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On the Number of Integral Ideals in Two Different
Quadratic Number Fields*

Zhishan YANG!

Abstract Let K be an algebraic number field of finite degree over the rational field Q,
and ax (n) the number of integral ideals in K with norm n. When K is a Galois extension
over Q, many authors contribute to the integral power sums of ax (n),

S ax(n), 1=1,2,3,---.
n<x

This paper is interested in the distribution of integral ideals concerning different number
fields. The author is able to establish asymptotic formulae for the convolution sum

Z Ak, (nj)laK2(nj)lv .7 = 1727 l= 2737 T

n<x

where K and K2 are two different quadratic fields.
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1 Introduction

Dirichlet series plays an important role in number theory. Given two Dirichlet series

(o ] o0
g ann=?, g bon=%,
n=1 n=1
the convolution

o0
g anpb,n™?
n=1

of these two series is a classical object studied by many authors, especially in the theory of
automorphic forms. In connection with the multidimensional arithmetic of Hecke E. (see [7, 11]),
Linnik Yu. V. in [13] suggested to consider the scalar product of Hecke’s L-function associated
with Groflencharakters and asked whether this function can be analytically continued to the
whole complex plane. This is the well-known Linnik problem. In this paper, we will consider

the generalizations of the special cases of the problem connected to the Linnik problem.
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Let K be an algebraic number field of finite degree d over the rational field Q. Denote the
number of integral ideals in K with norm n by ax(n). Then the Dedekind zeta-function (x (s)

is defined by, for o > 1,

Cr(s) = Z ﬁ = Z:laK(n)n_s, s =0 +it,

where a varies over the integral ideals of K, and 91(a) denotes its norm. Obviously, the Dedekind
zeta function can be seen as the convolution of Riemann zeta function ((s) and itself.

Chandraseknaran and Good [1] showed that ax (n) is a multiplicative function, and satisfies

ax(n) < 7(n)’, (1.1)

where 7(k) is the divisor function, and d = [K : Q].
The number of integral ideals appeals to many authors. It was already known to Weber [21]

that
S ax(n) = cxa + 0@~ ), (12)
n<x
where cg is the residue of (x(s) at its simple pole s = 1. The estimate on the error term in
(1.1) was improved by Landau [12] to
Z ar(n) =cxx + O(x17ﬁ+€).

n<z
For quadratic fields, Huxley and Watt [8] established that
23 315
Z arg(n) =cxx+ O(x7 (logx)ise ).
n<x
For cubic fields, Miiller [17] proved that
43
Z ar(n) = cxx + O(z9%e).
n<x

For any algebraic number field of degree d > 3, Nowak [18] made important contributions, and

showed that

Z arx(n) =cxx +

n<z

O(xl—%+m(logx)%) for 3<d <6,
O~ 43 (log ) ) for d =17,

The second moment of ax(n) was first considered in [2], where it was shown that if K is a

Galois extension of Q of degree d, then

Z ax(n)? ~ cygx(logz)?™!, asx — oo, (1.3)

n<z

for a suitable constant ¢/ .
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Later, Chandraseknaran and Good [1] showed that if K is a Galois extension of Q of degree
d, then for any € > 0 and any integer [ > 2, we have

> ax(n)! = aPi(loga) + O~ #7%), (1.4)
n<x
where Py denotes a suitable polynomial of degree d*~' — 1.
In 2010, Li and Wang [14] improved their result. If K is a Galois extension of Q of degree
d, then for any € > 0 and any integer [ > 2, we have

Z ax(n)! = zPg (logz) + O(xlfﬁ“),
n<w
where Pk denotes a suitable polynomial of degree ¢! —1. Furthermore, for Abelian extensions
K, some stronger results have also been established.
Recently, Lii and Yang [15] studied the average behavior of the coefficients of Dedekind zeta
function over square numbers. For example, it was proved that for Galois fields of degree d

which is odd, we have

> ax(n?)! = aPp(logz) + Ofw!~ 77 7),

n<z

where m = (%)ldl’l, and P, (t) is a polynomial in ¢ of degree m — 1.
In this paper, we will discuss the special cases of the Linnik problem in different quadratic

fields. Let Ky and K5 be two different quadratic fields. We are interested in convolution sum
ZaKl(nj)laKz(nj)la J=121=1,2.3,---
n<z

In this direction, Fomenko [3] proved that

1
ZaKl aKQ ) —CK17K2$+O($2+6),

n<z

where ck, K, is a suitable constant.

We are able to prove the following results.
Theorem 1.1 Let
Ki=Q(Vd;) (i=1,2)
be the quadratic field of discriminant d;. Assume that (di,d2) = 1. Then for any ¢ > 0 and

any integer I > 2, we have

_3 ..
ZaKl aKz ) :prl,Kz(logx)+O(x1 U ),

n<x

where Pk, k, denotes a suitable polynomial of degree 4'=1 — 1.
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Theorem 1.2 Let
K;=Q(\/d;) (i=1,2)

be the quadratic field of discriminant d;. Assume that (di,ds) = 1. Then for any ¢ > 0 and

any integer I > 1, we have

Z aK, (nQ)laKQ (n2)l
n<z
O(a:l’l%ﬁ) for 1=1,

=aP 1
! KI’KQ(ng)+{O(a:1_9%+E) for 122,

3l—1
5

where thKz denotes a suitable polynomial of degree M? + 2M, and M =

Remark 1.1 (1) When [ = 1, by using our method, the result in Theorem 1.1 coincides
with the result of Feomenko in [3];
(2) Under the GRH (Generalized Riemann hypothesis), we can improve the error term in

the two theorems above as O(x21¢).

As an application, we can get the distribution of the integral ideals in a quadratic field with
norm of the sum of two squares.

Let K = Q(v/d) be a quadratic field with the discriminant d. ag (n) is the number of integral
ideals with norm n in K. The distribution of integral ideals is important in algebraic number
theory, and we are interested in the distribution of integral ideals with norm of the sum of two

squares, i.e., we consider the average sum
2 2
E ar(n®+m?).
n24+m2<zx

We define the function r(u) to be the number of solutions to n? + m? = wu in integers
n, m. Then the generating Dirichlet series for r(u) is equal to 4Cx(s), where (k/(s) is the zeta
function of the imaginary quadratic field K’ = Q(v/—1).

On the other hand, we have

Z ax(n?® +m?) = Z ar(u) Z 1= Z ax (u)r(u).
n2+m2<zx u<lz u=n?2+m? u<z

Now, let K1 = K, Ky = K’. According to Theorem 1.1, when [ = 1, we have the following

corollary.

Corollary 1.1 Let K = Q(vd) be a quadratic field with discriminant d, and ax(n) the

number of integral ideals with norm n. Then we have

Z ax(n* +m?) = cx + O(JT%JFE), (1.5)

n2+4+m2<zx

where ¢ is a suitable constant.
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2 Proof of Theorem 1.1

For Rs > 1, define

Lt ra(s) = 3 2tV (21)

In fact, it absolutely converges in the half-plane s > 1 on noting (1.1). Since ag, (n)lar,(n)

is a multiplicative arithmetic function, we have

ar, (p)ar, (p)' | ax, (0*)'ax, (p*)
LK1,K2(S):H(]‘+ £ psK + = pkK +)

p

Obviously, the term W determines the analytic properties of Ly, x,(s) in the half-
plane fs > %

Let K1 K2 = Q(v/dy,/d2) be the composite field. K; and K, are two intermediate fields of
the composite field K1 K5. Let K3 be another intermediate field of K7 K5. Then it is well-known
that

C(8)*Cri ks (8) = Gy (8)Crea (5)Crea (5).

(see the formula 45 on page 64 in Swinnerton-Dyer [20]). On the other hand, we have

Cri(8) = C(s)L(s,xi), i=1,2; C(ra(s) = C(s)L(s, x3), (2.2)
where x1 and x» are two Dirichlet characters, and y3 = x1x2. Hence we have

i1k (5) = C(s) L5, x1) L(s, x2) L(s, X3)- (2.3)
By comparing the Euler products over prime numbers of both sides in (2.2)—(2.3), we have
ak,(p) =1+ xi(p) (i =1,2), ax, k() =1+ x1(p) + x2(p) + x3(p),
where p is prime. Hence for any prime number p, we have
ar, k2 (p) = ax, (p)ak, (p)-

The composite field K7 K5 is a Galois extension of degree 4 over Q. For a Galois extension
K over Q of degree d, Chandraseknaran and Good [1] proved, by the well-known decomposition

law of prime ideals, that except for finitely many prime numbers
ag(p)' =d""ax(p),
where [ is any positive integer. In particular, we have

aK, (p)la’Kz (p)l = 0K 1 K> (p)l = 4l710‘K1K2 (p)
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By directly checking the Euler products of Ly, k,(s) and (x, k, (3)4171 in the region s > 1,
we have
-1
Lk, k2 (5) = Cryra ()0 Us), (2.4)
where U(s) denotes a Dirichlet series, which is absolutely convergent for o > %

Now we begin to complete the proof of Theorem 1.1. By (2.4) we learn that Lk, ,(s) can
be analytically continued to the half-plane Rs > %, where s = 1 is the only pole of order 4/~!.
Then by (2.1) and Perron’s formula (see Proposition 5.54 in [10]), we have

1 b+iT' 8 plte
ZaKl aKQ )l o LKLKQ(S)?dS_‘_O( T

2mi _iT

), (2.5)

n<x
where b =1+ and 1 < T < z is a parameter to be chosen later. Here we have used (1.1).
Next we move the integration to the parallel segment with Rs = % + . By Cauchy’s residue
theorem, we have

Z a‘K1 G‘Kz )l

n<x

1 L+e+iT b+iT 14e—iT e
ol [ [ Mk ds
2mi lypeniT LieqiT b—iT s

(EH_E
+ReL, a(s)o + 0“7

1+
= Jy + o+ T3 +xPK1,K2(1ogx)+0(xT ) (2.6)

For Jy, by (2.4) we have (noting that I > 2)

T

1

Ji < z2te +x%+5/ LKl,Kg(_
1

Ste+ it) ‘t_ldt

T
<<x%+€+x%+€/ 4;1;1;(2( +€+1t)‘t Lat
1

T
, a1
<<:c%+5+x5+5/ Q;‘QIK;3(§+5+175>‘
1
31 . & 1 . 3.4
x‘g (5+e+1t)H1L<5+e+1t,xj) ‘t dt.
i

. ;
Al 1 3 4l
<<x%+€+x%+€/ ‘C‘3(§+6+it) ||L<5 +e+1t,xj) ‘ o
1 .

Jj=1

where we have
1 1
4(5 +€+it> < (14 [t))ste (2.7)
and

‘L(%—ka—kit,x)‘ < (14 [t])sre. (2.8)
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These results can be derived from the two following results:

C(% + it) < (14 [t])® log(Jt| + 1)

and

1
L(5 +it, X)) < (1+]¢)b log(Jt] + 1)

601

(see Theorems 24.1.1 and 24.2.1 in Pan and Pan [19]) by the Phragmen-Lindeldf principle for

a strip (see Theorem 5.53 in Iwaniec and Kowalski [10]).

Then we have

C(% +6+it)‘12dt)%

al—12 T
J < p3te + p3te log T' max {TI 6 1(/
T <T

SR
2

T 1 12 (1
L(5 +€+it,xj)‘ dt) }

where we have used

1 : 12 2+e
C(E +5+1t>’ dt < T7

T
/.
2

Ty
/.
2

and

1 12
L(5 +e+it,x>‘ dt < T2+,

These results can be established by Gabriel’s convexity theorem (see Lemma 8.3 in Ivi¢ [9]),

and the results of Heath-Brown [5] and Meurman [16] respectively, which state that

T
/s
2

T
/.
2

By (2.7)-(2.8), for the integrals over the horizontal segments we have

1 12
¢(5+ it)‘ dt < T?(log TV

and

1 : 12 2+¢
L(5 +1t,x)‘ dt < T2+,

b
Jo+Js < / x"|§}§fK2 (o +iT)|T~ ' do

1
3te

< max x"T%(l_"H'ET_1

%Jrsgagb
x g l
= max ( l) T ~ite
1+e<o<h \TF
14¢

< 4 gEteriite,

T

(2.10)
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From (2.6), (2.9)-(2.10), we have
xl—i—s

> a0 ax, (0)! = 2Pic, 1, (log ) + O

n<x

) +O(a¥teT 1), (2.11)

On taking T' = 2l in (2.11), we have

> ak,(n)'ax, (n)' = 2Py, x,(log ) + O(z'~arte).

n<x

3 Proof of Theorem 1.2

We firstly recall some useful results. Let K be an algebraic number field of degree n, and
then
CK(% + it) < t6te
(see [6]).
By using the Phragmen-Lindel6f principle for a strip, we have that for % <o <1l+e,

Cr (o +it) < (14 Jt))5A-o)+e,

From (1.1), we can easily get

ax, (nz)l <nf, aKQ(nQ)l < nf.

Define the series

ak, (n?) ag, (n?)!

nS

LQJ(S) ==

, (3.1)

hE

n=1

and then it is absolutely convergent in the half plane s > 1. Since ak,(n) (i = 1,2) are

multiplicative, so are ax, (n?)lax,(n?)!. We can rewrite Lo (s) as

LQ’I(S) _ H (1 I ag, (p2)laK2 (p2)l + .. .)7 (32)

S
» p
where the product runs over all primes.
For a quadratic field K, Lii and Yang [15] proved the relation
ar(p®)' =1+ M -ax(p)
holds true for all but finitely many primes, where M = 312__17 and [ is any positive integer. We

can immediately deduce that except for finitely many primes,

aK, (p2)la‘K2 (p2)l =1+M- aK, (p) + M- aK, (p) + M2 et (p)a’Kz (p)
=1+M- a’Kl(p) + M- G‘Kz(p) +M2 ’ a’Kle(p)'
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By checking the Euler products of L (s) and ¢ ()¢ (s)CRE (s )CKl K, (8), we have

Lau(s) = C()CRE ()G ()G e, (9)UA (9), (3.3)

where U (s) denotes a Dirichlet series, which is absolutely convergent for o > %
From (3.3), Lo,(s) admits a meromorphic continuation to the half-plane Rs > 1, and only
has a pole at s = 1 of order (M + 1)? in this region.
By applying Perron’s formula, we have
1 bHT - glte
> ar () ary(n)' = 5= [ Lay(s)ds + O

2mi _iT

), (3.4)

n<z

where b=14¢ and 1 <T < z is a parameter to be chosen later.

We shift the path of integration to the vertical line
1
Rs == +e.
s 5 +e

By Cauchy’s residue theorem, we get

Z aKl aK2 2)l

n<z

1 LetiT b-+iT Lye—iT e
= _{/ +/ —|—/ }LQJ(S)—dS
2mi LyeniT lyeiT b—iT S

x1+6

+ ey (a0 ) +0(*7-)

= xﬁKh;Q(logx) +Ji+Jo+J3 +O(

J)H_E

- ) (3.5)

where P, r,(t) denotes a suitable polynomial in ¢ of degree M? + 2M.
Casel =1
The horizontal segments contribute

€ 47 |¢(0 +1T) G, (0 + T) Gy (0 + 1Ty 1, (0 + 7))
T

1+2§2+4(1—a)—1+s}

do

Jo+J3 < /
l+€

< max {27 T
2+6<1+6
1+e¢

< Ly gatepite (3.6)

where we have used that Uj(s) is absolutely convergent in the region fs > % and behaves as
O(1) there.

For J;, we have
\ v [T 1 AN
J1 < x§+€+x§+5/ ‘LQJ(i +E+1t)‘t7 dt
1

T
1 1
< x3te +x%+5/ ‘4(5 +€+it>§K1(§ +€+it)‘
1
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1 1
X ‘CKQ (5 +e+ it)§K1K2 (5 4 e+ it) ‘t*ldt

T
1 1
:x%+5+x%+€/ ‘C4(§+e+it) -L2(§+5+it, M)‘
1

1 1

X ‘LZ’(5 tetit, m) -L(5 fe+tit, Xg) ‘t‘ldt

& 1 3
C”(— +6+it)dt)

1

1
< 227 4 237 log T max {Tf 1(/
T <T 2

xﬁl(/; LG(%—Fe—i—it, Xi)dt)' }

< x%-’_s + x%-"_ET%—"_%X%—i_é_l—"_s

w3

Wl

_ phbe j ghtephee,
Here we have used the following estimation:
T 1 5
/ LG(5 et X)dt < Th.
1

This is derived form the formulae

T T
1 1
/ L4(§+5+it, X)dt < T+, / L12(§+5+it, X)dt < T2+,
1 1

According to (3.6)—(3.7), we obtain

1+e¢
“) o,

Z ax, (n?)ax,(n?) = 2Pk, k,(logx) + O(

n<x

where P, r,(t) is a polynomial in ¢ of degree 3.
Taking 7' = xi0 to formula (3.8), then

Z K, (n2)aK2 (n2) = xPKth (IOg(E) + O($17%+6).

n<z

Casel > 2
For Jy, by (3.3) we have

T
, 1
Ji <zt 4 x%“/ ‘LgJ(i +e+ it) ‘t’ldt
1
3+e 1+e g 1 it M 1 it
<z +x : C§+€+1 CK, §+€+1
1 1
x (5 +e+it) i, (5 +e+it) e
T
, 1 1
<ty x%“/ ‘g‘M“)z (5 +e+ it)LM2+M (5 +e+it, X1)
1

1 1
x LM2+M<§ +e+it, XQ)LW (5 +e+it, Xg) ‘t’ldt

Z. S. Yang
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T 3
1 /1
<<x%+€+x%+€/ ‘§3<—+e+it)HL3(—+e+it,Xj)‘
. 2 o2

(2M+1)2 12
6

—at

1 h (21VI+1)2_3 12
< ¥t 4 b e log T max {1 7 (/T ¢ ( tetit))’

(12(5 +e+it0)) '}

el e (3.9)

1

IZI .
Bl

~
Il
-

+x%+€T

l\DlH

<L

For the integration over horizontal segments, we have

e 27 |¢ (o +1T)CM (0 +1T) M (0 + i)y, (0 +iT
v [ ERE T o T o T (o T,
l+€ T
2
< max {z°T —1+2M+23M+4Mz(170)71+6}
2+6<1+6
1+ .
« T ey @ 1y (3.10)
By (3.9) and (3.10), we get
241 241 yel a'te tep@MED® g
ZaKl(n Yar,(n") = 2Pk, k,(logz) —l—O( T ) —l—O(a:? T & ), (3.11)
n<z
where P, ,(t) is a polynomial in ¢ with degree M? 4+ 2M.
Taking T' = 2@ in the formula (3.11), we obtain
_ _3
> as () sy (n)! = P, ey (log @) + O ), (3.12)

We

cou

n<z
complete the proof.

Acknowledgements The author would like to thank Professor Guangshi Lii for his en-

ragement, and is grateful to the referee for the comments.

References

(1]
(2]

(3]
(4]

(5]

Chandraseknaran, K. and Good, A., On the number of integeral ideals in Galois extensions, Monatsh.
Math., 95, 1983, 99-109.

Chandraseknaran, K. and Narasimhan, R., The approximate functional equation for a class of zeta-
functions, Math. Ann., 152, 1963, 30—64.

Fomenko, O. M., Distribution of lattice points on surfaces of second order, J. Math. Sci., 83, 1997, 795-815.

Fomenko, O. M., The mean number of solutions of certain congruences, J. Math. Sci., 105, 2001, 2257—
2268.

Heath-Brown, D. R., The twelfth power moment of the Rimeann zeta-function, Q. J. Math., 29, 1978,
443-462.

Heath-Brown, D. R., The growth rate of the Dedekind zeta-function on the critical line, Acta Arith., 49,
1988, 323-339.



606
[7]
(8]

[9]
(10]

(11]
(12]

(13]
(14]

(15]
(16]

(17)
(18]

(19]
20]

(21]

Z. S. Yang

Hecke, E., Eine neue Art von Zetafunktionen und ihre Bezichungen zur Verteilung der Primzahlen, Math.
Z., 1, 1918, 357-376; 6, 1920, 11-51.

Huxley, M. N. and Watt, N., The number of ideals in a quadratic field II, Israel J. Math. Part A, 120,
2000, 125-153.

Ivié, A., The Riemann Zeta-Function, Theory and Applications, John Wiley & Sons, New York, 1985.

Iwaniec, H. and Kowalski, E., Analytic Number Theory, Amer. Math. Soc. Colloquium Publ., 53, Amer.
Math. Soc., Providence, 2004.

Kubilus, I. P., On some problems in geometry of prime numbers, Math. Sbornik, 31, 1952, 507-542 (in
Russian).

Landau, E., Einfiihrung in Die Elementare umd Analytische Theorie der Algebraischen Zahlen und der
Ideals, Chelsea Publishing Company, New York, 1949 (in German).

Linnik, Yu. V., Private communications, 1950.

Li, G. S. and Wang, Y. H., Note on the number of integral ideals in Galois extensions, Science China:
Mathematics, 53, 2010, 2417-2424.

Li, G. S. and Yang, Z. S., The average behavior of the coefficients of Dedekind zeta functions over square
numbers, Journal of Number Theory, 131, 2011, 1924-1938.

Meurman, T., The mean twelfth power of Dirichlet L-functions on the critical line, Ann. Acd. Sci. Fenn.
Ser. A., 52, 1984, 44 pages.

Miiller, W., On the distribution of ideals in cubic number fields, Monatsh. Math., 106, 1988, 211-219.

Nowak, W. G., On the distribution of integral ideals in algebraic number theory fields, Math. Nachr., 161,
1993, 59-74.

Pan, C. D. and Pan, C. B., Fundamentals of Analytic Number Theory, Science Press, Beijing, 1991 (in
Chinese).

Swinnerton-Dyer, H. P. F., A Brief Guide to Algebraic Number Theory, London Mathematical Society
Student Texts, 50, Cambridge University Press, Cambridge, 2001.

Weber, H., Lehrbuch der Algebra, Vol. II, Druck und Verlag von Friedrich Vieweg und Sohn, Braunschweig,
1896.



