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Sharp Distortion Theorems for a Subclass of
Biholomorphic Mappings Which Have a Parametric
Representation in Several Complex Variables*
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Abstract In this paper, the sharp distortion theorems of the Fréchet-derivative type
for a subclass of biholomorphic mappings which have a parametric representation on the
unit ball of complex Banach spaces are established, and the corresponding results of the
above generalized mappings on the unit polydisk in C" are also given. Meanwhile, the
sharp distortion theorems of the Jacobi determinant type for a subclass of biholomorphic
mappings which have a parametric representation on the unit ball with an arbitrary norm
in C™ are obtained, and the corresponding results of the above generalized mappings on
the unit polydisk in C" are got as well. Thus, some known results in prior literatures are
generalized.
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1 Introduction

In the case of one complex variable, it is well known that any univalent function has a
parametric representation. However, Poreda [1], Kohr [2] and Graham, Hamada and Kohr [3]
all pointed out that there are differences between one complex variable and several complex
variables.

For the case of several complex variables, Poreda [1] first discussed biholomorphic mappings
of the unit polydisk in C™ which have a parametric representation. After that, Kuba and Poreda
[4] studied the parametric representation of starlike mappings defined on the Euclidean unit
ball in C™. Further results in the case of the Euclidean unit ball were obtained by Kohr [2].
The case of a unit ball with any arbitrary norm in C” is due to Graham, Hamada and Kohr
[3]. Kohr and Liczberski [5] extended the above results to the general case. On the other hand,
some of the above results were extended to the case of bounded complete circular domains
whose Minkowski functional is C* on C™\ {0}. As to the case of the unit ball in Banach spaces,
Hamada, Honda and Kohr [6] and Hamada and Honda [7] derived general versions of the prior
results. Recently, Xu and Liu [8] and Xu, Liu and Xu [9] discussed the distortion theorems of
a subclass of biholomorphic mappings which have a parametric representation from different
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aspects, respectively. We also mention that the definition of the biholomorphic mappings with
a parametric representation in [8] is slightly different to that in [6], and their proofs were given
without applying the Loewner chain.

Up to now, there have been a lot of significant results which cope with the distortion the-
orems for convex mappings. For instance, Barnard, FitzGerald and Gong [10] first established
the estimates of the Jacobi-determinant type for convex mappings defined on the Euclidean
unit ball in C? in 1994, and after that, Liu and Zhang [11] extended the above result to the
general case. With respect to the distortion theorem of the Fréchet-derivative type for convex
mappings, the related results for convex mappings were first studied by Gong, Wang and Yu
[12]. Consequently, many distinct versions of the distortion theorem for convex mappings on
different unit balls in complex Banach spaces were discussed by Gong and Liu [13], Liu and
Zhang [14], Zhu and Liu [15], as well as Chu, Hamada, Honda and Kohr [16]. In particular, a
strong version of the upper bounds estimate of the distortion theorem for convex mappings on
the unit ball of a complex Hilbert space was obtained, due to Hamada and Kohr [17]. However,
compared with the distortion theorems for convex mappings, there are only the following two
results directly concerning the distortion theorem for starlike mappings by now. One is the
distortion theorem for starlike mappings on the unit polydisk along a unit direction which was
derived by Liu, Wang and Lu [18], the another is the sharp distortion theorem for a subclass
of starlike mappings in several complex variables, due to Liu and Liu [19].

Let X denote a complex Banach space with the norm || - ||, X* be the dual space of X, B be
the open unit ball in X, and U be the Euclidean open unit disk in C. Also, let U™ be the open
unit polydisk in C", and N be the set of all positive integers. Let QU™ denote the boundary
of U™, yU™ be the distinguished boundary of U™. Let the symbol ' mean the transpose. For
each € X\{0}, we define

T(x) ={To € X" : | Te| = 1, Te() = [l }.

By the Hahn-Banach theorem, T'(x) is nonempty.
Let H(B) be the set of all holomorphic mappings from B into X. We know that if f € H(B),
then

for all y in some neighborhood of x € B, where D™ f(x) is the nth-Fréchet derivative of f at z,
and for n > 1,

D f(x)((y —2)") = D" f(z)(y — ;- ,y — ).

n

Furthermore, D™ f(x) is a bounded symmetric n-linear mapping from ﬁ X into X.
j=1

We say that a holomorphic mapping f : B — X is biholomorphic if the inverse f~! exists and
is holomorphic on the open set f(B). A mapping f € H(B) is said to be locally biholomorphic
if the Fréchet derivative D f(z) has a bounded inverse for each x € B. If f : B — X is a
holomorphic mapping, then we say that f is normalized if f(0) = 0 and Df(0) = I, where T
represents the identity operator from X into X.

We say that a normalized biholomorphic mapping f : B — X is a starlike mapping if f(B)
is a starlike domain with respect to the origin.

Now we recall some definitions as follows.
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Definition 1.1 (cf. [8]) Suppose that g € H(U) is a biholomorphic function such that
g(0) =1, g(&) = g(§), Reg(&) > 0, &€ € U (so, g has real coefficients in its power series
expansion), and assume that g salisfies the conditions:

min |9(§)| = min Reg(&) = g(=),
max|g(€)] = maxReg(€) = g(r).

We denote by M, the set

]
" T:(p(x))

Definition 1.2 (cf. [20]) Suppose that f : B — X is a normalized locally biholomorphic
mapping. If a € (0,1) and

M, = {p € H(B) : p(0) = 0, Dp(0) = cg(U),z € B\ {0}, T, € T(x)}.

1 1
20& <%a (EeB\{O},

AN

then we say that f is a starlike mapping of order a on B.
We denote by S%(B) the set of all starlike mappings of order « on B.

Definition 1.3 (cf. [21]) Suppose that f : B — X is a normalized locally biholomorphic
mapping. If a € (0,1] and

g { o (DF @) @)} < Goo v € B,

then we say that [ is a strongly starlike mapping of order o on B.

Definition 1.3 in the case of the Euclidean unit ball B™ was originally introduced by Curt
[22].
Let SS!(B) be the set of all strongly starlike mappings of order « on B.

Definition 1.4 (cf. [23]) Suppose that f : B — X is a normalized locally biholomorphic
mapping. If a € [0,1) and

Re{T,[(Df (@)~ f(@)]} = allall, =€ B\{0},

then we say that f is an almost starlike mapping of order o on B.
We denote by AS¥(B) the set of all almost starlike mappings of order o on B.

Definition 1.5 (cf. [21]) Suppose that f : B — X is a normalized locally biholomorphic
mapping. If ¢ € (0,1) and

1—|—c - 2c
—c? 1—c2’

T[(Df ()~ f(a)] —

H T z e B\ {0},

then we say that f is a strongly starlike mapping on B.

Definition 1.5 in the case of the Euclidean unit ball B™ was first introduced by Chuaqui
[24].
Let SS*(B) be the set of all strongly starlike mappings on B.
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Definition 1.6 (cf. [25]) Let f € H(B). It is said that f is k-fold symmetric if

for all x € B, where k € N and i = /—1.

Definition 1.7 (cf. [26]) Suppose that Q2 is a domain (a connected open set) in X which
contains 0. It is said that x = 0 is a zero of order k of f(z) if f(0) =0,--- , D*=1£(0) = 0, but
D¥£(0) # 0, where k € N.

We readily see that x = 0 is a zero of order k + 1 (k € N) of f(x) —x if f is a k-fold
symmetric normalized holomorphic mapping (f(x) # x) defined on B, but the converse fails.

Let S;(B) be the subset of S*(B) consisting of normalized locally biholomorphic mappings
f which satisfy (Df(z))~! f(x) € M,, and let S5 k41(B) be a subset of S7(B) such that x = 0
is a zero of order k + 1 of f(z) —z. We denote by Si,,(B) (resp. S}, ;,1(B), SS; p11(B),
AS} j+1(B), SSi(B)) the subset of S*(B) (resp. S5(B), SS,(B), ASy(B), SS*(B)) which
satisfies that = 0 is a zero of order k + 1 of f(z) — x.

In this paper, we organize the contents as follows. In Section 2, we shall establish the sharp
distortion theorems of the Fréchet-derivative type for a subclass of biholomorphic mappings
which have a parametric representation on the unit ball of complex Banach spaces and the
corresponding results of the above generalized mappings on the unit polydisk in C". In Section
3, we shall establish the sharp distortion theorems of the Jacobi-determinant type for a subclass
of biholomorphic mappings which have a parametric representation on the unit ball with an
arbitrary norm in C" and the corresponding results of the above generalized mappings on the
unit polydisk in C™ as well. Our derived conclusions are generalizations of some known results
in the prior literatures.

2 Sharp Distortion Theorems of the Fréchet-Derivative Type for a Sub-
class of Biholomorphic Mappings Which Have a Parametric Repre-
sentation

In order to prove the desired theorems in this section, the following lemmas are necessary.

Lemma 2.1 Ifh € M, and x =0 is a zero of order k+ 1 of h(xz) — x, then

R e[, (h(x))] < |Tw(h(x))| < ; B
gl = R ATOEN < RO < o, @ €
Proof Fix z € B\ {0}, and we write zo = Tay- Consider
£
U\ {0
o(6) = | Toh(eagyy S €U MOk
1, £€=0.
Then p € H(U), p(0) = g(0) =1, and it is shown that
E _ ”51‘0” g(U), EE U

p(§) = To(h(€x0))  Tewo (h(Ex0)) ©
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from h € M. Also, since x = 0 is a zero of order k + 1 of h(x) — x, then £ = 0 is at least a
zero of order k of p(§) — 1, where p(§) = ﬁ. Let

-1
a6 =1
¢"(0)
k! Y g = 0’
and then ¢ € H(U). Note that
p(&) ep(U), €U, (2.1)
where ¥(§) = ﬁ. In view of ¥~ 1(1) = 0,
L)y,
Guw)=4 7!
¥(0)’ -

is well defined, and G is a holomorphic function in C. Hence

P He(€)) = € R(E)G(p(€), €€U

and

W e < g, €eU

from the Schwarz lemma and (2.1). Therefore,

o) =w(EH(E), [HE)| <1, (€U,

where H(§) = ¢(§)G(p(€)). Finally, taking into account the minimum principle of harmonic
functions and the maximum modulus principle of holomorphic functions, it yields that

1 1

—— e < Rep(€) < e < —mmane CEU
g(IgIFHE)]) g(=[¢[*H(E)I)
We mention that ﬁ (resp. ﬁ) is a decreasing function (resp. an increasing function) on the

interval [0, 1] from the maximum and minimum modulus principles of holomorphic functions.

Thus
1 1
PR < Rep(§) < fp(§)] < =€) Eel. (2.2)

Taking € = ||z|| in (2.2), the result follows, as desired. This completes the proof.

Remark 2.1 Lemma 2.1 provides more details of the proof than those in [9, Lemma 2.4],
and our proof does not apply the subordinate principle.

Lemma 2.2 (cf. [9, Theorem 2.1]) If F' € S}, .,(B), then

g [l
fellexo [ la-X) - USE < IF@ < elleso [ 05 -1 we B

and the above estimates are sharp.
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We now begin to present the following distortion theorems in this section.

Theorem 2.1 Let g : U — C satisfy the condition of Definition 1.1, f : B — C € H(B),
and F(z) =z f(x) € S5 ;1(B). Then

[Ed]
Jellgt-llelyexp [ fa(-x) =15

llzll
<IDF@g] < elglel)exp [ o) -1 weB

and the above estimates are sharp.
Proof In view of F(z) = xf(x), it is shown that
DF(x)x =zf(x) + (Df(x)x)x, =z € B. (2.3)

Also F(z) =z f(z) € S ;.. ,(B), and then it yields that

[l [l
lellesp [ la(-x) =15 < IP@I < ellexp [ o) ~0F we B

from Lemma 2.2. Hence

[l d\
X ARy — 1]+ B.
f@Iz e [N -1 >0, e
Namely, f(x) # 0 for z € B.
It is shown that
- _ flz)x

by a direct calculation. We mention that Re{T,[(DF(z))"'F(z)]} > 0, x € B\ {0} if F €
S5 kr1(B) C S*(B). Consequently, by (2.4), we see that
f(x)+Df(x)x #£0,z € B.

According to Lemma 2.1, it is shown that

gy = APE@ OIS Gy @€ ®
On the other hand, it yields that
DF(2)z = of(2) + (Df (@)x)e = af (@) (1+ Djffj))x) = F@) g F(”x)')' o)

from (2.3)—(2.4). Therefore the desired result follows from Lemmas 2.1-2.2.
Let b € S;(U) such that b(0) = 4'(0) — 1 =0 and

£V’ ()
b(€)

:g(f)v §el.

We define
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where p(§) = %, and k = 1,2,---. The branches of the above functions are chosen, which
satisfy

(PENHeco=1, k=1,2,---.

Also, consider

bi (Tu())
F,(x) = —F——*, x€B, 2.5
() = =% @ (2.5)
where |lu|| = 1. We derive the following equivalent formulation of Theorem 2.1:

/18 (ll=) I AL () dA _ [DF@)z] _ [« ]b(ll) b)) A
eXp/0 [bk()\) 1} < < eXp/0 [ 1}

D) P () O PY

A
for z € B\ {0}, where ka(f) =e Fby(e*§), i = /=1. Note that by(A),br(A) > 0 for A > 0
and 0},(0) = b},(0) = 1. Then it is shown that

A o Y

el P L o8 0)

IDF@el _ b ial) o bellel)
SRS hdel) O sy st

for x € B\ {0}. This implies that

[EACE

zl)) < [IDF(x)x| < [lz]bh(l]).

Let F, € S;(B) be given by (2.5). A straightforward computation shows that || DF, (ru)ru||
= 7b),(r) and || DF,(e® ru)e® rul| = rbj,(e* r). Then it is shown that the estimates of Theorem

2.1 are sharp. This completes the proof.

Remark 2.2 Taking k£ = 1 in Theorems 2.1, it is easy to see that Theorems 2.1 generalizes
[8, Theorem 5].

Let g(§) = % in Theorem 2.1. Then we derive the following corollary.

Corollary 2.1 Let f: B — Cec H(B), and F(x) = xf(x) € S;,(B). Then

Jall(1 — 1)
(1+ ey +F

1 k
< |DF@)ya| < 201D
(1 — [lzf*)+*
and the above estimates are sharp.

Let g(&) = % in Theorem 2.1, where o € (0,1). Then we get the following corollary.
Corollary 2.2 Let f: B— Ce H(B), a € (0,1), and F(z) = zf(x) € S}, ;.,1(B). Then
2l (1 — (1 - 20)[lz]*)

(L [l =57

|2 (1 + (1 = 20)||=[|*)
(1= [yt

<|IDF(z)z| < z€B

and the above estimates are sharp.

Let g(¢&) = % in Theorem 2.1, where « € (0,1]. Then we obtain the following corollary.
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Corollary 2.3 Let f: B — C € H(B), a € (0,1], and F(z) = zf(z) € S5}, ;,,(B) -

Then
[E I(H:xH:) exp/O”I” [(11?:)“—1]% < ||DF(z)a
<l (R e [ [(H55) 1), wen

and the above estimates are sharp.

Let g(§) = ﬁ in Theorem 2.1, where o € [0,1). Then we derive the following
corollary.

Corollary 2.4 Let f: B— C€ H(B), and F(z) = zf(z) € AS} ;. ,,(B).
(i) Ifa €[0,1) and a # &, then

1— k 1 k
]| (1 — || )21 < |DF(2)a] < ][ (1 + [|[]*)

(1—a) 7
(1+ (1 = 20) by 05 (1= (1= 2)]lal|) +ec=

r€B

and the above estimates are sharp.
(ii) If o = %, then

1 1
. k 4 k) < < k < k
a1 = 2" exp (= Zllel*) < IDF @)l < 2l + 2l exp (£l1e]), =€ B

and the above estimates are sharp.

Let g(§) = ifig in Theorem 2.1, where ¢ € (0,1). Then we get the following corollary.

Corollary 2.5 Let f: B— Ce H(B), c€ (0,1), and F(x) = xf(x) € SS;;, | (B). Then
|zl + cll]|*)

1— k
0= elel) e < ),
(1 +cllz|/*)+= (1 — cflz|/*)***

and the above estimates are sharp.

In the following Theorem 2.2 and Corollaries 2.6-2.10, each m; is a non-negative integer,
N =my+mo+---+my, € N, m =0 means that the corresponding components in Z =
(Zy, Z1yo++  Zy) and F(Z) = (FA(Z1), -+, Fi(Zy), -+, Fn(Z,))" are vanished.

Theorem 2.2 Let g : U — C satisfy the condition of Definition 1.1, f; : U™ — C €
H(Uml)a l = 1a27"' Iz and F(Z) - (Zlfl(Zl)722f2(Z2)a"' aann(Zn))l € S*k—i-l( N)'
Then

dA

1Z]]
IZlgt-121exp [ lat-3) = 1T 2

121
< |IDF(Z)Z| < |1Zll9(1Z]I) eXP/O [g(A*) — 15

for Z = (Zy,Za,--+ , Z,) € UN, and the above estimates are sharp.

Proof Let F(Z) = (F1(Z1), Fo(Z2), -, Fn(Zy)) . In view of the hypothesis of Theorem
2.2, for any Z = (Zy,Za,+ - , Zn)' € UV, we see that

(DF(2))"'F(Z) = (DF1(Z0) " Fi(Z1), (DF2(Z2)) " Fa(Z2), -+ . (DFo(Z0)) ™ Fu(Z0))
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by a direct calculation. We mention that
(DF(2))"'F(2) = (0, ,(DE(2Z)) ' Fi(Z), - ,0)'
it Z=(0,---,2,---,0) €U, 1=1,2,--- ,n. Let

W(Z) = (W1,W2,'~ ;Wn)/ — (Wu,"' Wiy Wat, oo s Wapyy oo s Wi, -+ ,ann)/
= (DF(2))"'F(2).

Then it is shown that
FeS:(UN)e R es;U™), 1=12--,n

from the deﬁnition of Sy(U™). Also we readily see that Z; = 0 is at least a zero of order &k + 1
of each Fi(Z)) — 7, (1 = 1,2,---,n) if Z = 01is a zero of order k + 1 of F(Z) — Z. In view
of the fact that g(/\k) > 1 for A > 0, it is not difficult to know that tg(t*) exp fo (AF) — 1]42
is an increasing function on the interval [0, 1) with respect to ¢. Noticing that | DF(Z)Z| =

ax {|DF(Z) 2]} and

1 Z ]l
Zg-1z15exp [ lo-x) - 15

. [1Z2 ]| L dx
<[ DF(Z)Zi|| < | Zi]|g (]| Zi]| )exp/o lg(A") = 1]

for Zye U™ 1 =1,2,--- ,n (the case B=U" of Theorem 2.1), it is shown that

4] d\

IDF(2)2] = s (DR < 1210121 exo [ la) =115, Z €U,
1251l
IDF(2)2] > IDFy(Z) 23] > | Z)la(=1Z1 ) exp [ (=X - 15

Izl d\
= 1Zla-l1Z1 ) exp [ oA 0T Zev™

where [|Z;|m, (vesp. || Z||n) is briefly denoted by || Z|| (vesp. ||Z||), and j satisfies || Z;|| =
1Z]| = max {HZlH} The sharpness of the estimates of Theorem 2.2 is analogous to that in the

proof of Theorem 2.1, so we only point out that the two equahtles of the estimates of Theorem
2.2h01dfoerf(ekr,0, 0/ (0<r<1)(=1,2,---,n)and Z; = (r,0,---,0) (0<r<
1) (I1=1,2,--+,n), where i = /—1. We omit the details here. This completes the proof.

Letting g(&) = }i‘g in Theorem 2.2, we get the following corollary.

Corollary 2.6 Let g : U — C satisfy the condition of Definition 1.1, f; : U™ — C €
H(Uml)a l= 1a27 LN, and F(Z) - (Zlfl(Zl)722f2(Z2)v e aann(Zn))l € Sl:-}-l(UN) Then

1Z|(1 - 1Z]*) 71 < 1210 +112]*)
) < IDF(2)7] < =y
(L+1[Z1*) (L= [lz]*)*+=
for Z =(Zy,Za,-+- , Z,)" € UN, and the above estimates are sharp.

Letting (&) = % in Theorem 2.2, where a € (0, 1), we derive the following corollary.
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Corollary 2.7 Let g : U — C salisfy the condition of Definition 1.1, « € (0,1), f,: U™ —
Ce H(Uml')v I = 172a e, N, and F(Z) = (Zlfl(Zl)a Z2f2(Z2)7 e 7ann(Zn))/ € S;k-i-l(UN)'
Then

_ — 2a k — 2 k
2] = (4 = 20)[1Z]7) _ \DF(2)Z| < 1Z)|(1+ (1 22||z)|| )

(1 + || Z||F)+245 (1 —||Z|F)

for Z = (Zy,Za,--+ ,Z,) € UN, and the above estimates are sharp.

Letting g(&) = gtga in Theorem 2.2, where « € (0, 1], we obtain the following corollary.

Corollary 2.8 Let g : U — C satisfy the condition of Definition 1.1, a € (0,1], f; :
um — C € H(Uml')a l = 1,2, ,m, and F(Z) = (Zlfl(Zl)722f2(ZQ)7"' aann(Zn))/ €
SS% 1 (UN). Then

1] (%)“QXP/O'Z” (= Ak)" 1) < IpF(2)2]

1+ ||Z]* 1+ \F
1+ |2\ /IZ” 1+ Aye  7dA
<121 (7= j7%) (=) -5
=W\ze) o0 )y a=e) 15
for Z = (Zy,Za,--+ ,Z,) € UN, and the above estimates are sharp.

Letting ¢g(§) = ﬁ in Theorem 2.2, where « € [0, 1), we derive the following corollary.

Corollary 2.9 Let g : U — C satisfy the condition of Definition 1.1, f; : U™ — C €
HU™), 1=1,2,--+,n, and F(Z) = (Z1{1(Z1), Z2f2(Z2), -+, Znfn(Zn)) € AS;7k+1(UN).
(i) Ifa €[0,1) and a # &, then

1Z]|(1 — [|Z]|*) 1Z]I(1L+ 11 Z]|")
L <IpR2)Z) < -
+ —2a E(1—2a) _ —2a E(1—2a)
(1+1=2a)[[Z]%) (1= -2a)[Z]")
for Z = (Zy,Za,-++ ,Z,) € UN, and the above estimates are sharp.

(ii) If oo = 3, then
1 1
12111 — IIZI\k)exp(— EIIZI\k) <|IDF(Z)Z|| < | Z||(1 + | Z]]*) exp (EIIZI\k)

for Z = (Zy,Za,--+ ,Z,) € UN, and the above estimates are sharp.

Letting ¢g(&) = }f—zg in Theorem 2.2, where ¢ € (0,1), we get the following corollary.

Corollary 2.10 Letg: U — C satisfy the condition of Definition 1.1, ¢ € (0,1), f;: U™ —
Ce I{([]m’l)7 l=1,2,---,n, and F(Z) = (Zlfl(Zl)7 ZQfQ(ZQ), s ;ann(Zn))/ S S;S’;JFI(UN)
Then

Z|(1—c||Z|* Z||(1 Z||*

1210 = IZ1) _ | 7 < 120+l 21

(1 +cl|Z||k)'*& (1 —cl|Z||*)*&
for Z = (Zy,Za,-- , Z,)" € UV, and the above estimates are sharp.

Theorem 2.3 Suppose that g : U — C satisfies the condition of Definition 1.1, F(z) =
(F1(2), Fo(2),-- ,Fp(2)) € HU™), and z = 0 is a zero of order k+1 (k € N) of F(z) — z. If

Fi(2)z

Fo) € g(U), z € U™\ {0}, where j satisfies the condition |z;| = ||z| = 2 |z1], then

dA dA

|Z||g(—||z|k)exp/|2|[9(—>\k) —1]— < [[DF(2)z] < ||Z||9(||Z||k)eXP/I|Z||[9(>\k) —1]—
0 AT N 0 A
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for z = (21,22, ,2zn) € U™, and the above estimates are sharp.

Proof Fix z € U™\ {0}, and we write zp = 155. Define

Kl

5l
hj(§) = ——Fj(€z0), €€, (2.6)
J
where j satisfies the condition |z;| = ||z|| = max {]z1|}. Taking into account the hypothesis of
SEsn

Theorem 2.3 and (2.6), we see that

R ()€ _ DF};(&20)€20
h; (&) Fj(&20)
by a simple calculation. Thus it is shown that h; € S5 (U), and £ = 0 is at least a zero of order

kE+1of h;(§) —¢.
On the other hand, for zy € U™, it yields that

€g(U), €£eU\{0}

€
ela(lef)exp [ lo(-3) 1T < IDFy (€0l

€]
—165(©)] < I€laCiel ) exp [ laO) — 1

from Theorem 2.1 (the case of X = C, B = U). It is readily known that

€l
Ela(lel)exp [ lo(-A) =115 < IDFy(€0)ga0l < IDF(gaa)éall. 20 €007 (27

We set € = ||z||. Then

1=l di
IDF(2)z] > |Izllg(—l=]") exp/o [g(—=A") — =, #z€U" (2.8)
For zy € 9yU™, we know that

€] d\

IDR(Ez0)€z0] < [€la(lelexp gV~ 1S 1= 1.2 m

from (2.7). We mention that w(z) = DF;(£2)€z is a holomorphic function on U™. According
to the maximum modulus theorem of holomorphic functions on the unit polydisk, it is shown
that

€] d\
IDR(Ez0)E] < [ela(lelexn [ a0 U €U 1= 120

This implies that

€] d\
IDF(€)ez0] < o exp [ o) - 1S, 20 € 0™
0
Taking & = ||z||, it yields that
N ll=1l . dx
IDF(z)z]| < [|[lg(]l=]] )eXp/O lg\*) =)= =z U™ (2.9)

We derive the desired results from (2.8)—(2.9). The sharpness of the estimates of Theorem 2.3
is similar to that in the proof of Theorem 2.2, so the details are omitted here. This completes
the proof.
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Remark 2.3 It is shown that Theorem 2.1 (the case X = C™ B = U") is a special case
of Theorem 2.3, and Theorem 2.2 (the case m; =n, m; =0, | =2,--- ,norm; =1, | =
1,2,---,n) is also a special case of Theorem 2.3.

Set g(§) = % in Theorem 2.3. Then we get the following corollary.

Corollary 2.11 Suppose that g : U — C satisfies the condition of Definition 1.1, F(z) =
(F1(2), Fo(2), -+ ,Fu(z)) € HU™), and z = 0 is a zero of order k+1 (k € N) of F(z) — z. If

%eDIgj((Zz))z >0, z € U™\ {0}, where j satisfies the condition |z;| = ||z|| = max |z1], then
1— k 1 k
211 — =] z) < IDF(2)7]| < 211+ =]l 2
1+ [[=]F) (L= [l=)%)***
for z = (21,22, ,2n) € U™, and the above estimates are sharp.

Set g(§) = % in Theorem 2.3, where o € (0,1). Then we derive the following
corollary.

Corollary 2.12 Suppose that g : U — C satisfies the condition of Definition 1.1, o €
(0,1), F(2) = (Fi(2), F2(2), -+, Fn(2)) € H{U™), and z =0 is a zero of order k+1 (k € N) of
F(z)—=z. If?ReDIfj ((ZZ))Z >, z € U"\{0}, where j satisfies the condition |z;| = ||z|| = max |z],

1<i<n
then

211 = (1 = 20)[|2]*) 2011+ (1 = 20)[|2]|*)

5 SIDF(2)z]| < -2
(1 [|zF) 555 (1= [|zFy 55
for z = (21,22, ,2zn) € U™, and the above estimates are sharp.
_ 1+

Set g(¢&) = =)= in Theorem 2.3, where a € (0, 1]. Then we obtain the following corollary.

Corollary 2.13 Suppose that g : U — C satisfies the condition of Definition 1.1, o €
(0,1], F(2) = (Fi(2), Fa(2), -+, Fu(2)) € H{U™), and z =0 is a zero of order k+1 (k € N) of
F(z) = z. If |arg (D};((ZZ))Z)‘ < Za, z€ U™\ {0}, where j satisfies the condition |z;| = ||z|| =
max |z, then

1<i<n
B ”k) /||Z|| [(1_)\’6)(1 }d)\
— ) -1 <||DF
() e [ [ = < ||DF(2)z]
14+ Hsz ll=ll 1+/\k @ d)
< S Liad | ) ==
*HzH(l—Hsz) eXp/O (=) -1
for z = (21,22, ,2zn) € U™, and the above estimates are sharp.

Set g(¢&) = ﬁ in Theorem 2.3, where o € [0,1). Then we get the following corollary.

Corollary 2.14 Suppose that g : U — C satisfies the condition of Definition 1.1, o €
[0,1), F(z) = (Fl( ), Fo(2),- -+, Fp(z)) € H{U™), and z =0 is a zero of order k+1 (k € N) of
5(2)
F(z)—=z. If?ReDF G > € U™\{0}, where j satisfies the condition |z;| = ||z|| = Jax. |z1],
then
(i) Ifa €[0,1) and a # &, then

01 Dy < — 210 )
= 21—«
(1+ (1 = 20) 2|}y F0E (1= (1 = 20) 2|/} 705
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for z = (21,22, ,2zn) € U™, and the above estimates are sharp.
(ii) If oo = %, then

21 = a1y exp (= Ll=I*) < IDF(E)el < (1 + =l exp (1211

for z = (21,22, ,2n) € U™, and the above estimates are sharp.

Set g(&) = ifﬁg in Theorem 2.3, where ¢ € (0,1). Then we derive the following corollary.

Corollary 2.15 Suppose that g : U — C' satisfies the condition of Definition 1.1, ¢ €

(0,1), F(z) = (Fi(2), Fa(z), -+, Fp(2)) € HU™), and z = 0 is a zero of order k+1 (k € N)
2

of F(z) —z. If | DIR((ZZ))Z — %S| > 125, 2 € U\ {0}, where j satisfies the condition |z;| =

lz]| = max |z, then
1<i<n
1— k 1 k
=) _ s < SN0+ elzl)
(1 + cllz]|%)**& (1 —cllz||F)+*
for z = (21,22, ,2zn) € U™, and the above estimates are sharp.

Remark 2.4 From Theorems 2.1 and 2.2, we see that the forms of distortion theorems of
the Fréchet-derivative type for a subclass of starlike mappings are similar to each other. We
may propose the following open problem.

Open Problem 2.1 Suppose that g : U — C' satisfies the condition of Definition 1.1. If

F €S, 1(B), then

IEd]
lella(—lelFyexp [ la(-3) - 15
ll]]
<IDF@g] < Jelglelexp [ a0 <15 we B,

and the above estimates are sharp.

3 Sharp Distortion Theorems of the Jacobi-Determinant Type for a
Subclass of Biholomorphic Mappings Which Have a Parametric Rep-
resentation

In this section, we denote by Jp(z) the Jacobi matrix of the holomorphic mapping F'(z), and
let det Jp(z) be the Jacobi determinant of the holomorphic mapping F(z). Also B is denoted
by the unit ball of C™ with an arbitrary norm || - ||, and I,, is denoted by the unit matrix of C".
We usually write vectors in C™ as column vectors in this section.

Theorem 3.1 Let g : U — C satisfy the condition of Definition 1.1, f : B — C € H(B),
and F(z) = zf(2) € S;(B). Then

=1l
sl esn [ lal-3) - 15

dA

ll=1l
< ldet T ()] < gllePeon [ o) - 1T, ze B,
0

and the above estimates are sharp.
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Proof Since F(z) = 2f(z) € S;(B), it is shown that
Jr(z)z = z2f(2)+ (Jp(2)z)z, z€ B (3.1)

by a direct computation. With the same arguments as in the proof of Theorem 2.1, it yields
that f(z) # 0 for z € B, and

f(z)+ Jp(2)z #0, z¢€ B.

We see that

f(z)z
f(2)+ Jp(2)2"

by a simple calculation. According to Lemma 2.1 (the case of X = C™), we see that

[Jr(2)] 1 F(z) = z€B (3.2)

IEl -Lp(s I
Qg = HUEE) RIS g 2 € 5 &)
Also we deduce that
: 25 (2))
Te(e) = fE@) I+ 203 () = £(2) (I + Z5055)
from (3.1). In view of (3.2), it yields that
e zZ)| = 2\ Jf(z)z — 2) | ”ZH
et (2} = VO |+ | = O gy e

Consequently, it is shown that

Izl
sl en [ a3~ 15

el
g|detJF(Z)|SQ(HZ”k)eXp"/ G0 -1, =€
0

from Theorem 2.1 (the case X = C™) and (3.3). The sharpness of Theorem 3.1 is similar to
that in the proof of Theorem 2.1. We omit the details here. This completes the proof.

Remark 3.1 Taking £ = 1 in Theorem 3.1, it is easy to see that Theorem 3.1 generalizes
[8, Theorem 4].

Setting g(&) = }—i‘g in Theorem 3.1, then we get the following corollary.

Corollary 3.1 Let f: B— Ce€ H(B), and F(z) = 2f(z) € S;,,(B). Then

1+ |z]*

1-— Hz||k
<|det Jp(2)|| £ —————,

(1 +[|=1%) %+
and the above estimates are sharp.
Letting g(§) = % in Theorem 3.1, where a € (0, 1), we derive the following corollary.
Corollary 3.2 Let f: B— Ce H(B), a € (0,1), and F(z) = zf(2) € S 1, ,1(B). Then

1—(1-2 k 1+(1-2 k
L2 < Jaet g o)) < U2l
(L+ll=[%) "+

< < —o B
+1 (1 — [Jaffk) =5+
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and the above estimates are sharp.

Setting g(&) = Eig: in Theorem 3.1, where « € (0, 1], we obtain the following corollary.
Corollary 3.3 Let f: B— Ce€ H(B), a € (0,1], and F'(2) = zf(2) € SS}, 11(B). Then

() e [ ()" 1) < st

< (LY e [ [(F0)" 1] 2, e

and the above estimates are sharp.

Let g(&) = #ﬁga)& in Theorem 3.1, where o € [0,1). Then we derive the following
corollary.

Corollary 3.4 Let f: B— Ce€ H(B), and F'(z) = z2f(z) € AS}, ;. ,(B).
(i) If a € (0,1) and a # %, then

1—z|* 1 k
El < |det Jp (2)| < + )2l
(L+ (1 - 20) 2]}y =z (1~ (1 - 2a) 2|}y Tzt

z€B

and the above estimates are sharp.
(ii) If oo = 3, then
ik s k 21
(1= lz[|") exp o) SldetJr(2)l < L+ 2% exp (n=7-), z€B
and the above estimates are sharp.
Setting g(&) = }fzg in Theorem 3.1, where ¢ € (0,1), we obtain the following corollary.
Corollary 3.5 Let f: B— Cec H(B), ce(0,1), and F(z) = z2f(z) € SS} 1 (B). Then

1+ cllz||

—— T :eB
(1= c|jz||F)Frtt

Lol gy
(e =l

and the above estimates are sharp.

From now on, let each m; be a non-negative integer, N = mj +mo + --- + m, € N, and
m; = 0 means that the corresponding components in Z = (Zy,---,Z;,-++ ,Z,) and F(Z) =
(FA(Z4),- -+ Fi(Z),- -, F,(Z,)) are vanished.

Theorem 3.2 Let g : U — C satisfy the condition of Definition 1.1, f; : U™ — C €
HU™), I = 1,2,---,n, and F(Z) = (Z1/1(Z1), Zafo(Z2), - s Znfu(Zn)) € S (UN).
Then

Izl Izl
7" 1Z1ewN [N -1 < et Je(2) < (121 e N [ ) -1

for Z =(Zy,Za,-- , Z,)" € UV, and the above estimates are sharp.
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Proof According to the conditions of Theorem 3.2, for any Z = (Zy, Za,--- , Z,)" € UV,
it yields that

Jr (Z1) 0 0
0 Jn(Z) -+ 0
Jrp(Z) = : : : ) (3.4)
0 0 . Je(Zy)

With the same arguments as in the proof of Theorem 2.2, we have that
FeS (U e FeS,Um™), =12, n,

and Z; = 0 is at least a zero of order k+1 of each Fi(Z;)— Z; (1 =1,2,--- ,n) if Z =0 is a zero
of order k+1 of F(Z)—Z. Note that g(—t*)expn fg[g(—)\k) —1]92 (resp. g(t*)expn fot [g(\F)—
1]92 (1 =1,2,--+ ,n)) is a decreasing function (resp. an increasing function) on the interval
[0,1) with respect to ¢t. Also,

[1Z: | d\ 1z d\
sz expm [ =N = 15 < (et I (20 < g1z exom [ g0) - U

for Z; e U™ (I = 1,2,---,n). Hence the desired results follow from (3.4). The sharpness of
Theorem 3.2 is similar to that in the proof of Theorem 2.2. The details are omitted here. This
completes the proof.

Letting g(&) = 1—1‘2 in Theorem 3.2, we get the following corollary.

Corollary 3.6 Let g : U — C satisfy the condition of Definition 1.1, f; : U™ — C €
HU™), 1=1,2,---,n, and F(Z) = (Z1f1(2Z1), Zafo(Z2), -+ , Zn fn(Zn)) € S;(UN). Then

d—lzl"

1+ Z]|F)"
(L+ 2]k 5 == mOE

(1= [|Z]*)%+n
for Z = (Zy,Za,--+ ,Z,) € UN, and the above estimates are sharp.

Let g(§) = % in Theorem 3.2, where o € (0,1). Then we derive the following

corollary.

Corollary 3.7 Let g : U — C satisfy the condition of Definition 1.1, o € (0,1), f;: U™
—-CeHU™), 1=1,2,---,n, and

F(Z) = (Z1f1(Z1), ZQfQ(ZQ)v e 7ann(Zn))/ € S;;,k+1(UN)-

Then
(1-(1—20)]Z]")" (1+ (1 —2a)]|Z||")"
2(1_a)N < |det JF(Z)H < 2(1—a)N
A+z|F)~= A=z~
for Z =(Zy,Za,-+- , Z,)" € UV, and the above estimates are sharp.

We set g(&) = Eiga in Theorem 3.2, where « € (0, 1]. Then it is obvious to show that the

following corollary holds.

Corollary 3.8 Let g : U — C satisfy the condition of Definition 1.1, a € (0,1], f; :
um — C € H(Uml')a l = 1,2+ ,m, and F(Z) = (Zlfl(Zl)722f2(ZQ)7"' aann(Zn))/ €
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SS% 1 (UN). Then

1_ HZ”k /|Z||
S e L N
(i HZII’“ exp 1+Ak

1+ |\Z||’“ na /'Z“ 1+>\’“ dx
< (12 N - 1}—
= (1—|\Z||k P 1—/\k )

dA
- 1}7 < |det Jp(Z)]

for Z =(Zy,Za,- -, Z,)" € UV, and the above estimates are sharp.

Let g(§) = ﬁ in Theorem 3.2, where o € [0,1). Then we derive the following
corollary.

Corollary 3.9 Let g : U — C satisfy the condition of Definition 1.1, f; : U™ — C €
H(Uml)a l= ]-a 27 e, n, and F(Z) = (Zlfl(Zl)v ZQfQ(ZQ)v e aann(Zn))/ € AS;,kJrl(UN)'
(i) If a € (0,1) and a # %, then

(- |z]y" e (7)) (412"
21—« — — 2(1—a
(1+ (1 = 20| 2| Tz N (1 - (1 - 20)|| 2|} Tz
for Z =(Zy,Za,-+- , Z,)" € UV, and the above estimates are sharp.
(ii) If oo = 5, then
k A Kk Bl
(L= [z exp (= N2 ) < [det Je(=)] < (1+ [2]")" exp (N2

for Z =(Zy,Za,-+- , Z,)" € UV, and the above estimates are sharp.

Let g(&) = ifﬁg in Theorem 3.2, where ¢ € (0,1). Then we get the following corollary.

Corollary 3.10 Letg: U — C satisfy the condition of Definition 1.1, ¢ € (0,1), f;: U™ —
Ce H(Uml)7 l= 1527 LN, and F(Z) = (Zlfl(Zl)7Z2f2(Z2)a e aann(Zn)) S SSkJrl( )
Then

L—c|z|*)" L+c||Z||F)
A=eZI) | ot sy < —O <21
(L +c|z|F) =N +n (1 —clz|F)=N+n
for Z = (Zy,Za,--+ ,Z,) € UN, and the above estimates are sharp.
Remark 3.2 In view of Theorem 3.2 (the case m; = 1, [ = 1,2,---,n), we may propose

the following open problem.
Open Problem 3.1 Let g : U — C satisfy the condition of Definition 1.1, and F €
k1 (U™). Then

Izl ll=1l
0"l exon [ (=N =15 < et T ()] < g (el exon [ o) -

dA
1]7

for z € U™, and the above estimates are sharp.
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