolic systems with zero eigenvalues together with the general nonlinear bound-
ary conditions, by using boundary controls and adding internal controls to a part of equations
corresponding to zero eigenvalues, Li Tatsien and Yu Lixin [5], Zhang Qi [6] established the cor-
responding local exact controllability. At this time, the control time 7' > 0 should be suitably
large, too.
In the present paper, we try to input some suitable internal controls to reduce the control

time. To this end, it is necessary to rewrite the system (1.1) into the corresponding characteristic

form

%, ra ) = B 2

Li(w) (57 + Ai(w) 5 LwF(u), i=1,---,n, (1.8)

in which the i-th equation consists of only the directional derivative of the unknown function

u with respect to ¢ along the i-th characteristic direction 9 = X;(u), and

F(0)=0, i=1,---,n. (1.9)

Adding suitable internal controls ¢;(¢,z) (i = 1,--- ,n) to (1.8), we have

) ouy -
L) (G5 + M5 ) = B +alta), i=1--,n, (1.10)
where
9 o9
ci(t,z) = li(ﬁ)(E + /\i(ﬁ)%> VY hi(taz), i=1,-,n, (1.11)
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in which ¥ = 9(¢,z) is a C* vector function of (¢,z) and k;(t,x) (i = 1,--- ,n) are C* functions
of (¢, x).
Let
vi=Liwu, i=1,---,n. (1.12)

We consider the mixed initial-boundary value problem for the quasilinear hyperbolic system
(1.10) with the initial condition

t=0: u=¢px), 0<z<L (1.13)
and the following boundary conditions:
x=0: v, =G (t,v1, 0,041, ,Um) + Hp(t), r=m-+1,---,n, (1.14)
x=L: v, =Gp(t, V141, ,UmyUms1," -+ ,Un) + Hp(t), p=1,--- L (1.15)
Without loss of generality, we assume that
Gp(t,0,---,0) =0, G,(t,0,---,00=0, p=1,---,;r=m+1,--- . n (1.16)

For any given initial data ¢ and final data ¢ with small C''[0, L] norm, if there exists a T' > 0
such that, taking H,, H, (p=1,--- ,I; r=m+1,--- ,n)orapartof H,, H, (p=1,---,l; r =
m+1,---,n) as boundary controls and ¢;(¢t,z) (i = 1,---,n) as internal controls, the corre-
sponding mixed initial-boundary value problem (1.10) and (1.13)—(1.15) admits a unique C*
solution u = u(t, z) with small C'! norm on the domain R(T) = {(¢t,z) |0 <t < T, 0 <x < L},

which satisfies exactly the final condition

t=T: u=v¢(x), 0<z<L (1.17)
or

t=T: u=0, 0<z<L, (1.18)

then we say that the mixed initial-boundary value problem (1.10) and (1.13)—(1.15) possesses

the local exact controllability or the local exact null controllability, respectively.

2 Local Exact Controllability with Boundary Controls and
Internal Controls

Theorem 2.1 (Local Two-Sided Exact Controllability) Assume that \;(u),l;(u), Fy(u),
Gp(t,-), and Gp(t,) (i=1,---,n; p=1,---,I; r=m+1,---,n) are all C* functions with
respect to their arguments. Assume furthermore that (1.6), (1.9) and (1.16) hold. For any
given 6 (0 <6 < %), if

T>(£—6> max ( ! ! ), (2.1)
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then for any given initial data ¢ and final data +) with small C1[0, L] norm, there exist boundary
controls Hy, H, (p=1,-++ ,l; 7 =m++1,--- ,n) with small C*[0,T] norm and internal controls
ci(t,z) (i=1,---,n) given by (1.11), in which the C*[R(T)] norm of ¥ and k; (i =1,--- ,n)
is suitably small, such that the mized initial-boundary value problem (1.10) and (1.13)—(1.15)
admits a unique C' solution v = u(t,x) with small C* norm on the domain R(T), which
satisfies exactly the final condition (1.17).

To prove Theorem 2.1, we construct the following system of the characteristic form:

lp(u)(@ + /\p(u)a—Z) = Fy(u) +cp(t,x), p=1,---,1,

ot B
z()(@+x()%):ﬁ(u)+a(m) d=1+1 - m (2.2)
ot ox q qg\ty L), , ,m,
ou ou ~
l()<8t+)\( )81;):F'r'(u)+cr(t,l‘), T:m_’_l,,,.’n,
where ¢(¢,2) (i =1,---,n) are the corresponding internal controls and
Now) =Ai(u), g=1+1,-- m. 2.3)

Obviously, (2.2) is a system without zero eigenvalues. Corresponding to (2.3), we give the
following artificial boundary conditions:
r=L: wvy,=Hyt), gq=1+1,---,m, (2.4)

in which H,(t) (¢ =1+1,--- ,m) are C' functions of ¢.
For the mixed 1n1t1a1—boundary value problem (2.2), (1.13)—(1.15) and (2.4), according to

the result on local two-sided exact controllability in [7], we have the lemma.

Lemma 2.1 Under the hypotheses of Theorem 2.1, suppose furthermore that (2.3) holds.
Let T > 0 be defined by (2.1). For any given initial data ¢ and final data v with small C*[0, L]

norm, there exist boundary controls H; (i = 1,--- ,n) with small C*[0,T] norm and internal
controls
11(5)( 219)_’_]% :175Z7m+177n5
a(t,x) = N (2.5)
~ 819
W)(—H ax)mz i=141,--,m,
in which the C*[R(T)] norm of ¥ and k; (i = - ,m) is suitably small, such that the mized

initial-boundary value problem (2.2), (1.13)7(1.15) and (2.4) admits a unique Ct solution u =
u(t, ) with small C* norm on the domain R(T), which satisfies exzactly the final condition
(1.17).

By Lemma 2.1, we can prove Theorem 2.1.
In fact, substituting the C! solution u = u(t, z) given by Lemma 2.1 into boundary condi-
tions (1.14)—(1.15), we get the desired boundary controls:

Hy(t) = (vp — Gp(t, Vi1, s Vmy Umgts o+ 5 Un))e=2, P =1,--,1, (2.6)
Hr(t) = (Ur - Gr(tavlv"' , UL, UVl 7Um))|z:07 r=m-+ ]-a' 2 (27)
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where v; (i = 1,---,n) are defined by (1.12): v; = L;(u(t,x))u(t,z) (i = 1,---,n). Noting
(1.16), the C' norm of H, and H, (p=1,---,l; r =m+1,--- ,n) is suitably small. On the
other hand, substituting u = u(¢,z) into system (1.10), we get the desired internal controls

cilt, ) = L (ult, a:))(augt’ z)

which correspond to (1.11) with

+ AAU(t,x))%) — E(u(t,x)), i=1---,n, (2.8)
It x) =ult,x), ki(t,z)=—Fi(u(t,x)), i=1,---,n. (2.9)

Noting (1.9), the C*[R(T')] norm of ¥ and k; (i = 1,---,n) is also small. Thus, we obtain the

desired exact controllability.

Theorem 2.2 (Local One-Sided Exact Controllability) Under the hypotheses of Theorem
2.1, suppose furthermore that the number of the positive eigenvalues is not greater than that of
negative ones:

mén—mgl, e, n<l+m. (2.10)

Suppose finally that in a neighborhood of uw = 0, the boundary conditions (1.14) on x =0 can

be equivalently rewritten as

r=0: vy=Gpt, 041, Uy Umt1, 0n) + Hp(t), D=1,---,m (2.11)

with
G5(t,0,---,0)=0, p=1,---,7m. (2.12)

Then
|Hllcrjory @=1,--+,m) small & || Hy||crjor) (r=m+1,--+,n) small. (2.13)

For any given § (0 < § < %), if

L 1 1
7> (3-9)(,me, oy i L ) (214)
then for any given initial data ¢ and final data v with small C*[0, L] norm, and any given
H, (r=m+1,---,n) with small C*[0,T)] norm, such that the conditions of C* compatibility
are satisfied at the points (t,z) = (0,0) and (T,0), respectively, there exist boundary controls
Hy, (p = 1,---,1) with small C*[0,T] norm and internal controls c¢;(t,x) (i = 1,---,n) given
by (1.11), in which the C*[R(T)] norm of ¥ and k; (i = 1,--- ,n) is suitably small, such that

the conclusion of Theorem 2.1 holds.

To prove Theorem 2.2, we construct the characteristic system (2.2), where ¢;(¢,z) (i =
1,---,n) are the corresponding internal controls and \,(u) (¢ = [ + 1,---,m) are given by
(2.3). Obviously, (2.2) is a system without zero eigenvalues. Corresponding to (2.3), we give
the artificial boundary conditions (2.4) on z = L, in which Hy(t) (¢ =1+ 1,--- ,m) are C!
functions of ¢.

For the mixed initial-boundary value problem (2.2), (1.13)—(1.15) and (2.4), according to

the result on local one-sided exact controllability in [7], we have Lemma 2.2.
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Lemma 2.2 Under the hypotheses of Theorem 2.2, suppose furthermore that (2.3) holds.
Let T > 0 be defined by (2.14). For any given initial data ¢ and final data v with small C*[0, L]
norm, and any given H, (r =m+1,--- ,n) with small C*[0,T] norm, such that the conditions
of C* compatibility are satisfied at the points (t,x) = (0,0) and (T,0), respectively, there exist
boundary controls H, and Hy (p = 1,---,1; ¢ =1+ 1,--- ,m) with small C*[0,T] norm and
internal controls ¢;(t,z) (i = 1,---,n) given by (2.5), in which the C*[R(T)] norm of ¥ and

Ei (i =1,---,n) is suitably small, such that the conclusion of Lemma 2.1 holds.

By Lemma 2.2, we can prove Theorem 2.2.

In fact, substituting the C! solution u = u(t,z) given by Lemma 2.2 into boundary condi-
tions (1.15), we get the desired boundary controls H,(t) (p = 1,---,1) given by (2.6), where
v; (i = 1,---,n) are defined by (1.12). Noting (1.16), the C* norm of H, (p = 1,---,1) is
suitably small. On the other hand, substituting u = (¢, z) into the system (1.10), we get the
desired internal controls ¢;(t,x) (i = 1,---,n) given by (2.8), which correspond to (1.11) with
(2.9). Noting (1.9), the C*[R(T)] norm of 9 and k; (i = 1,--- ,n) is also small. Thus, we obtain

the desired exact controllability.

Theorem 2.3 (Local Two-Sided Exact Controllability with Less Controls) Under the
hypotheses of Theorem 2.1, suppose furthermore that the number of positive eigenvalues is less

than that of negative ones:

A
m =

n—m<I, ide,n<l+m. (2.15)

Suppose finally that in a neighborhood of uw = 0, without loss of generality, the first m boundary

conditions in (1.15), namely,

x=L: v5=Gst,vit1, s UmsUmt1,- -+ ,Un) + H5(t), P=1,---,m (2.16)

can be equivalently rewritten as

r=L: v.=G.(t,01,"  ,Vm, Vi1, Um) + He(t), 7=m+1,--- n (2.17)

with
G.(t,0,---,0)=0, r=m+1,---,n. (2.18)

Then
||F,,||01[O7T] (r=m-+1,---,n) small < |\Hﬁ||c1[07T] p=1,---,m) small. (2.19)

For any given 0 (O <0< %), if T > 0 satisfies (2.14), then for any given initial data ¢
and final data ¢ with small C*[0,L] norm, and for any given Hy (p = 1,---,m) with small
C1[0,T] norm, such that the corresponding conditions of C* compatibility are satisfied at the
points (t,z) = (0, L) and (T, L), respectively, there exist boundary controls Hs and H, (p=m+
Loyl r=m+1,--- ,n) with small C*[0,T] norm and internal controls c;(t,z) (i =1,--- ,n)
given by (1.11), in which the C*[R(T)] norm of 9 and k; (i = 1,--- ,n) is suitably small, such
that the conclusion of Theorem 2.1 holds.
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To prove Theorem 2.3, we also construct the characteristic system (2.2) without zero eigen-
values, where ¢;(¢,7) (i = 1,---,n) are the corresponding internal controls and \,(u) (¢ =
I+ 1,---,m) are given by (2.3). Corresponding to (2 3), we give the artificial boundary condi-
tions (2.4) on z = L, in which H,(t) (g=1+1,---,m) are C' functions of t.

For the mixed initial-boundary value problem (2.2), (1.13)—(1.15) and (2.4), according to
the result on local two-sided exact controllability with less controls in [7], we have the following

lemma.

Lemma 2.3 Under the hypotheses of Theorem 2.3, suppose furthermore that (2.3) holds.
Let T > 0 be defined by (2.14). For any given initial data ¢ and final data v with small C*[0, L]
norm, and any given Hy (p = 1,--- ,m) with small C*[0,T] norm, such that the conditions of
Cl compatibility are satisfied at the points (t,z) = (0,L) and (T, L), respectively, there exist
boundary controls Hg, Hy and H, (g=m+1,---,l; ¢q=14+1,--- ,m; r=m+1,--- ,n) with
small C10,T] norm and internal controls ¢;(t,z) (i = 1,---,n) given by (2.5), in which the
CR(T)] norm of 9 and k; (i =1,--- ,n) is suitably small, such that the conclusion of Lemma
2.1 holds.

By Lemma 2.3, we can prove Theorem 2.3.
In fact, substituting the C! solution u = u(t, z) given by Lemma 2.3 into boundary condi-
tions (1.14) and the last I —m = [ + m — n boundary conditions in (1.15), we get the desired

boundary controls:

H5(t) = (v5 — G5(t, 41, -+, Ums Uty o+ Up)) o=, DP=M+1,--+ 1, (2.20)
and H, (r=m+1,---,n) given by (2.7), where v; (i = 1,---,n) are defined by (1.12). Noting
(1.16), the C* norm of Hs and H, p=m+1,---,I; r=m+1,--- n) is suitably small. On
the other hand, substituting v = u(t, z) into system (1.10), we get the desired internal controls
ci(t,z) (i =1,---,n) given by (2.8), which corresponds to (1.11) with (2.9). Noting (1.9), the
C[R(T)] norm of ¥ and k; (i = 1,---,n) is also small. Thus, we obtain the desired exact
controllability.

3 Local Exact Null Controllability with Boundary Controls and
Internal Controls

For the local exact null controllability, we can get the same conclusion (especially Theorem

2.2) as in the previous section under much less hypotheses.

Theorem 3.1 (Local One-Sided Exact Null Controllability) For any given § (0 < § < %),
let T > 0 satisfy (2.14).
(A) Suppose that in boundary conditions (1.15) on x = L, we have

Hy(t)=0, p=1,--- L (3.1)

Then, for any given initial data ¢ with small C1[0, L] norm, such that the conditions of C*
compatibility are satisfied at the point (t,x) = (0,L), there exist boundary controls H, (r =
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m+ 1, ,n) with small C*[0,T] norm and internal controls c;(t,z) (i = 1,---,n) given by
(1.11), in which the C*[R(T)] norm of ¥ and k; (i = 1,---,n) is suitably small, such that
the mized initial-boundary value problem (1.10) and (1.13)-(1.15) admits a unique C' solution
u = u(t,x) with small C* norm on the domain R(T), which satisfies exactly the zero final
condition (1.18).

(B) Suppose that in boundary conditions (1.14) on x = 0, we have

H.(t)=0, r=m+1,--- ,n. (3.2)

Then, for any given initial data ¢ with small C1[0, L] norm, such that the conditions of C*
compatibility are satisfied at the point (t,x) = (0,0), there exist boundary controls H, (p =
1,--+,1) with small C*[0,T] norm and internal controls c;(t,x) (i =1,--- ,n) given by (1.11),
in which the C*[R(T)] norm of 9 and k; (i = 1,--- ,n) is suitably small, such that the conclusion
(A) of Theorem 3.1 holds.

We only prove the first part of Theorem 3.1. The proof of the second part is similar. To
this end, we also construct the characteristic system (2.2), where ¢;(t,z) (i =1,--- ,n) are the

corresponding internal controls and
Ag(w) = Ap(u), g=1+1,--- ,m. (3.3)
Corresponding to (3.3), we give the following artificial boundary conditions:
r=0: wv,=Hyt), qg=1+1,---,m, (3.4)

in which H,(t) (g=1+1,---,m) are C* functions of ¢.
For the mixed initial-boundary value problem (2.2), (1.13)—(1.15) and (3.4), according to

the result on local one-sided exact null controllability in [7], we have the following lemma.

Lemma 3.1 Under the hypotheses of Theorem 3.1(A), suppose furthermore that (3.3) holds.
Let T > 0 be defined by (2.14). For any given initial data ¢ with small C'[0, L] norm, such
that the conditions of C' compatibility are satisfied at the point (t,x) = (0,L), there exist
boundary controls Hy, and H, (g=1+1,---,m; r =m+1,--- ,n) with small C*[0,T] norm
and internal controls ¢;(t,x) (i = 1,--- ,n) given by (2.5), in which the C*[R(T)] norm of U
and k; (t=1,---,n) is suitably small, such that the mized initial-boundary value problem (2.2)
and (1.13)-(1.15) and (3.4) admits a unique C* solution u = u(t, z) with small C* norm on the
domain R(T'), which satisfies exactly the zero final condition (1.18).

By Lemma 3.1, we can prove Theorem 3.1.

In fact, substituting the C! solution u = u(t,z) given by Lemma 3.1 into boundary condi-
tions (1.14), we get the desired boundary controls H, (r =m+1,---,n) given by (2.7), where
v; (i =1,---,n) are defined by (1.12). Noting (1.16), the C* norm of H, (r = m+1,--- ,n)
is suitably small. On the other hand, substituting v = u(t,x) into the system (1.10), we get
the desired internal controls ¢;(¢,x) (i = 1,--- ,n) given by (2.8), which correspond to (1.11)
with (2.9). Noting (1.9), the C*[R(T)] norm of ¥ and k; (i = 1,--- ,n) is also small. Thus, we

obtain the desired exact controllability.
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4 Local Exact Internal Controllability

Under some special but meaningful assumptions, we may realize the local exact controlla-
bility only by internal controls. Suppose that the number of positive eigenvalues is equal to

that of negative ones, i.e.,
n=1+m. (4.1)

Suppose furthermore that in a neighborhood of u = 0, the boundary conditions (1.14)—(1.15)

can be equivalently rewritten as

r=0: v,=Gpt, V41, " Um, Umst, 0n) + Hp(t), p=1,--- 1, (4.2)
r=L: v.=G.(t,v1, 0,041, Um) + H(t), r=m-+1,---,n, (4.3)

respectively. Without loss of generality, we may assume that
Gp(t,0,---,0)=0, G.(t,0,---,0)=0, p=1,---,l; r=m+1,---,n. (4.4)
Then

”FPHCI[O,T] (p =1-- 7l) small < ||H7“HC1[0,T] (T =m+1,--- an) small, (45)
||Fr||01[O,T] (’I“ =m+ 1, s ,n) small < ||Hp||cl[0’T] (p = 1, s ,l) small. (46)

Theorem 4.1 (Local Exact Internal Controllability) Under the hypotheses of Theorem
2.1, suppose furthermore that (4.1)~(4.4) hold. For any given § (0 < 0 < %), if T > 0 satisfies
(2.14), then for any given initial data ¢ and final data v with small C*[0, L] norm, and for
any given H, and H, (p = 1,---,I; r = m + 1, ,n) with small C*[0,T] norm, such that
the conditions of C' compatibility are satisfied at the points (t,x) = (0,0),(0,L),(T,0) and
(T, L), respectively, there exist internal controls ¢;(t,x) (i =1,--- ,n) given by (1.11), in which
the CY[R(T)] norm of ¥ and k; (i = 1,--- ,n) is suitably small, such that the conclusion of
Theorem 2.1 holds.

To prove Theorem 4.1, we introduce the following unknown vector function of (¢, z):

u= ('U'h oy Upy Up41, 00t 7un+m—l)T = (U'Ta Un+1,° 7un+m—l)T (47)

and a set of (n +m —[)-D row vectors

Zz(ﬁ) = (lﬂ(u),--- ,lm(u),O,--- ,0), = 1,"- ,n, (48)
~ - (n+3) .
anrj(u):(()v...’()7 1 ’0...70)’ ]:17...’m_l. (4'9)

Obviously, l:(ﬂ), + lptm—i1 (W) is a set of linearly independent vectors.
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We construct the following system of characteristic form:

~ _ (0u ou ~ _

%WX5;+MWEE):Emg+%@@% p=1,-- 1,

~ _(0u —  Ou ~ ~

(I(U)(E—F/\q(u)%) :Fq(u)+cq(t7x)7 q:l-f-l) ,m,

~ _ [0u ou ~ _

lr(u)(g +)\T(u)%) =F.(u) +¢.(t,x), r=m+1,--,n,

~ _/0u — ,  Ou -

ls(u)<_1;+>\s(u)a—z) :cs(t,x), S:n+1,"~ 7n+m_17
where ¢;(t,z) (i =1,--- ,n+ m — 1) are the corresponding internal controls and

Ag(u) = A (u), As(u) = Ap(u), q=1+1,---,m; s=n+1,---,n+m—L

Noting (4.8)—(4.9), the system (4.10) can be simplified into

ou ou ~
lp(u)(g + /\p(u)%) = Fp(u) + Cl)(tam)a p= 17 ala
8 ~ ~
( a ):FQ(u)+cq(t7x)7 q:l+1a"'7m7
( g ):ﬁT(u)—’—ET(tvx)v r:m+1,-~-,n,
Jus — Oug B
5 —1—)\()8 Cs(t, o), s=n+1,--- ,n+m-—1L
Obviously, (4.10) is a system without zero eigenvalues.
Let
o =L@a, i=1,- ,n+m—1
_ li(u)uzvi, i=1,---,n,
) g, t=n+1,---.n+m-—1L.

We give the initial condition

and the final condition

Corresponding to (4.11), we give the following artificial boundary conditions:

r=0: Us=vs_(n_y), S=n+1l- n+tm-I

r=L: wvg=tgiin-y, q=l+1,--,m
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(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
(4.17)

For the mixed initial-boundary value problem (4.10), (4.14), (1.14)—(1.15) and (4.16)—(4.17),

according to the result on local exact internal controllability in [7], we have the following lemma.
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Lemma 4.1 Under the hypotheses of Theorem 4.1, suppose furthermore that (4.11) holds.
Let T > 0 be defined by (2.14). For any given ¢ and 1 with small C*[0, L] norm, and for any
given H, and H, (p = 1,---,l; r = m+1,--- ,n) with small C*[0,T] norm, such that the
conditions of C* compatibility are satisfied at the points (t,z) = (0,0), (0, L), (T,0) and (T, L),

respectively, there exist internal controls

Ei(t,$)

= o or (4.18)
~ =00~ =90\ =~ _
li(ﬂ)(a+/\i(19)%)+ki(t,x), i=141,,m o n+l,ntm—l

in which i (9) and Xi(0) depend only on the first n components of ¥, and the C*[R(T)] norm of
9= 5(1&, x) and k; (t=1,--+-,n+m—1) is suitably small, such that the mized initial-boundary
value problem (4.10), (4.14), (1.14)<(1.15) and (4.16)-(4.17) admits a unique C* solution U =
u(t,x) with small C* norm on the domain R(T), which satisfies exactly the final condition
(4.15).

By Lemma 4.1, we can prove Theorem 4.1.

In fact, let v = u(t,z) = (u1, -+ ,u,)’ be the column vector composed of the first n
components of the C* solution u = u(t, r) given by Lemma 4.1. Obviously, u = u(t, x) verifies
boundary conditions (1.14)—-(1.15), the initial condition (1.13) and the final condition (1.17).
Substituting u = u(t, z) into the system (1.10), we get the desired internal controls ¢;(t, z) (i =
1, ,n) given by (2.8), which correspond to (1.11) with (2.9). Noting (1.9), the C'[R(T)]
norm of ¥ and k; (i = 1,---,n) is also small. Thus, we obtain the desired exact controllability.

If we consider only the exact null controllability and assume that (3.1)-(3.2) hold, then we

can still get the local exact internal controllability without assumptions (4.1)—(4.4).

Theorem 4.2 (Local Exact Internal Null Controllability) Under the hypotheses of The-
orem 2.1, suppose furthermore that (3.1)-(3.2) hold. For any given § (0 < ¢ < %), if T'>0
satisfies (2.14), then for any given initial data @ with small C*[0, L] norm, such that the condi-
tions of Ct compatibility are satisfied at the points (t,z) = (0,0) and (0, L), respectively, there
exist internal controls c¢;(t,x) (i =1,---,n) given by (1.11), in which the C*[R(T)] norm of 9
and k; (1 = 1,-+- ,n) is suitably small, such that the conclusion of Theorem 4.1 holds for the
zero final condition (1.18).

The proof of Theorem 4.2 is similar to that of Theorem 4.1.
5 Remarks

Remark 5.1 The estimate given by (2.1) and (2.14) on the control time in Theorems
2.1-4.2 is sharp. By (2.1) and (2.14), the larger the value 0, the smaller the control time 7. In
particular, when 6 — %, the right-hand sides of (2.1) and (2.14) tend to zero. It shows that by
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means of internal controls one can realize the local exact controllability almost immediately in
principle.

Remark 5.2 By [7], for first-order quasilinear hyperbolic systems without zero eigenvalues,
the internal controls are acting only on the rectangle [eg, T'—e¢] % [£ — &, £ + 6], where g9 > 0 is
suitably small. Thus, by (2.2) and the first n equations in (4.12), in the domains [0, 7] x [0, £ — 4]
and [0, 7] x [é +0, L], the internal controls in Theorems 2.1-4.2 are added only to those equations

corresponding to zero eigenvalues.

Remark 5.3 The boundary controls and the internal controls given in Theorems 2.1-4.2

are not unique.

Acknowledgement The author would like to express her sincere gratitude to Professor

Li Tatsien for his effective instruction.

References

[1] Li, T. T., Controllability and Observabilty for Quasilinear Hyperbolic Systems, AIMS Series on Applied
Mathematics, Vol. 3, American Institute of Mathematical Sciences & Higher Education Press, Springfield,
Beijing, 2010.

[2] Li, T. T. and Rao, B. P., Local exact boundary controllability for a class of quasilinear hyperbolic systems,
Chin. Ann. Math., 23B(2), 2002, 209-218.

[3] Li, T. T. and Rao, B. P., Exact boundary controllability for quasilinear hyperbolic systems, SIAM J.
Control Optim., 41, 2003, 1748-1755.

[4] Li, T. T. and Rao, B. P., Strong (Weak) exact controllability and strong (weak) exact observability for
quasilinear hyperbolic systems, Chin. Ann. Math., 31B(5), 2010, 723-742.

[5] Li, T. T. and Yu, L. X., Exact controllability for first order quasilinear hyperbolic systems with zero
eigenvalues, Chin. Ann. Math., 24B(4), 2003, 415-422.

[6] Zhang, Q., Exact boundary controllability with less controls acting on two ends for quasilinear hyperbolic
systems, Appl. Math. J. Chinese Univ. Ser. A, 24(1), 2009, 65-74.

[7] Zhuang, K. L., Li, T. T. and Rao, B. P., Exact controllability for first order quasilinear hyperbolic systems
with internal controls, Discrete Contin. Dyn. Syst., 36(2), 2016, 1105-1124.



