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1 Introduction

Let D be the open unit disk in the complex plane C, and H (D) denote the space of analytic
functions on D. Suppose that ¢ and h are analytic functions defined on D such that (D) C D.

The weighted composition operator W, , is defined as
Whof =h(fop) forall fe H(D).

When ¢ is identity on D, the operator is the multiplication operator M. When h = 1, it is the
composition operator C,.

Weighted composition operators are general class of operators and they appear naturally in
the study of surjective isometries on most of the function spaces, semigroup theory, dynamical
systems, Brennan’s conjecture, etc. Recently, there has been an increasing interest in studying
weighted composition operators acting on different spaces of analytic functions (see [1-3, 12,
16-17, 20-22] and the references therein).

Let X be a Banach space of analytic functions in D and let ¢ > 0. Let p be a positive Borel
measure on the unit circle. The operator T': X — L%(u) is said to be order bounded if there
exists h € LY(p), h > 0 such that for each f € X with || f]|lx <1,

IT(H)E)] < he),  ae. [u].
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In particular, let ¢ be an analytic self-map of D such that ¢* € LP5, p > 1, g > 0. In [10],
H. Hunziker characterized the self-maps ¢ of the unit disk for which the composition operator
C,: HY — LP? is order bounded. In this context, C,f is supposed the boundary function
(fop).

In this paper, we focus on weighted composition operators acting on the Dirichlet type
spaces. In contrast, the Dirichlet type spaces include functions that have no boundary values.
Thus a discussion of order bounded weighted composition operators on Dirichlet type spaces
will require the assumption that |¢*(el?)| < 1 a.e. with respect to the normalized Lebesgue
measure m. The composition operator C,, on Hardy space or weighted Bergman spaces was
investigated in [4]. Within setting of composition operators the order boundedness is connected
with the boundedness or the compactness of them. For instance, H. Hunziker and H. Jarchow
[11] proved that for 8 > 1, the order boundedness of C, : H? — LPP(0D,m) implies the
compactness of C, : HP — LPP, where m is the normalized Lebesgue measure on the unit
circle 0D. So the order boundedness is also an interesting subject in the study of composition
operators. R. A. Hibschweiler [9] studied the order bounded weighted composition operators
mapping into L%7(9D, m). Recently Ueki [18] has studied the order boundedness of weighted
composition operators on Bergman spaces. In this article, we characterize the order bounedeness
of weighted composition operators on Dirichlet type spaces.

Recall that for 1 < p < oo, the classical Hardy space HP consists of analytic functions f on

D, for which the norm

27 1
. doy »
p = i0 p 7 P . .
.|l e (Sup /o |f(re'”)] 277) is finite.

0<r<1

If p = 0o, H™ is the space of analytic functions f on D such that
[f [ z0e = sup [f(2)] < oc.
zeD

Fatou’s theorem asserts that any Hardy function f has radial limit at e € 9D except on a set
Lebesgue measure zero. Throughout this work, f(e'?) will denote the radial limit of f at e'?,
ie., f(elf) = 13{17 f(rei?). Let dA(z) = L1dzdy denote the normalised Lebesgue area measure
on D. Also, lert dA,(2) = (1+a) (1 —|z*)* dA(z) denote the weighted Lebesgue area measure
on D, where —1 < o < 00. For 0 < p < o0 and —1 < av < 00, the weighted Bergman space L2:*
consists of those functions f analytic on D such that

1

Ize = ([ 17GIPda2)” <oc.

If @« = 0, we get the Bergman space L?.
For 0 < p < oo and —1 < a < oo, the spaces of Dirichlet type DF consist of those functions
f analytic on D such that

£ llpz = (|f(o)|p+ /D|f’(z)|pdAa(z))’l’<oo.
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That is, f € DE if and only if f/ € LP®. For a = 0, the spaces D3 is the classical Dirichlet
space. For other values of p and «, the spaces D, have been extensively studied in number of
papers (see [6-7, 15, 19]). The spaces DE are called Dirichlet spaces if p > a+ 1. For ae = 0, the
space D? is the classical Dirichlet space. If p < a + 1, then it is well known that DE = [P2~P
(see [5, Theorem 6]). Also D? equals to the Hardy spaces H2. Further, D2 C D1, if 1 < ¢ < p.
On the other hand, we have

Dy CHP, 0<p<2 (1.1)
and

HP? CDy ,, 2<p<oo (1.2)

and the inclusions are strict when p # 2. The inclusion (1.1) for 1 < p < 2 can be proved
by Riesz-Thorin Theorem and the case 0 < p < 1 has been proved by Flett in [5]. The
inclusion (1.1) follows by a classical result due to Littlewood and Paley [13], see also the proof
by Luecking [14]. Tt is also well known that, for every p, the Hardy space H? is contained in the
Bergman space A?P: This is also true for the spaces Dgfp that is, we have HP C D£71 C A%
for2<p<ooand D) | C HP C A* for 0 <p <2.If0 <p<2and feDy |, then f € H?
and so f has non-tangential limit a.e. T. Therefore we have that if 0 < p < 2 and f € Dg_l,
then |f(rel?)| = O(1) asr — 1~ for a.e. € € T. Zygmund proved in [23] that if f is an analytic

function in D, then

1
1—r

/Or|f'(peit)|dp—o[(log )%], asr — 17 (1.3)

for almost every point e’ in the Fatou set of f, Fy, which consists of those e’ € T such that f

has a finite non-tangential limit at e'’. Then obviously, (1.3) implies

! )%], asr — 1. (1.4)

Fre)| = o] (1og

1—r

An analytic function f on I is said to belong to the Bloch-type space 87 (D) = B7 if

B(f) = ilélﬂg(l —2)°1f'(2)] < co.

The expression B(f) defines a semi-norm while a natural norm is given by || f|lss = |f(0)] +
B(f). It makes B” into a Banach space.

2 Order Boundedness

In this section, we characterize the order boundedness of weighted composition operators
Wh,, acting between Dirichlet type spaces. Before formulating and proving the results, we first

give some auxiliary results.
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For any 0 < p < 0o, a > —1. Let 0,(f) = f(z) for f € DP and z € D. The following point
evaluation estimate is frequently used in this area: If 0 < p < o0, p < a4+ 2, o > —1 and
f € D, we have

/1Dy

(1-— |Z|2)%(a+2—p) ’

[f(2)] < Cpa z € D. (2.1)

We also have the following lemma.

Lemma 2.1 Suppose ¢ > —1 and d > 0. Let

st = [ UluErdn)

|1 — Zw[2tetd

Then we have the following asymptotic properties:

(1) If d > 0, then
1

el = Ty
(2) If d = 0, then
chd(Z) = IOg 1—7|2;|2

Now we can prove the following lemma.

Lemma 2.2 For 0 < p < a+ 2 and a > —1, then there are positive constants Cy and Cs
depending only on a and p such that

Gy
at2—p S ||6ZH S
P

(1—12%)

Cs
“t2—p
P

(1—1z[*)
Proof By the equation (2.1), we have
Ifllpz

(1— |Z|2)%(a+2fp)’

[f(2)] < C2

where Cy depends only on « and p and f € DP. This yields the second inequality. For the

remaining inequality, let
a+2
(L= =)

fz(w): —  aii g |Z|<1
(1 —zZw)™ 7
Then by using Lemma 2.1, we can find C; > 0 such that || f.|pr < C;. Therefore,
(2 1 S
ol = 15 6y (L)
/2 llpz 1—|z|

The next theorem is our first equivalent condition of the order boundedness of W}, ., acting

P
on DP.

Theorem 2.1 Suppose 0 < p,q < 00, p < a+2 and o > —1. Let h € LY(m) and ¢ be
an analytic self-map of the unit disk such that |p*(e')| < 1 a.e. [m]. Then the following are

equivalent:
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(i) Wh,p : DX, — L(m) is order bounded;

i) —h q
11) (1,‘@*‘2)%(0427;)) €L (m)
Proof Suppose that ——"——— € L9(m). Since |¢*(e!?)|< 1 a.e. [m], then by Lemma
(-2 7 ,
2.2, there is a constant C' depending only on p and «a such that |f(¢*(e?))] < C(1 —

K (10 [2) —let2=r) .
[p*(e?)?) » a.e. [m] for all f with ||f|pr < 1. Let

; ; .l ~(a+2-p)
t(e'?) = Cla(e”)|(1 = " (€))7
Then clearly ¢ € L(m) by hypothesis and previous inequality implies that |h(e'?)|| f(¢*(e!?))]| <
t(e?) a.e. [m]. Thus W, : D2 — L9(m) is order bounded.

Next suppose that W, : D}, — L?(m) is order bounded. Then there existst € L9(m), ¢t > 0
with ¢(el?) > |h(e?)|| f(¢*(el?))| a.e. [m] for all f with | f|lp» < 1. Thus by Lemma 2.2, the

inequality
t(e') > ()| sup{|8,(eio) ()] = | fllpr < 1}
= [h()] - [10n(eio)
> Clh(e®)|(1 - p* (€))% " holds a.e. [m)].

It follows that % e L1 (m)
(=ler[2) "7

Remark 2.1 It is easy to check that under the condition of Theorem 2.1,

h
W € L¥(m)
“ e ;
if and only if
h
1o € L%(m).
— |p* >

Even though the requirements in Theorem 2.1 seem strong, the result is still useful in many

nontrivial cases.

Example 2.1 Let ¢(2) = (1 + z) and h(e'?) = 1 — cos. Then

/271' de _/27r de .
o l=le*l Jo 1—cosd '

Thus we can know that the composition operator C,, is not order bounded from D3 into L' (m).

However, the behavior of h near the point 1 guarantees that

27
h
/ ————df = 271 < o0,
o 1=l

so Wp, ,, is order bounded from D3 into L' (m), with the help of the weight h.
On the other hand, if we take @(z) = 2(1 — 2), then even though with the same weight h,

Wi, is no longer order bounded from D3 into L'(m).
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In fact, this example shows that the order boundedness of W}, is determined by h and ¢

together in the way we show in Theorem 2.1.

Corollary 2.1 Suppose 0 < p < a+2 and a > —1. Let h € Li(m) and ¢ be an analytic
self-map of the unit disk such that |¢*(el)| < 1 a.e. [m]. Then the following are equivalent:

(i) Wh,, : D2 — L(m) is order bounded;

(ii) Wh,n : D2 — L9(m) is order bounded for some n € N*;

(ili) Wh,on : D — L9(m) is order bounded for each n € N*;

Proof By using Theorem 2.1 and the inequality that
* (10 *\n (10 * (10
L—o™(e™)] < 1= [(¢")" (") < n(1 = |@" (")),
we get the desired result.

Remark 2.2 Suppose that h € L, ¢ is an analytic self-map of the unit disk such that
lo*(e!?)] < 1 a.e. [m] and W, : DE — L9(m) is order bounded for some o > —1. By Theorem

2.1, % € L%m). If we can even require a + 1 > p, then it follows that
(A=le*|)P ?
27 27
h (a+2-p)q hl4
[ () < e M im < o
o M1 —pr])? 0 (1—le*)

Thus — L € p(a+2-p)a,
(I=le*)?
Now if @ = p—2, then D, = B,,, the Besov space. Whenever f € D2 fora =p—-2, o > —1
and 1 < p < oo, we have the following inequality:

sl =c(os ) (22)

Moreover, we have the following lemma.
Lemma 2.3 Let 0 < p < oo, « =p—2 and o > —1. Then there are positive constants Cq
and Co depending only on p such that

Cr(tog 21— )1_% < |16 < cz(logl_iw)l_%.

Proof The existence of Cy follows directly from (2.2). Now take

log =5
folw) = —2TF8 <,

(log 1=7p2) "

Then by using Lemma 2.1, we can find C; > 0 such that || f.|[pr < Ci. Therefore, we obtain

£.(2))
0. >
100 = 17

> Cl(log =P |)1’1J.

The proof of the following theorem is almost similar to Theorem 2.1, so we omit the details.
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Theorem 2.2 Suppose 0 < p,q < 00, « = p—2 and o > —1. Let h € LY(m) and ¢ be
an analytic self-map of the unit disk such that |p*(e')| < 1 a.e. [m]. Then the following are
equivalent:

(i) Wh,, : D — Li(m) is order bounded;

(i) —L—— € Li(m).

(log 1,2‘2‘);

Now let’s turn to the Hardy and Bergman spaces. We also begin with the following well

known lemma.

Lemma 2.4 Suppose 0 < p < oo. Let 61 and 62 denote the point evaluation functional in

HP and AP respectively. Then we have

1
o= ———
TPy
and
1
o2 = ——
(1= 1227

Again, by imitating the proof of Theorem 2.1, we get the following equivalent conditions.

Theorem 2.3 Suppose 0 < p,q < co. Let h € LI(m) and ¢ be an analytic self-map of the
unit disk such that |p*(e!)| < 1 a.e. [m]. Then the following are equivalent:
(i) Wh,p : H? — L9(m) is order bounded;
(ii) Whp : A% — L(m) is order bounded;
(iii) —L— € L(m).
(1-lg=])?

Finally in this section, we give the following results as corollaries of Theorems 2.1-2.3.

Corollary 2.2 Suppose 0 < p,q < co. Let h € LY(m) and ¢ be an analytic self-map of the
unit disk such that |o*(e?)| < 1 a.e. [m]. Then composition operator W, , : HP — Li(m) is
order bounded if and only if Wy, : D571 — L%(m) is order bounded.

Corollary 2.3 Fiz 0 < p < oo and h € LY(m). Let ¢ be an analytic self-map of the unit
disk such that |p*(e!?)] < 1 a.e. [m]. Then the following are equivalent:

(i) Whe : Dy_y — L%(m) is order bounded;
(ii) h e Li(m).
(=le*)?

3 Order Boundedness of Wy, : D), — Dj_,

p

In this section, we characterize the order boundedness of weighted composition operators
Wi, acting between Dirichlet type spaces. Recall that in this case, W}, , is order bounded if
and only if we can find g € LY(A,4_1), g > 0 such that for all f € Dg_l, 71l <1, we have

Who(f) () < 9(2),  ae. [Aga].
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The proof of the following lemma follows similar lines as the proof of Lemma 3.2 of [§]. So

we omit the proof.

Lemma 3.1 Let 0 < p < oo and z € D. Then the following hold:
(i) sup{[f(2)| : f € D’lp [fllpz , <1} = m;
(ii) sup{[f’(2)| : ullfllpr <1} = W
Theorem 3.1 Let 0 < p,q < oo. If h and ¢ satisfy the condition
' (2)|? h(2)|4¢ ()]
/%qufl(Z)—i—/ | ( )| |50(q21|+p> qufl(Z) <OO,
p (1—|p(2)[*)7 D(1—1p(z)?)" 7
then Wi, = Dy — D], is bounded.

Proof Let fe€ D) | and z € D. Then by Lemma 3.1, we have

|(Whof(2))| = |((2)f(2(2)))']

W (2)] |h(2)]l¢'(2)]
<— f r+ 1+p f -1’
(1—|s0(2)|2)5H o e 2
Therefore,
IR ()]0 fll e |h(2)|7¢" ()9l fll e
h(z INL, < | ——————22dA, (2 o dA, 1(2).
DS, < [ it + [ = )

Combining this with the assumption, we get the desired result.

Corollary 3.1 Let 0 < p,q < co. The weighted composition operator Wy , : D) | — D

is order bounded if

W44, RPN G4 () < co. 3.1
/D<1—|sa<z>|2>i ‘”(”/Du_mz)p)%ﬁ i-1(2) < (3:1)

Proof Suppose that condition (3.1) is true and take a function f € Dp_; with || f[[pr < 1.

It follows from Theorem 3.1 that W}, : Dp_ — Dq 1

is bounded. Moreover, as in the proof

of Theorem 3.1, we see that Lemma 3.1 gives

|(Whof(2))| = |(h(2)f(2(2)))']
h(2)[[#(2)]

(2)]
<Ly o+ |l -
A=leP)r T Ayt

—1 —(1+p)
Take g = || (1—|io|?) 5 +[Rll’| (1=|ol2) 5 (3.1) implies that g € L9(dA, 1)
and g > 0. That is, the weighted composition operator W7, ., : D571 — 1)371 is order bounded.

Theorem 3.2 Let 0 < p,q < co. If the weighted composition operator Wy, , : Db | — Dq
is order bounded, then
h(z)e(z)¢’
/‘ >21+ CREPC) 1y, o )
L=le(2)P)7 (1= |p(z)2) %"
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Proof Since Wy, : Db

g € L7 such that [(W), ,f(2))'| < g(2) for all z € D and for all f € D}, with ||f||%;1 <1.Fix
a.e. z € D. Let

1 — D}, is order bounded, there exists a non-negative function

F(w) = {%};, w e D.

1 —wep(z))
Then 1 1
A=) (=)0 (W)(1 = [p(2)2)}
Whof (w)) = h'(w — + h(w e
Wioe I = W) e ™™ 1 - ot &

So by taking w = z, we can get

WE) L, hEe()e ()
1—le2)2)7  (1—|p(2)]2) "

Then the result follows directly since g € L9.

= |(Whef) (2)] < g(w).
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